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WILD RAMIFICATION OF MODULI SPACES FOR CURVES OR
FOR ABELIAN VARIETIES

Dedicated to Professor S. Koizumi on his 60" birthday

Tsutomu Sekiguchi

Introduction

In the present paper, we are concerned only with the field of moduli for a
(complete non-singular) curve or a principally polarized abelian variety.
The notion of fields of moduli was introduced first by Matsusaka [14]
and treated mainly by Shimura. Here the foundation of it follows
Koizumi [9]. Due to his definition, a field of moduli is, roughly speaking,
the infimum of the fields of definition for the members of a geometric
isomorphy class. Shimura [29] showed the fact that in general a field of
moduli cannot be a field of definition, that is, in general there is no
minimal field of definition. In this paper, we will treat a problem that
asks whether or not the field of moduli for a curve or a principally
polarized abelian variety coincides with the residue field at the point on
the coarse moduli space corresponding to them. In characteristic zero,
this problem was affirmatively solved by Baily [1]. Our main purpose is
to give some counter examples in positive characteristic. Our results are
given as follows:

1. In characteristic 2, the field of moduli for a curve corresponding to
the generic point x of the hyperelliptic locus in the moduli space M, of
curves of genus g > 3 coincides neither with the residue field at the point x
nor with the field of moduli for its canonically polarized jacobian variety
(cf. Theorem 4.2 and Corollary 4.3).

2. In characteristic 3, there exists a non-hyperelliptic curve of given even
genus (= 4), for which the problem has a negative answer (cf. Theorem
5.1).

3. In characteristic p, for every g=p —1, there exists a principally
polarized abelian variety of dimension g for which the problem has a
negative answer (cf. Theorem 6.11).

In Section 1, we shall discuss some general theory about the relations
between the fields of moduli and the coarse moduli space. In Section 2,
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332 Tsutomu Sekiguchi [2]

for later use, we shall treat cyclic coverings of degree p of P' in
characteristic p. In Section 3, we remark some easy facts about group
actions on local rings in positive characteristic. The main results will be
given in Sections 4, 5 and 6.

The author would like express his hearty thanks to Professor D.
Mumford for very useful conversations. He also thanks Professor T.
Miyata and Dr. R. Sasaki for pointing out to him some literature on
Theorem 3.4 and for very useful comments on the calculation in the
proof of Theorem 2.6.

Notation

Let S be a set, and ¢ an automorphism of S. Then for an element x of
S, sometimes we denote o(x)= x°. Moreover we mean by S¢°’ the
subset of S consisting of g-invariant elements of S. Let A4 be a ring, and
M an A — module. We denote by R(A4) and ¥ (A) the nilradical and the
Jacobson radical of A, respectively. For a subset N of M, we denote by
(N) =(N), the A-submodule of M generated by the elements of N. In
particular, if N={x;, x5,...,x,}, we put (N =(x,,...,x,). For an
integral domain A4, we denote by f.f. 4 the field of fractions of 4. For a
local ring A4, we denote by 9, the maximal ideal of 4 and by A the
completion of A with respect to the It -adic topology. For positive
integers g and /, we denote by 4,, the moduli space of principally
polarized abelian varieties of dimension g with a level /-structure, and by
M, , the moduli space of curves of genus g with a level [-structure.
Throughout the paper, a word “curve” means a complete non-singular
curve. In particular, when /=1, 4,, and M, are abbreviated to 4, and
M,, respectively. We denote by 7,: 4, , — A and 7,: M, ,— M the
canonical morphisms. For a prime mteger P, e put 4, ®ZF — by ol
and M, ,®,F, ="M, . For acurve C and a polarized abelian variety P
we denote by kc and k, the fields of moduli for C and P, respectively.
We denote by P(C)=(J(C), A(C)) the canonically polarized jacobian
variety of C.

§1. Fields of moduli

We will start with comparing the definition of fields of moduli for curves
or for polarized abelian varieties from Koizumi ([9], Definition 1.1).

Let © be a universal domain, and K and K’ be subfields of Q. Let Z
and Z’' be geometric objects (practically speaking, curves or polarized
abelian varieties) over K and K’, respectively.

DEFINITION 1.1: We define the geometric isomorphy of Z and Z’ by the
following;:

Z ~ 7' if and only if there exist a subfield L of £ containing both K
and K’ and an L-isomorphism Z ®,L > Z' ®,.L.
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Under these notations, we define the field of moduli for Z in the
following way.

DEFINITION 1.2: A subfield k, of Q is called a field of moduli for Z, if it
satisfies the following two conditions:

(1) kz=NL’, where L’ runs over the set { L'1Q D L’: a subfield; 3Z’
over L’ such that Z' ~ Z}.

(2) For any automorphism o € Aut(2), Z~ Z° if and only if the
restriction of o on k, is the identity, where Z° = Z Xg,. g
(Spec K°, Spec o).

In the present paper, we will refer freely to [9] for the foundations
concerned with the fields of moduli, for example, the existence of fields
of moduli for curves or for polarized abelian varieties in every character-
istic, etc.

Next, we will give somewhat general argument over fields of moduli
related with the moduli spaces. In this section we give proofs in the case
of abelian varieties. In the case of curves the proofs are similar.

Let A and B be noetherian complete local rings with fields of
fractions K and L, and residue fields & and /, respectively. We assume
that B is a finite and flat extension of 4. Let S’ = Spec B — S = Spec 4
be the canonical morphism, and p;, p,: " =8 X8 35" be the
projections to the two factors. Now we shall consider a principally
polarized abelian scheme £’ = (X’, A’) and a curve €’, over S’. Under
these notations, we get the following.

LEMMA 1.3: Assume that 7. Isomg.(ptP’, p¥P')— S" is flat. Moreover,
suppose that there exists a principally polarized abelian variety P over k
such that '’ ® gzl > P ®, 1. Then there exist a principally polarized abelian
scheme P over S, and isomorphisms P X ¢S’ = P’ and P ® 4k = P, which
induce the given isomorphism P’ ® gl = P ® .

Similarly we have

LEmMMA 1.3": Assume that w: Isomg.( p¥€’, p3€')— S” is flat. Moreover,
suppose that there exists a curve C over k such that €' ® gl > C ®,l. Then

there exist a curve € over S, and isomorphisms €X ¢S’ = €' and €® ,k
= C, which induce the given isomorphism €’ ® gl > C ®,l.

PROOF OF LEMMA 1.3: Obviously, we get the following commutative
diagram:

Sy = Spec(B® B/ (B®,B))— S’ =Spec(B®,B/M ,(B®,B))> S".

\/

S’ =Spec(B®,B/Mz®B+B®M;)
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Since = is étale, and B®,B and B ® B/t (B ® 4B) are henselian, by

using (EGA 1V, 18.5.12), we can see that the following canonical maps
are bijections:

T(Isoms.(p1#’, p3#')/S") - T (Isoms,( p12’, p3P')/S5);

T(Isoms,(pt#’, p3#')/S!') > I (Isoms,( pt2', p3%’)/Sy')
and

T(Isomg,(p1P', p3P’)/Sk) T (Isoms;(p1P', p3P')/Sy).
Hence, the canonical map

T(Isoms.(pt1#’, p3#')/S") - T (Isoms,(pt¥’, p32’)/S%)

is bijective. On the other hand, by our assumption, there exists a descent
datum

¢ € Isomg, (p12’, p3P’)

which gives the descent P of #’ ® zl. Hence, by the above bijection, there
exists a descent datum

¢ € Isomg. (p12, pi?)
corresponding to ¢,, and we can descent &’ over S. Q.E.D.

Here we shall state an easy relation between the field of definition and
the field of moduli.

