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ON SUMS OF S-UNITS AND LINEAR RECURRENCES

Jan-Hendrik Evertse

§1. Introduction

In 1961 Chowla [1] proved that in any algebraic number field K there are
only finitely many pairs of units €, €, such that ¢, — €, = 1. Schlickewei
[15] and Dubois and Rhin [2] proved independently of each other that
the equation x; + x, + ... +x, =0 has only finitely many solutions in
rational integers x,, X,, ..., X, which are pairwise coprime and each
composed of fixed primes. Recently, Shorey [20] showed that if {u, }7_,
is a simple linear non-degenerate binary recurrence sequence of rational
integers, then the greatest prime factor of u,/u; tends to infinity if
r— oo, r>s, u # 0. It is our intention to generalize these results by a
uniform approach based on Schlickewei’s p-adic version of the method of
Thue-Siegel-Roth-Schmidt. Part of our results has been obtained inde-
pendently by van der Poorten and Schlickewei [14].

Throughout this paper, K will denote an algebraic number field of
degree D with ring of integers Oy. By a prime on K we mean an
equivalence class of non-trivial valuations on K. We distinguish between
infinite primes which contain archimedean valuations and finite primes
which contain non-archimedean valuations. We denote the set of all
infinite primes on K by S_. There is a well-known correspondence
between finite primes and prime ideals. The letter p is used for primes on
Q, the letter v for primes on K. The infinite prime on Q is denoted by p,
and |.|,, is the ordinary absolute value. If g is a prime number in Q, the
corresponding finite prime is also denoted by ¢ and |.| , denotes the g-adic
valuation defined in the usual way. The completions of Q, K at the
primes p, v respectively, are denoted by Q,, K, respectively. Thus
Q, = R. For every prime v on K lying above a prime p on Q@ we choose a
valuation ||.||, such that

K0,
llel|, = |ex], forall a€Q.

By this choice, the so-called product-formula holds,

IThell,=1  forall a€K,a+0, (1)
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226 Jan-Hendrik Evertse [2]

where [ | means that the product is taken over all primes v on K.

v
Let n be an integer with n > 1. Points in the vector space K"*! are

denoted by x = (x,, X, ..., X,). let 0, 0,, ..., o, be the embeddings of
K in C. Put
llxll= max |o,(x, ). )
O0<k=<n
1<j<D

If we identify pairwise linearly dependent non-zero points in K"*!, we
obtain the n-dimensional projective space P"(K). Points in P"(K),
so-called projective points, are denoted by X = (x,: x;:...:x,), where
the homogeneous coordinates are in K and determined up to a multi-
plicative constant in K. Put

H(X)=1:[maX(leollu,lelll,,, cos 1l )- (3)

By (1) this height is well-defined since it is independent of the multiplica-
tive factor. The functions ||x|| and H( X) are closely related. Schmidt [17]
showed that positive constants c¢,, ¢, exist, depending only on K, such
that for each point X € P"(K') the homogeneous coordinates x,, x;, ...,
x, can be chosen such that if x = (xg, Xy, ..., X,,),

(i) x, €0 for k=0,1,...,n

and (4)
(i) qllx|°P<H(X)<c,|x||®. (cf.§3).

In case K= Q we may take ¢, = ¢, =1 since
llx||=H(X) if and only if ged(x,, X, ..., x,) = 1. (5)

Obviously ||x||>1 for all x€ O2*! and H(X)>1 for all X€ P"(K). It
is easy to check that for each 4 > 1 there are at most finitely many
x € Op*" with || || < A. Hence by (4) for each B>1 there are at most
finitely many X € P"(K) with H(X) < B.

Let S be a finite set of primes on K, enclosing S,. An S-unit is by
definition and element a of K with |||, =1 if v € S and an S-integer an
element a of K with ||a|, <1 if v € S. Let ¢, d be constants with ¢ > 0,
d > 0. A projective point X € P"(K) is called (¢, d, S)-admissible if its
homogeneous coordinates x,, x;, ..., x,, can be chosen such that

(i) all x, are S-integers (6)
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and

n

) TIT Ouxkuusc-H(X)d (6)

vES k=

Clearly, the homogeneous coordinates of (1, 0, S)-admissible projective
points can be chosen to be all S-units.

