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A RELATIVE TRACE FORMULA

H. Jacquet and K.F. Lai

§1. Introduction and notations

(1.1) Let F be a number field, £ a quadratic extension of F, M’ a
division algebra of center F and rank 4. We will make the following
assumptions:

(1) the algebra M'(E)= M’ ® E is a division algebra;

(2) let D be the set of places v of F such that M, is a division
algebra; then every place v in D splits in E.

We regard the multiplicative group of M’ as an algebraic group G’
defined over F. Thus:

G'(F)=M">, G(E)=M(E)",
G!=G'(F,) if v isa place of F,
G/ =G'(E,) if visaplaceof E.

Moreover G'(Fy) is a closed subset of G'(E, ). We will denote by Z’ the
center of G'. If @ is a continuous function on the quotient

Z'(Ea)G'(E)\G'(E,)

we will set

B'(¢)=[p(x)dx, x€Z(F\)G'(F)\G'(Fy)

and we will say that an automorphic irreducible representation «’ of
Z'(EA)\G'(E,) is distinguished if there is a smooth function ¢ in the
space of 7’ such that B'(¢)# 0.

(1.2) Instead of M’, we may also consider the algebra M = M(2, F) of
two by two matrices and regard its multiplicative group G = GL(2) as an
algebraic group defined over F. It ¢ is a continuous bounded function on
the quotient

Z(EA)G(E)\G(E,)
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we will set

B(9)= [@(x)dx, x€Z(Fa)G(F)\G(Fa).

Let = be an irreducible automorphic cuspidal representation of
Z(EA)\G(E,); we will say that « is distinguished if there is a smooth
function ¢ in the space of 7 such that B(¢)# 0.

(1.3) Our main result is the following theorem:

THEOREM: Suppose «' is an irreducible automorphic representation of
Z'(EA)\G’'(EL); suppose w' is infinite dimensional and let w be the
corresponding irreducible automorphic cuspidal representation of
Z(EA)N\G(ER). Then 7' is distinguished if and only if « is.

The motivations for this result can be found in the work of Harder,
Langlands and Rapoport on algebraic cycles of certain Shimura varieties.
This is not the place for a discussion of their work. Suffices to say that it
concerns poles of certain Hasse-Weil zeta functions attached to a Shimura
surface. These zeta functions can be computed in terms of automorphic
L-functions which have been studied directly by Asai (Cf. [S.A.]) The
question arises then of deciding when the L-function attached to an
automorphic cuspidal representation « has a pole at s=1. Now the
L-function has an integral representation. Indeed consider an integral

fq)(x)E(x, s)dx, x€Z(Fa)G(F)\G(Fy)

where ¢ belongs to the space of # and E(x, s) is an Eisenstein series.
This integral has a pole at s =1 with residue B(¢). On the other hand it
is equal to the L-function times an elementary factor; in particular the
L-function has a pole at s=1 if and only if, for at least one ¢, the
integral has a pole at s =1, that is if and only if B is non zero on the
space of =, in other words, # is distinguished. In trying to extend the
result of Harder, Langlands, Rapoport to the case of a compact Shimura
surface one has to replace the group G by the group G’ and use the
above theorem.

Although this will not play a role in the present paper, we recall the
characterization of the distinguished representations: a representation is
distinguished if and only if it is the “Base Change” of an automorphic
cuspidal representation of G(F, ) whose central character is the quadratic
idele class character of F attached to E. The proof is relatively com-
plicated since it involves the “Base Change” and the theory of the Asai
L-function. It would be interesting to see if this result could be estab-
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lished by using an appropriate relative trace formula, similar to the one
we are using here.

(1.4). In order to prove our theorem we need a “relative trace formula”:
it is stated in section 2. In section 3 we derive our theorem from this trace
formula. The remaining sections are devoted to the proof of our trace
formula.

(1.5) Finally we thank R. Langlands for suggesting this problem to us,
for his encouragement and his advice. We thank A. Selberg for his advice
on classical results on L-functions. We also thank L. Clozel for making
his results available to us; although the results are not used in the present
paper, they were quite suggestive.

(1.6) We summarize our principal notations.

(1) The group G is the group GL(2), P is the group of upper
triangular matrices, A4 the subgroup of diagonal matrices, N the group of
unipotent matrices in P. We also denote by R the algebra of upper
triangular matrices.

(2) We write Mat[p, q, r, s] for the matrix with rows ( p, ¢) and
(r, s). We also set:

w=Mat[0, 1, 1, 0], n(x)=Mat[1, x, 1, 0],
diag(a, b) = Mat[a, 0, 0, b].

(3) So far as the number field F is concerned we follow standard
notations. In particular F, is the ring of adeles and F, the group of
ideles. We denote by ¢ a non trivial character of the quotient F, /F. We
denote by dx the self dual Haar measure on F, so that vol(F,/F)=1
and d(ax)=|a|dx where |a|, is the module of the idele a; we drop the
subscript F when this does not create confusion. We write dx = IIdx,,
Y = II¢y, where dx, is the Haar measure on F,, self dual with respect to
¥,. We denote by d*x,,, the Tamagawa measure on F :

dxxU = L(l’ lv)dxu/lxvl'
Then we denote by d*x the Tamagawa measure on Fy':
d*x =1d*x,/[(s =) L(s, D] |,

We denote by F! the group of ideles of norm one and by F; the group
of ideles whose finite components are one and whose infinite components
are all equal to some positive number, the same for all infinite places.
Then Fy is the product of F' and F and the Tamagawa measure is the
product of a measure on F! and the measure dz/t where ¢ =|x|. Recall
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that vol(F'/F*)=1. In general algebraic groups over F are provided
with the Tamagawa measure.

(4) Let v be a place of F. We denote by K, the standard maximal
compact subgroup of G. Thus K, = GL(2, R,) where R, is the ring of
integers if v is finite. If F, =R, then K,=0(2, R). If F,=C, then
K,=U(2, C). We denote by K, the product of the K,. The group
G(F,) and Z(F,) being provided with the Tamagawa measures and the
quotient Z(F, )\ B(F,) with the corresponding measure, we have, for a
function f on the quotient:

[#(8)dg=[7[n(x) diag(a, 1)k]dxlal;'d*adk

where dk is a certain Haar measure on K. Note that vol(K;)# 1.
Having chosen an invariant differential form of maximum degree w on G
we have for each place v, the measure |w,| and the Tamagawa measure
L1,1,)|w,) on G,. If we give to the quotient Z \ G, the measure
quotient of the Tamagawa measures then we have for a function f on the
quotient:

[1(2.)dg.= [f[n(x,) diag(a,, Vk]dx,[a,| 'd"adk,

where dk,, is a certain Haar measure on K. Again vol(K,)# 1.

(5) We have also the quadratic extension E of F, with Galois group
{1, o }. Whenever convenient we write £ = F[V7]. We denote by ¢ non
trivial character of E, /E. Usually we assume that is trivial on F,. If u is
a place of E we denote by K, the standard maximal compact subgroup
of G,, by K or simply K the product of the K,,.

§2. A relative trace formula

(2.1) We will denote by S a finite set of places of F containing D and all
infinite places; the set S will be enlarged as need dictates. For each set T
of places of F we will denote by T~ the set of places of E which are
above a place of T. For each place v of F not in D we choose an
isomorphism M/ = M(2, F,); let a be a basis of M’ over F and a, the
R ,-module generated by « in M]; we may assume that, for all places v of
F not in S, our isomorphism takes a, to M(2, R,). Extending the
scalars, we have, for each place v of £ not in D™, an isomorphism
M'(E,)= M(E,). From these, we get for each place v of E (resp. F) not
in D (resp. D ™) an isomorphism G, = G,; we use it to identify the two
groups. For each place v of E (resp. F') we denote by K, the standard
maximal compact subgroup of G,. We choose, in the usual way, two
invariant F differential forms of maximal degree w and w’ on G and G’;
over an algebraic closure of F they are the same. Thus, for each place v
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of F the groups G, and G, come equipped with forms w, and w;; if v is
not in D we may assume the isomorphism of G, onto G, takes |wj|.
Similar remarks apply to E.

We denote by f a smooth function of compact support on
Z(EA\G(E,); we assume that f is a product of local components f,.
For all v the local component f, is smooth, of compact support,
bi-K -finite; for almost all finite v, it is the characteristic function of
Z,K,. Similarly, we consider a smooth function of compact support f’
on Z'(EA)\G'(EL). It is also assume to be a product of local factors f,.
We make the following assumptions on f and f”:

(1) foreach v notin D™, f, =f/;

(2) let v be a place in D and vl, v2 the two places of E above v; we
have isomorphisms

Gh=G,r=G6;, G

v v

126,=G,;
we demand that the convolution products
h;=f,z]* 0,2’ hv= uvl* v2

on G; and G, respectively have the same regular orbital integrals.

In other words, we demand that the hyperbolic orbital integrals of 4,
vanish; on the other hand, if 7, and 7, are isomorphic F,-subalgebras of
rank 2 of M, and M, respectively and if ¢’ € T, — F, corresponds to
t €T, — F,, then we demand that

fh(g’lxg)dg=fh’(g"‘x'g’)dg’a gETI\G,, g eT\G.

In this formula the Haar measures on G, and G, are the Tamagawa
measures attached to w, and ] respectively; on the other hand the
measures on 7, and T’} are the Tamagawa measures attached to
differential forms n, and 7| which correspond to one another under the
isomorphism 7, = 7. Finally the quotients are given the quotient mea-
sures.

(2.2) The operator p( f) defined by f on the space

L*(Z(Ex)G(E)\G(En))

is defined by a kernel K. We call P the orthogonal projection on the
space of cuspidal elements. Then Pp(f)P is represented by a kernel
K ysps it is a smooth bounded function. Similarly the operator p(f’)

defined by f’ on the space

L*(Z'(E5)G'(E)\G'(En))
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is represented by a kernel K’; we call P’ the orthogonal projection on the
orthogonal complement of the space spanned by the functions of the
form xodet, where x is a quadratic character of EX\ Ex. Then P'po(f")P’

is represented by a kernel K/,,. It is also smooth and bounded.

(2.3) PROPOSITION: Suppose that the above assumptions, in particular
(2.1.1) and (2.1.2), are satisfied. Then:

fchusp(x, y)dxdy =ffK;usp(x', y)dx'dy’,

x, yEG(F)Z(FA)\G(Fa), X', y'€G'(F)Z'(FA)\G'(Fy).

In this formula G(Fa), G'(Fa), Z'(Fy) and Z(F,) are given the
Tamagawa measures.

The proof will occupy section 4 and the following sections.
§3. Demonstration of the theorem

(3.1) We will assume Proposition (2.2) and derive Theorem (1.3). Let
therefore #’ and # be as in (1.3). We will prove that if # is distinguished
then 7’ is distinguished. The proof of the converse assertion is similar
and left to the reader. So from now on we assume = is distinguished. We
first recall a remark of Langlands. Suppose v is a place of F which splits
into vl and 02 in the extension E; then we have isomorphisms

le = G('Z = Gu'

The restriction of B to the space of # is a non zero G( Fy)-invariant
form; imbedding the space of 7,; ® =, into the space of = appropriately,
we find a non-zero linear form which is invariant under the group
G,; X G,,. Therefore 7, and 7, are contragredient to one another. Since
they are trivial on the center, we see that the following condition is
satisfied:

(1) if v splits into vl and v2, then 7, = 7,,.

Of course the representation 7’ satisfies the analoguous condition. We

= — Y
set Ty = Tp1 = M2 and Ty = Tp1 = Tp2-

(3.2) Recall that S is a finite set of places of F containing D and the
infinite places. Let us set

G® =TIG,(restricted product),
KS =IIK,, veS~;
Gs-=11G,, K¢;-=IIK,, veS~;

5 =1f, ves™, fo-=1If,, vesS~.
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We may choose S so large that Il contains the unit representation of
K5~ . We than take f, for v € S~ to be bi-invariant under K, . In general
if o is an irreducible representation of Z(E,)\G(E,) containing the
unit representation of K% , we will denote by e, the corresponding
character of the Hecke algebra of the group G° . In particular if ¢ is an
automorphic cuspidal representation we will denote by V(o) the space of
forms in the space of ¢ which are invariant under K5 . The orthogonal
projection onto the space V(o) will be noted P,. The space V(o) is
invariant under Gg- and the corresponding representation will be noted
7~ . Thus for ¢ in V(o) we have:

U(f)¢=eo(fs~)'75"(f5“)¢- (1)

Accordingly we may write K,
convergent series:

Koow(x, )= e,(f°7) K, (x, ») (2)

as the sum of the following uniformly

where K is the kernel attached to the operator P,7( f;-)P, and the sum
is over all cuspidal representation o containing the unit representation of
K*® . In turn, if ¢, is an orthonormal basis of ¥(o), then K, is equal to
the finite sum

Ka(x’ y) =Z"Ts~(fs‘)¢,(x)'q—’1()’)-
Therefore

/chusp(x, y)dxdy=Y e (f5 )a,, with ao=//Ku(x, y)dxdy.

(3)

We will choose now fg- in such a way that a, is non zero and there
exists a function f’ satisfying the conditions (2.1.1) and (2.1.2). To that
end let us observe that =g - is equivalent to the tensor product represen-
tation

®m, vES™.

v

We choose therefore an isomorphism

Tg-=ap-®my-, V(n)=V,-®V,-, where S=TUD;
we have set
Tp-=®m,, Vp-=0V,, veT™;

Tp-=®m,, vp,~-=0®V,, veED™,
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and V, is the space of =,. At the cost of enlarging § we may assume there
is a unitary vector u in the space V- such that the restriction of B to
u ® V- is non zero. We choose f- in such a way that 7,-( fr-) is the
orthogonal projection on u. Then if v, is any basis of V- we have:

fwa(x,y)dxdy=B[u®'n'D~(fD~)vj]~§[u®vj]. (4)

For each v in D let vl and v2 be the two places of E above v. Let C, be
an invariant linear form on the tensor product V,; ® V,,. Then V},- is the
tensor product of the spaces V,; ® V,, and the restriction of B to
u® Vp,- is, up to a constant factor the tensor product of the C,. For
each v in D let us choose bases of V,; and V,, dual to one another, aq,
and b, say. Then the above expression is, up to a constant factor, the
product over all v in D of the sums:

ZCU["Tul(fvl)alg’Wuz(fuz)b]]'aj[a,®bj]- (5)

Since C,[a,® b]=§,, this sum reduces to

ZC[ a(fn)a,®m 2(f02)b]

_EC[ T (f2) ma(f) a; ®b]
=2Cv[ﬂvl(hv)a:®bl]
=tr7,(h,), (6)

where
hv = UUZ * vl*
(3.3) At this point we need a lemma:

LEMMA: We can choose f,, and f,, in such a way that tr w,(h,)=1 and
tr o(h,)=0 for every infinite dimensional irreducible representation o of
G, which is not equivalent to ,.