LEMMA 1.4: Let k be a field of characteristic p(>0), and K a purely
inseparable extension of k. Let P (resp. C) be a principally polarized
abelian variety (resp. a curve) over K. Assume that k D kp (resp. k D k).
Then there exists a principally polarized abelian variety P, (resp. a curve
Cy) over k such that

Py®,K=P (resp. C,®,K=C.)
(cf. [26], Proposition 3.2.)
Let n be an integer larger than 2, and 2= (8, A, «) the universal

principally polarized abelian scheme with level n-structure over 4, ,. For
an element o € G, = GL(2g; Z/nZ)/{+1}, we denote 2° by the fibre
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product
2°=2X, (A, ,, 0)—4,,
) Lo
2 —~A, ,

For a point y € 4, ,,, the automorphism o induces a local ring homomor-

phism

g.n>

o*: 0

a(y)

— 0y R

and a homomorphism of the residue fields:
5*: k(o(y)) > k().

Looking at the composition of fibre products:

o G
2°|Spectk(y) >2° -

l D

Spec(k(y)) — 4,

8.n’

o(y)eSpec(5*)

we get the canonical isomorphism

] _ F*
2% spectie(yy = (2lspectk(airy) - (1.1)

Similarly we obtain the isomorphism

*

QalSpec(G‘.) ("QISpec((DU,,)) . (12)

Now let P be the principally polarized abelian variety over k( y) obtained
from 2|gp.c k() bY forgetting the level n-structure. We put x = 7,(y) € 4,,
where 7,: A, , — A,'is the canonical morphism. Moreover, we set S’ =
Spec(k(y)) —> S Spec(k(x)) and p,, p,: $” = 8" XS’ 3 §’: the projec-
tions. Under these notations, we get the following.

LEMMA 1.5: There exists an isomorphism

P}Pls., = p3Plsy,
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PROOF: Since 7,: A,,—> A4, is a Galois covering with Galois group
G,=GL,,(Z/nZ)/{£1}, the extension k(y)/k(x) is a quasi-Galois
extension and the canonical map

Gl (y) = Aut(k(y)/k(x))=G

is a surjection, where GZ(y) is the decomposition group of y (cf. [3],
Chap. 5, §2, no. 2, Théoréme 2). Now we take the intermediate field K of
k(y)/k(x) such that k(y)/K is separable and K/k(x) is purely insep-
arable. Then obviously

R(k(y)@unk(y))=({t@1-10111€K}))
and
720 =Spec(k(y) @k (»)/R(k(y) ®4yk(¥)))

= Spec(k(y) ®xk(y)).

Since k(y)/K is a finite Galois extension with Galois group G, the tensor
product k(y) ®k(y) is isomorphic to II . k(y) by the map a ® B —
(aB),cq. 1f we identify Si, = Spec(k(y) ®xk(y) and 1l,cq
Spec(k(y)) by this isomorphism, then

PP ls;;d = I_[P
and
piP |s;;d = UP °
o
Therefore, noticing the surjectivity of GZ(y)— G and (1.1), there exist
isomorphisms
P=P° forany o €G.

Q.E.D.
Now let

S’ =SpecB—-4,,
ul ym, 1.3)
S =Specd -4,

be a given commutative diagram with discrete valuation rings 4 and B
and a finite extension u*: 4 - B. We put p;, p,: §” =8" X S’ 3 S": the
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projections and 7n the generic point of S. Let & be the principally

polarized abelian scheme obtained from 2| by forgetting the level
n-structure. Under these notations, we get the following.

LEMMA 1.6: Suppose that Autg.(P)— S’ and Isomg.( ptP, p3P), > S,
are flat. Then Isomg.( p¥P, p3P)— S” is flat, and so étale.

ProOOF: First, we shall show the flatness of
Isoms;;d(p’,"g’, PIP) > Sl

Let C be any discrete valuation ring, and f: Spec C — S/, a given
morphism. Put

SI
rn/ Th
/
Spec C — S/,

73 2
SI

Let ¢ and 7’ be the generic points of Spec C and §’, respectively. Then
pi(&)=p5(§)=7'. In fact, S’ is consisting only of two points. Therefore
f¢ factors through (S)’) 4

P
(Spec C), = Spec(f£C) = S

red*

( S':;,) red

By lemma 1.5, p¥# and p3Z are isomorphic over (S;’) q; i.€., there exists
a cross-section of

Isomg.; ¢ c,( P¥P, p3P) — Spec(£.£.C).
On the other hand, since the structure morphism
Isomg,,. -( ptP, p3P) — Spec C
is proper, this cross-section can be extended over Spec C. Hence

IsomSpecC(pT‘@’P;'@)=AutSpecC(pT‘@)=AutS'(‘@)XS’ SpecC
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is flat, and so étale, over Spec C by our assumption. This implies that
Isomslr;d(p’l“g’, PIP) > Sieq

is flat by the valuative criterion of flatness. Moreover, by our assumption,
Isomsg(p’l".@, PIP) > 8"

if flat, and so is
Isomspecwz‘su)(pfg”, p3P) - Spec(@z,su)

for each associated point z of S”. Therefore, (EGA IV, Corollaire 11.4.9)
implies the flatness of

Isomg. ( p¥?P, p3P)—>S".
QED.

From Lemma 1.5 and the definition of fields of moduli, we can
deduce easily the following.

PROPOSITION 1.7: Let P be a principally polarized abelian variety corre-
sponding to a point x € A,. Then the field of moduli kp of P contains k(x)
and the extension k p/k(x) is purely inseparable. In particular, if x is a
closed point, kp=k(x).

In the rest of this section, we will discuss the conditions of the
coincidence of the field of moduli k, and the corresponding residue field
k(x).

The following is a direct consequence of a property of the field of
moduli.

PROPOSITION 1.8: Let p be a prime integer, and x be a point of ‘PA,. Let
P be a principally polarized abelian variety corresponding to x. Then the
following conditions are equivalent:
() kp=k(x).
(ii) For some integer n withn>3 and p tn, and a pointy € A, , lying
over x, k(y) is separable over k(x).
(iii) For any n and y as in (ii), k(y) is separable over k(x).

In fact, there exists a model (X, A) of P over a separable extension K
of kp (cf. [9], Theorem 2.2). If p + n, X, > Spec K is étale, and so K(X,)
is separable over K. Moreover, for any n and y as in (i), k(y) is
contained in K(X,). Hence, if k, = k(x), k(y) is separable over k(x).
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This implies (i) = (iii). On the other hand, the implications (iii) = (ii) = (i)
are obvious.
The same statement as in Proposition 1.8 is also true for curves.

PROPOSITION 1.8': Let p be a prime integer, and x a point of ‘”’M,. Let C
be a curve corresponding to x. Then the following conditions are equivalent:
(1) ko= k(x).
(i) For some integer n with n >3 and p + n, and a point y € M, ,, lying
over x, k(y) is separable over k(x).
(iii) For any n and y as in (i1), k(y) is separable over k(x).

As in Proposition 1.8, let p be a fixed prime integer, x a point of ("4,
and P a principally polarized abelian variety corresponding to x. For an
integer n with p + n and n > 3, let y be a point of ””Ag‘n lying over x. We
put S’ = Spec(k(y))— S =Spec(k(x)) and p,, p,: S"=8"X:8"3S".
Since (P4 an is a fine moduli space, we may assume that P is defined over
k(y), and we can consider the p*P’s. Under these notations, we can
continue the equivalent conditions in Proposition 1.8 as follows.

THEOREM 1.9: The conditions in Proposition 1.8 are equivalent to the
following mutually equivalent conditions.
(iii) For some n and y as above, p¥P = p¥P.
(iii)" For every n and y as above, p¥P = p5P.
(iv) For some n and y as above, Isomg.( p¥P, p3P)— S" is flat, and
so étale.
(iv)’ For every n and y as above, Isomg.( ptP, psP)— S” is flat, and
so étale.

PrROOF: By Lemma 1.5, the implication (ii)’ = (iii)’ is obvious. Moreover,
the implications (iii)" = (ii1) = (iv)’ = (iv) are trivial, so we have only to
deduce (ii) from (iv). We shall prove this by induction on the transcen-
dental degree of k(x) over F,. If tran. deg(x(x)/F,) =0, x(x) is perfect
and our assertion is true by Proposition 1.7. Now we set tran.
deg(k(x)/F,)=r and we assume our assertion is true for any point
x’ €P4, satisfying the condition (iv) and tran. deg(k(x")/F,)=r—1.
Let

T= {y} C(”)Ag.”

and

T={x}jc"4,,
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endowed with reduced scheme structure. Let
7 = therest. of m,: T > T.