THEOREM 1: Let ¢, d be constants with ¢ > 0,0 < d <1, let S be a finite set
of primes on K enclosing S, and let n be a positive integer. Then there are
only finitely many (c, d, S)-admissible projective points X =

(xg:Xy:...:x,)€ P"(K) satisfying

Xo+x,+ ...+x,=0 (7)
but

X, +x, +...+x, #0 (8)

for each proper, non-empty subset {i,, iy, ...,i;} of {0,1, ..., n}.

Mahler showed that for n=2 (7) has at most finitely many (1, O,
S)-admissible solutions in P"(K). As far as I know, Lang [4] was the
first who published a proof of this result. For related results we refer to
Chowla [1], Nagell [8], [9], [10], Gyory [3], Schneider [19]. A somewhat
weaker result than Theorem 1 has been stated by van der Poorten and
Schlickewei [14]. For K = Q we have the following corollary of Theorem
1.

COROLLARY 1. Let c,d be constants with ¢ >0, 0 <d <1, let S, be a finite
set of prime numbers and let n be a positive integer. Then there are only

finitely many tuples x = (x,, x,, ..., x,) of rational integers such that
Xo+x;+ ...+x,=0; (9)
X, +x, +...+x;, #0 (10)
0 1 5

for each proper, non-empty subset {iy, iy, ..., i} of {0,1, ..., n};

ged(xg, X4y -vvs x,)=1; (11)

TT (beul TT bl < el (12)

k=0 PES,
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The corollary follows by (5) and the fact that there are exactly two tuples
(xgs ..., X,) of rational integers with gcd 1 which can be chosen as
homogeneous coordinates of a given projective point in P"(Q). Schlicke-
wei [15] and Dubois and Rhin [2] showed that the number of tuples
x = (xg, Xy, -..» X,) € Z"*" satisfying (9), (12) and max(|x,|,, |x,|,) =1
fori,j€{0,1, ...,n} and i #j and p € §, is finite, where again c, d are
constants with ¢>0,0<d<1.
We shall derive Theorem 1 from

THEOREM 2: Let n be a non-negative integer and S a finite set of primes on
K, enclosing S,,. Then for every € > 0 a constant C exists, depending only
on €, S, K, n such that for each non-empty subset T of S and every vector
x=(Xxg, X1y ..., X,) € O2* 1 with

X, +x, + ...+x, #0 (13)
o 1 s

for each non-empty subset {i,, ..., i} of (0,1, ..., n):

k=0veS

( I1 ”xk“u) l;[T”xo x4+,
> [ TT max(lxgll,» - %, 1,) |l (14)

veT
A straightforward application of theorem 2 yields

COROLLARY 2: Let n, S be as in theorem 2. Then for every € > 0 a constant
C, exists, depending only on €, S, K, n, such that for each non-empty subset
T of S and every vector X = (Xq, X1, .., X,) € Of* with xgx;...x,(xq+
..+ x,)#0:

( 1_.[ n “xk”v) IE—IT”xO-'-x] + ... +xn”u

k=0 veS

> C,( TT min(lxoll,s - ,01,)) 11

veT

We shall apply theorem 1 to linear recurrence sequences {u, }%_,. We
assume that no integer k exists such that u, = 0 for k > k. Let n be the
smallest integer for which constants v, v,, ..., v, exists such that

Up g =Vl VU, >+ U, for k=0,1,2,....

(15)
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Then v, # 0. It is well-known that polynomials f, and pairwise distinct
numbers «, exist, depending only on vy, v,, ..., v,, ug, 4y, ..., 4,_;, such
that

u, =Y f(k)a* for k=0,1,2, ... (16)

i=1

Without loss of generality we may assume that the polynomials f, do not
vanish identically. The numbers a, are called the characteristic roots of
{u,}5-0. We call the sequence degenerate if at least one of the quotients
of two distinct characteristic roots is a root of unity and non-degenerate
otherwise.

Van der Poorten [13] has applied his version of theorem 1 to deduce
several remarkable facts on non-degenerate recurrence sequences { #, }%_,
of algebraic numbers. Under very general conditions he proved that (i)
for every € > 0 there exists a K such that

k(1—¢)
|uk|>( max |a,-|) for k=K,
i=1,2,..