PrROOF OF LEMMA: In any case =, is in the discrete series. Thus if v is
finite there is a function 4, with the required traces and it is trivial that it
is a convolution product. So we are done in this case. If v is infinite then
v is real. So we may identify E to R and G, to GL(2, R). Let K, be the
group SO(2, R) of K, and, for each n € Z, x,, the character

cos(f) sin(8)

—sin(#) cos(8) ] ~ expind).

k(0)=[
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Say that =, is the representation of the discrete series of highest weight
n>0. Since =, is trivial on the center n is necessarly even. Choose
smooth functions of compact support @ and b on Z,\ G,. We will take
then with support in the set of matrices with positive determinant so that
we may think of them as being functions on SL(2, R). The function b
will be taken bi-invariant under K,. As for a it will be assumed to
transform under X, on both sides:

a[k(ﬂl)gk(ﬂz)] =CXP[_i”(01 +02)]a(g).

We will take s, to be (a—b)*(a+ b). Then if ¢ is any irreducible
representation of GL(2, R) we have:

tro(h,)=tro(axa)—tro(bxb)=tro(a)’ —tro(b)’.

If furthemore o is in the discrete series then the second term is zero; the
first term is zero as well unless the highest weight m of o is less than or
equal to n, that is unless o belongs to a certain finite set. The linear
independence of characters implies then that we may choose a such that
tr m,(a)=1 and tr o(a) =0 if o is another representation of the discrete
series. Thus all we have to show is that we can choose b in such a way
that

tro(b)=tro(a)
if o is a representation of the principal series trivial on the center.

Unraveling this we see that this relation is equivalent to F, = F,, where
we have set, for x > 0,

Fa(x)=ffa(k Mat[x, u, 0, x" ']k~ ")dkdu

and F) is defined similarly. Since F, is smooth of compact support on
R and invariant under the substitution x — x~ ! there is a function b
with the required properly (‘“Paley Wiener Theorem for SL(2, R)”, cf.
for instance [S.L.], Th. 3, V, $2, p. 71). This concludes the proof of the
lemma.

(3.4). Coming back to the situation of (3.2) and choosing A, as in the
lemma we have

a,=CIltrw,(h,), veED,  whereC isaconstant. (1)

Hence a_, = C # 0 as desired.
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Now we choose a function f’ on G’(E,) so that (2.1.1) and (2.1.2) are
satisfied: so for a place v of E notin D~ we take f, =f,. For v in D,
the Schur orthogonality relations show there is a convolution product 4/,
on G’ so that tr #/(h’)= —1 and tr 0?(h) =0 if ¢’ is not equivalent to
@.. Since tr @,(h,) =1 and tr o(h,) = 0 if o is not equivalent to 7, we see
that h, and A/ have the same orbital integrals. We therefore take f;; and
f,» so that

W =f"*f> (2)

and we can apply Prop. (2.2). The kernel K(,, has a decomposition
analoguous to (3.2.2). In particular we find

[[ K (¥, y)axdy =T en(£5)a,, (3)

where

a, =ffK;,(x’, y)dx'dy’.

By Prop. (2.2) expressions (3.2.3) and (3) are equal. We may regard them
as infinite linear combinations of characters of the Hecke algebra of
G3". Since the principle of linear independence of characters apply to
these infinite sums (([R.L.] $11) and e, = e_. we see that a_. is non zero.
Since K’.(x, y) is a sum of terms of the form ¢(x)@’(y) where ¢ and ¢’
belong to the space of 7’ we see that the restriction of B’ to the space of
a’ is non zero. This concludes the proof of Theorem (1.3).

§4. Double cosets

(4.1) In order to prove our trace formula we need to study the double
cosets of G'(F)Z'(E) in G’(E) and the double cosets of G(F)Z(E) in
G(FE). An element of G'(F)Z'(E) or G(F)Z(E) will be termed singu-
lar. An element not in this set will be termed regular.

We start with G. We let Q be a set of representatives for the G(F)
conjugacy classes in the set of subfields of M(2, F) of rank 2 over F. We
let R be the subalgebra of M(2, F) formed of the upper triangular
matrices and P the subgroup of G(F') formed of the upper triangular
matrices.

(1) LemMa: If T is in Q then any singular element of (T ® E)* is in
T*- EX. Similarly any singular element of P(E) is in P(F)Z(E).

PrOOF OF (1): Suppose x is singular in (T ® E)*. Then there is ¢ in
E*=Z(E) such that x = ¢y with y in G(F). Then y is in the intersec-
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tion of the algebras T® E and M(2, F), that is in T. Since it is

invertible, it is in 7> and we are done. The proof of the second assertion
is similar, using the algebra R instead of the algebra T.

Recall that the Galois group of E over F is {1, o}.

(2) LeMMA: Suppose x is in G(E). Then x is regular (in our sense) if and
only if x°x " is regular in the usual sense.

PROOF OF (2): Suppose x is singular in our sense. Then x = gc with g in
G(F) and c in E*. Then x°x~!=¢°"! is singular. Conversely, suppose

x°x~'=c where c isin E*. Then ¢°c=1s0 ¢ =z°""! with z in E*. This
gives (xz™ 1)’ =xz"!. Hence xz~! is in G(F) and x is singular in our
sense.

(3) LeMMA: If x is in G(E) then either x is singular, or x is in a double
coset G(F)pG(F) with p in P(E)—P(F), or x is in a double coset
G(F)G(F), where tisin (T® E)*— T*-E* and T is in Q. Moreover the
three possibilities are exclusive of one another.

PROOF OF (3): Let us prove the first assertion. Let E be the extension
F[V7]. Then any x in M(2, E) can be written uniquely in the form:

x=a+b/r, withaandbin M(2, F).
Suppose x is invertible and not singular; recall that in the present
context this means that x is not in Z(E)G(F). Then a is not zero,
otherwise x would be in G(F)E*, hence would be singular. Suppose a is

non zero but non invertible. We claim there is an element ¢ of E™ such
that x’ = xc has the form

x'=a' +bV2 witha inG(F)and b in M(2, F).
Indeed a has the following form:
a=gdiag(u, 0)g~"', with ginG(F)and uin F*,

Let us write also:

b=gMat[p, q, r, s]g” .

We claim that for some appropriate z in F the matrix za + b has a non
zero determinant. Suppose not. Then

(zu+p)s—rqg=0
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for all z in F. This implies s =0 and then rg=0. Say r=0. Then the
matrix x has the form

g Mat[l +pVr, q/7,0, 0] g !

and is thus not invertible, a contradiction. Let therefore z be an element
of F such that za + b is invertible. Set ¢ =z +1/y7. Then ¢ is in E*
and xc has the form a’ + b/t where a’ is invertible. Thus we may
assume that g is invertible. Replacing x by xa~' we may even assume
that a is 1. If b is not invertible or if it is invertible but not elliptic (in the
usual sense) in G(F), there is a g in G(F) such that b= gpg™' where p

is in R(F). Then:

x=gqg"" withq=1+p\/;.

Since ¢ is in R(E) we are done in this case. If b is an elliptic element of
G(F) then there is a T in Q and a ¢ in T* such that b=grg™'. Then:

x=gyg~! with y=1+n/r.
Since y is in T® E we are again done.

It remains to prove the second assertion of the lemma (3). Because of

lemma (1), all we have to prove is that for T in Q an element x of
(T ® E)*— T*- E* cannot be of the form g, pg,, with p in P(E) and g,
and g, in G(F). Suppose it is. After a simple computation we find:
x°x~'=gqgr !, withg=p°p~.
Suppose the F algebra T is not isomorphic to E. Then T® E is a field,
in fact a quadratic extension of E and x°x~' is an element of that field
which is not an elliptic element of G(E) (in the usual sense). Thus x°x !
is singular in the usual sense and by lemma (4.1.2) x is singular in our
sense, a contradiction. Suppose now that T is isomorphic to E; in
passing note that there is exactly one element of Q with that property.
Then T ® E is not a field; it is a sum of two copies of E. In particular the
minimal polynomial of x over F has degree one or two and the same is
true of g. This is possible only if the two eigenvalues of g are in F. Since
they are elements of E whose F norm is 1, they are +1 or —1. In any
case:

(a—1)(a+1)=0, where a=x°x"".

This gives a? =1 and aa = 1. SInce x is regular a # +1 (lemma (4.1.2)).
Let us identify 7® E with the sum of two copies of E; then

(x, y)°=(p, x).
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From a*=1and a# +1wegeta=(1, —1)or (-1, 1). Then a’a= —1
a contradiction.

We will say that an element of G(E) is elliptic if it is not in the set
G(F)P(E)G(F).

(4.2) We will now classify all elliptic elements.

(1) LeMMA: Suppose T and T’ are in Q. Suppose that x and x’ are regular
elements of T® E and T’ ® E respectively but have the same double class
modulo Z(E)G(F). Then T=T'.

PRrOOF OF (1): Since E is contained in (T® E)* and (T ® E)™ we may as
well assume that x and x’ have the same double class modulo G(F'):

x=cx’c’ withcand ¢’ in G(F).

Then x° ' =cx’° !¢~ '. Morever x°~! is a regular element of (T ® E)*
in the usual sense (lemma (4.1.2)). Hence ¢(T® E)c™ ' = T’ ® E. Taking

the intersections with M(2, F) we obtain ¢cTc~ ! =T’, hence T=T".

(2) LEMMA: Suppose that ¢ and ¢’ are in G(F), T is in Q, x and x' are
regular elements of (T ® E)* and z is in E*. Suppose that

x=cx'c'z.
Then ¢’ and ¢ normalize T and cc’ is in T.

PROOF OF (2): Again we have x°x '=c¢x""x'"1z°" ¢! and x°7! is a

regular element in the usual sense. It follows that ¢ normalizes T® E,
hence also 7. Finally c¢’ = ¢x’ " l¢™ 27 x isin T® E, hence in T.

(4.3) We now deal with the remaining elements of G(E).

(1) LEMMA: Every element x of P(E) is in the same double class modulo
G(F)Z(FE) as one of the following element:

(i) e, (ii) n(V7), (iii) diag(a, 1), a€E*— F*,
PROOF OF (1): Let us write x in the form
x =Mat[a, b, 0, c].

If a/c is in F then after multiplying by an element of Z(E)A(F) we
may assume that @ =c=1. If b is in F then x is in N(F) and we are in
case (i). If b is not in F then after multiplying by a matrix in N(F) we
may assume that b = u\/'tT with u in F. Then
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diag(u, 1) x diag(u, 1)
is the matrix (ii). If a/c is not in F then, after multiplying by an element
of Z(E), we may assume ¢ = 1. Since a is not in F we may write b in the
form
b=u+av withuandvin F.
Then the matrix
n( - u) X n( - U)
has the form (iii). This concludes the proof of the lemma.

(2) LEMMA: In lemma (1) cases (i), (ii), (iii) are exclusive of one another.

PrROOF OF LEMMA (2): In view of lemma (4.1.1), it suffices to show that
case (i1) and (iii)) are not compatible. Suppose they were. Then there
would be g and g in G(F) and a matrix d in A(E), where 4 is the
group of diagonal matrices, such that:

n(Vr) = gdg,

Then we would find:

n(2Vr)=n(Vr)" ' =g d"'g,.

Since n(2yr) is unipotent and d°~/ is a diagonal matrix this is a
contradiction.

(3) LEMMA: Suppose ¢ and ¢’ are in G(F), x and x’ are regular elements of
A(E) and z is in E. Suppose that

x=cx'c'z.
Then ¢ and ¢’ normalize A and cc’ is in A(F).

The proof is the same as the proof of lemma (4.2.2).

(4) LeMMA: Ler n=n(/7). Suppose g and g’ are in G(F), z in E.
Suppose that

gng’ =zn.

Then z is in F, gg’ =z and g and g’ are in N(F)Z(E), where N denotes
the group of triangular matrices with unit diagonal.
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PROOF OF (4): Once more we find gn° 'g7'=2°"1p°"! Since n° ' is a
regular unipotent element, this implies that z° ' =1 and g centralizes
n°~'; in turn this implies that g is in Z(E)N(E) hence in fact in

Z(F)N(F)and z isin F. Similarly g’ isin Z(F)N(F). Since Z(E)N(E)
is a commutative group gg’ =z and we are done.

(4.4) Altough not necessary for the description of the double classes the
two following lemmas will be useful latter on.

(1) LEMMA: Suppose ¢ is in G(E) and £°67" is in P(E). Then & is in
G(F)P(E).

PROOF OF (1): Set p = ¢°¢7!. By assumption p is in P(E). On the other
hand p°p = 1. We claim there is a ¢ in P(E) such that p = g¢°g'. This
will prove the lemma because then £g~! is invariant under ¢ hence in
G(F). To prove our claim we write

p=Mat|a, x, b,0], g=Mat[u, y, v, 0].
The condition that p°p =1 gives:
(i) aa=1, (ii)) b°b=1, (iii)) zx°+x=0 where z=a/b.
(2

1

The condition ¢°q~ " = p gives:

(i) a=wuu"t, (ii) b=vv7", (iii) x=—y°z+y. (3)

Because of (2.i) and (2.i1) it is possible to solve (3.1) and (3.i1). Next
regard (3.ii1) as a system of 2 linear equations for r and s where z = r +
sx/; . The condition z°z = 1 means that the determinant of the system is
zero and the condition (3.iii) is then the compatibility condition for the
two equations. Our claim follows.

Say that an element of G(E) is semi-simple regular if it is elliptic or in
the double class modulo G(F)Z(E) of an element diag(a, 1) with a & F.
Say it is unipotent regular if it is in the double class of an element of the
form n(y) with y not in F.

(4) LEMMA: An element x of G(E) is singular (resp. semi-simple regular,
resp. unipotent regular) if and only if x°~ ' is singular (resp. semisimple,
resp. unipotent regular) in the usual sense.

REMARK: In this lemma an element of the form zn(y) with z in Z is
regarded as unipotent.
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PROOF OF (4): We may already assume x regular (lemma ((4.1.2)). Then
we know that x = gyg’ where g and g’ are in G(F) and y is either in
(T ® E)*— T*E* or of the form diag(a, b) with a/b & F, or of the form
zn(u) with u & F and z in Z(E). Then x°x~ ' =gy 'g~". In the first
case y°y~! is an element of T® E hence a semi-simple one. In the
second case y°y~! is hyperbolic and in the last case it is unipotent. In
any case it is regular (loc. cit.).

(4.5) The previous results apply mutatis mutandis to G’. Every element is
either singular or elliptic. The set Q is replaced by a set Q’ of conjugacy
classes for the subalgebras of M’ of rank 2. Of course, any element of Q’
is isomorphic to exactly one element of Q.