Then # is a finite surjective morphism. By (EGA IV, Théoréme 6.9.1),
there exists a non-empty open set

UucT
such that
ma (U)->U

is flat. Moreover, we choose an affine open neighbourhood ¥ at x in
7~ 1(U) such that

Aut (A,) >V

becomes flat, where & is the universal principally polarized abelian
scheme over (P4, . Let V’(C V) be the open subset consisting of all
simple points in V. Then since = is flat over U, #(V”) is open in U. Hence
we can choose a simple point x’ in 7(V’) of codimension 1 in T and
y’' € V' lying over x’. Here we put B=0,. ; > A = 0, 7. Obviously 4 and
B are discrete valuation rings, and trans. deg(k(x")/F,)=r — 1. We take
the completions:

A

k(y)=ff.Bo B

I I

k(x)=ff.A2A4.

We denote by & the separable closure of k(x) in k(y), and put
C=knB.

We set & = Spec(B) —» &= Spec(A), and p,, p,: L' =F' X, &' 35"

Then by the assumption (iv) and the choice of x’ and y’, these satisfy the
conditions in Lemma 1.6. Hence

Isom . ptP’, ptP’) > " (1.4)
becomes flat, where 2’ = 2|,.. In particular, this implies that the point

x’ satisfies the condition (iv). Therefore, by the induction hypothesis,
k(y’) is separable over k(x’), and k(C) = k(y’). Since #'= Spec(B ®B)
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is a closed subscheme of 9”"=Spec(1§ ® /;E), (1.4) implies that the
morphism

Isom, (ptP’, p3P") > W

is flat. Hence, by LemmaA1.3, @’ can be descended to one on C. On the
other hand, in our case, k(x) is separably generated over k(x) (cf. [13],
(31.F), Theorem 71). Thus we get our assertion. Q.E.D.

Similarly we can show for curves the same results as in Theorem 1.9.
In fact, as in Proposition 1.8’, let p be a fixed prime integer, x a point of
(»M,, and C a curve corresponding to x. For an integer n with p + n and
n >3, let y be a point of (P4, , lying over x. Moreover, we set S, S” and
S as above. Then we get the following.

THEOREM 1.9': The conditions in Proposition 1.8’ are equivalent to the
following mutually equivalent conditions.
(iii)y For some n and y as above, p}C = pXC.
(iii) For every n and y as above, p¥C = p3C.
(iv) For some n and y as above, Isomg.( ptC, p¥C)— S" is flat, and
so éatle.
(iv)y’ For every n and y as above, Isomg.( p¥C, p5C)— S"” is flat, and
so étale.

Let P be a principally polarized abelian variety of dimension g(> 3),
and C a curve of genus g>4. Let x€ (P4, and ye€ PM, be the
corresponding points to P and C, respectively. Then x (resp. y) is a
simple point if and only if P (resp. C) has only automorphisms +1,
(resp. 1.). These are results of Popp ([25], Introduction and p. 106,
Theorem) for curves and Oort ([21], Theorem 1. AV.) for abelian varie-
ties. Thus we get the following corollary.

CoRrOLLARY 1.10: Let P be a principally polarized abelian variety of
dimension g(>3), and C a curve of genus g(>4). Let x €4, and
y € (P)M, be the corresponding points to them, respectively. If x (resp. y)
is a simple point of (P’A, (resp. (PM,), then k(x)=kp (resp. k(y)=k¢.)

Moreover, noticing the facts in the appendix to [28], we get the
following.

COROLLARY 1.11: Let P (resp. C) be a principally polarized abelian
variety of dimension g (resp. a curve of genus g) over a field of characteris-
tic p.
(i) Ifp>2g+1, then k(x)=kp (resp. k(y)=kc.)
(i) Ifp>g+1, p#2g+1 and P is indecomposable, then k(x)=kp
(resp. k(y)=kc.)

Lastly, we shall state a remark on the fields of moduli for abelian
varieties.
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LEMMA 1.12: Let = (X, Ay) and 2 = (Y, ) be two principally polarized
abelian varieties over a field k of characteristic p. We assume that 2 is
defined over a finite field F contained in kg. Then kg is separable over
kpyo, where PX2=(XXY, Ay XAy).

ProOOF: There exist a separable extension / of k4, ,, and a model (Z, A)
over / such that if we take a suitable extension L of / containing k, there
exists an isomorphism

¢: (PX2)®,L—>(Z,\)®,L.
We put

Y=9l)xr,: ¥, =Y8® L>{0} XY, > Z.
Since 2 and (Z, A\) have models over a separable extension [’ of /, the
morphism ¢ is defined over a separable extension /" of /" (cf. [26],
Theorem 3.1). Hence ¢: Y,. — Z,.. Then, obviously, A ®,/” can be
descended to a principal polarization A" of Z,./Y,. and (Z,./Y,., \”) is

geometrically isomorphic to . That is, # has a model over /", and we are
done. Q.E.D.

§2. Cyclic coverings of P!
In this section, we fix an algebraically closed field k of characteristic
p(>0).

Every cyclic covering C of degree p over P! is given by the normaliza-
tion of the plane curve defined by the equation:

y? = B(x)y=A(x), (2.1)
with

Alx)=(x—a)"(x—a,)...(x—a,)"G(x);

B(x) = (x— )" (x — )", (x— )",

deg A(x)=Np;x—a,tG(x),1<e,<p,1<n,

foreachi=1,2,...,r; o Fa; fori+j.

Here we put

N=Y nandE=Y e,.
i=1 i=1
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An automorphism ¢ of order p of C is given by

o(y)=y+(x—a)"(x—a)" .. (x—a,)". (22)

For a function f and a differential w on C, we denote by ( f) and (w) the
divisors of them, respectively. Then obviously

p P
(x)=X92,-X%,
j=1 j=1

P
(x—a,)=pB,- L%,

, 7 , (23)
(B(x))=YX p(p—1)nB,- X (p-1DNY,,
i=1 j=1
r pN—E P
i=1 j=1 j=1

where ¥ ’s and Q’s are the points on C lying over x = 0o and x =0,
respectively, P, is the point lying over x = a, for each i, and R ;’s are the
points on C defined by y = 0 and G(x)= 0. Moreover, the different 2 of
k(C)/k(P") is given by

9= % (p=1)(pn,~ e, + D, (2.4

(cf. Hasse [8], p. 42). Therefore, by Hurwitz’s theorem,

()= (p—1)(pn—e+ 1B, —2 ¥ 3, (2.5)

i=1 j=1
and the genus g of C is given by

g=3(p—-1)(pN—E+r-2). (2.6)
Moreover a basis of differentials of the first kind on C is given as follows.

PROPOSITION 2.1: A basis of H°(C, QL) is given by

r

IT(x—a)"x™y"(dx/B) (2.7)

i=1
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with
l=e,~1-[(n+1)e/p];

n=0,1,...,p—2;

m=0,1,...,.N(p—n—1)+r—E-2+ z': [(n+1)e,/p].

i=1

Here [ ] means the Gauss symbol.

ProoF: By (2.3) and (2.5), we get the equality

[1(x—a)"x"y"(ds/B)
i=1

=§r: {pl,+ne,—(p—1)(e,—1)} B, + Z mg,

Jj=1
pPN—-E 4
+ Y nR+ Y {((p—1)N-m—-Nn—L-2}%,, (2.8)
j=1 j=1

where L = ¥7_;/,. Thus we can see that the differentials given by (2.7) are
contained in H°(C, Q). Next, we shall check the linear independence of
differentials given by (2.7). This simple proof is due to Mr. Irokawa.