I EEREY

(i) the maximum of the norms of the prime ideals £ with ord /(uk) #0
tends to infinity if X — oo and (iii) the total multiplicity of {u, }%_, is
finite. Here the total multiplicity is defined as the number of pairs (r, s)
of non-negative rational integers with u, = u_and r # s. Shorey [20] gave
in the case of a binary recurrence sequence of rational integers a lower
bound for the greatest prime factor of u,/u_ subject to the conditions
r>s, u,# 0, which tends to infinity if » does. In Theorem 3 we shall
generalize (ii) to prime ideals /4 with ord L (u,/u;)# 0 in the same way as
Shorey did, but without an explicit lower bound. Result (iii) is a direct
consequence of theorem 3.

For a € K, a # 0 we define P, («) to be the maximum of the norms of
the prime ideals £ with ordﬁ(a) # 0 if a is not a unit and Py (a)=1if ais
a unit. Further we put P, (0)=0.

THEOREM 3: Let {u, }¥_, be a linear non-degenerate recurrence sequence
in K with at least two characteristic roots. Then

: u,

lim Py — | = 0.
r— oo u

r>s

u,+0

The example u, = ka* with a € Z, a > 2, where u, is a power of a for
every positive integer /, shows that the assertion of Theorem 3 does not
hold if there is only one characteristic root.
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The following two results of van der Poorten [13] are consequences of
Theorem 3.

COROLLARY 3: Let {u, }¥_, be as in theorem 3. Then

lim Py (u,) =0

r— oo

This follows from Theorem 3 by keeping some s with u, # 0 fixed. This is
an improvement and generalization of a result of Polya ([12], Satz 2/, p.
17) which in fact states that if {u,};, is a sequence satisfying the
conditions of theorem 3 and if all u, belong to @, then
limsup, _, ,(Pg(u,)) = oo

COROLLARY 4: Let {u,}7_, be a linear non-degenerate recurrence se-
quence of algebraic numbers. Suppose that there do not exist a constant a
and a root of unity p such that u, = ap* for all k. Then there are only
finitely many pairs of non-negative integers (r, s) withr # s and u, = u,.

If u, =f(k)p* for k=0, 1, ..., where f is a non-constant polynomial
with complex coefficients and p is a root of unity, then there can be only
finitely many pairs (r, s) with r #s and », = u_. This follows from the
fact that {|u,|}7_o = {|f(k)|}¥-, is a strictly increasing sequence from a
certain term on. If u, = f(k)a* for k=0, 1, ..., where f is a polynomial
with algebraic coefficients and a not a root of unity, then we consider
instead of {u, }¥_, the non-degenerate recurrent sequence { v, }¥_, with
ve=u,+1¥ for k=0, 1, ... . So we may assume that {u, }¥_, has at
least two distinct characteristic roots. Using that in fact all coefficients v,
in (15) are algebraic, all u, belong to some algebraic number field and
now Corollary 4 follows immediately from Theorem 3.

We remark that van der Poorten [13] has claimed that Corollary 4 is
also valid if some of the terms u, are transcendental over Q.

§2. Proof of Theorem 2

As in §1, let K be an algebraic number field of degree D and let O be its
ring of integers. We mention a theorem, due to Schlickewei [16], which
will be used in the proof of theorem 2. As in §1, p, denotes the infinite
prime on Q. Let p,, p,, ..., p, be distinct prime numbers (or finite primes
on Q). Foreachi € {0, 1, ..., ¢} the valuation ||, can be extended to the
algebraic closure Q p, of Q in a unique way and this extension is also
denoted by ||, . Furthermore there are D isomorphic embeddings o{",

