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FIRST ORDER INTERPOLATION INEQUALITIES WITH
WEIGHTS

L. Caffarelli, * R. Kohn ** and L. Nirenberg ***

Dedicated to the memory of Aldo Andreotti

In Lemma 7.1 of [2] we proved certain interpolation inequalities. These
are analogous to the standard interpolation inequalities between func-
tions and their first derivatives in various L? norms on R” (see [3], [8]),
but with each term weighted by a power of |x|. Instances of these
inequalities have been studied previously [1,6,7], but the general case
seems to have not yet been treated; we present it here, in the belief that
such inequalities may prove useful in other contexts. Lin [5] has gener-
alized these results to include derivatives of any order.

For simplicity, we state our theorem for u € C°(R"), the space of
smooth functions with compact support. Its extension to a more general
class of functions is standard. In what follows p, ¢, r; a, B, o; and a are
fixed real numbers (called parameters) satisfying

p,g=>1, r>0, 0<axl (1.1)

%+%, %+§, %+%>0, (1.2)
where

y=ac+(1—a)pB. (1.3)

THEOREM: There exists a positive constant C such that the following
inequality holds for all u € C°(R")

a 1—a
1 < ClIx|%|Dul| o] x]Pu] Lo (1.4)

llx|"u
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260 L. Caffarelli, R. Kohn and L. Nirenberg [2]

if and only if the following relations hold:

R R BN

(this is dimensional balance),
O0<a-o if a>0,
and

a—1

a—ox1 if a>0 and +

~ | =

Y
" +o (1.7)

N

Furthermore, on any compact set in parameter space in which (1.1), (1.2),
(1.5) and 0 < a — 0 < 1 hold, the constant C is bounded.

We emphasize the curious fact that one needs the condition a — 0 <1
onlyincasea>0and 1/p+(a—1)/n=1/r+vy/n.

The proof is rather long, but elementary. We first verify necessity;
then we verify the case n=1, 6 =a — 1, using among other tools a
weighted Hardy-type inequality proved by Bradley [1]. The case n > 1,
0 < a — o <1 is treated next; then finally the casea—0>1,1/p + (a —
1)/n+#1/r+y/n. Since when a = 0 there is nothing to prove, we shall
always assume a > 0.

Throughout, C denotes a constant, depending on the parameters,
whose value may change from line to line. Although we will not estimate
the constants explicitly, it will be clear from the arguments that the last
assertion of the theorem holds.

I. Necessity

Note first that the inequalities (1.1) are necessary in order for the norms
in (1.4) to be finite. If (1.4) holds for u(x) then it holds also for u(Ax),
A > 0. Inserting this in (1.4) we obtain (1.5). This is merely dimensional
analysis; if we think of u as dimensionless then the dimension of ||x|"u
is y + n/r, that of ||x|*Du||,,is « — 1+ n/p, etc.

Next, for some fixed function v € C§°(|x| < 1), v # 0, let u(x)=v(x —
x,) with |x,| = R large. Inserting this in (1.4) we see that

L

RY < CRaa+(l —-a)p

so that

as+(l1-a)B<aa+(1-a)p.
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Hence o < a. Next we prove (1.7). Suppose

a—1
+

N |-

-+

X |=

n

N

Q|-

+

3 ™

by (1.5)ifa<1. (1.8)

We insert in (1.4) the function

0 for |x|>1

1
x|7Y"""log— fore<|x|<1
e Y/ log% for |x| <.

This function is not in C* but it is clear that (1.4) must also hold for it.
Straightforward calculation shows that, if p, 8 are polar coordinates,
fe S"—l,

1 1
[rur=c ~log’~dp
R" p

e<|x|<1P
1
> C logl+r:

Consequently (1.4) implies

l+1<a(-l—+l)+(l—a)(l+1)
r p q
c1-a

a
S__.
P q

1
p

But according to (1.3) and (1.5)

1—a
+

1 a a
7—; P +;(a—1—o) (19)

Hence a — 1 — 0 <0, i.e. (1.7) holds. Necessity is proved.
IL. Preliminaries

We present some inequalities which will be useful in what follows.
Several of these are special cases of (1.4).
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A) If 1<p<r, 6€R, and a=8+1/r+(p—1)/p then for
ue C(R)

lx1°uls < Clix|*Dul,.» (2.1)

in case either

(i)8+%>0

(ii)8+%<0 and u(0)=0.