Since H(C, Q}) is a subspace of k(C)-dx, we have only to check the
linear independence of the functions I1/_,(x — a,)"x™y"’s. Moreover,
since k(C) is a k(x)-vector space with basis {1, y,...,y?"!}, we can
reduce our problem to the linear independence of [1/_,(x —a,)"x™
(m=0,1,....N(p—n~1)+r—E—-2+Y/_,[(n+1)e/p]). But, since
1;’s are independent of m, this linear independence is trivial.

On the other hand,

Y [(n+ 1]

n=0

= %{ ;0 [(n+1)e,/p] + Z:‘,O [(p—n-—- l)e,«/p]}

n

p—2
=+ T (o= =3(p=1)(e,~ 1)

Therefore, the number of the differentials given by (2.7) is calculated as
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follows:

i {N(p—n—l)+r—E—2+ Z [(n+1)e,./p]}

n=0 i=1

=(p-1’N-3(p-1)(p-2)N+(p-1)(r—E-1)
r p—2

+Y X [("+1)ei/P]

i=1n=0

=(p-1'N-Hp-1)(p-2)N+(p-1)(r—E-1)

+1 T (p=1(e-1)

i=1

=3(p-1)(pPN-E+r-2)=3.

This implies our assertion. Q.E.D.
In particular, let C be a curve defined by (2.1) with n, =n,= ... =n,
=1,e,=e,=...=e,=p—1and r>2. Namely, let
C: y»—B(x)y=A4(x), 2.9
with

B(x)=P(x)"",
A(x)=P(x)"7'G(x),
P(x)=(x—a)(x—a)...(x—a,),
deg G(x)=r.

Then by the above proposition, a basis of the differentials of the first
kind on this curve becomes as follows.

COROLLARY 2.2: Let ,C be a curve defined by (2.9). Then a basis of
H(C, QL) is given by

x'P'y?~!"2(dx/B) (i=0,1,...,r—2; 1=0,1,..., p—2). (2.10)

Moreover a basis of H°(C, 22?) can be given as follows.
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PROPOSITION 2.3: Let C be a curve defined by (2.9) withp >3 and r > 2.
Then a basis of H°(C, Q&?) is given by

x'PPlyP=@=D(dx/B)  (I1=1,2,3;

i=0,1,...,2r—4), (2.11)
x'P?~I*y!(dx/B)Y  (I1=0,1,..., p—4;

i=0,1,...,2r—4), (2.12)
x/P?*~1=3Gy!(dx/B)’  (1=0,1,..., p—4;

j=0,1,...,r—1). (2.13)

Here, (2.12) and (2.13) appear only in the case of p > 5.

PrOOF: By (2.3) and (2.5), we can easily see that the members of (2.11),
(2.12) and (2.13) are contained in H%(C, 2&?). Obviously the number of
the members of (2.11), (2.12) and (2.13) is 3g— 3. Moreover, since
H°(C,28?) is contained in k(C)-(dx/B)? and {1, y,...,y? '} is a
k(x)-basis of k(C), we have only to check the linear independence of the
members of (2.12) and (2.13). Since P(x) and G(x) have no common
zero, by using Sylvester’s resultant, we can see that

x'P, x'G (i=0,1,...,r—1)

are linearly independent. Therefore, the members of (2.12) with i =0,
1,...,r—1 and the full members of (2.13) are linearly independent.
Hence, looking at the degrees of the rest of (2.12), we see that the full
members of (2.12) and (2.13) span a (3r — 3)-dimensional vector space.
Q.E.D.

By Corollary 2.2 and Proposition 2.3, we can easily see that the
canonical map

H°(C, Qt)® H(C, Q%) - H°(C, Q8?)

is surjective for p > 3 and r > 3. Therefore, by Noether’s theorem, we get
the following.

COROLLARY 2.4: Let C be a curve defined by (2.9) with p>3 and r > 3.
Then C is non-hyperelliptic.

By virtue of the same argument as in the proof of Proposition 2.3, we
get the following.
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PROPOSITION 2.5: Let C be a curve defined by (2.1) withe, =e,=...=e,

= 1. Then a basis of H°(C, Q&?) is given by
(2.14)

x'(dx/B)*, x"y(dx/B)’,...,x'»-1y?~(dx/B)’,
where i runs over {0, 1,...,N(2p —j—2)—4} for eachj=0,1,...,p — 1.

In the rest of this section, we shall calculate the p-rank of the jacobian
varieties of the general members among the curves given by (2.9). For our

purpose, we put

o0

P(X)= ) sX'
i=—o00
and
o0
P(X)" "= Y x'.
i=—o00
Of course, s,=0 and ¢;=0 for i& (0, 1,...,r} and j& {0, 1,...,r(p —
1)}. Then
-1
(p—1)! s@osd ., 5o, (2.15)

t=
) aglay!...a,!

ag+a;+ ... +a,=p—1
a,+2a,+ ... +ra,=j

Moreover for each /=0, 1,...,p — 2, we put
W,={({x'P'y?~'"*(dx/B)1i=0,1,...,r = 2})
c H(C, Q).
Since y? — P?~ly=PP7'G and y=(y” - P?"'G)/PP~!, we get the
equality
(x'PlyP=1=2/B)dx
- [{xipl(yp — ProiG)" 72} P oD gy
=x'PP~Y(y?~!72/PP~'=1)" dx + (lower degree terms in y? ) dx

= (tox'+ 0 x™ A, x 4 L) (pP T2/ PP

+ (lower degree terms in y”)dx.
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Therefore the Cartier operator F acts on the each subspace W, + W, +

...+ W, of H°(C, QL), and the induced action of F over W,= W, + W,
+ . W/ (Wy+ W+ ...+ W,_,) is represented by the matrix

P P P
' 1,2 e Vi
P P P
4= Vi2p-1 Lp-2 s Ylpora

P, P P
\/t(r—l)p—l \/t(r—l)p—Z Vt(r—l)p—r+1

Here we put
tp—l tp—2 tp—r+]
4P = Lap—1 Lp—2 s laporin
t(r—])p—l t(r—l)p—2 t(r—])p—r+]

From the equality (2.15), in the expansion of the determinant of 4‘?), the
term (s,5,...5,_,)”~" occurs only in the term 1, 15, 5...2,_1,—,41-
Hence,

det AP = 0.

This implies that if we choose a,, a,,...,a, in a general position, then the
representation matrix of F is non-degenerate. Thus we have obtained the
following theorem.

THEOREM 2.6: Let C be a curve defined by (2.9), and J(C) the jacobian

variety of C. We put P(x)?~'=XY> __t,x' and
1, t, s SR P
D= fzp—l l:2p—2 e baprin
;(r—l)p—l ;(r—l)p—Z e Lo np-rt

Then J(C)) becomes ordinary if and only if D + 0. In particular, if we set a;,
a,,...,a, in a general position, J(C) becomes ordinary.

§3. Some remarks on group actions

For later use, we shall make some remarks about a linearized group
action on a ring in positive characteristic.
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LEMMA 3.1: Let k be a field of characteristic p(>0), V a k-vector space,
and o an automorphism of V of order p. For a vector x in V, the following
conditions are equivalent:
(i) x+o(x)+ ... +0”? (x)#0.
(i) The vectors x, 6(x),...,67~(x) are linearly independent. Moreover,
in this case

(x,0(x),...,a? (X)X =(x+0a(x)+ ... +0? 7 (x)).

PROOF. Since the implication (ii) = (i) is obvious, we shall prove the
converse. We set ¥ D W = (x, a(x),...,67"!(x)), and dim W = n. Then
W is o-stable and 1 < n < p. So, for simplicity, we identify V" and W. We
take the Jordan canonical form of o so that

0 J,

r

where J,= E, + T, € M(n,; X n;; k) with E;: the unit matrix; 7;: a torsion
matrix of order n; and ¥_,n, = n. On the other hand, formally,

1+Q+0)+Q+0)+ ... +1+0)"!

JHEHERASNH

Therefore

p 0 if n,<p
E +J+J*+ ...+J,.P—1=( )T,""”’= .
i 17 if n,=p.

