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FAMILIES OF QUINTIC SURFACES AND CURVES *

Edmond E. Griffin II

Introduction

Horikawa has given a complete description of the family of all numerical
quintics, that is, the smooth surfaces of general type with p, =4, g=0,
and ¢? = 5. This family has two 40 dimensional components, I and II. I is
the component parametrizing quintic surfaces in P> with at worst
rational double point singularities. The other component, II, parame-
trizes numerical quintics, S, on which the linear system | K| has one
simple base point P. These components meet transversely in a 39
dimensional sub-locus of II called II,. Horikawa shows, by analytic
methods, that if S € II, then

n'(S, O5) =41

and that there is one obstruction to deforming S whose leading term is of
the form xy = 0. In particular, there are small deformations of any such
S that are smooth quintic surfaces in P>,

At the Montreal summer conference on Algebraic Geometry in August
1980, Miles Reid posed an open problem [Reid]. The problem is to give
an explicit algebraic family, &, such that,

(1) S, is a smooth quintic surface in P>, for ¢ # 0 and

(2) S, is a smooth member of II,.

Again, Horikawa shows that the canonical map,

o|Ks |: S~ P’
is an embedding for ¢ # 0, while
9| K, |: So— P’

is a 2 to 1 map onto a quadric cone. Thus the “canonical model” of the
family, %, in P3 is a family of smooth quintics degenerating to a
doubled cone pulse a plane.

* This work forms a major part of the author’s doctoral thesis written at Harvard
University in 1982 under the advice of Phillip Griffiths. I wish to thank Phil again for all
his help and patience.
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34 Edmond E. Griffin II [2]

Note that given such an explicit family, the generic hyper-plane
section of S, would be a smooth plane quintic curve to ¢ # 0. The surface
in II are characterized as ramified double covers of rational surfaces, as
can be seen from the fact that the generic element, C, in |K Sol is a
smooth hyper-elliptic curve. By the adjunction formula,

2g(C)-2=2K3 =10
or

g(C)=6.

Thus the generic hyper-plane section of % is a family of smooth plane
quintics for ¢ +# 0, such that C, is a smooth hyper-elliptic curve. Hence
the firest step in our program is to study hyper-elliptic curves of genus 6
equipped with semi-canonical divisors. Once one sees how to deform
such a curve to a smooth plane quintic it will be fairly straight-forward to
do the same for the surface case.

This observation points to the following very suggestive idea: It is
clear that knowledge of families of surfaces yields knowledge of families
of curves. As will be seen, the methods used here work with equal ease in
either setting. Perhaps there is some deep connection between the study
of pairs, L - C, of curves with special line bundles (e.g. giving an
embedding of C in P?) and the study of surfaces of general type. Of
course, this connection will not be made explicit here, but it seems that
this example of the quintics may, in part, point the way to examining it.

The author wishes to give special thanks to Miles Reid whose sugges-
tions and comments were very helpful. Especially nice was the idea for a
purely algebraic proof of Theorem II.

1. Preliminaries
Denote by R( X, D) the ring,

R(X, D)= @ H°(X, 0(nD)),

n>0

where X is an algebraic variety, D is a divisor on X, and the multiplica-
tion is the usual “cup” product. In the cases at hand this will be a graded
ring (generally not generated as an algebra by its degree one part!) which
is finitely generated over H°(X, @)= C. Let

R, (X, D)=H°( X, 0(mD))

be the m-th degree part of R(X, D). In all the computations to follow D
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will be a divisor such that for some m € I, mD €|K 4|, the canonical
linear system on X.

By P(e]", e52,..., egx) we will denote the “weighted projective space,”
[Mori].

Pl‘O_](C[xu, X125 X135-45 X1n)> X215 x22,...,x2,,2,...,xk,,...,xk,,k])

where the grading is given by weight(x; ;) =e,.

Let C be a smooth algebraic curve of genus g. C possesses a gJ; if there
is a line bundle, L — C, such that:

(1) deg L =d and

(2) dim H°(C, L)=L°(C, L)>r+1.
Any r + I dimensional linear sub-system of | L| will be called a g} on C.

2. Curves

Consider a family, ¥~ C — A such that L, — C, satisfies,
(1) C, is a smooth, genus 6 curve for all ¢,
(2) degc, L, =5 for all ¢,
(3) h°(C, L,)=3 for t+ 0, and
(4) L, is very ample on C, for ¢t # 0.
By the Upper Semi-Continuity Theorem [Hartshorne},

h°(Co, Lo) >3

and by Clifford’s Theorem, equality must hold. So, C, comes equipped
with a

852=|L0|=|D0|

where D, is some effective divisor of degree 5 on C,. Now it is simple to
see that either | Dy| has no base point, in which case the morphism

is an embedding, or | D,| has one base point P. In this case D, — P is a
g2 on C,, and hence, by Clifford’s Theorem, C, is hyper-elliptic and,

| Do|=[4Q|+ P
where Q is a Weierstrass point on C,. Thus, either C; has a very ample
g? or C, is hyper-elliptic.