§5. Terms attached to the elliptic and singular elements

(5.1) To prove our trace formula we now write down K, more
explicitly:

Kcusp =K- Keis - Ksp (l)
where:

K(x, y)=2f(x"'¢y), € Z(E)\G(E). (2)

A formula for the two other kernels will be recalled below. In turn we
write (2) as the sum of three more kernels:

K=K, + K, + K, where:

K(x, y)=)f(x"'¢y), & singular; (4)
K.(x, y)=2f(x""¢y), & elliptic; (5)
K. (x, y)=)Y f(x"'¢y), ¢ regular, but not elliptic. (6)

Similarly, we write K/ as

cusp

Kl =K' — K, (7)
where
K'(x, y)=Xf(x""¢y), £€€Z(E)\G(E). (8)

We write (8) as the sum of two other kernels:

K'=K/.+K.. %)
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where
K!(x, y)=Yf'(x"'¢y), & singular; (9)
Ki(x, y)=Yf(x"'¢y), ¢ elliptic; (10)

In this section we will prove that, under the assumptions of Proposition
(2.2), the kernels K, and K, K, and K|, K, and K, respectively, have
the same integrals.

(5.2) We first deal with K, and prove that K, is indeed integrable over
the product of the quotient Z(F,)G(F)\G(F,) by itself. To that end
we first prove a lemma. We let K, be the standard maximal compact
subgroup of g(E,) and for g in G(E,) define the height H(g) of g to
be:

H(g)=la/b|g,
if g=ndk, ne N(E,), d=diag(a, b), ke K. (1)
We first recall without proof a standard lemma (Cf. [J.A.]):

(2) LEMMA: Let Q be a compact subset of G(Ep ). Then there is a number
d > 0 such that the relations:

WtheQZ(E,), £¢€G(E), H(h)>d, H(k)>d
imply £ is in P(E).
We derive from this lemma the following result:

(3) LeMMA: Suppose 2 is a compact subset of G(E). Then there is a
number d > 0 such that the relations

x_lgheﬂZ(EA)’ gEG(E)9 xEG(FA)’ H(h)>d
imply that § is in G(F)P(E).
PROOF OF (3): We have also h7%§7° € Q7°. After multiplication we get
h=°¢7°th € Q7°Q. Applying the previous lemma we see that if d is
sufficient large and H(h) > d then £ °£ € P(FE). The conclusion follows

from lemma (4.4.1).

Recall that

K.(x, y)=2f(x7"'¢y), ¢&elliptic.
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If x and y are in G(F,) then the previous lemma shows that the relation
f(x~'¢y)=0 implies first that x and y are in sets compact modulo
G(F)Z(E,2); in turn this implies that £ stays in a set finite modulo E*.
Hence K, is indeed integrable. Furthemore, by taking f positive in what
follows we can justify our formal manipulations.

(5.3) The results of the sub-section (4.2) allow us to write:
K. (x, y)=2f(x"'vdy), (1)
TeQ, YyEG(F)/T*, 8 N(T)\G(F),
¢ regularin (T® E) " /E™;

we have noted N(T) the normalizer of 7 in G(F). Since T has index 2
in N(T') this can also be written as:

K(x, y)=1/21f(x"'v$8y), )
TeQ,YyeG(F)/Z(F), 8€T\G(F),
¢ regularin T°\(T® E)”/E*.

If we integrate formally over the product of the quotient
G(F)Z(EA)\G(Fy) by itself we find:

JfK(x p)axdy =128 0, [ [ 7(xy)dxdy; (3)

the sum is over all T in Q and then £ regular in 7°\(T' ® E)*/E™; the
integral in x is over G(F,)/Z(F,) and the integral in y over the
quotient T3\ G(F,); finally v, is the volume of the quotient Fy T\ Ty .
In turn, each integral in (3), apart from a constant factor, can be written
as a product over all places v of F of local ones.

If v is a place of F which does not splits in E and u is the
corresponding place of E then E is a quadratic extension of F and G is
a subgroup of G. The corresponding local factor is nothing but:

[[1.(xty)dxdy, x€6,/Z,, yeT\G,. (4)

The convergence of this integral can be established as follows: if the
integrand is not zero then x¢y belongs to a set Z,Q where Q is compact.
Then y~'¢'7°y is in a compact set. Since ¢'~° is semi-simple regular
(lemma (4.44)) y must be in a set compact mod(7, ® E )*. Now
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(T,® E,)* is compact mod 7,. So y is in a set T,Q’ where @ is a
compact set of G,. For y in ' the functions x — f(x£y) have support in
a fixed compact set of G(F,) and are uniformly bounded. Thus the
double integral (4) converges.

For almost all such v, the integral (4) can be described as follows: f,
is the characteristic function of Z, K,, E, is the unramified quadratic
extension of F, and § is in K,Z,. If f(x§y)=0 then x§y isin K,Z,
hence y~1¢'7°y is in K. Since £ 7° is in K, and is semi-simple regular,
this implies that y is in (7, ® E,)*- K, N G,. Because E, is unramified
this is 7K. Taking then y in K, we find that x must be in Z K. So
the factor in this case is equal to

vol(Z\Z,K,)-vol(T\T,K,). (5)

If on the contrary v is a place of E which splits into vl and v2 in E then
we have isomorphisms G, =G, and G,,=G,; let p, and p, be the

images of g € G(E) under these isomorphisms. Then G, may be identi-
fied with the diagonal of the product G,; X G,, and our local factor is

fffvl(X€1y)-fvz(X£2y)dxdy, x€G,/Z,, ye€TI\G,. (6)

After a change of variables, (6) can be written also as:

J[fa () fua (30760 2y )dxd y (7)

or

Jr(y'n,y)dy, withn, =& and h, =15 % f,a. (8)

Now 7, =(§,)' ~°. Therefore this is a regular semi-simple element of
G(F,) (lemma (4.4.4)) and this is an orbital integral for the function 4 ;
in particular it converges.

Again let us see what happens to the integral at almost all v. Then f,,
is the characteristic function of Z, K, and £, and £, are in Z K. If the
integrand is non zero we find that x£,y and x§,y are in Z K,. Hence
y~!n, 'y is in the same set. Since 7, is in K and is semisimple regular,
this implies that y is in T,K,. Taking y in K, we find that x isin Z K,
and the integral is again equal to (5). Since the product of the factors (5)
is finite our assertion is justified: each one of the local integral converges
and their product converges too.

(5.4) Very much the same considerations apply to G’ and the kernel K’.
It is now time to prove the equality of the integral of K, and K. under
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the assumptions of Prop. (2.2). To that end, consider a term in (5.3.3).
Suppose that T is an algebra which does not imbed into H. Then there is
at least one v in D such that T does not imbed into H, that is such that
T is not a field. Then with the previous notations 7, is an hyperbolic
regular element and the factor corresponding to v is an hyperbolic
orbital integral of 4, hence zero by our choice of 4,. Suppose that now
that T does imbed into H. It is therefore isomorphic to exactly one
element 7" of Q. Then v, = v, and all we have to check is the equality
of the integrals:

J[1(stp)axdy = [[1(x8y)dxdy

if § corresponds to £’. Once more we decompose each global integral into
a product of local ones and a constant factor, the same on both sides.
Suppose v is not in D. Then G, = G, and f, = f,. So the factor attached
to v is trivially the same in both sides of the equality. Suppose v is in D.
Then the factor attached to v in the left hand side is the integral of 4, on
the orbit of 7,. Similarly the factor attached to v in the right hand side is
the integral of A/ on the orbit of 7, where 7/ corresponds to 7, in the
isomorphism of 7, with 7,. Again, by assumption, these factors must be
the same and we have proved the required equality.

(5.5) We quickly dispose of the singular terms. Recall that
K (x, p)=Xf(x"%y), £€G(F)/Z(F).

Then:
J[K(x, y)dxdy=[[f(xy)dxdy,

with x € G(Fp)/Z(Fa), yE€G(F)Z(FA)\G(Fn).

If we integrate with respect to x first the resulting integral does not
depend on y so we find also:

fst(x, y)dxdy=volff(x)dx, x € Z(FA)\G(F,), (1)

where vol stands for the volume of Z(F,)G(F)\G(Fy).
Similarly we find:

ffK;(x, y)dxdy=vol’ff’(x)dx, x€Z(EA\G(Fa), (2)
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where vol’ stands now for the volume of Z'(F, )G'(F)\ G'(F, ). We want
to show that (1) and (2) are equal. To begin with vol = vol’. Next we
write the integrals on the right hand sides of (1) and (2) as products of
local integrals (and a constant factor). Again the factor attached to a
place v of F which is not in D is trivially the same in both integrals. To
see that the factors attached to a place v in D are the same we note that
in the right hand side of (1) for instance this factor is nothing but the
following integral:

/ﬁﬂ('x)./;Q(x)dx’ xeGu/Zu'
This is in fact s (e). Since h, and A/ have the same orbital integrals
they have also the same value at e and we are done.

(5.6) We also dispose of the kernels K, and K(,. For K, we have the
following expression:

K, (x, »)=1/VOLL [f(g)x(det g)dg-x(det x)-X(det ),

where VOL denotes the volume of the quotient G(E)Z(EL)\G(ER),
the sum is over all quadratic characters x of the idele class group of E
and the integral is over Z( E5 )\ G(E, ). The integral of the term attached
to x is zero unless the restriction of x to Fy* is trivial. Thus we find:

[[Ko(x. y)dxdy = (vol)’/VOLY. [(g)x(det g)dg, (1)

the sum being over all such x. Similarly, we have:

[[Ki(x, y)dxdy=(vol)’/VOL'Y, [£/(g)x(det g)dg’  (2)

where VOL’ denotes the volume of G'(E)Z'(E)\G'(E) and we have
written det for the reduced norm. To prove the equality of the integrals
(1) and (2), it suffices therefore to check that

J7(8)x(det g)dg = ['(g)x(det g')dg". (3)

We decompose each integral into a product over all places of E of
analoguous local integrals (and a constant). It is again clear that the
factor attached to a place not in D ~ is the same on both sides. If v is a
place of D and vl and v2 the two corresponding places of E then in the
left hand side we have the factor:

/ful(gul)xvl(det 8 )dgmffvz(guz)xuz(det 8,2)4g,,. (4)
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Since the restriction of x to F, is trivial we have x,, = X,, = X, say and
this can be written also as

[hox.(det g,)dg.. (5)

So what we have to prove is that this is also

[hix.(det g/)dg;. (6)

Call o the special representation of G. Then (6) is minus tr ¢ ® x,(4,).
But because /1, has zero trace in any principal series this is also equal to
(5) and we are done.

§6. Truncation of K

(6.1) In order to finish the proof of Proposition (2.2) we need only show
that the integral of the difference K, — K, over the product of
2(FR)G(F)\G(F,) by itself is zero. This will be proved under the
following assumption:

(1) There is a set X of places of F with at least two elements and the
following property: every v in X splits into vl and v2 in E and the
hyperbolic integrals of h, = f,; * f., vanish.

Since K, K., K, and K, are integrable over the product, it is clear
that the difference K. — K, is indeed integrable. However, just as in the
classical case, each term alone is not integrable and therefore we must use
what one could call a “restriction truncation operator”. It is defined as
follows: let h be a continuous function on Z(E,)G(E)\G(E,), let ¢ be
a positive number and let x_ be the characteristic function of ]Jc¢, + oo[;
then we will denote by Tk the function on Z( F, )G (F)\ G(F,) defined
by:

Th(g)=h(g)-Xhy(vg)x.(H(vg)), y€P(F)\G(F); (1)

we have denoted by 4, the constant term of f along N. Recall that it is
the function on G(E, ) defined by:

hy(g)=[h(ng)dn, ne€N(E)\N(En). (2)

Recall also that H(g) is the height: H(g)=|a/b|. if g=n(y) diag(a/
b)k. The following lemma is standard (Cf. [J.A]):
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(4) LemMA: If vy isin G(E) and there is a g in G(E, ) such that H(g)>1
and H(yg) > 1 then y belongs to P(E).

This lemma implies that the sum in (1) has at most one term and also
that if H(g)>c>1 then T‘h(g)=h(g)—hy(g). Of course if 4 is a
cuspidal function on Z(E,)G(E)\G(E,), then Th = h for any c. Now
K..sp(x, y) is a cuspidal function of x and a cuspidal function of y. We
will denote by 7) the truncation operator with respect to the first
variable and by 75 the truncation operator with respect to the second
variable. We will take two numbers ¢; and ¢, with ¢; > ¢, > 0. Then
T 132K sp = Keusp- Thus:

Koy (2,7) = TOTEK (x, ) = TOTEK gy (%) = TOTE K (x,9),

(5)

for x and y in Z(F,)G(F)\G(F,). The function f being fixed we will
take ¢, and ¢, as large as need dictates. The number c, being fixed, we
will see that if ¢, is large enough then every term in (5) is integrable over
the product of Z(F,)G(F)\G(F,) by itself; furthemore the integrals
have limits as ¢, tends to infinity so that we will be able to write:

f/Kmp(x, y)dxdy = lim/fT{'Tz"ZK(x, y)dxdy
—lim f / TOTSK , (x, y)dxdy

—lim f / TO T K, (x, y)dxdy.

At this point, each term will be a function of ¢,. We will perform an
asymptotic evaluation of each term for c, large: in a precise way we will
write each term as the sum of a linear function of log ¢, plus a function
tending to 0 as ¢, tends to infinity. The integral of K, will then be
evaluated by evaluating each linear function at zero. This will give the

expression we need: see section (10).

(6.2) In section (6) we study the truncation of K. By definition we have:
T'T°K(x, y) = (1)

K(x, y) (1.4)
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L / L/ ey )anx 2 (H(x) (1.ii)
L / /(e nty)am (H(nx) (1.iif)
+ y}:y /fZg:f(x"y,‘lnlgnzyzy)dn,dnz

Xe(H(vix)) xo,(H(v,9)); (1iv)

in this expression the sums for y, and y, are over P(F )\ G(F); the sum
for § is over Z(E)\G(FE); the integrals for n, n, and n, are over
N(E)\N(E,). We first prove a lemma:

(2) LEMMA: Given f there is a number d with the following property:
suppose ¢ > d; then if c is sufficiently large and x, y are in G(Fy) the
terms (1.ii1) and (1.iv) cancell while in (1.11) § is in G(F)P(FE).

PROOF OF (2): By lemma (5.2.2) there is d > 0 such that for ¢, > d, ¢, > d
in (1.iv) £ is actually in P(E). Then the integration for n, is superfluous.
By lemma (5.2.3) we may assume ¢, so large that in (1.iii) £ is actually in
the set P(E)G(F). Then (1l.ii) and (1.iv) do cancel. Furthermore we
may assume d so large that, for ¢, > d, £ in (ii) is actually in G(F)P(E).
This concludes the proof of the lemma.