This implies that if n,<p for all i, each member e; of the Jordan
canonical basis of V satisfies the equation

e, +o(e)+...+a” (e;)=0.

But x can be written as a linear combination of e,’s. This contradicts our
assumption (i). Hence som n; must be equal to p, and n = p.
The moreover part is a consequence of an easy calculation. Q.E.D.

COROLLARY 3.2: Let V and o be as above, and x,, x,,...,x, be vectors of
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V. Assume that
p—1
Y o'(x,) (j=1,....,r)
i=1
are linearly independent. Then
o'(x,) (i=1,...p—1;j=1,..,r)

are linearly independent.

PrOOF: We shall prove this assertion by induction on r. For r =1, our
assertion is contained in the above lemma. So, providing our assertion for
r—1, we shall prove it for r. For convenience sake, we put V,=
{x;, 0(x,),...,6”"(x,)) for i=1,...,r. Then, by.induction hypothesis,

p—1

p—1 p—1
(" + -~-+Vr—1)<o>=< Z o'(x1), ;:0 0'(x2)s.-0s Z oi(xr—1)>-

i=0 i=0
If W=+ ...+ V,_))NV,# {0}, then W is o-stable and it contains a

non-trivial o-invariant vector w. Since w is contained in both spaces
Vi+ ...+ V,_, and V,, w can be written as follows:

p—1 p—1 p—1
w=A1 E O'I(XI)+ e +Ar—1 Z 6'(x,_1)=,u Z o'(x,).
i=0 i=0 i=0

Hence by our summation, we get
A=A=...=A,_;=p=0.
This contradicts the hypothesis w # 0. Q.E.D.

LEMMA 3.3: Let k be a field of positive characteristic p, V a finite
dimensional k-vector space, and o an automorphism of V of order p. We
denote by k[[V']] the completion at the origin of the symmetric algebra of V.
Then there exists a o-stable prime ideal B of k[[V 1] such that ££.(k[[V]]/R)
is an inseparable non-trivial extension over ££.(k[[V1<7 /(k[[V]I¢®> N B)).

PRroOF: If Vis decomposed into a direct sum of two o-stable subspaces X
and Y; ie, V=X@® Y, then

K[V /() nk[[VIIC =k [[X]]¢. (3.1)

In fact, we take bases {x;, x,,...,x,} and {y;, »,,...,5,} of X and Y,
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respectively. Then every element F of k[[V]] can be written as follows:
F=F(x)+G(x, )0+ Gy(x,p)m+ ... +G(x, ) ys-

If F is o-invariant, since X and Y are o-stable, we can deduce the equality
Fy(x)" =Fy(x).

This implies that

k([0 =k [[V1] /() 2 k[0 /K[ [V 1T N (Y)
=k[[x]]*.
Therefore, by using the Jordan canonical form of ¢ and (3.1), we may
assume that the action of ¢ on V is in the following style: There exists a
basis {x;, x,,...,x,} of V such that

o __ o __ o — [ A
X{ =X+ Xy, X3 =Xy + X3,...,X,_1=X,_1+X,,X, =X,

with 2 < n < p. In this case, obviously we have canonical inclusions

K[V /(x,)  (KIIVIL/(x)) < k[IV]] /(x,).

Hence for our purpose we have only to find out a o-stable prime ideal 8
in k[[V]]/(x,) so that £.£((k[[V]]/(x,))/B) is an inseparable non-trivial
extension over £.£.((k[[V1)/(x,))¢ /B N (k[[V]/(x,))¢). Therefore, by
induction on n, we can restrict ourselves to the case where n =2; i.e.,

V={(x,y)and x°=x,y° =y +x.
In this case, we can easily see that

k[[x, y11¢7 = k[[x, N(»)]], (32)
where

N(y)=y(y+x)...(y+(p—1)x)=y? —yxP~1.
Hence if we take the prime ideal (x) as B, then

kI =k[[x 11 /(x) 2 kL0, 2117 /(x) = k[ [ x, N(»)]]/(x)

=k[[»y"]],

and this extension is just our required one.
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In fact, the equality (3.2) will be given as follows. The relation

kl[x, y11€°> D k[[x, N(»)]] is trivial. So, we take an element F(x, y) of

k[[x, y]1¢°>. Since the action of ¢ is a graded ring homomorphism, so we

may assume that F(x, y) is a homogeneous polynomial of degree d. Then
dividing F(x, y) by N(y), we get

F(x,y)=N(p)P(x,5)+ Qo(x)y"~ 1+ Qy(x)y"~?

+...+0, (x)

where Q,(x)’s are monomials and P(x, y) is a homogeneous polynomial
of degree d — p. Since F(x, y)° = F(x, y), we get the equalities

P(x,y)=P(x,y+x),
and

Qo(x)y”‘] + Ql()‘))”)_2 + ... +Qp—l(x)

= Q) (¥ +x)" T+ Q) +x)" T+ 0, (x).

From the latter equality, we get

- - -1
L T (S P RO i +(§_1)Qo(x)x""

- -1
+(p1 2)Q,()c)y”'3x+ +(£_2)Q,(x)x”'2

+Qp_2(;c)x =0.
This equality yields that
Qo(x)=0i(x)=...= Qp—Z(x) =0,
that is,
F(x,y)=N(y)P(x,5)+Q, 1(x).

Therefore by induction on the degree d of F(x, y), we get the fact that
F(x, y) € kl[x, N(»)]l Q.E.D.

Lastly, we state here a well-known theorem about the representation
of a cyclic group of prime order p into the group GL,(Z,) of general
linear matrices of size n.
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THEOREM 3.4: Let p be a prime integer, and n a given integer. Let A, and
A, be the matrices defined by

0 1 0 0
0 0 1 ... 0
Ag=|: . -1 [eCGL,4(Z,)
0 0 0 1
-1 -1 -1 -1
and
0 1 O 0
0 0 1 0
4, = . GGLP(ZP)’
0 0 O 1
1 0 O 0

respectively. If A € GL,(Z,) satisfies the equality
A? =E

no

then A is conjugate to a matrix of the type

where E means the unit matrix.

In fact, we can easily get this theorem by modifying the proof of ([2],
Theorem 74.3.)

§4. Characteristic 2 case (for curves)

By the argument of §2, every hyperelliptic curve of genus g over a field
of characteristic 2 is given by

C: y*+ B(x)y=A4(x),
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with
A(x)=(x—ea)(x—a;)...(x — &,)G(x),

B(x)=(x—a)"(x—a)" .. (x— )",

G(ai)¢0,degG=2N—r, g=N—1and N= Zni'

i=1

In this case, a basis of H%(C, Q&?) is given by Proposition 2.5. Since
H'(C, Q}c) is dual to H°(C, 22?%), we can calculate the action o*, of the
involution ¢ of C, on H'(C, §2L) as follows.

LEMMA 4.1: There exists a k-basis {ay, ay,...,a,_5, ag_1,..., aye_1, by,
by,...,be_1} of H\(C, Q) such that

o*a;=a; (1<i<2g-1)
and -
o*h;=b+a;, (1<j<g-2).
(cf. Laudal-Lensted [10] p. 158 or Oort-Steenbrink [22], p.47).

We choose an odd integer / larger than 2, and a level /-structure « for
C. Then (C, a) defines a point x € M =M, ,. By virtue of the above
lemma, there exists a complete system of regular parameters

{Wl, W2,...,W8+1, ul, uz,..., ug_z, vl, Uz,...,vg_z} (4.1)
of O, s such that

i i (i=l,2,.,,,g—2)
o*w,=w(mod M2) (j=1,2,...,g+1).

o*v, =u;

Following Oort-Steenbrink ([22], p. 8), let = be the involution of M,
defined by (E, B)— (E, —B) for every curve E of genus g with level
I-structure B, and j: M,,— A, the Torelli map defined by (E, B)—
(J(E), A(E), B). In particular, for /=1, we put j¥=j. Obviously ;"

induces the morphism «: V,,= M, ,/= — A, ; i.e., we have a commuta-
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tive diagram (the notations following loc. cit. [22], p. 8):

e

Mg,l hﬁjAg,l
\q /L

Y

] /V;;J (2
/4/1 :

M ; A .

g 4

Under these notations, we shall prove the following.