03", ..., a5 of K in Q . Put K= o(”(K) a"N=0"(a) fora € K
and <0 /)—(x“ N “ ) for x = (xO, e X )€K"+1
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THEOREM 4: Let n be a non-negative integer. For every j with 1 <j < D and
every i with 0 <i<t, let LY, ..., L"7) be n+1 linearly independent
linear forms in n + 1 variables with coefficients in Q, which are algebraic
over Q. Then for all € > 0 there are finitely many proper subspaces T,, T,,
...y T, of K"*', depending only on n, p,, ..., p,, €, K and the forms L7,
containing all solutions x € OF*', x # 0 of the inequality

n

t D
ITTTITI|Le2 (=), <llxl™ (17)
Jj=1k=0

i=0

We shall now prove Theorem 2. Let S be a finite set of primes on K,
enclosing S, . We assume that S has the property that if it contains one
prime lying above some prime p on Q, then it contains all the other
primes on K lying above p. Obviously, this is no restriction. Let p,, p,,
..., p, be the primes on Q above which the primes in S ly. We shall
proceed by induction on n. For n =0, theorem 2 is trivial. Suppose that
theorem 2 has been proved for all integers n with 0 <n <m (where
m =1). Our aim is to prove Theorem 2 for n=m. Let ¢>0 and T a
non-empty subset of S. We shall show that the points x = (x,, x;, ...,
x,) € O™ ! which satisfy both

X, +tx, + ... +x #0 (18)
for each non-empty subset {i,, i;, ..., i,} of {0,1, ..., m} and
i llo=llx, ll,=...>]lx, ||, forall veES, (19)

where for each v € S, (iy,, i . i,mp) 18 @ given permutation of (0, 1,

..., m), and

w

m
( I ||xkuv) TT fixo+x,+ oo+ %0, < ( Tl Ml )i
0 veT veT

k=0veS

do also satisfy (14) for a certain constant C, specified in Theorem 2. This
is clearly sufficient to prove Theorem 2.

For each prime v € S, lying above the prime p, on @ (where i € {0, 1,
..., 1}), we have that the valuation given by |0 (a)|, for a € K belongs
to v for exactly [K,: @,] embeddings o(". Thus, if /(v) is the set of these
embeddings,

all,= T1 lo ()], foral a€kK (21)

oV el(v)
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Let Zbe the set of pairs of integers (i, j) with 0 <i<¢, 1</ <D, such
that oj(') € [(v) for some v € T. We now define the following linear forms
in the variables x,, ..., x,,, where v is determined by aj(') el(v):

LED(x)=xo+x,+ ...+x for (i,j)eZ;

LG (x)=x, for (i,j) €%
L (x)=x, ~ for 0<i<t, 1<j<D, 1<k<m.

These linear forms have coefficients in @ and for fixed i, j, the forms
(L& ym_, are linearly independent. Furthermore, for all x € Op*!
satisfying (18), (19), (20) we have by (21),

[T 1T TTize (o)1, = (kflo Ul;[gnxkuv)(DIEITnx,O,,uU)_I

i=0 j=1 k=0
X( [T xo x5,
veT

<|lxlI”

Hence by Theorem 4, the x € Of*! satisfying (18), (19), (20) already
belong to finitely many proper subspaces of K"*!. For each subspace it
is possible to express some of the variables x, in the other variables x,.
Hence there exist finitely many tuples (B,, B, ..., B; ) of numbers in X,
where 0 < u <m such that each solution x € Of*! of (18), (19), (20)
satisfies at least one of the relations

Xotx;+ . +x,=B8x +Bx + ... +Bx, (0<u<m).(22)

We may assume that no subsums of the right-hand side are equal to zero
by cancelling some of the terms B,x,, if possible. We now show that all
points x € O2*! satisfying (18), (19) (20), (22) also satisfy (14) with a
constant C depending only on €, m, K, S, the permutations in (19) and
the tuple (B,, ..., B, ). Since we have only finitely many permutations of
(0, 1, ..., m) and a finite set of tuples (8, ..., B; ) which depends only
on m, K, S, e and the permutations in (19), this suffices. Let ¥7 = { ji, ji,
e du )b ¥5=1{0, 1, ..., m}—7¥7, let T} be the subset of T such that
iy, € ¥; and T, the subset of T such that iy, € ¥. The constants c;, c,,
... will depend only on €, K, S, m, the permutations in (19) and the
tuple (B,, ..., B, ). Let § be a number in K such that 6B, --., 6B, are
algebraic integers and put z,= 6,Bjx for /=0, 1, LU, 2=0(20, 21y --s