We may further write the expression in (1.ii) as the sum of two terms
written below as (3.1) and (3.ii):

)y f):f’(x*‘vf1£nvzy)dnxcz(H(vzy)),

v2,Y2 €
§€N(E), neN(E)\N(Ea), v €Z(F)N(F)\G(F),

v, €P(F)\G(F); (3.4)

> fo(x"Yf'€nvzy)dnx(2(H(Y2y))’

Y Y2 3
¢€ Z(E)\[P(E)-P(F)N(E)], neN(E)\N(Ea),
L, EP(F)\N(F), v,€P(F)\G(F). (3.ii)

In each term we may recombine an integration on N(E)\N(E,) with a
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sum on N(E) to get:

> ff(x“h"nvzy)dnx(-z(H(vzy)),

Y1272

n€N(En), m€Z(F)N(F)\G(F), v,€P(F)\G(F);(4.)

Z fo(x_lYf] diag( e, 1)”72)’)d”Xc-Z(H(Y2)’))»

Y172 a

n€N(E,), a€E*—F*, y,€P(F)\G(F),

v, € P(F)\G(F). (4.11)
Similarly we write K as the sum

K=K +K,+K, (5)

and use the results of section 4 to break up K, into a sum of two terms
written below as (5.1) and (5.ii):

Y/(x i n(0)vy),

vEE—F,y,€Z(F)N(F)\G(F), v,€P(F)\G(F); (5.)
X (%7 diag(d, 1)v,),

«€E*~F*, v, € A(F\\G(F), 1,eA(F)\NG(F). (5.

Note that in (5.ii) we have used the fact that A(F) has index two in its
normalizer. We have thus written 77'752K as the sum of K,, K,, the
difference (6.2.5.1)—(6.2.4.i) and the difference (6.2.5.i1)-(6.2.4.ii).

(6.3) We now deal with the difference (6.2.5.i)—(6.2.4.1).

(1) LEMMA: The difference (6.2.5.1)—(6.2.4.i) is integrable over the product
of Z(Fp)G(F)\G(F,) by itself.

ProOOF OF (1): This difference can be written as

ZF(le, Y20)s ™ €Z(F)N(F)\G(F), YzeP(F)\G(F)
where we have set (here ¢, = ¢):

F(x, y)=Xf[x7'n(0)y] = [£(x""ny)dnx. (H(»)),

veE—F, neN(E,). (2)
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Thus it suffices to show that F is integrable over the product
N(F)Z(Fp)G(Fp) X P(F)Z(FA)\G(Fn).

To see that we will use the Iwasawa decomposition. Treating the varia-
bles in the maximal compact as parameters and then ignoring these
parameters we see that what we have to show is the following: let H be
the function on Ex X E, defined by

H(a, b)=f[diag(a, 1)n(b)]; (3)

then the following expression is finite:
f‘ZH[a"b, b~ (v+n, +n,)] —x(,(|b|5)/H(a“b, b~ x)dx

|balr dn,dn,d*ad*b. (4)

In this expression » is summed over E — F, n; and n, are integrated over
the quotient N(F)\N(F,), x is integrated over E,, a is integrated over
the idele group of F and b over the idele class group of F. Clearly one of
the integrations over N(F)\N(F,) is superfluous. Moreover we may
change a into ab. Then a varies in a compact set so we can treat it as a
parameter that we ignore. Finally what we have to prove is the following:
let ® be a smooth function of compact support on E,. Then the
following expression is finite:

/’Z(I)[b"(u +n)] —x(.(|bl)f(l>(b“x)dx |b| 7 dnd”b; (3)

the summation is for » in £ — F and the integration for n is over F\ Fy
and the integration for b is over the idele class group of F. In (3) we first
integrate for |b| . < c!/2. We identify E to the sum of 2 copies of F. Then
we get:

/I

This is less than the following expression:

Y ®(b e, b +b"'n)|dn|b| s d*b, BEF, acF*. (4)

a,B

JJZ|@(b ', 57+ b7"n) ||6] " d*bdn.
a,B

If we combine the sum on 8 with the integration on n and then change n
to bn we get:

[E10(5 ", n)ldnlbls'db, a€F%, ne . |blr<c”
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which is clearly finite. Now we integrate over |b|.> ¢!/? in (3). We get:

/

But this is majorized by the sum of the following 2 terms:

/
I

The term (5.11) is itself majorized by

dn|b|r d*b. (5)

Yo[b'(v+n)] —/CID(b_lx)dx

dnlb|r d*b, veE; (54)

Y o[ (v+n) —/cb(b—‘x)dx

dn|b|7 d*b, veF. (5.ii)

Y o[ (v+n)]

fZ|<I>|[b‘1(v+n)]dn|b|;2dxb=f|b|;2dxbf|®|(b“’n)dn;

in the right hand side n is integrated over F,. After changing n to bn we
finally get

167" a6 f1@1(n)dn, {blr> 2,

which is clearly finite. As for (5.i)) by Poisson summation formula it is
equal to

f|2<p‘(by)¢,5(un)|dnde, vy € EX,
This in turn is less than
[Zl@%|(b)db, veEY, |ble>e,

which is clearly finite. This concludes the proof of lemma (1).

We now compute the integral of the difference (6.2.5.1)—(6.2.4.1)). We
proceed formally. We let H be the function on E; X E, defined by:

Hla, b) =fff[k, diag(a, 1)n(b)k,]dk,dk,. (6)
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Then the integral of the difference (6.2.5.1)-(6.2.4.1) is equal to:

//{ZH[a_lb, b Y(v+n, +n2)] -

x(.2(|b|)/H(a“b, b”x)dx}dn,dnzlab];’d*ad*b. (7)
The set in which the variables are is the same as before; in particular v is

in E— F. We change a into ab and then, for convenience, b into b~ !,
We get:

/{/Z@[b(p+n)]dn—fQ(bx)dxxCZ(|b|;‘)}|b|§rde, (8)
where we have set:
-1
(IJ(b)=/H(a‘1, b)|alr d*a. 9)
In (8) we break up the integral over b into two pieces: |b| > 1 and |b| < 1.

For the piece |b| <1 we remark that |b|z' > C; /2> 1 implies |b| < 1.
We also use a simple consequence of the Poisson summation formula:

/Z(I)[b(v +n)]dn —f‘I)(bx)dx

=L@ (b= )|blF — [@(bn)dn, (10)
ve E—F, x€ E5, n€ F\ F, on the left; v € F -0, n € F, on the right.

This supposes that { is so chosen that its restriction to F, is trivial.
Thus (8) can be expressed as a sum:

[ olbtoe ot

* {flel(l —xa(1ble’ )dxb}qy(o).

+f|b|<1 L @' (b7)d*b = [[@(n)dn|blrd*b. 11)

veEF>

Now we write E = F[y7] and take Ye(2)=v¢e((z— z)/2/;). We set

‘I'(v)=f®(u+v\/;)du (12)



[29] A relative trace formula 271
and let ¥ denote the Fourier transform of ¥ as a Schwartz-Bruhat

function on F,. We see at last that the integral of the difference
(6.2.5.1)—(6.2.4.1) is given by the following expression:

[ Z vfubaroe] {5 viojer

+\11‘(0)flb|<1{1 —xa(Ible ") }a*b - \If(O)/wK]]bldeb. (13)

Recall that the Tate integral, or rather its analytic continuation, has a
pole at s =1:

f\lf(b)|b|”}de=c_l(\1r)/s— 1+co(¥)+ ...

Furthemore recall that c,(¥) vanishes if ¥ is a product of local
components ¥, and there are at least 2 places v of F such that

f\I'U(bv)dbU= 0.

The expression (13) is nothing but

co(¥)+ Clog(c,), C aconstant.
We are now within reach of our goal in this subsection:
(14) LEMMA: The integral of the difference (6.2.5.i)—(6.2.4.i) is a linear
function of log c,. If condition (6.1.1)) is satisfied the constant term
vanishes.
PROOF OF (14): The function ¥ introduced in (12) is a product of local
functions over all places of F and we need only verify that for v in X the

integral of the local component vanishes. Call again vl and v2 the two
places of E above v. Then, with obvious notations:

[¥.(6,)db,

=me[(a_1, n+b/r)| H[(a"", n—b/7)|dndbd*a,

neF,, beF, acF\.

Recalling the definition of H (cf. (6) above) we see this is the integral
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over k,, k, in K,, ain F, x and b in F, of:

falki! diag(a, 1)n(x +bVr )k, f,2[ k1" diag(a, 1)n(x — b7 )k,].

This is also the following integral, where g is integrated over G,:

[fal gn(b/)k] f2 n(— V7 ) k] dgdbdk.

Recall that &, is the convolution product of f; and f,,. This integral is
nothing but:

/fhv[k-‘n(—zb\/?)k]dbdk.

This is a unipotent orbital integral of /. Since the hyperbolic integrals of
h, vanish the above integral vanish too. This concludes the proof of

v

lemma (13).

(6.4) We now study the difference (6.2.5.11)—(6.2.4.ii)). We start with a
remark. Consider the following function of y € G(F,):

Y f[x7'y ' diag(a, 1)y], v, €A(F)\G(F), a€E*-F*

It is invariant on the left under the normalizer of 4. In particular call w
the following element of this normalizer:

=} ol
Then we have:
Y f[x"y ! diag(a, )] x.,(H(1,2))
=X f[x "y ! diag(e, 1) v,5] x.,(H(wv,5)),
a€E*—F*, v, ,A(F)\G(F).

In particular the difference (6.2.5.i1)—(6.2.4.i1) can be written as the sum
of two terms written below as (1.1) and (1.i1):

1Y {Z/[X“v(‘diag(a, Dv,y]

YY2  «a

[1 - Xc'z(H(Yzy) _XL‘Z(H(wYIy)]}7

Y1, LEA(F)\G(F), a€E*—F*; (1.i)
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Y {/[x v diag(e, 1) v, 5] v (H(v20)).

Y2

-2 fo[x*lYf' diag(a, 1)ny,y|dnx. (H(v,y)),  (L.i)

Y1,72 «

in the first term v, v, € A(F)\ G(F), in the second term vy,, y, € P(F)\
G(F), n€ N(E,); in both terms a € E¥ — F*.

We discuss the integral of each term separately.

(2) LEMMA: The term (1.1) is integrable. Its integral is a linear function of
log ¢,. Under the assumptions of (6.1.1) the constant term is zero.

PROOF OF (2): We forego the verification of integrability. It does not
differ substantially from the formal computation of the integral that we
now present. When we integrate (1.i) on the product of the quotient
Z(FA)G(F)\G(F,) by itself we can combine the summations on

A(F)\ G(F) with the integration to obtain an integral on the product of
Z(Fp)A(F)\G(Fy) by itself:

[[Xr]x" diag(a, 1)y](1 = x.,(H(»)) = x.,(H(wy)))dxdy,

Q€ EX—F*, x, y€Z(F,)A(F)\G(F,).

We then use the Iwasawa decomposition to compute the integrals in x
and y. We get:

'/’Zf[k,‘1 diag(a~'ab, 1)n(a™ b7 'x +y)k,|

(1= x,(181) = x. (18l HOwn))|lal ' dk dkadxd yd=adb;

here a is summed over E*— F*, a and b are integrated over the idele
class group of F, x and y over the adeles of F; furthermore

n=n(y).

In the above integral we can change a to ab and y to yb. The integral

[ kit diag(aa, D)n(a'x +y)k|dxdydk,dk,|alr d*a

{1=x(181) =x, (161 H(wn)) jdb.
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In the inner integral we have H(wn)<1. We may assume ¢, >1 and
then the range of b is defined by the inequalities ¢; ' < H(WN) <|b|, <
¢,. Thus after evaluation the inner integral gives us a factor
C’ log, + C” log H(wn) where C’ and C” are constants. Thus the in-
tegral of (1.1) can be written as

Clogc,+ C”/Zf[kf‘ diag(a~'a, 1)n(a ™ 'x +y)k|

log H(wn)]a|;1dxadxdydk]dk2.

We can break up the sum on a into a sum on 8 in F* followed by a sum
on a in (E*— F*)/F*; furthemore we can change x into x8 and then
combine the integration on a with the summation on 8 to get an integral
on the idele group of F. After a simple formal manipulation we get:

Clogc+ C”Z/f[kf‘ diag(a™', 1)n(x) diag(a, 1)n(y)k2]

log H(wn)dxd ydk,dk,|a|r d*a.

Using again the Iwasawa decomposition we recombine the integrals on a,
x and k into an integral on Z(F, )\ G(F, ). So we see that the integral of
(1.1) can be written also as:

Clogc,+ C”E/f[gdiag(a, 1)nk)] log H(wn)dgdndk,

a€ F\(E*=F*), n€N(F), g€G(Fa), k€K

We claim that under the assumption of (6.1.1) the second term vanishes.
Indeed, it can alos be written as a double (actually finite) sum over « and
all places u of F of the following integral:

/f[g diag(a, 1)nk] log H(wn)dgdndk. (4)

This integral is a product of local integrals and a constant. Since X has
two elements, there is at least one v in X different of u. The correspond-
ing local integral is a factor of (4). We claim that this local integral is
actually zero; our claim will then prove lemma (2). Let v1 and v2 be the
two places of E above x; let also «; and a, be the images of a under the
isomorphisms E,; = F, and E_, = F,. Then our local integral is:

[l g diag(a,, 1)nk] 1,1 g diag(ey, 1)nk]dgdndk.
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After a change of variables, this can be written as:

[1al8 fia[ gk ' diag(ay 'ay, 1) nk]dgdndk.

Recall the convolution product 4, of f4 and f,,. This integral is nothing
but

fhv[k_ln_l diag(a{’az, 1)nk]dndk;

since a is not in F, a; 'a, # 1 and this is an hyperbolic orbital integral of
h,. Thus it is zero by assumption.

We now pass to the term (1.i1).

(5) LEMMA: The term (1.i1) is integrable over the product of the quotient
Z(Fp)G(F)\G(Fy) by itself. Its integral is zero.

PROOF OF (5): Consider the first term in the difference (1.ii). It can also
be written as follows:

Zf[)‘_lYl_1 diag(a, 1)"(0‘_1"1 + Vz)YzY]XcZ(H(Yz)/))’
a€EEX-F*, yv,v,€P(F)\G(F), »,»n€F.
Since a is not in F every element of E can be written as a sum

a v, +v,, where v; and v, are in F. Thus the first term in the
difference (1.i1) can also be written in the form:

Y f[x Yy diag(a, Dn(p)vp]xo(H(v2)),
a€E*—F*, v,,v,€P(F)\G(F), peE.