The constant C in (2.1) stays bounded as p, r, and 8 range over any compact
subset of {1<p<r, Or+ —1}.
One easily deduces these facts from the weighted Hardy-type inequali-
ties in [1]. For r = p this is Theorem 330 in [4]. O
(B) Assume (1.1)-(1.3) and (1.5) hold; for any p > 0, let

R,={p<|x|<2p}. If ueCP(R") and
8=y+%—n (2.2)

then

[
RD

ar/p
ap P Bqy,,19 8
<C(pr|x| | Du| ) (/Rp"" Iul) +C(fR,,'x' Iul)

with C independent of p. If [, u= 0 then the latter term in (2.3) may be
omitted. ’

It suffices to consider p = 1, since the general case follows by scaling.
Writing R, = R, we consider first the case that

(A—ayr/q

r
]

a,lza_a_, (2.4)
P g n

1
m
Using a standard interpolation inequality ([3], [8]), and writing u =
(meas R) ™ !f.u,

(I—a)ym/q

fR|u—a|'"<C(L|Du|P)aM/p(L|u—u|q) . (2.5)



[5] Interpolation inequalities 263

Since a — 0 > 0, r < m; applying Holder’s inequality to (2.5) we find

r/m
f|u—a|'< c(fw—ar")
R R
(A—-ayr/q

sc(fR|Du|p)”/p(fR|u—a|q) (2.6)

If, on the other hand, (2.4) fails, then a/p + (1 —a)/q < a/n. It follows
that

1

N
N =

and if (2.7) holds then

(1=b)r/q

fR|u—a|'< C(LIDuV)br/P(leu—m") (2.8)

where

and in particular b < a. By Sobolev’s inequality and (2.7),

(L|u—a|4)l/q< C(j;JDul”)l/p. (2.9)

combining (2.8) and (2.9) yields (2.6) once again. Rescaling and multiply-
ing by p"’, we conclude that if [, =0 then

ar/p
x|"Mul"< C x|*"|Du x|P9|ul
fR,,"" (fRPIIII) (fRPIIII)

If u +# 0, we note that

(fR|u - a|")1/q< C(/R|u|q)l/q.

(I—a)r/q



264 L. Caffarelli, R. Kohn and L. Nirenberg [6]

Therefore, using (2.6),

()< { fpu=ar) " frar)”

(1-a)/q

<c(fR|Du|f’)u/p(fR|u|q) +ch|u|.

This proves (2.3) in case p = 1, and the general case follows once again by
scaling. O

(C) Suppose (1.1)-(1.3) and (1.5) hold, and o = a — 1; and suppose
further that

a>(1+q-q/p)" " (2.12)
Then (1.4) holds, with constant C uniform so long as yr + n stays bounded
away from zero.
Since 0 = a — 1 implies 1/r=a/p + (1 — a)/q, the condition (2.12) is
. equivalent to

a>1/r. (2.13)

We prove (1.4) in this context using radial integration by parts:

Jixt 1l < € f1x1* up 1 Dyl

a a~ -1 € r—a!
< Cf (el Du (1t (1xfgu=)
where e=yr+1—a+B—B/a=y(r—a'). By (212),a ' —1<gq, so
a -1 —a~!
Jix tur” < Clxt| Dull ol Pufze ™ et ful = o (2.14)

with k chosen so that

11, 1
4 =(a'=1)+=1.
» il )+

One checks that

(r—a “k=r and ek=1yr;



(7 Interpolation inequalities 265

using this in (2.14) yields

-1 —-1_
lIx"ul7r < Cllx|*Dulollx|Pulie

from which (1.4) follows. O
DYIf t,r=zl;y+n/r,e+n/t,B+n/q>0;and 0<b<1 then

1-b
< flefuf 1 x1 Pl o (2.15)
for ue C§°(R™) provided that

1-b

% = % + ~ (2.16)
and

y=be+(1—-5)B. (2.17)
This is an easy consequence of Holder’s inequality. O

For notational convenience we set
llx|*Dul > = A4, |x|Pu|.=B (2.18)
so that our goal is to show