More can be said about Dy=4Q + P in the latter case. The adjun-
ction formula yields,

@(Kc,) =0p: (Kp2+ C)|c,= Op2 (=3H + 5H)|c, = Op2 (2)|c,-
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So,
Ke =L}, t#0.

Now, consider the family, K. ® L;*> = (by def.) M, - C,. For t#0
the above remark shows that

M, =0,
and for t=0,
degc, M, =0.
Since h°(C,, M,)=1, one has
h(Co, My) > 1,
which, of course, implies that M, = O or,
Kc, =L3.
Thus,
2D,=8Q+2P=K, =100 or,
2P=2Q,
so that
2P€|2Q|=the g on G,.
This implies that P must be a Weierstrass point on C! Therefore.

PROPOSITION 1: If C is a smooth, genus 6, hyperelliptic curve, in a family
of smooth plane quintics then its

8s =|Lo|=|Dy| =28} + P =|5P|
where the base point P is a Weierstrass point.

Up until this point no indication has been given as to whether or not
such a pair, L, — C,, actually occurs as the “limit” of smooth plane
quintics. The main theorem of this section rectifies this situation.

THEOREM 1: Given a smooth hyper-elliptic curve, C, of genus 6, together
with a Weierstrass point P € C, set

L=0.(2g3+ P)=0.(5P).
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Then there exists a flat family, - €— A, such that

(1) Ly— C, isisomorphicto L—C
and

(2) L,— C, is asmooth plane quintic curve together with the line
bundle that embeds it in P2,

(See [Chang] for a recently published, independent proof.)

REMARK: The theorem and Proposition 1 combine to show that the
closure of the locus of plane quintics in the moduli space of genus 6
curves, g, consists exactly of the quintics themselves and the locus of
hyper-elliptic curves. Also note that the scheme w?ig[ACGH] (which
parametrizes pairs L — C with g(C)=6, deg- L=5, and h°(C, L)> 3)
has two components, W, and W,, each of dimension 12. The first, W,
parametrizes the smooth quintics with their unique g2. The second, W,,
parametrizes the smooth quintics with their unique g2. The second, W,,
parametrizes the pairs, L — C, where C is a hyper-elliptic curve and
|L|=2g}+ P, P an arbitrary base point on C. The theorem says that
W, meets W, precisely in the co-dimension 1 sub-locus of W, parame-
trizing pairs, L — C, as above, with P a Weierstrass point.
For the proof of the theorem we will need two standard results.

Facr 1: Let S be a graded ring over £ and let T be another graded ring
such that

T(n)=S(nd)

for all n> 0 and some fixed d. Then
Proj(T) = Proj(S).
[Hartshorne Ex. 11.5.13]

Fact 2: Let C be a smooth curve of genus >2. Then R(C, K() is
finitely generated (not necessarily in degree one!) and

C = Proj(R(C, K¢)).
PROOF OF THEOREM I: Begin by computing R = R(C, P). Recall

R(C, P)= @ H°(C, O:(np)).

nz
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In degree

n=0 n°cC,0.)=1 generator 1
n=1 h°C, 0.(P))=1 generator u
z=2 h°%C, O.(2P))=2 generators u?, v.
The sections u?, v of O.(2P) form a basis of the g} =|2P| on C, since
P is a Weierstrass point.

It is clear that there can be no polynomial relation of the form
p(u, v)=0in R. On the other hand

the number of monomials of degree n in u and v

(2]
= 1°(C, 0(nP))

for 0 < n<12. The last equality is from the Riemann-Roch Theorem.
Thus, up to degree 12, the ring is generated by u and v.

In degree 13 we note that |13P| is very ample and thus there must be a
new generator! There is exactly one since # {u'v’/|i + 2 j =13} =7 and

n=13  h°(C, ®(13P))= new generator w.

It is easy to see that w is “odd” with respect to the natural involution
i: C — C. That is, while
i*u=u and *v=v
*w=—w
In R(C, P). Set R*={x€R|i*x=x} and R"=R— R™. Then R" is
spanned by the monomials in # and v and R* by monomials in which w

appears to an odd power. Thus w?€ R* and must be equal to a
homogeneous polynomial of degree 26 in u and v. This can be seen by

computing dimensions as well. For all n, #{u"'|i+2j=n}= [%] +1
and for n > 11 h°(C, O(NP))=n — 5. So in degree

n=26 h%(26P)=21
#{uv/|i+2j=26}=14
#{wuv’|i+2j=13}=1.