As a consequence the difference (1.ii)) can now be written as a double
sum

Y F(v1x, v,9), 11, v, € P(F)\G(F),

where we have set:

F(x, y)=YX f[x7" diag(a, 1)n(p) y] x.,(H(»))

o,p

— Y f[x7" diag(a, 1)n(z) y]dxx, (H(y))dz.  (6)
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To show that (1.ii) is integrable it is therefore enough to show that F is
integrable over the product of Z( Fp )P(F)\G(F,) by itself. We use the
Iwasawa decomposition. To show integrability we treat the variables in
the maximal compact as parameters that we ignore. Setting

H(a, x)=f|diag(a, 1)n(x)] (7)

we see that we have to prove the following expression is finite:

/

ZH[a_'ab, bfl(oz_'xl +p+x2)]

a,p
|
—/H[a—‘ab, b"z]dz‘|a|F1|b|Flx(.2(|b|)dxbdxadx1dx2. (8)

We may change a to ab to get

/

ZH[a_la, b(oz_'x1 +,u+x2)]

ap

— [Hla, b7'2)dz lalr'1b]r x.,(Ib)d*bd"adx,dx,. (9)

Now a™ la stays in a fixed compact set. Hence the module of a stays in a
compact set of R*. This implies that a stays in a relatively compact set;
therefore a stays in a compact set, hence in fact in a finite set. Thus our
assertion on convergence will be proved if we show that the following
expression is finite:

/Z‘Q[b_l(a_lx, +x2+p)]

— [@[b7'z]dz\dx,dx, /bl < x.,(16])d*b; (10)

In this expression a is some element of £ — F, p is summed over E, z is
integrated over E and x,, x, over F\ F,. By Poisson summation formula
this is also:

/

where p is now in E*. This is majorized by

X.,(1bl£)d*bdx,dx,,

Z(DA(b)‘PE(“_le + xz)l‘)

IO (Bw)la*b, weEX, lble> e

This is clearly finite.
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It remains to prove that the integral of (1.ii) over the product of
Z(FA)G(F)\G(F,) by itself is zero. We compute it as the integral of (6)

over the product of Z(F,)P(F)\G(F,) by itself. Setting now instead of
)

H(a, x)=f]f[k, diag(a, 1)n(x)k,]dk,dk, (11)
we get for our integral an analogue of (8) and then (9):

f{ZH[a_‘a, b_l(ac”]x1 +\l/+x2)]

ap

- ZJ/H[a—'a, b“z]dz}lal;l[b|;Zx,.2(|bi)dxbdxadx1dx2.

(12)
However this is also:
f{ ZH[a_'a, b_l(nt_]x1 +p+ xz)]d)c,dx2
ap
~ [Hla ", b“z]dz}|al;’{b|;2x62(|b|)dxbdxa. (13)

Since a is not in F the map (x;, x,)~ a” 'x; + x, is a bijection of F?
onto E. So the sum on p in E and the integrations for x; and x, can be
combined to give an integration on E, and this expression is zero.

(6.5) We may summarize the results of this section as follows:

PROPOSITION: If ¢, is sufficiently large then T{'T5*K is independent of c,;
it is integrable over the product of Z(Fp)G(F)\G(Fy) by itself. Fur-
themore its integral is a linear function in log ¢, whose constant term
vanishes if (6.1.1) is satisfied, plus the integral of K. plus the integral of
K,.

Indeed this integral is the sum of the integral of K, K, the difference
(6.2.5.1)—(6.2.4.i), the term (6.4.1.i)) and the term (6.4.1.i1). Our assertion
follows then from lemmas (6.3.1), (6.3.14), (6.4.2), (6.4.5) and (6.2.6).

7. Local preliminaries

(7.1) In order to study the truncation of the kernel K, we need some
information on local “intertwining operators” and certain local integrals,
not all of which is available. This information is reviewed or presented in
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this section. Accordingly, in this section the field F is local and G is the
group GL(2) regarded as an F-group.

(7.2) Let x be a character of (module one) of F*. We denote by H(s, x)
the space of functions 4 on G(F') such that:

s+1/2

h[n(x) diag(a, b)g] =la/b|" "“x(a/b)h(g) (1)

which are square integrable on K the standard maximal compact sub-
group of G(F). We also denote by p(s, x) the representation of G(F)
on H(s, x) by right shifts. We may regard the collection of the spaces
H(s, x) as a fiber bundle of base C. We set H(x)=H(—1/2, x). If & is
in that space we define a section of our fiber bundle by:

s+1/2

h(g, s)=h(g)H(g)" ",

where H(g) =|a/b| if g=n diag(a, b)k. (2)
The fiber bundle is trivial and sections obtained in this way will be called
constant. We may identify H(s, x) with H(x) and regard p(s, x) as

operating on H(x). On the product H(x) X H(x) we define a bilinear
form:

Chy By = [R(k) R (K)dk; (3)
then:

(p(s, x)(g)h, p(=s, X)(&)h") =(h, '),
Similarly on the product H(x) X H(x) we define a sesquilinear form:

(h, )= [ (k)R (k)dk; (4)
then:

(o(s, x)(g)h, p(=s, x)(g)h")=(h, I').

In particular when s is purely imaginary the representation p(s, x) is
unitary. As usual we define the intertwining operator M(s, x) as an
operator from H(x) to H(x) by

[M(s, x) A1 (2) H(g) """ = [h(wng) H(wng)""/*dn, ne N(F);

(5)
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the integral converges for Re s > 0 but extends meromorphically to the
whole complex plane. We may also regard M(s, x) as an operator from
H(s, x) to H(—s, x). We define also a “normalized intertwining oper-
ator” R(s, x) by

M(s, x)=[L(2s, x*)/L(2s+ 1, x*)e(2s, x>, ¥)] - R(s, x)- (6)
For our purposes it is convenient to use a description of these operators
in terms of the Whittaker modele (Cf. [F.S.]): accordingly let W(s, x) be

the map from H(x) to the Whittaker modele of the representation
p(s, x); it is defined by

W(s, x)h(g)= [nlwn(x)g, s]-¥r(~x)dx, xE F. (7)

The integral converges for Re s > 0 but extends holomorphically to the
whole complex plane. In particular we have:

[W(s, x)h](diag(a, 1)) = [h[wn(x)g, s]

Yr(—ax)dxx(a)la|=* "'/ (8)
If Re s =0 the integral on the right hand side can be interpreted as the

Fourier transform of the square integrable function x - f{wn(x)]. In
particular the scalar product (3) can be computed as

(hy b =cfw(diag(a, 1)) W'(diag(—a, 1))d*a, (9)

where W and W’ are the images of # and A’ under W(s, x) and
W(—s, X) respectively and ¢ is a constant. Similarly, the scalar product
(4) can be computed as

(h, W)=c / W (diag(a, 1)) W (diag(a, 1))da, (10)

where W and W’ are the images of & and h’ under W(s, x). This being
so we have the following result:

(11) LEMMA: With the previous notatons for h in H(s, x) we have:

W(—s, x)M(s, x)h= [L(2s, x*)/L(1-2s, )'(2)3(23, X2, zpF)]

X W(s, x)h.
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PRrOOF OF (11): It is easy to see that a constant section can be represented
by an integral:

s+1

h(g. 5)= [@[(0, )glle|""'x*(1)d"rx (det g)|det g] ",

where ® is a Schwartz-Bruhat function with compact support contained
in the orbit (0, 1)G(F). Then

W(s, x)h(e) = [[@l(e, )3 (D)]e” g (= x)dxx (1)

After a change of variables this can be written as

W(s, x)h(e)= [@,(r, )x(0)]e d*ix(=1)

where

,(x, y) = [@(x, 0)¢(~p)dv.

On the other hand if we apply the intertwining operator to h(g, s) we
obtain:

s+1/2

Jol(r, ex)glle]""'x*(1)d*1x(det g)|det g

1

We can change x to xt™'; if we introduce the Fourier transform of @

defined by:

@ (x, y)=//q>(u, v) ¥ (xv — yu)dudv

and use the local functional equation of the Tate integral we get:

s+1/2

Cf@ (0, glle] ™" x2(r)dtx(det g)ldet g,

where C is the factor in the right hand side of the lemma’s formula. Next
we find:

W(=s. %) M(s. x)h(e) = Cx(~1) [@, (1, )]e] x2(1)as

where

®,(x, y)=[@(x, 0)¥(~wy)dv.
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If we change ¢ to ¢!

follows.

and apply Fourier inversion formula our result

(7.3) If now we substitute R to M in lemma (7.2.11) we find:

W(=s5, X)R(s, x)h = [L(1+25,x2) /L (1= 25, 7)]| Wls. )

(1)

The properties of the normalized intertwining operator are now easily
established:

R(=s, X)R(s, x) =1d; )
If x> =1 then R(0, x) = 1d; (3)
Forh € H(y), i’ €H(x), (R(s, x)h, R(=s, x)1") = (h, h'); (4)
ForRes=0and h, k' €H(x), (R(s, x)h, R(s, x)h')=(h, I').
(5)
We will need also the dependence of R(s, x)h on s, for A in H(x).

(6) LEMMA: Suppose h is a K-finite element of H(x). Then for k in K,
R(s, x)h(k) is an elementary function of s, without singularity on the line
Re s =0.

SKETCH OF PROOF OF (6): By an elementary function of s we mean a sum
of rational functions of s times an exponential if F is Archimedean and a
rational fraction in ¢~ if F is non Archimedean with a residual field of ¢
elements. Now a constant K-finite section can also be represented by an
integral:

h(g,s)=0Q(s)/L(1+2s,%%)

s+1/2

x [@[(0, 1)g]x*(1)ll™ " 'x (det g)|det g (7

where Q is an elementary function of s. Here, if F is Archimedean the
function is a standard Schwartz function: that is, if F=R, it has the
form ®(x, y)= P(x, y) exp(—7(x*+ y?)), and if F=C, it has the form
®(x,y)=P(x, X, y,y)exp(—27(xx + yy)), where P is a polynomial.
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Applying the normalized intertwining operator we find

R(S, X)h(g’ —S)= Q(S)/L(l _23’ XZ)

x [®°[(0, )glx*(1)le] " axe

—-s+1/2

(8)

If F is Archimedean ® is still a standard Schwartz function and our
assertion follows from the properties of the Tate integral.

X x(det g)|det g|

We also recall the following improvement on Lemma (6) for functions
invariants under K:

(9) LemMA: Suppose that h(k)=1 for all k in K. Suppose also that F is
non Archimedean, the order  of is zero and x is unramified. Then
R(s, x)h(k)=1 for all k.

The proof is similar to the proof of lemma (6).

(7.4) We now change our notations: E is a quadratic extension of F and
x a character of E*, accordingly p(s, x) is now a representation of
G(E). We will be interested in linear forms on the space of smooth
vectors in H(x) (or H(s, x)) which are invariant under G(F) operating
via the representation p(s, x). Suppose first the restriction of x to F* is
trivial and s = 0. Then the restriction of a smooth function in H(s, x) to
G (F) transforms on the left according to the module of the group P(F);
therefore the integral of a such function on the group K defines a linear
form with this invariant property. What we want to establish in this
section is the following result:

(1) LEMMA: With the above notations, for any smooth vector h in H(x) we
have:

/R(o, x)h(k)dk =fh(k)dk, keKq(=KnG(F)).

PROOF OF (1): Once more it is convenient to use the Whittaker modele.
As usual . is a non trivial additive character of F; we choose a non
trivial additive character of E whose restriction to F is trivial. For
instance we write E = F[/r] and then we take y.(x)=1v[(x°—
x)/2V2 ). We first establish the existence of a constant ¢ such that, for
any h,

fh(k)dk=cfw[diag(a, 1)]d*a, k€K, acF~ )
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where W is the image of & under W(0, ). There is a constant ¢ such that:
fh(k)dk=c/h[wn(x),0]dx, x€F. (3)
On the other hand we have:

W[ (diag(a, 1)] = [[wn(z), 0]y, (~az)dzlal£ "R (a);

integrating over F we find:

fW[(diag(a, 1)]d*a =/|a|pdxa

X/fh[wn(x+\/:r_y)]xp(—ay)dydx.

Our assertion follows now from Fourier inversion formula. In view of
formula (6.3.1) we have now only to establish the following lemma:

(4) LEMMA: Suppose x is a character of E™ trivial on F*. We have:

L(s, x*)/L(s, X*) =1.

PrOOF OF (4): If F=R, E = C, the character x has the form

x(2)=2"(:2) "

and the formula is checked at once. Suppose F is non Archimedean. If
x? is ramified both L-factors are equal to one and our assertion is trivial.
Suppose x? is unramified. If x, is a uniformizer for F we have
x(xg)=1. Now either x, is a uniformizer for E or the square of a
uniformizer. Thus if x, is a uniformizer for E we have x%(x;)=1. In
any case x? is trivial and our assertion follows.

(7.5) We continue with the notations of (7.4). This time we assume that x
is a character of E invariant under o where Gal(E/F)= {1, 0}. We
first need a description of the double coset space P(E)\G(E)/G(F).

(1) LEMMA: We have a disjoint union
G(E)=P(E)G(F)UP(E)AG(F).

Furthemore the algebra L=y 'R(E)y N\ M(2, F) is an algebra of degree
2 on F which is F-isomorphic to E. Finally if e(l) and e’(l) are the two
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eigenvalues of yly ™' then |~ e(l) and [~ e'(l) are the two isomorphisms
of L onto E.

PROOF OF (1): Recall that R is the algebra of triangular matrices. We will
prove the corresponding assertion for the cosets G(F)\G(E)/P(E). We
let G operates on the right on the vector space of column vectors of
dimension 2. We denote by {e, e’} the canonical basis. The group P(E)
is the fixator of the line Ee. We let u be any element of E — F and then
set

A=Mat[1,0, p1].

Let h be an element of G(E) and D the line hEe, c its “slope”. If ¢ is
finite this means that D contains the vector e + ce’. Suppose ¢ is in F
(resp. infinite). Then there is g in G(F) such that e+ ce’ = ge (resp.
e’ = ge) and then D = gFe. Suppose ¢ is not in F. Then c¢=p + gu for
some p and ¢ in F and

e+ce’'=g(e+pe’), where g=Mat[l,0, p,q]

Hence D = g\ Ee. This already proves the first assertion of the lemma.
To prove the second assertion we remark that if g is in L then
gAe = m(g)Ae, with m(g) in E. Furthemore ge = (p + gu)e + (r + sp)e’
if g=Mat[p, g, r, s] so m(g) cannot be zero unless g is. Hence g—
m( g) is an injective morphism from L to E. Since L is not reduced to F
it is indeed isomorphic to E. Finally it is clear that e and e’ are
F-morphisms of L into E. Since L has some non scalar elements e and
e’ are distinct and we are done.

(7.6) Coming back to our goal we let x be a character of £~ invariant

under o. If 4 is a smooth function of H(x) then the function g — h(Ag, s)
on G(F) is invariant on the left under L*. Thus we are led to set:

1(s, x)h=fh(>\g,s)dg, g€ L\G(F). (1)

The integral converges only if Re s > 0 and we need to show that it has
analytic continuation. One way is to use once more the Whittaker
modele; we sketch a proof. We are going to show there is a constant ¢(s)
such that

I(s, x)h =c(s)/W[diag(a, 1)]d*a, aeF*, (2)

if W corresponds to h. Recall that W is related to 4 by the following
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formula:

W [diag(a, 1)] = [ [h[wn(x +/7)]

—s+1/2_
X yp(—ay)dydxlale” % (a).