1< CA°B'™°,

llx|"u

Throughout the paper, {(x) will represent a fixed C§° function on R”
with the properties

0<¢{<1; ¢{=1if |x|]<%, ¢=0if |x|>1. (2.19)

III. Sufficiency whenn=1,0=a —1

When possible, we shall use (IIA) to verify the case a =1 and (IID) to
interpolate between a =0 and a=1. Substantial complications arise,
however, because (IIA) does not apply when 1/p + a — 1 = 0 (this corre-
sponds to the case 6 +1/r =0 in (2.1)). Note that 6 = a — 1 implies

+1;“, y=a(a—1)+(1-a). (3.1)

1
,

A TN
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(A) Thecasey+1/r=1/p+a—1, 0<a<l

By (IID),

el <lxl® ™l ol ix P (3.2)
while by (ITA),

[1x1~ Yu| L < Cl|x|*Dul . (3.3)

Combining (3.2) and (3.3) yields (1.4). O

The remainder of this section addresses thecasey +1/r#1/p+ a — 1.
In that event one may rescale u so that 4 = B = 1; we henceforth assume
such a normalization, so that our goal becomes to show

lIx|Yul,- < C.

(B) The case 1 /p + a — 1 > 0 and bounded away from zero

The argument used for part A applies here, too. Note however that as
1/p + a —1 — 0, the constant in (3.3) tends to co. O

The case 1/p+a—1=0 will be handled in (C)-(E); part (F) will
treat the case 1/p + a —1 <0 and bounded away from zero.

We choose a real number », depending on the parameters, such that
0<wv<1and

2V<y+%, w<B+—<(20) . (3.4)

Q| =

(C) Thecase —v’<1/p+a—1<v and 1/p<I—v
Note that @ and (1 + ¢ — ¢/p)~ ! are bounded away from 1 in this case:
a<1-2" (3.5)

_ 1
1+q9-4q/p) 1<1+,,- (3.6)

Let p=(1+2»?)"!, and set a,=a/u, so that a<a,<1—4r* By
(IID),

]7
[l ael - < Cllxe|u o1 P o™ (3.7)
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where € and ¢ are determined by

1—p
q

1
= +
t

<=

e=p(a—1)+(1—-p)B.

Moreover we see that
1 1 1
—4e=p|l—+a—-1]+(1- +—)>3v3
; M(p ) ( u)(ﬂ p n

is bounded away from zero. Since » < 3, (3.6) implies u(1 + ¢ —q/p) > 1;
hence by (IIC)

|lx|<u|, < CA*B'~*; (3.8)
substitution of (3.8) into (3.7) yields (1.4). O
(D) The case —v>’<1/p+a—-1<v, I—v<Il/p<la>v

We set § =y + 1/r — 1, and note that under the above hypotheses
a<2r<é+1 (3.9)

and
1 2
s—B<——1-» (3.10)
q
We assert that
1/r
(f|x|7'|u|’) < CA“B'~% + C/|x|8|u|. (3.11)

Indeed, if R, = {2* <|x| < 2*¥*!} for any integer k, then (IIB) yields
[ 1l
Ry

(-ayr/q

ar/p
ap 4 Bay,,19
<C(ka|x| | Dul ) (ka|x| |ul ) +C

,
é

[ I |u|) :

Ry

(3.12)
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We add (3.12) for k € Z, using the inequalities
c d
Yaiyd<(Tx) (Xn)"  c+dx1 (3.13)

Yxi<(Xx)' o1, (3.14)

valid for x,, y;, ¢, d>0. Since ar/p+ (1 —a)r)/q=1 and r>1 by
(3.1), these inequalities apply and yield (3.11).
Thus we need only show that [|x|%|u| < C. With { as in (2.19) we write

Jixt®iul= [ix1%iui+ [1x°(1 = )1ul (3.15)

and estimate the two terms separately. Since & is bounded away from
—1, we may use radial integration by parts in the first term:

Jixt®ut < € [1x151Dul + € [1x1° 1| DY ul

<C |x|3*1|Du| + C |x[2* Yul.