9] On sums of S-units and linear recurrences 233

z,)- By (22) and the induction hypothesis we have

(H T, )1‘[||x0+x1+ et x,ll,
k=0veS eT

> T1 Tl ) TT Tbed( Do+ oo +200,)

ke¥, veS veT

> co TT TLixell)( TT max(lizglles s zll)) el

kevy, veS veT

o

> s TT TLieall, )( IT maxiix, s (23)

ke¥; ves

If T, = T then (23) implies inequality (14) since [T, ¢, IT,csllx,ll, > 1. If
T, & T, then, by (22) and the induction hypothesis,

( IT TLua, )( IT maxiis,l,

ke¥; ves veET,

> c( TT Tl

ke¥y, veS

(LB~ 1%, + (B, =D, + .+ (B~ D, 1)

vET,

~c( TT Tl ) T X =,

ke¥, ves veT, kev,

—€/2
> ¢ TT maxiiel, x>

veT, I€7;

Together with (23) this implies that

0vesS

(H |JNEAR )I;[T||x0+ et Xl

>y TT maxixll, )( TT max i, el

veT, KEY, veT,

= co( T max(xolls s Ixll) Il
veT



234 Jan-Hendrik Evertse [10]

where empty products must be taken equal to 1. This completes the proof
of Theorem 2. o

§3. Proof of Theorem 1

As before, K is an algebraic number field of degree D, S a finite set of
primes on K enclosing S, and ¢, d positive constants with ¢ >0,
0 <d < 1. Constants ¢y, ¢;5, ... will depend only on X, s, n, ¢, d. Let
X=(x5:%,:...:x,)EP"(K) be a projective point satisfying (6), (7),
(8). By an argument of Schmidt [17], (p. 63), there are positive constants
g, €195 €17 and a A € K with A # 0 such that

Ax, €0 for i=0,1,...,m,
N((Axg, ..., Ax,)) <cq,

(where N(z) denotes the absolute norm of the ideal z) i.e.

1;[ max([[Axolly - IAx,ll,) 2 €5 ! (25)

v %

and if 0,, 0,, ..., 0, are the embeddings of K in C,

max(|o,(x,)], ..., |0,(x,)]) <

max (o, (xo)l, ..., 10,(x,)[) =

0= for i,je{1,2,...,D}.

(26)
Put y, = Ax,, y = A - x. Then, by (25), (26),
cnllyl® < H(X) < el yll®. (27)

Moreover, since the x, are S-integers and the y, algebraic integers, by (25),

TTiA, =TT max(liyoll,, - lyall)

veS vES

> [T max(lyollys - lyall,) = ¢5 '

v %

hence

TTIA, <.
veS
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By (6) this implies that

TT TT iyl < creH(X)“. (28)

k=0veS
Putp=(y,, ..., Y=(y;: y:...:»,). Since yy+y, + ... +y,=0 we
have

H(Y)<H(X)<csH(Y) (29)

Now we have, by (28), (7), (24), (8), (27), (29) and Theorem 2 with
=1
e=3;D(1—-d),

I\

d
C14H(X)

n
IT ITuwd.
k=0veS

n
(l—[ 1—1 ”yl\llv) 1—[ “y] +y2+ e +yn”u
k=1vesS

vES
= ere( TT max(iyil - Il )y~
ve
—e/D

> ¢, H(YYH(X) P 2 c,gH(X)' ~".
This implies that

H(x)' ™7 < Cra/Crg-
Since d <1 this proves Theorem 1.

§4. Proof of Theorem 3

In the proof of Theorem 3 we shall use two lemmas which are stated and
proved below. In the sequel, K denotes an algebraic number field.

LEMMA 1: Suppose K has degree D, let f(X)€ K[ X] be a polynomial of

degree m and T a non-empty set of primes on K. Then there exists a positive
constant ¢4, depending only on K, f such that for all r € Z with r # 0,

1(r)#0,
eislirl~ > < (LT max(L 7)) = TLIAI,

< l:l max(1, || f(r)l,) < cyolr]°™. (30)
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PRrROOF: It follows easily from (1) that

TTur(nn, < 1:[ max(1, || f()I,),

veT

/)1 = TLA 1" = (IT max(1, 1)

Furthermore there exist positive constants ¢,,, ¢,; and a finite set of
finite primes Tj, all depending only on K, f such that for all r € Z with
r#0, f(r)#0,

“f(r)”uSCZO”r”vm for UeSoo,

()N, < ex for veT,,

I£(r)ll, <1 for véS,UT,.