Thus we must have

w2=g26(u, v)



N Families of quintic surfaces and curves 39

where g,¢(u, v) is a weighted homogeneous polynomial of degree 26. (By
considering the effect of i* one sees that the relation cannot have the
form Aw? = why,(u, v) + g'5(4, v) with hy, # 0 or A =0). Finally check
that

#{uv/li+2j=n}+#{wu/|i+2j=n-13}

=[ﬁ]+1+["_13]+1

2 2
=n+5=h°C, 0(nP))

for n > 11.
This means that

R=Clu, v, w]/(w2 — gy (u, v))
and that (by Facts 1 and 2)

C = Proj(R(C, K¢)) =Proj(R(C, (OP)) = Proj(R(C, P)) =Proj(R).
Also note that C is embedded in P(1, 2, 13) by the map

Clu, v, w]

Before proceeding one should note that g,.(0, v) # 0. This is because
C is assumed non-singular. To see this, consider the open set U,,C
Proj(R) given by the degree 0 elements in the localization R, (i.e. the
open set where v # 0). Then
u?> uw w? (w_2 _ 8a(u, v))

U(v)=Spec(C[7, FERaST) / o3 FE

= Spec(C[x, y, z1/(z — &i13(x), xz=y?))

where g,5(x) = g,5(x, 1) is obtained by replacing u* by x and v by y in
g26(u, v). If g15(0)= 0 then (0, 0, 0) € C. But then the Jacobi matrix

dg
In 0 1
z -2y x

has rank 1 at (0, 0, 0) € C and so C is singular. Therefore g,5(0) # 0 and
SO g,6(0, v) # 0.
The map

Clu? v]=>R
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yields the 2-to-1 covering map
7: Proj(R) = C > P’ = Proj(C[u?, v]).

By the Hurwitz genus formula there are 14 branch points of this map on
P!. These break up into two sets. Thirteen of them given by

326(”" U) =0.

on P!. And the fourteenth given by

(This is a fourteenth by the fact that g,¢(0, v) #0.)
All of these rernarks give

THEOREM 1.A: Let C be a smooth hyper-elliptic curve of genus 6. Then
C = Proj(R(C, P))=Proj(C[u, v, w]/(w? — gy (u, v)))
where the grading is
weight(u) =1
weight(v) =2
weight(w) =13

and g,s(u, v) is a weighted homogeneous polynomial such that (1)
226(0, v) # 0 and (2) g15(x, y) has 13 distinct roots.

REMARK: When 1% = 0 we have w? = Av'?. This seems to yield two points
on C namely

0,1, +VX).

However, under the C* action on P(1, 2, 13)
-1-(0,1, +VA)=((=1)-0, (-1)*-1, (-1)- VX)
=(0,1,—=VA).

Thus these two points are really the same! This in turn means that u> =0
is indeed a branch point.

As the next step in the proof of Theorem I we write down generators
and relations for the subring R(C, 5P)C R(C, P). Denote this subring
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by R®. Then R® is the graded ring given by
R$=Rs,=H(C, O(5dP))

for each d > 0. It is easy to see by counting dimensions and the remarks
on the computation of R that

R®=C[u®, u’v, w?, v, u*w, vw]/I

where I = (w? — go(u, v)) N R®. Indeed, these monomials clearly gener-
ate R® in degrees 1, 2, and 3. Furthermore any monomial, m, of degree
5d in R can be written as u'v/ where i +2j=5d or as wu'v’ where
i+2j=5d—13, since w? = gy (u, v). Thus either

m=u'v/ and S|i+2j or,

m=u’wu'v’ and 5li+2j or,

m=vwu'v’ and S5|i+2j.

Finally it is easy to see that if 5|i +2j then u'v’ is a monomial in u°,
wv, w?, and v°.

As to the computation of I let us set

xy=u’ weight 1
X3 = u02
y=0v weight 2

2
y4 1= uw N
2y = ow } weight 3
in R®,

First there are the “Koszul relations” (Table 1). These can be very
nicely expressed in the following determinantal form:

rank |1 %2 A %l (*)
Xy X3 Zp )

The non-trivial relations in I come from the equation w? — g,¢(u, v) as in
Table 2. These last three equations define C as a Weil divisor on the
determinantal variety of (13,2, 3?) given by (*). They are obtained
from each other by monomial replacement.



42 Edmond E. Griffin IT [10]

TABLE 1

Rt X X3— X3
. _ 2
ryt X1y — X3X3

. _ .3
3t X2y — X3
Iyt X129 — X2y
st X923 — X323

and

. 2
Te: 21y — Z3X3

TABLE 2

rqyt 212““4826(“’ ”)=212_f1(x1» X3, X3, ¥)
rg: 212y — uPvgys(u, 0) = 212, = (%1, X2, X3, )

ry: 23 _02326(“’ v)=z§—f3(x1, X2, X3, Y)-

For later reference the form of the f;(x;, y) will be examined more
closely. By property 1) in Theorem 2 the coefficient of v** in v’g,q(u, v)
is non-zero. Since v = »* this yields

f(xi p) =Ny’ = fi(x;, ¥)
with A # 0. Further
g6 (u, v) = A0 + uv?h s (u, v)
and since x; = uv® this gives
f(xi ) =Ay° + x30(xy, %3, X3, ¥)

where Q(x;, y) is a weighted homogeneous polynomial of weight five
(namely Q(x;, y)=hys(u, v)= g,6(1, v) —Av'?/u). Similarly it is easy
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to see that
fi(xis y)= Ax3y? +x,0(x;, »)
filxi y)= Ax3y +x,0(x;, y)
Thus we have
C = Proj(R(C, 5P)) = Proj(C[xy, x5, X3, y, 21, 2,1 /1)
where