THEOREM 4.2: Let z be the generic point of the hyperelliptic locus (in the
sense of [10], Definition 2) in ®M (g > 3), and D a curve corresponding to
z. Then we have k , 2 k(z).

PROOF: First, we remark a result of Lensted [11], theorem 4.1) and one of
Laudal-Lensted ([10], Theorem 3). The first one asserts the irreducibility
of the hyperelliptic locus, and the latter one implies that the hyperelliptic
curves with a level [-structure form a regular subscheme in M, ,(/> 3).

We take a hyperelliptic curve C and choose a point x € M, , as above.
Then by (4.1),

A

0X=0X‘Mg_1=k[[w,,...,wg+1, u,,...,ug_z,Ul,...,vg_z]],
where k = k(x). Let z” be the point on M, , lying over z, whose locus

contains x, and B the prime ideal of @x defining the locus {z’}. Since o*
acts trivially on

be(z) = £L(k[[ Wi aWeir ety 5, 0100 o] ] /B),
B contains the variables
Uyt v, Uyt oy, U, 5t .
Since the dimension of the hyperelliptic locus is 2g — 1, we see that
B=(u +0v,u,+ N T Ve_s)-
Now, @, is a Galois covering of {°" with Galois group G = [0], and G is
the inertia group of ¥. Hence f.f. (0, /) is purely inseparable over

£L(OLD /B0, If ££(O/B) = £L(OLD /BCD), since BV, =B,
this covering is unramified at 8<°*> and we get the equality

(@x)sx; = (@§°*>)m<a‘>-
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This is absurd, for we assumed g > 3. Hence f.f. (0/‘13) is not equal to
£.1(08°7 /B<"). Moreover, in general, let (4, M) be a local Nagata
domain, and 4 the completion of A. Then f.f.(4) is separably generated
over f.f.(A) (cf. Matsumura [13], (31.F), Theorem 71). Therefore, we
obtain that k(z’) 2 k(z). Thus we get our assertion by Proposition 1.8".

Q.E.D.

COROLLARY 4.3: If D is a curve corresponding to the generic point of the
hyperelliptic locus in ®M,(g > 3), then kp, 2 k p ).

PrROOF: Since P(D) has only automorphisms +1,,, (cf. Matsusaka
[15], p. 790, Theorem), the point x of A, corresponding to P(D) is a
simple point (cf. Oort [21], Theorem 1.AV.). Hence, by Corollary 1.10,

k(x)=kpp-

On the other hand, k(z) contains k(x), and by the above theorem, the
field of moduli k, is not equal to k(z), where z€ M, is the point
corresponding to D. Thus we obtain our assertion. Q.E.D.

In the previous paper [28], the author showed that except in character-
istic two, the isomorphism scheme of curves is almost isomorphic to that
of their principally polarized jacobian schemes. But, in characteristic two,
there exists a counter example. In fact, combining Corollary 4.3 with
Theorems 1.9 and 1.9’, we can get easily the following.

REMARK 4.4: Let S be a spectrum of an artin local ring of characteristic
two, and C, C' hyperelliptic curves over S. Then, in general the canonical
map

Isomy(C, C’) - Isomg(P(C’), P(C))
is not isomorphic.
§5. Characteristic 3 case (for curves)

Let C be a curve defined by (2.9) over a field of characteristic p = 3. That
is,

C:y’—B(x)y=A4(x), (5.1)
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where
A(x) = P(x)’G(x),
B(x)=P(x)%,
P(x)=(x-a)(x—a)...(x—a,) (r>2),
deg G(x)=r.

Let o be, as in §2, the automorphism of C defined by y =y + P. The
genus of C is given by g=2(r—1). By Corollary 2.3, a basis of
H°(C, Q&%) is given by

y2(dx/B), xp*(dx/B)’,...,x*"*y*(dx/B)*;
Py(dx/B)’, xPy(dx/B),...,.x**Py(dx/B)*; (5.2)
P*(dx/B)*, xP*(dx/B)’,...,x* ~*P*(dx/B)’.

Therefore

2 *\!
Y (x’yz(dx/B)z)(a Y = 2x'P2(dx/B)*
i=0

for/=0,1,...,2r — 4. Hence, if we choose a level n-structure a of C with
n>3and 3+n, and x is the point on M = M, , corresponding to (C, a),
by Corollary 3.2, the action ¢ on 0, ,, is linearlized. So, by Lemma 3.3,
we get the following.

THEOREM 5.1: Let g be a given even integer. Then there exists a curve C of
genus g over a field of characteristic 3 with ordinary jacobian variety so that
k2 k(x), where x is the point on M, corresponding to C.

COROLLARY 5.2: Let g be as above. Then there exists a principally
polarized ordinary abelian variety P = (X, X) of dimension g over a field of
characteristic 3 so that k p 2 k(y), where y is the point on A, corresponding
to P.

In fact, we take a curve C as in Theorem 5.1. Furthermore, let x and y
be the points on M, and 4, corresponding to C and P(C), respectively.
By a result of ([28], Corollary 3.3), k= kp - On the other hand, by our
choice of C, k2 k(x) D k(y). Thus we are done. Q.E.D.
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§6. Abelian varieties with automorphisms of order p

In this section, we shall discuss our problem for abelian varieties. Our
main tool is Serre-Tate’s theorem. So we will start with the theorem. Let
p be a prime integer, S a scheme with p locally nilpotent on it, and S, a
closed subscheme of S defined by a locally nilpotent quasi-coherent ideal
# of 0. For an abelian scheme X, we denote by X the Barsotti-Tate
group associated to it. Now we fix an abelian scheme X, over S, of
relative dimension g. We set

isomorphism classes of pairs ( X, i) such
ZL(X,; Sp = S) = that X - S is an abelian scheme,
and i: X X ¢S, = X, an isomorphism

and

isomorphism classes of pairs (B, i) such
g( X,; Sy S) = { that B — S is a Barsotti-Tate group,

and i: B X ¢S, = X, an isomorphism
Then Serre-Tate’s theorem can be stated as follows:

THEOREM 6.1 (Serre-Tate): The map (X, i)~ (X, i) gives a bijection from
L(Xy; Sy S) 10 L(Xy; Sy S).
(cf. Messing [16], Chapter V, Theorem 2.3.)

Moreover, let R be a complete local ring with perfect residue field & of
characteristic p, and G} and Gy be ind-étale and toroidal Barsotti-Tate
groups on S, = Spec k, respectively. Let G’ and G” be the liftings of G;
and G{' to Barsotti-Tate groups on S. Then we get the following.

PROPOSITION 6.2: There is a bijection from L(Gj X G§'; Spec k — S) to
Ext'(G’, G").
(cf. [16], Appendix, Corollary (2.3).)

Now, we reformulate the argument in (loc. cit., Appendix) for our
purpose. We denote by p the formal scheme

p.=li_r)nyp,..

Let R be an artin local ring with perfect residue field k of characteristic p.
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We consider the inductive system of sheaves on S = Spec R:
g 4 P
VAR VAR AR

Then we get a canonical exact sequence of sheaves on S:

. g
0-Zf>1limZ*—>(Q,/Z,)" - 0.

By taking the long exact sequence of this sequence, we get an isomor-
phism:

PROPOSITION 6.3: The homomorphism
8 @1#*!(1(,) - Exty(0,/Z,)", p*)
= ® Ext}(0Q,/Z,),. 1)
ij

is an isomorphism. Here R, (Q,/Z,), and p, are the copies of R, Q,/Z,
and p, respectively. Hence we get an isomorphism

8z k¥ (R) > @ Exty(Q,/Z,, p).
5y

(cf., loc. cit., Appendix, Proposition 2.5.)