Ix|<1 L <lxi<1
<C |x|®*1|Du| + CB
lx|<1
If p=1 then
f Ix|** 1| Du| < CA (3.16)
[x]<1

since § + 1 > a by (3.4). If p>1 then

1/p’
f |x|8+l|Du| <A- / |x|(5+l—a)p,
Ix|<1 |x|<1

where p’=p/(p —1). Since § + 1 — a > 0, the integral converges; hence
(3.16) holds also for p > 1. Thus

/|x|5§|u| <C. (3.17)
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We argue similarly for the second term in (3.15), but without integrat-
ing by parts:

Jrra =< [

|x

1/q’
xlul < B| [ |x|CP7
>3 x>

assuming ¢ > 1, and setting ¢’ = q/(q — 1). The last integral converges,
by (3.10), so

flxl‘s(1 -§)ul<C. (3.18)

If g =1 we see from (3.10) that § < 8, so
[ xf<cf  ixPlul<cB,
xI>3 lxI> 3
which yields (3.18) also for g = 1. We have shown
JixPu<c,

with constant C uniform for fixed ». By (3.11), the desired result (1.4)
follows. 0

(E) The case —v><1/p+a—1<v, 0<a<v

We argue much as in part (C). Let € and ¢ satisfy

L=l (a1 (-

N =
Q

with u = 1, we recall from (3.7) (with p = 3) that

2 1-2
llelal - < Clix|ul 7] 1x1Pu] o (3.19)

Since € + 1/t > 1(2v — »3) > 1», we have from cases (C) and (D) that
lIx|ul, < CA'/*B'2. (3.20)

Combining (3.19) and (3.20) yields (1.4). 0
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(F) The case 1 /p+a—1< —v3

Let &2(x) = u(x)—u(0){(x), with { as in (2.19). Arguing as in parts (A)
and (B), we obtain

a 1—a
x|t - < Cllx|°Di| Lo||x|Pit] o
a 1—a
< C(lxlDulr + [u(0) ) ([lx1 sl .o +1u(0)1)
< C(1 +u(0))).

Thus to prove (1.4) we need only show that |u(0)| < C.
Now

o d
u(0) = — /0 = ()
so that

1 1
u(0)|<C{ |Du|+ C u
1u(0)]| fOII fmu

1

< C| |Dul+ C.

/(')| |

If p > 1, then

1 1 , 1/p’
[ 1 <l Dulo-{ 1517 )
0 0

and the integral on the right converges, because —ap’> —1 + »?p’;
hence

f |Duj< CA<C. (3.22)
Ixl<1

If p =1, we still conclude (3.22), since in that case a < 0. Thus we have
shown

[u(0)] < C. (3.23)

m]
The proof of (1.4) for n=1, 0 = a — 1 is now complete.
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IV. Sufficiency whenn> l,a>o0>0a—1

Note that in this case

- —o—1 -
1_a_ 1 a+a(a o )<£+l a (4.1)
r.p q n p q
(A) Radial functions

We consider u(x) = f(|x|), where f is smooth on [0, o) and vanishes for
|x| large. For integers k, let R, = {2* <|x| < 2%*'}; by (IIB) we have

fR x| |ul” (4.2)

r
8
IR |u|)
Ry

(=ayr/q

ar/p
ap )4 Bay,,19
<C(ka|x| | Du| ) (f&|x| |u|) +C

with § =y + n/r — n. Let s be defined by

1 1—a
= +
s

R (4.3)

so that 1/r < 1/s < 1. By Holder’s inequality,

(f&lxlslul)rs C(f&lx|us|u|3)r/s, (4.4)

pmn(1-1a7), (43)

We add (4.2) for all &, using (4.4) and the inequalities (3.13), to obtain

1/s

1/r
(f|x|*’|u|') sCA"Bl‘“+C(f|x|“|u|s) . (4.6)

Now,

1/s

1/s
ns s oo'_” s, 7 = ﬁ_l
(/R"m |u|) <c([Tomirran) L m=v+ oL @)
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while