TABLE 3

I=

2
X, X, z; X

ry — rg: Tank L e S |
Xy X3 23 Y

and
ry: 212 —)\xs'y - x10(%;, ¥)
rg: 2122_>‘x32y2_x2Q(xi’ y)

ry: zzz—}\y3—x3Q(xi, y)

and each f; is weighted homogeneous of weight 6.
Next the 1st syzygies are computed. The first group of these can again
be written in determinantal form,

-
X1 X2 xﬂ
rank |y x. z  x2[<2 (**)
1 2 4 3
| X2 X3 Zy )]
Xy X3 zp )
rank |x; x, z x3|<2
| X2 X3 Z2 ) ]

More precisely the eight 3 X 3 minors of these matrices should each have
determinant zero. Expanding across the top rows yields,
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8§11 X — Xary + x3r =0
Sy Xolfy— X3l +yr; =0
S50 Xqs — Xory+ 21 =0
S40 Xobs — X3l + 2,11 =0
S5t Xyrg— 21 + x3r, =0
Sg: Xolg— 2,1, +yr, =0
$71 Xolg— 213 + X315 =0
Sgi X3lg— Zyr3+yrs =0.

The second group of syzygies involves the non-trivial relations r;, 7,
and ry. They are easily derived from the form of the equations in table 3.
Only one of the four will be computed here.

Consider

- 2 2 2
XTg — XoFy = X1212y — X321 — A yX;3 (Sly - x2x3)
- 2
=21y — Ayxir,
Thus
. 2
S9. xlrs - x2r7 - er4 + Ayx3r2
Continuing in a completely analogous fashion yields
. 2
S10t Xl — X3ry — 275 + Ayx3rs — Q(x;, y)ry
. 2
11t Xify — Xolg — 2o + Ay*ry 4+ Q(x;, y)n

Collecting all the syzygies gives Table 4.
Note, the curve C, resides naturally in a weighted projective space,

P(1%, 2, 3%) = Proj(C[x1, x5, X3, ¥, 21, 25])
and that the semi-canonical map
Pz, Co— P2

is given by the restriction, to C,, of the projection map in P(1%, 2, 3%)
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TABLE 4

45

Xy X2 Zp X3
sy—sgl rank |y x, oz x? <2

X2 X3 Z2 )Y
and

X2 X3 2 Y
rank |x; x, z; x3|<2
X2 X3 Z Y

59 XyFg — Xory — 217y + Ayx3r,
. 2

5100 Xarg = X3ry — 2115 + Ayx3rs — Q(x,, y)n
. 2

S11t Xl — Xarg — Zara +Ays + 0(x,, y)n

. 2
S12° Xolg— X3lg — Zars — Ay“ry

from the “weighted plane,”
V={x,=0}cP(1%2,3%)
to the standard plane

P2={y+2z=0}cP(1%2,3?).

The single point P € C, which liesin V is, of course, the base point of | L, |
and corresponds to the special branch point defined by u?>=0 in the

discussion above. (Again at first glance

C,NV={(0,0,0,1,1,1),(0,0,0,1, -1, —1)}

but these “two” points are identified under the C* action).

Finally, on to the deformation of R to the semi-canonical ring of a
plane quintic. The observation that the semi-canonical map is a projec-
tion to P? suggests that the deformation should somehow “eliminate”
the weighted variables y, z;, and z,. (A more specific motivation is given

in [Griffin].)
To implement this idea proceed as follows:
X Xy — X3 becomes
Ry: x;x;— x3+1t*\y
ry: X,y — X, X3 becomes

Ry X1y — x,x3 + 17
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and
3 X,y — x3 becomes

R,: Xpy — X3+ 1z,.

These new equations, R;, R, and R, are used to “eliminate” y, z;, and
z, when ¢ # 0, and when =0 R, =r,. Specifically, they give an embed-
ding

P2 P(13, 2, 3%)
for each non-zero ¢, namely

(x15 %35 x3) = (X1, X3, X3, ¥, 21, 23)
where

y=- (x1x3 - x%)/)\t2

z = xl(x1x3 — x? )/)\t3 + x,x3/t
and

zy=x,5( x5 — x3) /A3 + x3 /1.

Now consider the syzygy

8§, =X,r — Xyt + x3r, =0.
Replacing r; by R; gives

xRy — xRy + X3R, =5, + tx12, — tx,2, + t*Ax3y

=5, +tr,+ t2Ax2y.