Now x has the form poN(E/F) where p is a character of F*. Hence the
restriction of x to F* is u?. Integrating over F* we find:

fW[diag(a, 1)]da=/h[wn(x + ), s]

—2s
X ¥r(~ay)dydxlals " 5 (a)d"a
Using the Tate functional equation we find this is
[e(2s, u?, pr)L(l —2s, ﬁz)/L(2s, uz)]

th[(w(x +ayr), s] |a]?u2(a)dxadx.

Of course we should check that the functions are sufficiently smooth to
allow this. But this is not hard. Now the integral on the right can be
recognized as being

f/h[}\ diag(a, 1)n(x), s]|a|d*adx

Since G(F£)=L*P(F) with P(F)NL*=F*, this integral is propor-
tional to the integral of A(Ag, s) over L™\ G(F) and we are done with:

c(s)=cL(2s, p?)/L(1—2s, g2)e(2s, p?, ¥r). (3)

This gives the analytic properties of I(s, x). There is another way to
obtain these properties. We take:

p=wn(Vr); then L= {Mat[a, b, b, a]}. (4)
Next we use once more the device of representing #(g, s) in the form

h(g, s)=[0Q(s)/L(2s+1, x*)]

s+1/2

x [@[(0, 1)glx* (1)t x(det g)ldet gl *, ()
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where ® is a Schwartz-Bruhat function in two variables and Q an
elementary function. If t =a + bVt then

(0, 1)A=(,Vr)1  with 1=Mat[a, b7, b, a] (6)

2s+1 2s+1

ltle =|det )|z, x(t)=poN(E/F)(t)=p(det(1)),
x(det g)=p(det gdet g°)=pu(det g), for g€ G(F)

and, for g in G(F), the above integral for A(Ag, s) can be written as an
integral on L:

h(rg, s) = [@[(1, V7)lg] u?(det Ig)|det ig[i"" "1 (7)

Therefore the integral on L\ G(F) can combined with this integral to
give an integral on G(F):

fh()\g, s)dg= [Q(s)/L(2s+ 1, xz)]

x [@[(1,V7)g]u*(det g)ldet gli" " dg.  (8)

We can use the Iwasawa decomposition on G(F) to compute this
integral. We find:

[0(s)/L(2s+1, x?)]

2s s+1

x [@[a, b7 + x)k]dxu?(a)lalEw?(b)[b]F " d*ad*bdk. (9)

After integrating over x and k the resulting function of a and b is
Schwartz Bruhat and the integral is a double Tate integral. In particular
we see that for Res> 0 all our integrals converge. Furthemore, as a
function of s, this integral has the form:

Q'(s)-L(2s, p*)L(2s+ 1, p*)/L(2s+ 1, x?)

= 0/(s)L(2s, 4?)/L(2s + 1, pn), (11)

where Q’ is another elementary function of s and 7n the quadratic
character attached to the extension E of F. We are led to define a
“normalized version” of the linear form I(s, x). It will be noted J(s, x).
It is defined by:

I(s, X) = L(2s, 12)/L(25 + 1, p*n) J(s. ). (12)
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The advantage of J is that it is defined for all s with Re s=0. In
contrast if the restriction of x to F* is trivial then p*=1 and I(s, X)
has a pole at s = 0. Furthemore the analytic dependence of J(s, x) on s
is simple:

(13) LEMMA: Suppose h is a constant section. Then, if h is K-finite,
J(s, x)h is an elementary function of s. In particular if h=1 on K, F is
non Archimedean, E is the quadratic unramified extension of F, x is
unramified and . has order O then J(s, x)h = vol(K ) for all s.

This follows at once from the above computations.

Finally we remark that if the restriction of x to F* is trivial then there
exists a constant ¢ such that:

J(0, x)‘h=cfh(k)dk.

This follows at once from formulas (7.4.2) and (7.6.2).
§8. Truncation of an Eisenstein series

(8.1) We will need to study the truncation of the kernel K, and the
integral of its truncation over the product of Z(F,)G(F)\G(F,) by
itself. To that end we first recall a few facts on Eisenstein series; we
study their truncation and the integral of their truncation over
Z(Fp)G(F)\G(Fp).

As usual we shall consider functions on G(E,) invariant under the
centre Z(E,). For a character x of the idele class group of E and a
complex number s we let H(s, x) be the space of functions 4 on G(E,)
such that

hln(x) diag(a, b)g] =la/bl"“x(a/b)h(g) (1)
and whose restriction to K is square integrable. We also denote by
p(s, x) the representation of G(E,) on H(s, y). The union of the sets
H(s, v) over s is thus a holomorphic fiber bundle of base C. This fiber
bundle is trivial; just as in the local case we define H(y) and for 4 in
H(x) the section h(g, s) whose restriction to K is independent of s. If h
is any section of this bundle we form an Eisenstein series:

E(g, h,s)=) h(vg,s), vyEP(E)\G(E). (2)

This series converges for Re s > 1/2 and has analytic continuation to the
whole complew plane. If 4 is in H(x) the constant term of E along
N(E,) has the form

Ey(g, h,s)=h(g, s)+[M(s, x)h](g., —s) 3)
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where M(s, x) is the operator from H(x) to H() defined by

[M(s, x)h] (g, —s)=fh(wng,s)dn, if hisinH(x).

The integral converges also for Re(s)>1/2 but M(s, x) extends to the
whole complex plane. Moreover we have

(M(s, x)h, B')=(h, M(=s, Xx)k') if heH(x), i €H(x),
(4)
M(-s, x)M(s, x)=1d. (5)

In particular M(s, x) is a unitary operator on the line Re s = 0. We also
introduce a “normalized intertwining operator”’:

R(s, x)=M(s, x)L(1+2s, x)e(2s, x)/L(2s, x)
=M(s, x)L(1+2s, x)/L(1-2s, x).

We need some information on M(0, x). Suppose x*= 1. Then M(0, x)
is an operator commuting with the representation p(0, x) on H(x). Since
this representation is irreducible the operator is a scalar. By (5) this scalar
is +1 or —1. In fact:

(6) LEMMA: If x2 =1 then M(0, x)= —Id.

This is standard (Cf. [R.L.] for instance). Indeed, since L(s, 1) has a
pole at s =1, the ratio L(1 + 2s, x2)/L(1 — 2s, x?) takes the value —1
at s = 0. Thus it suffices to prove that R(0, x)= 1. This follows from the
fact that R(0, x,)=1 for all v (Cf. (7.3.3)). If x>+ 1 then M(0, x) is no
longer an operator intertwinning a representation with itself. We have
however the following result:

(7) LeMMA: If x2 # 1 but the restriction of x to Fx is trivial we have for
any element h of H(x):

J [0, )R] (k)dk = [(k)dk, (8)

both integral are over K (= KN G(F,)).

PROOF OF (7) Since x? is not trivial L(1 + 2s, x?) is holomorphic at
s =0. We claim that L(1, x?)= L(1, x?). As a matter of fact we claim
that

L(s, x*)=L(s, x?) for all .
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Indeed it suffices to prove this for Re s > 0. Then both sides are product
over all places v of F of local factors. If v is a place of F which does not
split and u the corresponding place of E the local factors on both sides
are L(s, x2) and L(s, X2) respectively. They are equal because the
restriction of x to F© is trivial (Lemma (7.4.4)). On the other hand if v
splits into vl and v2 the corresponding factors are

L(S, Xil)l‘(s’ Xiz) and L(S» )_(31)L(S, )_(tz)z)

and they are trivially equal because x,, = x,,. Hence M(0, x)= R(0, x).
Now R(s, x) is a product over all places u of E of local “normalized
intertwining operators” described in section 7. If we assume that A is the
product of local components 4, the integrals on both sides of (8) are
product over all places v of F of local analogous integrals and a constant
factor the same on both sides. So it suffices to prove the local analogue of
(8) for all places v of F. If v is a place of F which splits into vl and v2
in E then the local analogue is:

JIRO, x)hal (k) - [R(O, X,2)h,2) (k,)ak, = [ (k) Ry (K, ),

Since the restriction of x to Fx' is trivial the character x,; is actually the
inverse of the character x,, and this follows from (7.3.4). If v does not
split and u is the unique place of E above v then the local equality to be
proved reads:

JIRO, x)h)(k,)dk, = [h,(k,)dk, kEK,.

Now the restriction of x, to F is trivial and this has been proved in
(7.4.1). This concludes the proof of lemma (7).

(8.2) We need some estimates on the Eisenstein series. Denote by ||g|| a
“norm function” on the group G(E,): it is the product of the norms of
the local components g, divided by |det g|. It is known that, if Q is a
compact set of C which does not contain any pole of E(g, s, h) and X
an element of the envelopping algebra at infinity, then there are con-
stants C and N such that |p(X)E(g, s, h)| < C|g||", for s in Q. We
have denoted by p(X) the left invariant operator associated to X. It
follows from this that the difference of E and its constant term is
bounded (in fact rapidly decreasing) on any Siegel set. Consider now our
truncated Eisenstein series T°E(g, s, h). There is a Siegel set S of G(Fy)
on which it is equal to the difference between the Eisenstein series and its
constant term (cf. Lemma (6.1.4)). Moreover the quotient Z( Fy)G(F)\
G(F,) is the union of a compact set and the image of S. We conclude
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that for a given 4 and s in a given compact set of C we have a uniform
estimate |T“E(g, s, h)| < C. In fact we could obtain much better esti-
mates but this will not be needed. We will need however majorizations
uniform with respect to s when s is purely imaginary:

(1) LEMMA: Given h there is a polynomial P(t) such that
|T°E(g, it, h)| < P(¢), for all real ¢.

PROOF OF LEMMA (1): Just as before it suffices to establish majorizations
of the form

lo(X)E(g, it, h)|< P(1)gl”

where P and N may depend on X. To see that let us introduce for any
Schwartz-Bruhat function ® in two variables the action of our fibre
bundle defined by:

s+1/2

Fy(g,5)= [®[(0, 1)g]x* (1)1 d*rx(det g)| det g]

On the right we have a Tate integral or rather its analytic continuation.
There is in fact a finite set 7 of places of E containing all places at
infinity and a function such that

h(g,s)=Fy(g, s)/LT(1+2s, x?).

where L7(s, x?) stands for the product of the L(s, x,) over all u not in
T. It is classical fact that 1/L7(1 + 2s, x?) is at most of polynomial
growth on the line Re(s)= 0. Thus it suffices to find majorizations for
the Eisenstein series E(g, it, Fy,) and its left invariant derivatives on the
group G(E,). However we may also write this Eisenstein series as the
following expression:

[T o)l )3 ()dix(det g)ldet g, g€ E—0, 1€ Ey/E".

Poisson summation formula gives the analytic continuation of this ex-
pression and, at the same time, the required majorizations.

(8.3) We now study the integral of a truncated Eisenstein series over the
quotient Z(F,)G(F)\G(F,). The description of the double coset space
P(EY\G(E)/G(F) given in Lemma (7.5.1) applies: we have a disjoint
union

G(E)=P(E)G(F)UP(E)AG(F).
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Furthemore the algebra L =A"'R(E)AN M(2, F) is an algebra of de-
gree 2 on F which is F-isomorphic to E.
Consider now the integral

fT"E(g, s, h)dg, g€ Z(FA)G(F)\G(F,).

From the majorizations obtained in (2) we see that the integral converges
and represents a meromorphic function of s, without pole on the line
Re s =0. We are interested in this integral for s purely imaginary;
however in order to compute it we assume Re(s) > 1/2 and then analyti-
cally continue our answer. We have

T(.E(g» S, h)=Zh(§g’ S)_ZEN(Yg’ s, h)X((H(Yg)) (1)
The first sum is over P(E)\G(E), the second sum over P(F)\G(F).
Using the description of P(E)\G(E)/G(F) we may rewrite the first
sum as a sum on L™\ G(F) and a sum on P(F)\ G(F). In a precise way
we get:
TE(g,s, h)=Y h(\ég, s)
+ 3 {h(vg, s)—Ey(vg. s, h)x.(H(vg)}. (2)

In the first sum, £ varies in L™\ G(F); in the second sum y varies over
P(F)\G(F). Taking in account the formula for E, we may rewrite this
as

TE(g,s, h)= 3)
(i) X h(Ag,s)
(i) +Xh(vg o)[1-x.(H(vg))]
(iii) —X [M(s, x)h](vg, —s)x.(H(¥8),
Combining summation and integration in the usual way we get:

fT"E(g, s, h)dg= (4)

(i) fh()\x, s)dx



292 H. Jacquet and K.F. Lai [50]

(i) + [y, 5)[1=x(H(»))]dy

(i)~ [[M(s, x)h1 (3, =) x(H(»))dy,

the integrals over x in L*Z(F,)\G(F,) and y in Z(Fo)P(F)\G(Fu).
Using the Iwasawa decomposition we compute integral (4.i1) as

[x(a)(1 = x.(lale))lals " lalr ' aa [n(k)dk.

As usual we denote by F' the group of ideles of norm 1 and by F} the
group of ideles whose finite components are 1 and whose infinite
components are equal to some fixed positive number. Then FY is the
direct product of F! and F;}. Similarly FY is the product of E' and E,
and when we imbed Fy' into Ex F;! goes to E.. We choose the character
X to be trivial on E} so that x is trivial on F? if and only if it is trivial
on FX. Our Haar measure on Fy is the product of a Haar measure on
F' and the measure d¢/t where ¢ =|a|. Then the above integral for a is
zero unless the restriction of x to Fy is trivial in which case its value is:

vol(F'/F*) [ 1dt = ¢* /25 vol(F' /F~).
0

If we set 8(x)=vol(F'/F*) if the restriction of x to FY is trivial and
zero otherwise we see that (8.3.4.ii) is equal to

8(x)§—;/h(k)dk. (4.)

Similarly, using the fact that M(s, x)h(g, —s) lies in H(—s, ) we
calculate that (8.3.4.iii) is equal to:

~8005; [[M(s. x)h] (k)dk. (4.

Actually 8(x) =1 but we will not have to use this fact. We write (8.3.4.1)
as

[n(Nig, s)a*idg, 1€ FXL\LY, g€ Li\G(F).

Next we recall that A"'1A is a triangular matrix whose eigenvalues are
e(l) and e’(l) where 1 e(1) and 1 €’(l) are the two isomorphisms of L
onto E. Then in the above integral the inner integral takes the following
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form:

s+1/2

Jr(rg. )l

x(t°V)d*t, t€ F*EX\EJX.