1/p 0o _ 1/p n—1
(/ |x|"‘”|Du|") > c(/ p“"|Df|”) , @=a+ (4.8)
R" 0

and

(/R nlxlﬁ"|u|q)l/q>C(fowpﬁﬂflq)w, F-prit. (49)

Since

we conclude from Section III that

_ _ a ~,1—a
llI*A1. < ClIxI*DA ol x1Pf| o - (4.10)

(Strictly speaking, one must first extend f to a function on (— o0, o0), and
then apply the results of Section III. Alternatively, one may simply note
that all the proofs in Section III remain valid for functions on [0, c0).)
Combining (4.6)—(4.10) yields || x|Yu|,- < CA“B' ~“. |

(B) Non-radial functions

For any u € Cy(R)"), let U: (0, o0) = R" denote its spherical mean
function

U(p)=f u (4.11)

|x|=p
and let u* be the associated radial function on R”
u*(x)=U(]x]). (4.12)

We have

pue)i< f 1. W< f lu

|x|=p
so that
lix|*Du*|r <4,  |lx|Pu*|p < B; (4.13)

also, of course, u — u* has mean zero on each sphere |x| = p.
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Let R, = {2* <|x| < 2¥*!} for integers k; by (IIB) we have

o=y
Ry

ar/p (A-a)yr/q
<C f |x|°?| Du — Du*|? f|x|/3"|u—u*|q (4.14)
RI« RI\

for each k. We add the inequalities (4.14), using (3.13) and (4.1), to
conclude

(= u*)] 1o < Clx|*D(u— )|l (u— w¥)| 12", (4.15)
whence using (4.13) and (IVA),

lIx|Yu| .- < CAB* =< + ||x|"u*|,- < CA“B'~“. O

(V) Sufficiency incase 1 /p+(a—1)/n#1/r+y/nando<a—1
Notice that in this case a <1 necessarily. We may assume 4 =B =1,

since this normalization may be achieved by scaling. Since (1.4) has been
proved for o = a and for 6 = a — 1, we know that

»<C,  |x|ulp<C (5.1)

[1x1%u
provided that 8, s, €, and ¢ are related by
S§=ba+(1-b)B

1 b 1-b b

s p q n
e=d(a—1)+(1-4d)B

1 1-d
1_4,1-4 (5.2)
t p q

for some choices of b and d, 0 < b, d < 1, and provided that

§+l>0,

1
" B + 7 > 0. (53)

S|~

Under certain conditions upon b and d we shall see that (5.1) implies a
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bound for ||x|"u|,.. For { as in (2.19), we estimate

1/r
(/IXIY’{'“"‘) <||x|‘u|L:(/ le(y*c)tr/(t—r)

IxI<1

)”'”/' (54)

and

1/r—1/s

1/r
( Jixrr(a —{)lul') <||x|6“,u( [, lIXI”"S”’A“”) (5:5)

by Holder’s inequality, provided that

Nl’—‘
N [ =

1 1
and TS5 (5.6)

<

The integrals on the right in (5.4) and (5.5) converge if

1 6
<§+;. (57)

NI)—‘

1
+-<—+
r

S|m
3=

One computes that

l+£=d(—l—+a_1)+(l—d)(-l—+£)
t n p n q n
l+1=a(l+a_1)+(l—a)(l+£)
r n p n q n
l+§=b(l+““1)+(1_b)(l+ﬁ)
s n p n q n
so that (5.7) holds whenever
b<a<d if l+"‘_1<l+£
p n q n
d<a<b if l+¢x——l>l+ﬁ’
P n q n

and (5.3) holds too if |d—a| and |b — a| are sufficiently small. One
computes furthermore that

%—%=(a—b)(%—$—%)+%(a—o)
%—%=(a—d)(%—-;ll-)+%(a—o—l);
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sincea>0ando<a—1,
a a
0<—(a—0—-1)<—(a—o0);
¢ (a-o-1)< L(a0);

therefore if |b — a| and |a — d| are small enough (5.6) will hold as well.
For such choices of b and d, we use (5.1), (5.4), and (5.5) to conclude

[1x|7u|,-< C. O
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