To extend s; to a syzygy S; (which must be done to insure the family C
is flat) one simple alteration is necessary,

Ry: ry+ tAx2y.
Then
x1R3 - X2R2 + x%R] =Sl + tr4 + tz)\xgy

=585 + tR4.
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Note: It was in order to make this last equation work that we added ¢*A y
to r; above, instead of the simpler ¢A y. Thus S; is

SI: le3 - 'XZRZ + x§R1 - tR4.
Clearly S; — s; as ¢t = 0. Similarly one has,
S,: xoR3— x3R,+ yR; — IR,
with
Rs: rs+tAy2.
Note that in the process of extending s; and s,, the alterations were
“forced” on r, and rs.
Only one more such calculation will be shown. Consider the syzygy
St Xaly = Xl — 2oy + Ay + Q(x;, y)n
Substituting R,, R,, R, as above yields
Xity— Xaly — 2, R4+ Ay?R, + Q(x;, y)R1
=51, — Az, x3y + Az 2 + 2AQ(x;, y)y
=sn+t ﬁ‘)’(ﬁy —z2%3 +1Q(x;, J/))
so it g becomes
Rg: 21y = 2,%5 +1Q(x;, )
and r; = R4, ry= Ry, and ry = R, are unchanged then s;; becomes
Si: xRy — xRy — 2, Ry + Ay’Ry + Q(x;, y) Ry — tAyRs.
REMARK: It as if by magic that the process of extending the syzygies has
“forced” the generic weight five Q(x;, y) down from the degree 6
relations r,, rg, ry to the one degree 5 equation R; when ¢ # 0!
Here, then, is the family, ¥, of smooth plane quintic curves with
G =C:
€=Proj(C[x,, x5, X3, ¥, 21, 23] /¢

where
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TABLE 5

Ry: x1x3— x2+12\y

R,: X1y — x5+ 17,

R;: xzy—x§+tz2

Ry: X125 — X521+ tAx3y

Rs: X325 — X532, + 1A y?

Rg: 21y — 2333 +1Q(x,, »)

Ry: zf = Ax3y = x1Q(x,, »)

Rg: 2123 = Ax3y? = x,0(x;, ¥)

Rg: 23 = Ay’ = x30(x;, »)

S;: x;R3— xR, + xR, — R,

S5: x3R3—x3R,+ yRy —tR;

S3: x;Rs—x3R4+ z;R; — AtyR,

Ss: x3Rs—x3R4+ 23R — AtyR,

Ss: x,Rg— x3R4+ 2R, — 1R,

Se: x2R¢— yR4+ 2z,R, — 1Ry

S;: x;Rg— x3Rs+ z;R; — IRy

Sg: x3Rg— yRs+ z;R3 — tRg

Sg: Xx;Rg — x,R;— z;R4+ AyxiR,

Si0: X3Rg — x3R; — z;Rs + Ayx3Ry — Q(x,, y) Ry + AtyRg
St X Ro— X;Rg = 23R4+ Ay*Ry + Q(x,, y) Ry — AiyRg

S15: X;Rg=x3Rg— z,R5 + Ay?R,

where Q(x;, y) is a weight 5 homogeneous polynomial.

PROOF OF THEOREM I: Given a smooth, genus 6 hyperelliptic curve, C,
one can assume that one of the 14 branch points on P! = Proj(C[x, y])
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of the 2-to-1 map

C-P!

is the point (0, 1). Let f(x, y) be a homogeneous polynomial of degree
13 which vanishes at the other 13 branch points. Take

g26(u, v) =f(“2’ v)

in Theorem 2 and then set

8 (u, v) -\t

hys(u, v)= u

Finally taking

Q(x;, y)=hys(u, v)

in table 5 gives the desired family.
Q.E.D.

it is interesting to write down the single quintic equation (with
parameter ¢) that gives the plane model of the family €. This is done by
‘eliminating” y, z, and z, for ¢t # 0 and using R¢. The result is:

xq (xy%5 — x%)2 + 125 — x%)(27\x2x§ —A(x;)(xyx3— x%))
+AH(Ax3 + B(x,) (x5 — x3)) = N1°C(x,) =0 (% %)
where

o(x;, y) =A(xi)y2 + B(x;)y+ C(x;).

First, note that the plane model of C, is a double conic plus a
TANGENT line. It is clear that for Q(x;, y) sufficiently general (see
Theorem 2) C(x;) is general and thus (* * *) represents a family of
smooth plane quintics for ¢ # 0.

Second, in this case, it is easy to explain why only even powers of ¢
appear in the family above. This means that 1 > —¢ gives an involution

i:¢> %

on the whole family. To see that there must be such an involution and
that it induces the natural one, i, on C, consider the normal sheaf. The
map

¢: Co—> Cy/i
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yields on exact sequence,

0O, ¢4xOpl >N, -0

which defines the normal sheaf, N,. By [SGAI] the obstruction to
extending ¢ to any deformation of C, is an element of

H'(C,, N,®J).

Here J is an ideal in an Artin ring %, annihilated by »4. In this case N,
is supported on points and therefore,

H'(Cy, N,®J)=0

for all such J. So, the map ¢ can be extended to the complete family %.
This in turn means that there must be an involution on € which induces
ionC,.

3. Surfaces

In order to give an explicit algebraic description of the deformation space
of numerical quintic surfaces we begin with S € II. (i.e. K has a simple
base point [Horikawa]). Then just as in the curve case we can construct

R=R(S, Kg)= @ H°(S, nKy).

n=0

By [Mumford] and [Bombieri] one has that R is finitely generated and
that in the case at hand

S = Proj(R(S, K)).