This implies Lemma 1 immediately. O

LEMMA 2: Let f(X), g(X)€ K[X] be polynomials of degrees m, n
respectively such that no rational integer h with h # Q exists for which one of
the polynomials f(X + h), g( X) divides the other. Let S be a finite set of
primes on K and B, y constants with

B>0,0<y< (31)

FreTE
Then there are only finitely many pairs of rational integers (r, s) such that

0<|r—s|<B|r|” (32)
and

f(r)
g(s)

is an S-unit. (33)

PROOF: For each pair of polynomials f( X), g(X) € K[ X], let#(f, g) be
the set of rational integers & with h # 0 which are the difference of a zero
of f and a zero of g. It suffices to show that if f, g are both non-constant
polynomials, then at most finitely many pairs (r, s) € Z2 exist which
satisfy (32), (33) and r — s € 5#(f, g). For assume we have shown this.
Let f, g be polynomials in K[X] such that no rational integer 4 with
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h # 0 exists for which one of the polynomials f( X + &), g( X) divides the
other. Let S2(f, g) be non-empty. Take h € 5#( f, g) and consider the
pairs (r, s)€ Z? with r — s =h for which f(r)/g(s) is an S-unit. The
polynomials f( X), g( X-h) have a nonconstant greatest common divisor
k(X)in K[ X]. Put fo( X)=f(X)/k(X), 8o(X)=g(X)/k(X + h). Then
neither f,(X), nor g,(X) is constant and for the pairs (r, s) under
consideration we have that f,(r)/g,(s)=f(r)/g(s) is an S-unit and
r—s&(f,, 8)- By our assumption and by the fact that S£(f, g) is
finite, this proves Lemma 2 in general.

Let ¥ "be the set of pairs (r, s) € Z? satisfying (32), (33) and r —s &
H(f, g), where f, g are non-constant polynomials in K[ X]. It is our aim
to show that ¥7is finite. We assume that f( X), g(X) € Ok[ X], that all the
zeros of f and g are S-units in K and that §O ., which are no
restrictions. Put D =[K: Q]. Suppose K C C and let gy, 05, ..., oy be the
embeddings of K in C. The constants c,,, ¢,; will be positive and depend
onlyon X, f, g.

We assume that ¥7is infinite for some pair of constants 8, y satisfying
(31). Let

f(X)=A(X-a)"(X—ay)".(X—a,)”,
g(X)=B(X—b)"(X-b,)"..(x-b,)"

where the g, are distinct, the b; are distinct, the e, and the f, are positive
integers with £7_,e, = m, X\_, f,= n. First of all we have for (r, s)€ 7",
if N(e) denotes the absolute norm of the ideal z, on noting that

r=s¢&X(f, 8)

N((r—a,,s—bj)) sN((r—s+bj—a,))

D
< 1_[ |r—s+ok(bj—a,)
k=1

<cplr—s|?  for

hence

N((£(r), g(5))) < caalr — 5P,

Since f(r)/g(s) is an S-unit this implies by (1), and f( X), g(X) € Ox[ X]
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that

max{ TT17(r)ll. TTis(s)ll,)

max( T/ TLig()i")
vES vES

(I max(nf(r)nv,||g(s)“v))4

vVES

<(T1 max(if ()0, he()1,))

VES,

=N((f(r), g(5))) < exlr — 517"

By permuting the a,, b, if necessary we may therefore assume that an
infinite subset ¥ of ¥’exist such that for (r, s) € ¥7:

D 1/m
Hsnr—alnvscu(lr—sl mn) T = epalr — 5|77,
ve

Hs—blugcz4|r—s|D”'. (34)

veS

Put {=¢"=s—r+a,—b,, §,=¢"V=r—a,, {,=8"9=b,—s,
Z=Z"9=(:¢:¢,). Then Z€ P3(K),

§0+§1+§2=0 (35)

and by (34), since r — s € #(f, g),

2
IT TTHSH, < caslr — s]P0m D, (36)

i=0ves

Since f(r)+0, g(s)+#0, r —s & H(f, g) for (r, s) € ¥, we have by (1)

H(Z)= [T max(|i$ll,, 1811l 118211,)