Next, let (X,, A,) be an ordinary abelian variety of dimension g over
an algebraically closed field k£ of characteristic p, with a principal
polarization A,: X, — X,. Then the Barsotti-Tate group X, associated to
X, is decomposed into

X, = G;x G,

where G = X&' and G{' = X,°" are the étale and the toroidal parts of X,
respectively. Then the polarization A, induces the isomorphisms:

X, >G,xGl

Aol LA XA,

=]

<P

Gy % G}
Since A, is symmetric, we get the equalities

A=A, and A,=A,.
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Now we choose an isomorphism
r: G (Q,/2,)",
and put
so="ryto Ny Gy S pé.
Using these isomorphisms, we get a commutative diagram:
0-pf= Xy —(Q,/Z,)f -0

I 4 I
O_)l"'gﬁ XO _’(Qp/Zp)g_)O‘

(6.1)

Let o, be an automorphism of (X,, Ay). Then o, induces the isomor-
phisms:

— roXsg
Xo ®GoxX Gy = (Q,/Z,)* X p?
6l loXo, lo{ X o, 6.2)

X 50

Xy 5GyX Gy > (Q,/Z,)8 X b,

Here o] € Aut((Q,/Z,)%)=GL,(Z,) and o; € Aut(p®)=GL,(Z,).
Since A = 6,A 40y, We get the equality

1

6,=01",
that is,
‘og=07", (6.3)

where ‘o; means the transposed matrix of o; € GL(Z, »)- Let (R, It) be
a complete noetherian local ring with residue field &, and

2(( Xy, Ao); Spec k — Spec R)

isomorphism classes of triplets ( X, A, i) such
that X — Spec R is an abelian scheme,

A: X - X a polarization, i: X ® gk > X,,
and A\®k=ioAjoi

Then summalizing the above discussion, we obtain the following.
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THEOREM 6.4: There is a bijection
Z(( Xy, Ao); Spec k — Spec R) = SM, (1 + M),

where SM (1 + ) is the set of symmetric g X g matrices with entries in
1+ M. Moreover, for an automorphism o, of (X,, Ao), we define of and
0; by (6.2). Then the action o, on SM (1 + M) through the above bijection
is given by

A 1 A% =0T flei! (6.4)
Here, for g X g matrices U= (u;;), A =(a;;) and V= (v;;), we define Y4

and A" as follows:

g
the (i, j) component of YA =[] a}s;
=1

g
the (i, j) component of A" = 11—11 ap.

PrOOF: Combining Theorem 6.1 with Propositions 6.2 and 6.3, forgetting
the polarization gives an injection

L((X,, No); Spec k = Spec R) - p&(R) = M, (1+ M),

where M,(1+ M) is the set of gX g matrices with entries in 1+ M.
Obviously, by the bijections given in Propositions 6.2 and 6.3, the Cartier
dual corresponds to the transposition on M (1 + M). Therefore when
A =(a;;) € M,(1+ M) corresponds with a formal lifting X over R of
X,, noticing the commutative diagram (6.1), X admits a lifted polariza-
tion A of A if and only if 4 =‘4. Moreover, by the Grothendieck theory
(cf. EGA, Chapitre III, Théoréme 5.4.5), every proper formal scheme
with a lifted polarization is algebraisable. Hence, we get a bijection

Z((X,, Ao); Spec k = Spec R) = SM, (1 + M).

Let o, be an automorphism of (X, A), 01, 0; € GL,(Z,) be as
above, and 4 € M,(1 + M) = Extr((Q,/Z,)%, p®) corresponds to an
extension of (Q,/Z,)¢ by p®:

E:0->pu¥>G-(0,/Z,)*>0.

Then the “pushing out” of E via ¢;: p8 — p8 and the “pulling back” of
E via 01: (Q,/Z,)® - (Q,/Z,)® correspond to the maps of M, (1 + M):

A 4%
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and
A4,

respectively. On the other hand, obviously via the map
Z(( Xy, Ao); Spec k — Spec R) — Exth((Qp/Zp)g, ,,,g)’

the action o, on ZL((X,, Ay); Spec k — Spec R) corresponds to the
composition of the “pushing out” via o, and the “pulling back” via oj.
Therefore, noticing the equality (6.3), we obtain the assertion of the
moreover part in the theorem. Q.E.D.

Hereafter, we fix an algebraically closed field k of characteristic p.
Let / be an integer larger than 2 and prime to p. Let (X, Ay, ay) be a
principally polarized ordinary abelian variety (X;, Ay) of dimension g
over k with a level /-structure a. Then this triplet defines a point x on
A, ® k. Moreover, let o, be an automorphism of (X;, Ag) of order p,
and o; be the automorphism, induced by g, of the étale part G, of the
Barsotti-Tate group X, of X,. Since G|, is isomorphic to (Q,/Z,)3, o]
can be seen as an element of order p of GL,(Z,). Therefore, by Theorem
3.4, we can choose an isomorphism

Iyt G(,) = (Qp/Zp)g

so that o] becomes the following style:
A

AG!
o] = A , (6.5)

A7t

E

where 4, and A4, are as in Theorem 3.4. Here, let a be the number of
AgV’s in of, and e be the size of E. Under these notation, we get the
following theorem:

THEOREM 6.5: The action of o, over the completion O, of the local ring O,
at the point x can be linearized if and only if ae = 0.
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ProoOF: By Theorem 6.4,

@x—:»k[[xu-l, xn—l, gg 1]]/({ x_/ jl :jl,2 ..... g})
(6.6)

Of course, we take the variables x,; using the above r,. Moreover, due to
the same theorem, the action of o, on the right hand side of (6.6) is given
by

(x,) = (x,)

Therefore, we can reduce our problem to the posibility of the lineariza-
tion of the action p of Z/pZ over the formal power series ring R in the
following 7 cases, and we complete the proof by the following lemmas
and corollary.

Case I. R=k][[{¢;]i, j=1,..., p—1}]] and the action p is given by

(o(xij))=A°(xij)tA09 (6.7)
where x;;=1,;+1 and 6 = p(l), and so on.
Case II R k[[{tu|l ’P_l}]]/({tu—'tﬂll’ j=19---’P_

1}) and the action p is given by (6.7).
Case III. R=kK[[{¢;li, j=1,..., p}]] and the action p is given by

(o(x;;)) =" (x;))™. (6.8)

Case IV. R=k[[{¢,li, j=1,..., p}II/({t;;— t;ili, j=1,...,p}) and
the action p is given by (6.8).

Case V. R=K][[{¢;;li=1,...,p—1; j=1,..., p}]] and the action p is
given by

(o(xij)) =A0(xij)ul' (6.9)
Case VI. R=k[[#,,...,,]] and the action p is given by

“(6(x1),...,0(x,)) =H"(xy,..., x,). (6.10)
Case VILI. R=k][[t;,...,2,_41]] and the action p is given by

I(o(xl), O(XP 1)) =40 t(xl, ,xp_l). (6.11)

Hereafter, in each case, we put T=Mz/M% and f,;=the class
represented by ¢,; in T for each i, j. Of course, in Case VII we denote
by f; the class represented by ¢, in T. Moreover, p denotes the induced
action on M /M2 of p, and we put p(1)=25.
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LEMMA 6.6: In Case 1, p is linear.

PROOF: By (6.7),

(“(xij)) =A0(xij)uo

X2 X23
X3 X33
Xp-1.2 Xp-13
-1
(HxiZ)
1

and

o(xij)=

That is,

if

if

if

if

if

if

if

if

i<p-
i=p-—
i=p—

Tsutomu Sekiguchi

X2,p-1

X3 p-1

Xp-1,p-1

(M)

2, j=p-—1
1, j<p-2
1, j=p-—1.