Then we perturb the defining equations in R to obtain the canonical
ring of a smooth quintic in P> These computations can be made in a
purely cohomologica fashion (see [Griffin]) once an explicit realization of
S as a ramified double cover of a quadric cone is seen. However, there is
a purely algebraic method that uses only the constructions in §2 and the
fact that if C, €| K, | and C, is smooth then C, is hyper-elliptic, of genus
6, and

Kgle, = 1Kc, = Dy.
To begin recall that the irregularity

gs=0.
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Thus the exact sequence

0 05— Os(Ks) = Oc(Dy) >0
where D, € |3K | yields,

0—-H°(0) - H°(05(Ks)) > H°(0c(Dy)) — 0.
By induction and Serre Duality, then,

0- H°(S, nKg) - H°(S, (n+1)K,) > H°(C, (n+1)Dy) >0
for all n > 0. This means there is a degree preserving surjection

R(S, Ks)> R(GCy, Dy)

whose kernel is a principal ideal, (x,), with weight x,= 1.

The map above simply expresses the fact that C; is a canonical (i.e.
degree one) hyper-plane section of S. So, by suitable choice of generators
we can write

R(S, K5)=C[xo, x1, X3, X3, , 21, 2,)/1
- C[xy, x5, X3, ¥, 21, 22]/T=R(Cy, Dy)
That is,
Co=SnN{x,=0}cP(1% 2,3%).

We now proceed to find a nice form for 1. In order to see the point of
these manipulations the reader is advised to skip forward to Theorem II
for a clear statement of the result before going through the next few
pages.

Next, for each relation in table 3 there must be a relation in R(S, Ky).
That is, I is obtained from I by setting x, = 0 so in Rg, we have Table
6, in which the a’s, b’s, ¢’s, d’s, and e’s are weighted homogeneous
polynomials of the appropriate weight.

Consider

a=MAyxg+ A1 x; —2A,%, + Ajxs.
By a change of coordinates,
Xp =X

! — —
X7 =1~ A3Xg
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TABLE 6

~o>
I

e oXyx3— x% =ax,
. _ 2 =b
rRt X,y — XaX3 =01Xg

. JRS: B
r3i Xpy —x3="byxq
Tyt X125 — X921 =C1Xg

st X2y — X323 = C3Xg
. _ 2_d

Tt 21y — 23X5 = dxg
. 2_}\ 4 _ —

ritzq yx3 = x10(x,, y) = e1xg
. 2.2 -

rg: 212 = Apixi — x20(x,, y) =€, 2

ry: Z% -y - x30(x,, y) =e3xq

’ -_— -—
xX5=2x;—A3Xg
X3 =Xx3—AXg

r; becomes

’. ’ 2 __ 2
rl. x1x3—x2—ax0

where
a= Ao + >\1A3 - Azz.

So we may assume that r; has the form

Ft XXy — X3 = ax}

Further, using this relation we may assume that no monomial in any
of the b’s, ¢’s, d’s, or e’s is divisible by x%. Of course, all of the x;’s in
r, — ry must be changed but by altering the b’s, c’s, d’s, and e’s the
form of the relations is unchanged. Continuing the same vein, replacing
y by

Y=y —xobyy

where,

by = x,by; + byy
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and x, does not appear in any monomial in b,,, yields
. — 2 _ b
ryt X1y = XpX3 = Xg0q3-

By similar changes,

Zy 2>z + XgxX1m
and

2y 2Zy+ XgX,m

we can arrange that neither x; nor x, appears in any monomial in ¢;.
Finally by using r,, r;, r,, and rs to reduce d we may assume that none
of x,y, X1y, X125, X,2, appear in d.
Now the syzygies in Rg must also descend to those in R. For example
s, becomes
. 2 i
$1% Xql3 — Xohy + x31 € X1
which implies,
xO(x1b2 - bel + x%a) (S XOI
or

x1b2 - X2bl + x%a (S i.

Repeating this process for the next eleven syzygies yields Table 7.

Let
b, = b, + xob]
¢=¢+x
d=d+ x,d’
€+ xoe;,

and remember that a = ax,. By the previous remarks,
by = Bx3 +yx,x;

for some B, y € C. Reducing s; mod x, then yields
x1by — Bxyx? —yxix, €1.

Thus

x1by = Bxyy —yx;x3 €1
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TABLE 7

51t X1by — x2by + xlael

S5t Xaby — X3+ ya € i

S3: X1€p — X6t Z1a € I

54t X9y — X361+ 24 € I

ss: xyd — 2by + x3c €1

Sg: Xod —z,b1 + yc € I

59 xpd — 21by + x3c, €1

sg: X3d —z2yby + ye, €1

Sgi X183 — Xpe1— 216, + Ayx3b € I

100 X283 — Xa€1— 2163 + Ayx3ib, — Q(x,, y)a€l
S11t X183 — Xg€3— 2,6, + Ay2b + Q(x,y)a €]
S12% Xp€3 — X35 — 25¢, + Ay?by € 1

(using r; and r, € I). And hence

SO

xl(Ez—By—yxg)EI

by~ By—yxj€el.