= H llr—all,- 1_[ lls—r+a, — b,
UES:,O U¢S,m
—_ — D —-D
= IT (Ir—alllis = r+a;, = bylI; ") = cylr| Pl — 5|72
vES,,o

(37)
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Put d=(m+n+1)y/(1 —v). Then, by (31), 0 <d <1. Formulas (36),
(32) and (37) yield that for (r, s) € ¥7:

2

1—!) I]SHKIHUSCZSBD(m+n+1)|r|Dy(m+n+l):CZSBD(m+n+1)IrIDd(1—y)
i=0ve

< CZSBD(m+n+1+d)(Ir|D|r__sl—D)d
S025C2_6dBD(m+"+]+d)H(Z)d.

Together with (35), the fact that §,, {;, {, are non-zero S-integers and
Theorem 1, this yields that there at most finitely many such projective
points Z. Therefore, there must be an infinite subset ¥ of ¥ such that
Z(n3) =7, for (r, s) € ¥,, where Z, is a fixed projective point in P ?(K);
Choose two pairs (7, 1), (73, 5,) in #5 with |r,| > |r;]. By (32), (31) this is
possible. Now we have by (32),

g‘(’psl)
|§é’|v32)| |2 .I{(()’sz)l
§(§r|,s,)
g-l(rl.s,) y
SC27l; {(I‘].Sl) .|§.1<r2‘S2) .
0

By (31), this implies that |{{"**)|, whence |r,|, can be bounded above in
terms of ry, s,, f, g, k, B, v. Together with (32) this contradicts the fact
that ¥ is infinite. Therefore our assumption that ¥’is infinite was false
and together with the remarks made at the beginning of the proof, this
proves Lemma 2. O

PROOF OF THEOREM 3: Let K be an algebraic number field and let
{u, }%-0 be a non-degenerate linear recurrence sequence with u, € K,
having at least two characteristic roots. We have

u,= Y f(k)ak for k=0,1,2,..., (38)
i=1

where m > 2, f; is a non-zero polynomial fori=1, 2, ..., m and the «, are
distinct algebraic numbers such that «;/a; is not a root of unity for i # .
We assume that f,(X)€ K[ X],and ;€ Kfori=1, 2, ..., m which is no
restriction in the proof of theorem 3. Further c,5, ¢,9, ... will denote
positive constants depending only on K, a;, a5, ..., a,,, f1, ..., [,
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We assume that theorem 3 is not valid, i.e. there exists a finite set of
primes S on K, enclosing S, and an infinite set # of pairs of integers (7,
s) with r > s >0 and u, # 0, such that «,/u is an S-unit or u, =0 for (r,
s)€# . We assume that the a, and the coefficients of the f, are all
S-units which is no restriction. In view of (38) we have

™Mz

{,‘ s

1

I

f(ai=BY f(s)aX=0 for (r,s)ew, (39)
1

i=1

where §, | is an S-unit, =1 if 4, #0, 8=0and {, ;=1 if u,=0. Put
£,=¢ f(r)a fori=1,2, ..., m, §=—Bf_,.(s)a_, fori=m+1,
..., 2m.Then §;, + &, + ... +§,,, = 0. For each pair (r, s) € #"there is a
collection £ of pairwise disjoint non-empty subsets of {1, 2, ..., 2m},
having {1, 2, ..., 2m} as their union, such that

Y£=0 for Fe,

ies (40)
L E#0 if IGSL,T#0  forsome FEP.

ieT

Since there are only finitely many collections of subsets as described
above, we can find such a collection £ such that (40) holds for all pairs
(r, s) belonging to an infinite subset #7 of #". We assume that there are
no pairs (r, s) in % with f,(r)=0 for some i € {1, 2, ..., m} which is
no restriction.

First of all, we shall prove that each set &in £ can contain at most one
element from {1, 2, ..., m}. Let us assume the contrary i.e. that there is
an %in £ containing integers i, j with 1 <i <j <m. Let = = ") denote
the projective point with the £, (k € %) as homogeneous coordinates. Put

e =TT max(1,[la,/a]l,).