This is zero unless x°~! = 1, that is unless x has the form poN(E/F) for
some character p of Fx. If we let &(x) = vol( FX EX\ Ex) if x°~'=1and
zero otherwise then (8.3.4.1) is

e(x) [h(Ag, s)dg, g€ LI\G(Fa).

In fact e(x) = 2. We need to study the analytic properties of this function
of 5. We proceed as in the local case (Cf. (7.6)). We take:

A=wn(Yr); then L= {Mat[a, br, b, a]}.
Next we use the standard device of representing s(g, s) in the form
h(g, s)=[0(s)/L(2s+1, x*)]

s+1/2

x [@[(0, )gl)x* ()]l x(det g)|det g,

where ® is a Schwartz-Bruhat function in two variables and Q an
elementary function, that is a linear combinations of products of rational
and exponential functions of s; then

(0, )A=(1, Vr)I  with 1=Mat[a, b7, b, a],

and the above integral for g in G(F) can be written as an integral on
Ly:

Jol(, vr)ig]u(det 1g)|det 1g[n a1,

Therefore the integral on Ly \ G(F,) can be combined with this integral
to give an integral on G(Fy):

Jh(xg, s)dg=[0(s)/L(2s+1, x*)]

X f(b[(l, Vr)g|p*(det g)ldet g " dg.

We can use the Iwasawa decomposition on G(F,) to compute this
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integral. We find:

[0(s)/L(2s +1, x?)]

2s5+1

x [o[(a, b7+ x)k]dxp(a)|alru2(b)|bls " d*ad*bdk.

After integrating over x and k the resulting function of a and b is
Schwartz-Bruhat and the integral is a double Tate integral. In particular
we see that as a function of s this has the form:

Q'(s)-L(2s, p*)L(25+1, p?)/L(2s+ 1, x?)

=Q'(s)L(2s, p*)/L(2s+ 1, u’n)

where Q' is another elementary function of s and 7 the quadratic
character attached to the extension E of F. This also shows that the
original integral converges for Re s > 1/2. Furthemore, just as in the
local case, this suggests introducing a normalized version of the integral.
In a precise way if 4 is in H(x) and x* ! =1 we will set

I(s, x)h=[h(Ag, s)dg, g€ LX\G(Fa),

I(s, x)h=L(2s, p*)/L(2s +1, p’n)-J(s, x),

where x =poN(E/F). It is clear that J(s, x)h, for h K-finite is an
elementary function of s without singularity on the line Re s = 0.
(8.4) We summarize the results obtained so far:

PROPOSITION: The integral of E(g, h, s) over Z(F)G(F)\G(F) is the
sum of the following:

S(x) % [h(k)dk, (1)

~8(x) 5 [[M(s, )R] (k)dk, 6

e(x)I(s, x)h. (3)
Furthemore

I(s, x)=L(2s, p?)/L(2s+1, u*n)J(s, x)h

and J(s, x)h is an elementary function of s if 4 is K-finite.
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Because the Eisenstein series has no pole on the line Re s =0 and its
truncation is integrable the sum of (1), (2) and (3) is actually holomor-
phic at s =0. It will be useful to make this statement more precise. To
begin with we make the following elementary remark about the character

X:

(4) LEMMA: Consider the following conditions:
i x°7'=1;
(ii) the restriction of x to Fy is trivial,
(iii) the restriction of x to FX is the quadratic character m attached to
the extension E;
(iv) x*=1.
Then: (iv) < (i) and [(ii) or (iil)]

PROOF OF (4): Suppose x?=1. If x is actually the trivial character then
(1) and (i1) are satisfied. Suppose not and let D be the quadratic
extension of E corresponding to x. Then D is a Galois extension of F of
degree 4 hence Abelian. By class field theory we may view x as a
character of Gal(D/E). Assertion (i) amounts to say that if ¢’ is an
element of Gal(D/F) whose image in Gal(E/F) is o then

x(o'ge’™") =x(g).

Since Gal(D/F) is Abelian this is clear. This being so let us write x in
the form poN(E/F). By (iv) we see that p? is trivial on the image of
N(E/F). Thus p? is either the character trivial or the character 7. Since
the restriction of x to Fy is u?, we see that either (ii) or (iii) holds. Now
suppose (i) is satisfied. Write therefore x in the form uoN(E/F). Again
the restriction of x to FX* is p?. If (ii) is satisfied we find u>=1. A
fortiori x* = p’oN(E/F)= 1. If (iii) is satisfied we find u?> = 7. A fortiori
x?=poN(E/F)=1. So in any case x*>=1.

Let us go back now to the sum of the three terms in Proposition (8.4).
Suppose first that the restriction of x to Fy is trivial but x°~! # 1. Then
the term (3) vanishes. Furthemore x?# 1 otherwise by the lemma x°~!
= 1. Accordingly by (8.1.7):

fM(o, x)h(k)dk=fh(k)dk (5)

and the residues of the terms (1) and (2) at s = 0 do cancell. Suppose now
that x°~! = 1 but the restriction of x to F5 is not trivial. Then the terms
(1) and (2) vanish. Let us write x in the form x = uoN(E/F) so that the
restriction of x to Fy is p?. Now p? cannot be trivial otherwise the
restriction of x to Fy would be trivial. Thus L(2s, p?) is holomorphic at
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s =0 and (3) is too. Note that if x> =1 then, by the lemma, p’n =1 and
1/L(2s + 1, p?n) has a zero at s = 0; hence (3) vanishes at s = 0. Finally
suppose that the restriction of x to F5' is trivial and x°~'=1. Then
x2 =1 and writing x = poN(E/F) we have p?> =1. Then M(0, x)= —1
and (1) and (2) have the same residue at s = 0. Doubling this residue we
find then

a(x)fh(k)dkﬂ(x)slgr(n)sf(s, X)h=0 (6)

or

8(x) [h(k)dk +e(x)2¢/L(1, p2n)J(0, x)h =0 (7)

where c is the residue of L(s, 1) at 0. Of course this relation could be
proved by local means as well (See below).

(8.5) For Res>1/2 the integral [h(Ag, s)dg converges absolutely.
Assume that 4 is a product over all places u of E of local components 4,
belonging to H(x,); of course for almost all place u, h,(k,)=1 for all
k,. Then, for Re s > 1/2, the integral can be written as a product of local
integrals and a constant factor; the product is over all places of F. We
now describe the factor attached to a place v of F. Suppose first that v
does not split in the extension and let u be the unique place of E above
v. Then the local component is just the local integral

Jh(Rg,, s)dg, = L(25, u2)/L(25 + 1, win,) I (5, X, ),

Suppose now that v splits into v1 and v2 in the quadratic extension.
Thus we have isomorphisms G, =G, and G,, = G,. Let A, and A, be
the images of A under these two isomorphisms. The local component is
the following integral over L\ G,:

/hvl(xlgv)'hv2(A2gu)dgv'
It will be convenient to take
A,=wn(+V7), with+ fori=1and— fori=2.

Note that 4, and h,, are invariant under N(F,). Thus the local integral
may also be written as:

/hvl(y‘lg) 'hu2(au’2gu)dgu'
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where
p,=n(F1/2/7)wn(£Vr).

Observe that
for 1=Mat[a, br, b, a] in L we have
pilp, = diag(a + b/t , a— b/7).

Hence pj'Lp,=A. After changing f to p;'g we get therefore an
integral over 4,\ G,:

Jha(mnz'g)h.2(g)dg

2s+1

= |1/41]" X, (= 1/47) [h,1(wg)h,2(g)dg

because p,u; ' = diag(—1/2yr, +2V7)w. Here c, is a constant. There is
a question of which measures we are using. We regard L™ and A4 as
algebraic groups over F and choose invariant differential forms on them.
Then for any place v of F we inherit the Tamagawa measure on L and
A. They are so defined that that for almost all v the measure of the
maximal compact subgroup is one. Thus, for almost all v, the isomor-
phism 1— p3'ly, is compatible with our choice of measures, that is,
c,=1.

Now because x°~' =1 we have x,, = x,, =p, and

Jha(wg)h,2(8)dg = [h(wn(x,)k,) R (n(x,)k,)dx dk,

= <M(S, ""v)hvl’ h02>‘
In turn, apart from an ¢ factor, this is:
L(2S’ [J:%,)/L(2S+ 1’ [L%)(R(S, p‘u)hvl’ hv2>'

We conclude that apart from a factor CA®, J(s, x)k is the product over
all places v of F of a factor which is either J(s, x,)h, or

<R(S, ,“"u)hvl’ h02>‘
§9. Truncation of the Eisenstein kernel

(9.1) In this section we deal with the integral of the truncation of
K, (x, y). We shall prove that the following limit exists:

Jim ffT"TZ 2K, (x, y)dxdy, x, y€Z(Fy)G(F)\G(F,).
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The resulting function of ¢, has an asymptotic expansion of the form
Alog c,+ B+ 0(1) as ¢, » + o0, where 4, B are constants. We shall
prove that, under the assumptions of (6.1.1), B =0.

We recall the formula for K., (cf. [J.A.] for instance). For each
character x of E5 /E™ trivial on E}, we choose an orthonormal basis
h, of Hx). Then:

K. (x, y)=Y K(x, y, x), where
X

K(x,y.x)=1/47 % [ (s, X)(f Vo 1)

XE(x, hy, s)E(y, hg, s)|ds]|. (1)

The first sum is over all x; however for a given f almost all terms are
zero. Similarly, the second sum is for all pairs («, 8); however for a given
f almost all terms are zero. The integral converges uniformly over
compacts set of G(E,). In particular to compute the truncation of our
kernel, we may “bring the truncation operator under the integral sign”:

Tl(\‘TZCZKeis(x’ y) =ET]C1TZCZK(X’ Y, X)’

TOTEK (%, x) =1/47% [(p(s, X)hg, ha) TOE(x, By, 5)

-TZ‘"ZE(y, hﬁ,s)|ds|. (2)

Since K, (x, y) is integrable and 77'7;2K, T{*T;>K, are integrable, it
is clear that T{'T52K is also integrable. Moreover |T“E(x, h, s)| is
bounded independently of x by a polynomial in Im(s) on the line
Re(s)= 0 (Cf. (8.2)). In particular we may interchange the integral in x

and y with the summations and the integration in s:
/fTICITZQKeis(x’ y)dXdy =Z/fTICIT2(I2K(X’ Vs X)dXdy’

f/T,"‘Tz"ZK(x, ¥, x)dxdy=21/4wf(p(s, xX)hg, ha)/Tl‘"‘E(x, h,, s)dx

-/T;zE(y, hg, s)dy|ds]|. (3)

(9.2) To evaluate the limit of this as ¢, tends to infinity we will use the
following elementary lemmas which are recalled without proof:
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(1) LeMMA: Syppose F is a Schwartz function on R. Then:

lim f F(y) exp(+2imxy)dy/y = +inF(0)

We remark that the integral is actually an improper integral. Furthemore
this function of x tends rapidly toward its limit. Thus:

x [F(y) exp(£2imxy)dy/y = +inxF(0) +o(1). (2)
(3) LeMMA: If F is a Schwartz function on R and F(0)= 0 then

| (F(y)/yz)dy=fioF'(y)dy/y-

— 00
Again this is an equality of improper integrals.

We will need to show that the functions we are dealing with are indeed
Schwartz functions. We proceed to that end via a series of lemmas.

(4) LEMMA: For a fixed and |t|— + oo we have:
I (a+it)=T(a+it)0(log|t|").

PROOF OF (4): For n=1 this is a classical estimate on the function
Y(z)=T"(z)/T(z). Suppose n > 1; then the n-th derivative of ¥ can be
computed as the sum of I'™ /T and products of the form +IIT'"/T
where the orders i are stricly less than »n and their sum is n. Our assertion
follows then by induction on n from the classical estimate " (a + it) =
o).

Next we recall without proof two estimates on L-functions.

(5) LEMMA: Let x be an idele class character of a number field. Denote by
L_ (s, x) the product of the L(s, x,) for v infinite and by L*(s, x) the
product of the L(s, x,) for v finite. Then, for |t| large, we have

d"
ds”

L>(1+it, x) = 0(loglt|"“).
On the other hand, there is some N > 0 such that for |¢| large:

1/L2(1 +ir)=0(|¢]")

We are now in position to state the results that we need:
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(6) LEMMA: Let x and m be idele class characters of a number field F.
Assume m is trivial or quadratic. Then any derivative of the ratio

L(2s, x)/L(1+2s, xn)

is at most of polynomial growth on the line Re s = 0.

PROOF OF (6): Our ratio is the product of an exponential factor,
L*(1-2s,x)/L”(1+2s, xn) and
L,(1-2s,%x)/L(1+2s,xn).

It follows from lemma (5) that any derivative of the first ratio is at most
of polynomial growth on the line Re s =0. So it suffices to prove the
second ratio has the same property. In turn it is a product of factors of
the form:

[,(s)/T,(s) with T,(s)=T(a(l1-2s)+b),
L(s)=T(a(l+2s)+b+c)
where a and ¢ are real. All we have to show therefore is that any
derivative of a function I, /T, is at most of polynomial growth on the
line Re s = 0. By Stirling formula this is true of the function itself. On the
other hand any derivative of I'; /T, is a sum of products: in each product

we have a factor +1, the factor I, /T, and factors of the form I/’ /T,.
Our assertion follows then from Lemma (4).

(9.3) We set ¢, =exp(2mu,), i=1, 2. We also set:
®(a, u, t)= 2it/T‘E(x, h,, it)dx, if c=exp(27u).
Then, by Proposition (8.4):

®(a, u, t)=8(x) exp(2i'n'ut)fha(k)dk

-8(x) exp(—ziwut)f[M(iz, x)h,](k)dk

+e(x)2it(it, x)h,. (2)

The integral is for k in K= KN G(F,). We remind ourselves that when
8(x) and e(x) are not zero I(it, x) has a pole at ¢t =0 and

limit(it, x)h, = —fha(k)dk (3)
t—0
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(Cf. section (8.5)). Furthemore in any case ®(a, u, 0) =0 (loc. cit.). With
this notation we have:

[ 10T Ko (x, y)dxdy= T G(uy, uy, x, « B) (4.)

x,a.B

where
G xo @ B)= [ Fpu(0)® (e, BB, wy, 1)di/r*
(4.ii)
Fyo(1)=1/167(p (s, x)(/) g, ha). (4.iii)

To continue in the expression for G we replace ®(a, u,, t) by its
expression (2):

Gy, 3, x, @, B) = ©)
[ o) B2 5) [ (kyak explaimunt) &

(I)(ﬁ u2, t)

(if) [Eu(®) 8(x)

[(~M(r, x)h,)(k)dk exp(—ziwu11)$

(iii) /Fﬁa(z)ﬁ(ﬁ, uy, t)-2ite(x)I(it, x)ha%

We may apply lemma (9.2.1) to (i) and (ii). Indeed Fg,(¢) is a linear
combination of products of the form exp(ait)F (t) where F is a smooth
function of compact support on R. On the other hand

JIM(it, x) ] (k)dk = L(2it, x*)/L(1+2it, x?)