The only generator of I in degree 2 is r; so

by= By +yxI+Ar.

If, in the original equations b, is replaced by b, — Ar;, which has no
effect on I, we then have

b, =By +yx3.
Next, ¢, has the form

C, =€xyy —8z; + 72,.

Reducing s, mod x, yields

X1Cy — €XyX3y — Ox,2; — TX,2, € I.
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The only degree four relation in I involving x,x;y is x,X;y — x5 which
has no x; in it. Thus e=0. Likewise for x,z, the only relation is
X525 — Xx327. So 7 =0 as well. This leaves

¢,=6z, and ¢,€6z,+1.
Again after adjusting ¢, by an element of [ we may conclude that
¢, =0z,.

Reducing ss mod x, yields

x1d — Bx3z; — YX3Xx32, + 8x2z, €1
Since x,z, — x5z, involves no x;, we must have 8 = §. This implies

x,d — yxyx32, €I
or

x,d—yx;%32, €1
or

d—vyx,z,€1.
Once again, adjusting d by an element of I allows d to be,

d=1vx;z,.

It is easy to check that s,, s,, s¢, §;, and s impose no further
conditions on b;, ¢;, or d. So far we have,

a=ax,

by = BX3 + yxx3 + X}

by =By + yx3 + x,b}

¢; =Bz, + xycf

¢, =Pz, 4 x5

d=vz,x3+ xod’.
Setting

bl =B, + xob!'
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¢ =]+ xyb/
d'=d +x,d"
and substituting into s; in Table 7 yields
Bx1y + yx1X3 + X%, b
+x2x,by — Bxyx3 — YX3X3 — XoX, b} — x3x,bY + axox3 € I
or
xo(Bb, + yaxgx; + x,b} + x5 — x,b}
+ax? + xyx,by — xoxzb’l’) el.
Thus
B2x3 + Byxyx; + Bxob)
+yaxox; + x,b5 — x,b] + ax3 + Xox by — xox,b7 € I.
Reducing mod x, gives
(B*+ a)x3 + Byxyxs + x,by — x,b) €1,
which clearly implies 82 + a = 0. Recall x, does not appear in b, so,

by = kiyx, + ky3x;

and

by =k x; + kyyx, + kpyyxs.
Thus

kiy =By

kiy=k,;=8 (anew §!)
and

k22 = k21 = 0.
The same process applied to s; gives

Bx12y+ X X184+ X3X1¢Y — Bxyzy — XoX,C) — X2x5¢) + axgz, €1
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or

Bxocy + XX,y + X2X1CY — XoX,8) — X3x,¢7 + axgzy € I.
Hence

Bz, + Bxoc) + X&) — X8} + azy + xo(x,¢5 — x,¢)) €1,

and reducing mod x, gives
(B*+a)zy+x,8 —x,01 €1

or
X185 — x,¢1 € 1.

By the previous work, neither x; nor x, appear in ¢; so
¢, =kyy + k,x3.

By the relation * * one sees that k; = 0 and then that
¢,=kyy=e€y.

Repeating this somewhat tedious routine with s5 in Table 7 yields

YX1 X325 + X1 Xod’ + x,x3d" — Bx3z) — ¥X3%321 — BYXoX32;

—8xgXy2) — x{z,b) + Bx3z, + exoxi + xixicy €1

or
YXoX3¢1 + Xox,d’ + x3x,d”
—Byxox4z; — 8XgX92) — x22,b" + exox3 + x3x2c, € 1.
Thus,
xo [ ¥BX32y + YX3x0¢] + x,d’
+xx1d" — YBx32) — 8x,2) — xo21b" + ex§ + xox3cy| €1
or mod x,,

xd" = 8x,z, +exsE I

57
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Hence
d' =0z,
and
=0
Thus
a=—B%x,

by = Bx3 + yx,x; + Byxox; + 8xgx, + b/ x?
by = By + yxs + 8xox; + byx?
¢1 =Bz + ¢{x3
¢, = Bz, + cyxt
d=1vx32,+0xyz, + d”x%.
Again s, yields,

Baxz + bé’xl - bi’xZ (S I

and thus
by =0
by = Bé.

Substituting in s; gives
Becxo+ cyx, —cix, €1 (%% %)
and so
C,)'x; — (x5 € I.
Now x;, x, & ¢, implies that
&y =¢y=0.
From (* * *) one has,

Be!” xE+ ¢y xox, — ¢f” xox, € 1.
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Since 7, is the only degree z relation in I this means,

" =¢” =0.

Finally, s5 gives.

YxoX4¢y + 8x3c; + x3x,d” — Byxox;z, — BOx3z €1
or

xix,d" € I.
So by adjusting d as before we may assume that d”’ = 0.