[34]
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Hence we get

p—-1
Y () =ty +in+...+i, g, 1+Zt,, (6.12)
k=0 ij
and
p-1 p-1
Y e (f)=fp+in+ .+l 0, = X gy~ 2 fea-
k=0 =1
(6.13)
Moreover, for n with3<n<(p—-1)/2,
p—1
Za(tln)_tln+t2n+1+ N U
k=0
r—1
D VUL STOTE S PPN
=1
+o Ztknl (6.14)
Compairing the coeffitients of ¢;,’s, we can easily see that
p—1
" -1
Y 5%(i,,) (n=1,2,...,p—) (6.15)
k=0 2
are linearly independent.
Next, we put T;; =1, — t;; and T~— i —t; for each i, j. Then
p-1
Y 5 (Ty) =T+ T+ ... 4T, , 1 + 27;,,;—1 +). T,
k=0 i J
(6.16)

and for n with3<n<(p—-1)/2,

p—-1
2 E(Tln) =T,+ Tz,n+1 +...+
k=0

N

-n,p—1
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p—n p—1
+ X Tpnii— X Tpin,
i=1 j=p—n+2
- Tl,p—n+2 - T2,p—n+3 T e T T;:—Z,p—l
n—2_ p—1 _
~ LTt LT, (6.17)
i=1 Jj=n
Moreover, we put
p—1
t;:+1
=11 I tu+ 11
i= p;l§1< p;—l vic A
Then obviously U is invariant under the action of p and
r—1
2
U= Y, Y T;. (6.18)
i=1 p-2+»1 < p-zi-l iel
Now looking at the coefficients of T;,, Tis,..., TL( p+1),2 in the expan-

sions of ££Z45%(T},,) 2 <n<(p—1)/2) and U, we get the matrix

1

Here the i-th row vector of 4 is made of the coefficients of T;,’s in

) Oo"(Tl ;+1) and in U if i = (p — 1) /2. Obviously, det 4 # 0, or more
precisely det 4 =(p—1)/2. Hnce, we have seen that the (p —1)/2
elements

Y, 4(T,,) (2<n<p;l) and U

are linearly independent. Moreover, the linear independence of these
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elements and (6.15) is clear. Therefore, by Corollary 3.2.

o*(t,,), o*(Ty,,) (k=0, 1,....,p—-1; l<n<£—;—

and U form a complete system of regular parameters of R, and we know
the linearizability of the action p in Case I. Q.E.D.

COROLLARY 6.7: In Case 11, p is linear.

PRrOOF: The proof of the linear independence of (6.15) in the proof of the
above lemma is also true in this case. Therefore, by Corollary 3.2,

Ok(tln) (k=0,1,...,p—1;j=1’2"”’%)

form a complete system of regular parameters of R, and we are done.
Q.E.D.

LEMMA 6.8: In Cases 111, IV and VI, p is linear.
In fact,
Al(xij)lAl = Al(xij)lAl
and
(%1, X,) = A1 (X150, X,);
that is, these are linear.
LEMMA 6.9: In Case V, p is linear.

Proor: By (6.9),

(o(xij)) =A°(xij)IAl

X X3 X2p X21
X3 X33 X3p X31
Xp-12 Xp—-1,3 Xp-1,p Xp-11
-1 -1 -1 -1
(Hxi2) Hxi3) (Hxip) (l_[xn)
i i i i
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Hence
x1+1.—l- lf ISP_Z

a(xlj)= (nxk,m)_ if I=P_1
X .

and
t1+]./+1 lf ISP 2
6([,1)= _Zik._ﬁ_l if i=p—1,
where 7 is the integer defined by n=n (mod p) and 1 <n<p for an

integer n. Therefore
p—1 ) p—-1 : B
Y " (h,)= X == Ll
k=0 =1 i

forn=1, 2,...,p — 1. The coefficients of t-,.i ’s in these expansions form a
non-degenerate matrix of size p — 1:

1 1 .. 1 1

Hence, by Corollary 3.2,

o*(t,,) (n=1,2,...,p—1)

form a complete system of regular parameters of R and we are done.
Q.E.D.

LEMMA 6.10: In Case VI, p is not linear.

PRrROOF: By (6.11),

'(a(x,),...,o(dp_l)) =4 (xy,..0,%,_1)

-1
= x2,x3,...,xp_1,(nx,) ); (6.19)
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1e.,

s if j<p-2

o(1;) = [T+ =1 it j=p-1.
On the other hand, according to a result of Peskin ([24], Chapter II,

Theorem 3.12), o is linear if and only if

©: R¢> >R

is ramified in dimension > 0. Moreover, according to (loc. cit., Chapter
II, Lemma 2.2), ¢ is ramified in dimension > 0 if and only if

(0_ 1)p_1’1

(e—Dt,=(o—12ty=...=(c—1)""24;=0 " 0.

In our case, by (6.19), (6 —1)'t;,=0fori=1,2,...,p— 2 imply t, = ¢t, =

=1, 1 and

p—1
(6-1)"""ty=t;+ .. +T,_ + [1(1,+1)"' -
i=1

Therefore,

(6 —1)"""t

1(o—Dt,=(c—12t=...=(a—1)" "2 =0

(p-Dn+(1/(1+1)" " -1

R Z A S L R S L AR A T

#0.

This implies that p can not be linearized. Q.E.D.

Example: Let (X,, A,) be the canonically polarized jacobian variety of
the curve C defined by (2.9). According to Theorem 2.6, we can choose C
so that X, becomes ordinary. Let g, be the automorphism of (X, Aq)
corresponding to the automorphism of C defined by y — y + P(x). Then
H'(C, 0.) is canonically isomorphic to the tangent space T;( X,) of X, at
the origin, and Ty(X,) = T,((X,),). Moreover, H'(C, 0) is dual to
H°(C, Q}), and XS‘ is Cartier dual to X in our case. Therefore, by
using the basis of H°(C, QL) given by Corollary 2.2, we can see that the
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action o] of o, over X5' must be of the type

4y
Ao

Ay
in a normalized form as (6.5).

THEOREM 6.11: Let p be an odd prime integer, and g an integer with
g = p — 1. Then there exists a principally polarized ordinary abelian variety
P = (X, \) of dimension g over a field of characteristic p so that k p # k(x),
where x is the point on A, corresponding to P.

PROOF: Let Q = (X,, Ag, o) be a principally polarized ordinary abelian
variety with a level [-structure a, corresponding to an F},-rational point
y€A,,®F, (I>3, ptl). We suppose that (X,, Ay) has an automor-
phism a, of order p whose action on @, is linear. Then Lemma 3.3
asserts that there exists a o,-stable prime ideal 8 of @, such that k(y) is
a non-trivial inseparable extension over @f"°> /BN 0y<°°>. Therefore, if
(X, A\, a) is a triplet corresponding to B, Proposition 1.8 implies that
P = (X, \) satisfies our requiring condition. Such principally polarized
ordinary abelian variety (X;, A;) with an automorphism o, as above
exists for g=(p—1)(r—1), because of the above example and of
Theorem 6.5. Thus we get our assertion for g with (p —1)|g.

Moreover for any g, we set g=(p —1)a+r with O <r<p—2. By
the above discussion, there exists a principally polarized ordinary abelian
variety P = (X, A,) of dimension (p — 1)a satisfying the condition of
the theorem. We choose an elliptic curve E with p-rank 1 over F,, and
denote A, the polarization of E defined by the origin of E. Then by
Lemma 1.12, if we put @ = (X; X E", A\; X (A,)"), kp is separable over
ko. On the other hand, there exists a canonical morphism

A(p_l)a X A} —>Ag.

Therefore k(y)D k(x), where y and x are the points on 4,_;, and on
A, corresponding to P and Q, respectively. By the choice of P, the
extension kp/k(y) is a non-trivial inseparable extension, and so is
ko/k(x). Thus we are done. Q.E.D.
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Added in proof

The author is grateful to Mr. I. Kuribayashi for pointing out that D.
Subro has already given a complete formula of the p-rank of Artin-
Schreier curves and has shown that the assertion of Theorem 2.6 was
always true for any mutually distinct a, ..., «, (cf. D. Subro: The p-rank
of Artin-Schreier curves. Manuscripta Math. 16, 169-193(1975).)
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