X e(2it, xz)fR(it, x)h(k)dk

= L(2it, x*)/L(1 +2it, x*)Q(it)

where Q is an elementary function of ¢ (Lemma (7.3.6)). Similarly:

I(it, x)h = Q'(it) L(2it, p*)/L(1 + 2it, pn)
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where Q’ is an elementary functions of s, p an idele class character of F
and 7 is the quadratic character attached to E (Cf. Prop (8.4)). It follows
from lemma (6) that the derivatives of these functions of ¢ are at most of
polynomial growth. Taking (2) in account we see that the same is true for
the derivatives of ®(a, u,, t). We conclude that indeed the functions of ¢
under the integral sign in (5.i) and (5.ii) are Schwartz functions. Applying
then (9.2.1) we find that the limit of (i) + (ii) as u tends to plus infinity is

inky, (0) S )

-8(x)

t=0

'[/hﬂ(k)dk +fM(0, X)h,,(k)dk].

Of course this is zero unless the restriction of x to FR is trivial.
Assuming this to be the case, if x>=1 then M(0, x)= —1Id and this
vanishes. If, on the contrary, x2+# 1 then both terms are equal (Cf.
lemma (8.1.6) and (8.1.7)). Set 8(x)=1 if x>+ 1 and zero otherwise.
Then we see that the limit of (i) + (i) as u, tends to infinity is:

2imE,,(0)- ———q)(ﬂ’t”” )

_Jra)aks()0(x0)- (7)

Hence we see that the limit of G(u,, u,, X, a, B) as u, tends to infinity
is the sum of (7) and (5.ii). Recall that @®(B8, u,, 0)=0. So
(B, uy, t)/1],_, is the derivative d®(B, u,, t)/dt at t = 0. To compute
it we use (2). However if (7) is non zero the restriction of x to Fy is
trivial but x2# 1. By lemma (8.4.4) e(x)=0 and the last term in (2)
vanishes. Thus our derivative is actually:

S(X)Zwiuz[fhﬂ(k)dk +j(M(o, x)h,,)(k)dk]

~8(x) %[/[M(it, x)hﬁ](k)dk]ll=0.

On the other hand, since x2 # 1, we have by lemma (8.1.7)

fM(o, x)hﬁ(k)dk=fhﬁ(k)dk.

So (7) under the conditions §(x)# 0 and 8(x) =1 is the sum of

—082(7()877253“(0)-uafha(k)dk-fhﬁ(k)dk. (8)
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—27i08%(x) F3,(0) -/ha(k)dk- %[/M(u, X)hﬁ(k)dk]l

)

At this point we have evaluated our limit as ¢; tends to infinity. We state
this as a lemma:

(10) LEMMA: The limit of the integral of T{'T;*K

eis aS €, tends to infinity
exists. It is the sum over all x, a, B of:

() —2mi8%0(x) Ey,(0)- [h,(k)dk- %[/M(n, x)hﬁ(k)ko

t=0
(i) +f" Bu(B(B. u 1)-2ite(x) (it ), 5

and a term A log c,.

(9.4) We now obtain an asymptotic expansion for ¢, large. We remark
that in (9.3.10.ii) the factor ®(B, u,, t) has a zero at =0 while the
factor tI(it, x)h, has no pole at r=0. Furthemore the product of these
functions by F,,(¢) is a Schwartz function. Thus we may use the
integration by parts formula given in Lemma (9.2.2). We replace
(B, u,, t) by its expression from (9.3.2). We obtain then for (9.3.10.ii):

—e()4 [ 5 [ Bpal0) 1, x) TG 0] S (1)
8e(x) [ - | Faul)-2it1(it, X)h,] - [Rp(k)ake S0 ()

—2i77u283(x)f1~;3a(t)~2itI(it, x)ha-fz,g(k)dke““z'%, (3)

~8e(x) [ 5 [ Bralt) 2001 i1, x) ]

fM(it, x)hﬁ(k)dkeZi"“z’g;t', (4)

—~8e(x) [ Fa(T) - 20tI(it, X,

-%UM(iz, x)hB(k)koez”’“z’%, (5)
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—27riu28£(x)fFBa(t)-2it1(it, x)h,

fM(iz, x)hﬁ(k)dkezi""z‘%—t. (6)

We can apply lemma (9.2.1) to (3) and (6). We get that each term has the
form A log ¢, + o(1). So we can ignore these terms. On the other hand
we can use the same lemma to find the limit of (2), (4) and (5). We get:

—de(x)mi %[P};a(t)-Zitl(it, ]| [Rp(k)adk, )

—8e(x)7i %[lﬂga(t) - 2itd (it, x)ha]

MO )R (K)dk,
(8)

-—88(x)7ri{[F}3a(t)-2it1(it, X)hy- %[/M(it, x)hﬁ(k)dk]}'

(9)

Again (7) and (8) are zero unless x°~ ' =1 and the restriction of x to Fy
is trivial. Then x?=1 by lemma (8.4.4) and their sum is zero because
MO, x)= —Id (lemma (8.1.6)). Thus (7) + (8) is zero in any case. Let us
look at (9). Again it is zero unless x°~ ' =1 and the restriction of x to
FY is trivial. Then we find by (8.4.6):

lim e(x)iel (it, x) b = =8(x) [ ha(k)dk

and (9) becomes

d
. 2 . L .
mi8%(x) £, (0) - [h,(k)dk dtLOfM(lt, hg(K)dk.  (10)
(9.4) We summarize our results in a proposition:
PROPOSITION: The integral of T{'T;*K., over the product of
Z(FpA)G(F)\G(Fy) by itself has a limit as c, tends to infinity. The

resulting function of c, is the sum of a term A log c,, a term o(1) and the
sum over x, a, B of the following terms:

E(X)f_ww%[%a(T)'ll(it, x)ha.m]% a
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d
A4_is2 da .
2518 (OX (O Bul0) [ oK)k S| | MGt x)my(k)ak]
)

wiaze(x)@a(o)fha(k)dk Ed;‘ [fM(it, x)hﬁ(k)dk]. (3)

t=0

We remark that in (2) and (3) the notation is somewhat misleading: both
terms vanish unless 8§(x)=0. If 8(x)+# 0 then by lemma (8.4.4) either
O(x) =0 or &(x) = 0 (exclusive or). Thus either (2) or (3) or both vanish.

(9.5) We now prove that, under the assumptions of (6.6.1), given x, the
sum over a, B of (1) (resp. (2), (3)) in Prop. (9.4) is zero. We start with (2)
and (3). In view of the above remarks what we have to prove is this:
given x whose restriction to Fy' is trivial the following function of ¢ has
a zero of order 2 at ¢t =0:

T (p(it, X)(f ) hgs hy) [ha(k)dk- [M(it, x)hg(k)dk. (1)

a,B

Since M(it, y)= m(t)R(it, x) where m is a scalar function which is
regular at ¢ =0, it suffices to prove this assertion for the following
function:

X (p(it, x)(f g, ha) [Ra(k)dk- [RGt, x)hp(k)dk. — (2)
Of course we have a finite expansion:

p(it, x)(f)hy =2 (p(it, x)(f ) g, hy)hy.

[»4

Apllying the linear form defined by integration over K, to this identity
we see that our function can be written as:

z Jolit, x)(f)hg(k)dk [Rt, x) hy(k)dk. (3)

The space H(x) may be regarded as the tensor product over all places u
of E of the local analogue spaces H(x, ). Similarly the operator R(s, x)
may be identified with the tensor product of the local normalized
intertwining operators R(s, x,). Furthemore we may pick up an ortho-
normal basis of H(x,) for each u and take for basis of H(x) the tensor
products of the elements of the local bases. Accordingly the expression
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(3) will be, apart from a constant factor, a product over all places v of F
of local analogue expressions. What we have to see is that the factor
attached to a place v of X is zero at ¢ = 0. The expression for this factor
is the following:

JloGt, xa) ) (k)0 Gt, x02)(fi2)] o (k, )k,

JRGE, X (k) Rt X02)hipa (K,)dK,.

Since the restriction of x to Fy is trivial we have x,, = X,,- By (7.3.4)
for ¢ = 0 the above expression can be written as:

Z(P(O, XUI)(fUl)h,Bl’ P(O’ XUZ)(fUZ)hB2><hB17 hB2>'

Here hp, denotes an orthonormal basis of H(x,;) and 4 an orthonormal
basis of H(x,,). We remark that # — h is an antilinear isometric map of
H(x,;) onto H(x,,). Thus we may assume that the bases are indexed by
the same set: h,, and h,, will be the bases. More to the point we may
assume that h,, = h,,. Since (h, k") = (h, h’) we have then:

<h1ﬁ’ h2a> = S,Ba'

Thus our sum reduces to

%(P(O’ Xlrl)(ful)hlﬁ’ P(O’ Xuz)(fuz)hz/z>-

Since the map h— h transforms the representation p(0, x,,) into
p(0, X,») We get:

ZB‘.(P(O’ X2)(fvl)h1ﬁ’ e (0, Xm)(fuz)hw)

:Z(P(O, le)(fvuz) 'P(O, XUI)(fvl)h],B’ hlﬁ)

=trp(0, x,1)(%,)

where as usual 4, is the convolution of f, and f,;. Since the hyperbolic
integrals of h, vanish this vanishes too.

(9.6) We now examine the term (1) in Proposition (9.4). We want to
prove that given x such tht e(x)# 0 the following function of ¢ is zero,
provided the conditions of (6.1.1) are satisfied:

Y (o(it, x)(f ) kg, hy)-tI(it, x)ho-tI(it, X)hg.

a,B
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We may assume ¢ = 0 and then ignore the factor ¢ and replace I(it, x) by
its normalized version J(it, x). Furthemore we have the following finite
expansion:

(p(it, x)(f)hg, ho)ho=p(it, x)(f)hg.

If we apply the linear form J(it, x) to this we find that the function we
have to deal with can be written as:

%J(it, X)[ e, x)(f)hg] TGt X)hy.

We can choose the basis A, as before and then this function will be the
product over all places v of F of factors themselves functions of ¢ (Cf.
(8.5)). It will be enough to show that the factor attached to a place v of X
is zero. Recall that x = poN(E/F) and x, = X,, = #,- We may there-
fore assume that the bases for H(x,,) and H(x,,) are the same. By (8.5)
this factor is a multiple of the following function:

Z;.g(R(it, po)e(it, p,)(fh) g, o(it, p,)(f2) ho)

(RGt 1 g oy,
This is also:

Y {o(=it, g,)(f2) Rt p)o(it, p,)(f)hgs ha)
B

Wit’ I‘Lv)hﬁ’ ha>'

Now we appeal to the following summation formula where a and b are
elements of H(j,):

(a, b)=3(a, h,){b, h,y.

We find for our factor:

S (p(=ir, B,)(f5)R(it, p,)p(it, p,)(fn) hg, Rt p,)hg).

Because R(it, p,) is an intertwining unitary operator this is also:

Y (oit, p,)(£,2), p(it, p,)(f1)hg, he)

=§(p(it, p,)(h,)hg, hg)=trp(it, p,)(h,)

and this vanishes because the hyperbolic orbital integrals of 4, are zero.
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(9.5) We summarize our results:

PROPOSITION: The limit of the integral T{'T5*K;, as c, tends to infinity
exists. The resulting function of ¢, has the form

Alog ¢, + B+ o(1).
Furthermore B =0 under the assumptions of (6.1.1).
§10. Summing up

(10.1) We deal first with the truncation of K, then we summarize our
results. Recall that

K=V""Y x(det x)x(det y)ff(g)x(det g)dg,

the sum over all quadratic characters x of the idele class group of E. The
truncation of K, is therefore:

TOTK o (x, y) = Kp(x, »)[1= L xe, (H(vx))]
x[1= X xea(H(v))]
=Ky (x, y) — LK (x, 1y)x.,(H(nix))
= YK (x, m2y)x.,(H(v2p))

+ YK (v, X, v20) X (H(ix)) x o, (H(122)),

where all summations are over P(F )\ G(F). When we integrate over the
product of Z(F,)G(F)\G(F,) by itself we find a sum of 4 terms:

J[Ko(x, p)axdy, x, y€Z(F)G(FI\G(F); (1)

— Ko (x, )xo(H(x))dxdy, x&Z(Ey)P(F)\G(Fa),
y € Z(F)G(FING(F); ()
— [[Ko(x, D)X (H(»))dxdy, y&Z(Fa) P(FING(Fa),

x € Z(Fp)G(F)\G(Fa); (3)
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+ K (x, »)xo(H(x))xe,(H(y))dxdy,

x, y € Z(Fa) P(F)\G(Fp). (4)

We claim that ¢, being fixed (2) and (3) tend to 0 as ¢; tends to infinity.
Let us prove it for (2): (2) is a finite linear combination of integrals of the
forms:

Jx(det y)dy [x(det x)x, (H(x))dx.

This is zero unless the restriction of x to Fy* is trivial. Then it can be
computed by using the Iwasava decomposition. We find it is a constant
times

1,2
/CZ t7de=c; V2.
0

Hence the limit of the integral of T7'Ty2K as ¢, tends to infinity exists: it
is equal to (1) + (2). Similarly as ¢, tends to infinity the term (2) tends to
0; that is, for ¢, large we have the following asymptotic expansion:

Jim, /fo'T{ZKspdxdy =//Kspdxdy +0o(1).

(10.2) It is now time to sum up. We have:

J[ K (x, p)dxdy =
J[Kc(x. y)dxdy N
+ [[K.(x, y)dxdy .
+ JJ(Klx 9) = K 9))dxdy o

—fstp(x, y)dxdy. (4)

The third term is integrable because all others are. On the other hand

since K, is equal to its truncation we have:
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//KCUSP(X’ y)dxdy=

+f/T1"T2"2K(x, y)dxdy (5)
_/fTICITVZ(lzKeis(x’ y)dxdy (6)
—//T{"T{ZKSP(X, y)dxdy. (7)

We now let ¢; tends to infinity. Under the assumptions of (6.6.1) the
functions of ¢, obtained from the limit of (5) and (6) have the form
1)+ (2)+A4log ¢, and A’ log c, + o(1) respectively. Similarly the limit
of (7) has the form [[K dxdy + o(1). Comparing the two expressions
for the integral of K, we conclude that (3) vanishes. So we have

established the result which was our goal:

PROPOSITION: Let X be a set of places of F which split in E. Suppose that
X has at least two elements. For v in X let vl and v2 be the two
corresponding places of E and h, the convolution product f} * f,,. Suppose
that for each v in X the hyperbolic orbital integral of h, vanish. Then the
integral of the difference K, — K., over the product of Z(Fp)G(F)\G(Fy)
by itself vanishes.
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