This completes the determination of a, b, b,, ¢;, ¢,, and d. It also
shows that Table 6 has the form

TABLE 8

~
I

roX Xy — x3

r:xy—(x, +Bx0)(x32+yx0x3+8x§)=0
ry: (X3 = Bxg) y — x3(x3 + yxox;+ 8x3) =0
et X1z, — (x5 +Bxg) 2 =0

rs: (X = Bxg)zy = X32,=0

r6: 21y — 23(x3 + vxox3 + 8x3) =0

ry: zf = Ayx§ = x1Q(x;, ¥) = X001

rg: 2123 = Ay2xE = x,0(x,, ¥) = x0e,

ry: 23— Ay = x3Q(x,, y) = xge3

where the e,’s are weight five homogeneous polynomials that satisfy s,
through s,, in Table 7. It is very tedious to determine the actual form of
the ¢;’s and so we leave this task to the patient reader.

Hence,

THEOREM II: Let S be a numerical quintic surface (p,=4, =0, c} =5)
such that | K | has a base point (i.e. S € II). Then

R(S, KS)= C[XO, X1s Xg5 X35, Vs 27, 22]/j
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where I is generated by relations

X, x,—Bxoy 2z, x32 + yxox3 + 8x2

1
X3+ Bx, X3 %) y

r, — rg: rank

and ry, 1y, and ry as in Table 8 above.

Note: Conversely, if the e;’s are suitable, i.e. they satisfy the syzygies
and Table 8 defines a smooth surface, then it is possible to check that this
surface is indeed of Type 2. One simply solves the equations in terms of
Xg, X1, X5, X3 over the open sets x, # 0, x; # 0, etc. Thus if one has an
explicit description of the suitable e;’s (see for example condition 2 in
Theorem I.a) one would have, in some sense, a “parametrization” of the
deformation space of the type II surfaces.

It is clear that S € II, (i.e. the canonical image of S in P3 is a singular
quadric) if and only if 8 =0. In order to show that any such an S 1I,
occurs as the limit of smooth quintic surfaces in P> one simply follows
the curve case.

THEOREM I1I: Given S € 11, there exists a family of surfaces, &, whose
generic member is a smooth quintic surface in P> and such that Sy = S.

ProOF: First write
S = Proj(R(S, Ks)) =Proj(C[xo, x1, X5, X3, ¥, 21, 23]/1)
where
i_ . 2
- rl . XIX3 - XZ
Xy — xz(x§ + yxox3 + 8x§)
ry X,y — x3(x§ + yxox; + 8x§)
7'42 leZ —x221

Fsi XyZy — X323

Tg: zly—zz(x§+yx0x3+8x§)

ry zlz—hy(x3+yx0x’3+8x§)2—x1Q(x,-, y) = xo81
ry: zlzz—)\yz(xg+yx0x3+8x§) —x,0(x;, y) —x48,,

ry: 222 - )\)’3 - st(xi» V) = Xoés
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where Q(xq, X1, X5, X3, ¥, 27, Z,) is of weight five and where the é

Families of quintic surfaces and curves

are determined via the syzygies sq — 5;, in,

Se"

X 13— X1 + (x§ + yx9X5 + 8x§)r1
Xyry = X3+ )]

X1ts — XoFy + z11

Xols — X3ty + 2,1

Xqtg — 2905 + (x% + yxox3+ 6x(2))r4
Xyls — Za1 T 1y

Xoltg — Zy13 + (x§ + YxoXx3 + 8x§)r5
X3l — Zyr3 t yrs

Xqlg — XoF7 — 2q14 + }\y(xg + yxox; + 3x§)r2

) 2 2 P
Syot Xalg — X3y — zyrs+ >\)’("3 +YXxox3 + 8"0)"3 - Q(x;, y)n

S

. 2 A
D Xqlg = Xoly — Zra HAyTr, — Q(xi’ y)n

. _ _ 2
S12: Xolg — X3ty — Zyls + A y°r,.

Then set

F= Proj(C[xO, X1, X2, X35 Vs 21 22]/2)

where

P=R,: x,x;— x3+ 12Ny

Ry: x1y — x5 (%2 + yxox; + 0x2) +1z,

RE;: xzy—x3(x§+yxox3+8x§)+tz2

Ryt X1z, — Xy2y + N (X2 + yx0x; + 8x2) y
Rs: X2, — X3z, + tAy?

R: 2,y — 2,(x3 + yxox; + 8x2) +1Q(x,, y)

R,=r,

61
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Ry =1r3
Ro=To

As before, it is now easy to check that & is the desired family.
Q.E.D.

REMARK: As in the curve case, one can eliminate the weighted variables
to obtain the canonical image of % in P>. The image of S, is a quadric
cone plus a tangent plane. The computations mimic the curve case and
are left to the reader.

So we have described, algebraically, in the preceeding tables all of the
deformation space of the numerical quintics. Component I where 8 =0
and component II where ¢ = 0 meet in the locus II, when 8=1¢=0. The
only piece of information we have not recovered that Horikawa shows in
[Horikawa] is that these components meet transversally. This project is
postponed to a later paper.
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