Since ,/a, is not a root of unity, we have c,3 > 1. By (1) and Lemma 1
we have for r > ¢,g,

H(Z) > [T max(|5, . £,(r)alll,. 18, . f,(r)alll,)

> EI((max(l,uf,(r)uv) max(L, 117, (r)l,)) "

fi(r)e;
f(r)e

=] max(l,
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)

> Cyr kg = 52

al

Xmax(l,
J

But on the other side we have, since all a, are S-units,

IT TN < max (TLIAGIE" TLIfCo)I2")
<ksm\yes vES

ieESveSsS
< Capr®
-— 32 .

Since all the §, are S-integers, this implies by Theorem 1, and (40) that
there are only finitely many of such projective points Z*. But then
there are infinitely pairs (r, s) in #7 which correspond to the same
projective point =", Take two of these pairs, (r, 5,), (15, 5,) say, with
r, > 2r,. Then

g.rl,slfl(rl)airl g‘rz.szfl(rZ)arz

Goafi(r)a ¢ fi(n)a’

hence

(a,)’f" IRAGVAGY) (41)

o _f;(rz)f/(r]).

e

Choose a prime v such that ||, /a,||, = : ¢34 > 1. Then |ja,/a || ;2" = ¢55/%,
whereas by Lemma 1,

fi(r)f,(r2)
£(r)f(r)

C
< 351y .

v

However, for r, sufficiently large this contradicts (41). This shows indeed
that each set £in £ can contain at most one element from {1, 2, ..., m}.
Of course, there are sets #containing an element from {1, 2, ..., m} and
since we assumed that f;(r)#0 for i€ (1, 2, ..., m} and (r, s)€ #7,
these sets must contain also an element i from {m+1, ..., 2m}, for
which §; # 0. Hence B =1 and £ consists of m pairwise disjoint subsets of
{1, 2, ..., 2m}, each containing exactly one element from {1, 2, ..., m}
and one from {m +1, ..., 2m}. This can be written as

g‘r. sf;'(r)al"‘zfa(:)(s)ai(i) for (r’s)EWI (42)
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where {, , is an S-unit and o a fixed permutation of {1, 2, ..., m}.

In the final part of the proof we shall show that #7 is finite. This is
contradictory to what we have seen before and will complete the proof of
theorem 3. We distinguish two cases.

Case 1. o is the identity.
Then we have for i, j€ {1, 2, ..., m}, by (42),

f,(r) (ﬁ)r___fi(s)(ﬁ)s for (r,s)e¥;. (43)

If all polynomials f,(X) with i € {1, 2, ..., m} are constant this implies
that a;/a, is a root of unity for all pairs (i, j) with i, j€ {1, 2, ..., m}
and we have excluded this case. Therefore we can choose a polynomial
f,(X) such that f,(X) is non-constant. Then for every non-zero rational
integer A, none of the polynomials f,( X + k), f;(X) divides the other.
Furthermore, by (42), f,(r)/f.(s) is an S-unit for (r, s)€ #7. Take
j€{1,2,...,m} withj # i. By (43) and lemma 1, we have, on choosing a
prime v such that ||, /a ||, > 1,

L
c37r

A Cs)f(r)
RIGI6)

hence
O<r—s<cylogr for (r,s)e¥,.
By Lemma 2 we infer that # is finite indeed.

Case 2. o is not the identity.
Choose an integer i such that i # (i) and (r, s) € #7. Put 0, = a,«,,/
ke, O = forer(,y (8)/foriy (7). By (42) we have

o= -2 g for k=0,1,2, ...

i +1

A simple inductive argument shows that

k=1 k=2 k=1

og*:(@) (ﬁ) (ﬂ‘—‘) 6;" for k=1,2,3, ...
9 CP) d
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Let v be the order of o. Then 6, = 6,, g, = q,. This implies that

0rv_ju_(@)ru~](ﬂ)rv_zs (qm_l)s
0 - OIS
U q2 qm

v—1

All exponents appearing in the above equality are divisble by r — s and
we have

v—1_ -2 v—1 v—2 v=2 _ -2 _ -3 =2
00r +r s+ ... +s r +...+s r r sq K (44)

=4 ’ q 9 v—1

Now choose a prime v such that 1 <||6,||, = :e‘©. Then by (44) and
Lemma 1,

v—1

. -2 L opv2
e’ < (6‘41 . rc.,z) < e’ logr.

This implies that r is bounded and hence that also in this case % is
finite. O
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