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EXPECTATION AND VARIANCE OF THE VOLUME COVERED BY
A LARGE NUMBER OF INDEPENDENT RANDOM SETS

AlJ. Stam

1. Introduction

Throughout this paper the following assumptions and notations apply.
The set 4 € R™ is bounded and measurable with Lebesgue measure
|A4| > 0, but sometimes more stringent assumptions on 4 will be made.
The random m-vectors u,, u,,... are independent with common probabil-
ity density p(u) = f(Jju||), where f is nonincreasing and positive. Let N be
either a nonrandom positive integer or a random variable having Poisson
distribution with parameter A and independent of the u,. The volume in
R™ covered by at least k¥ of the random sets 4 +u,, i=1,...,N, is
denoted V.. Here A + y = {x + y|x € A}. The volume covered by exactly
k of the random sets is denoted W,. We take k > 1. If N =0 we define
V, = W, = 0. Replacing 4 by 4 + a does not change W, or V,, so it is no
restriction to assume 0 € 4 or 0 € Int(A) if A has nonempty interior.

Under the above conditions we have V, — o0, a.s. if N = o0 and in
probability if A — oo, so that EV, — co. Moran in his 1974 paper [6] took
m =3, assumed that the u, have standard normal distribution and
derived the principal term in the asymptotic expansion of EV, as A — oo
or N = oo. This term does not depend on 4. He also proved the curious
result that if 4 is a ball the variance 6%(V;) tends to zero as A — oo, or
N — o0, viz.

0<K1§(10g EN)l/zoz(Vl)§K2<oo’ EN% 2» (1'1)
and he showed that V; when centered and normalized in asymptotically

normal. We will extend the results on expectation and variance, with
special attention to the dependence on A, to densities of the form

p(u)=f(jlull) = c exp(—a~?*||u|*’), (1.2)
p(u)=f(llull) = c exp{ —g(llul))}, (1.3)
p(u)=f(llull) =1/h(|ul), (1.4)
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where 8 > 0 and g and 4 vary regularly at co. We need some results on
regularly varying functions, to be found in De Haan [1], Feller [3] and
Seneta [7]. The function f:(0, c0) = (0, o) varies regularly of order p at
oo or at 0, respectively, if

f(ex)/f(t) > xP, t>o0(t—0), x>0. (1.5)

If p = 0 we say that f varies slowly. If (1.5) holds and p > —1, then
/O"f(s)ds~(p+1)*‘xf(x), x = oo(x = 0). (1.6)

If f varies regularly of order p at oo, it has the Karamata representation
f(x)=c(x)x"{exp/]xs'le(s)ds}, x>1, (1.7)

with ¢(x)>0, x>1, ¢c(x)=2¢c>0, e(x)— 0, x > c0. If f is nondecreas-
ing, it follows from (1.7) with f(Ax) < f(A), x < 1, that

f(Ax)/f(X) < max{1,Cx"*°}, (1.8)

with C = C(8), for x > 0, A > A(8), for any § > 0. Let g:(0, c0) = (0, 0)
be nondecreasing with g(x) — oo, x = . The generalized inverse g~ ' of
g is defined by

g '(y)=sup{x|g(x)<y}, g(0*)<y<oo, (1.9)

If p > 0, then g varies regularly at oo of order p if and only if g~ ! varies
regularly at oo of order p~'. But g~! may vary slowly without g varying
regularly and then x"/g(x)— 0, x = c0, n > 0.

In Section 3 the asymptotic behaviour of EV, and EW, as A — oo for
Poissonian N will be studied. Under (1.4) they tend to oo of the same
order depending on 4 and m with coefficients involving £ and |A4]. Under
(1.3) there is no dependence on A4 in the principal term and we may have
Ew,—0.

Estimating the variance is far more difficult and we have to restrict
our attention to ¥, since in contrast to (2.12) below the expressions for
the other variances contain terms with opposite signs. In Section 4 we
consider Poissonian N. Our results suggest that o?(V;) may tend to zero
only if p(u) decreases faster than exponentially. If the u, have probability
density (1.2) with 8>3 and A4 is convex and bounded by a regular
surface dA4 with curvatures bounded below and above,

0<K,<(log EN) "6*(V,) <K, <o, EN22, (1.10)

by=(28)"{m-1+(m+3)(1-9))}, (1.11)
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in accordance with (1.1). So 6%(¥;) = 0, 62(V;) is bounded and o*(V;) —
oo, if m—1+4 (m+ 3)(3 — 0) is negative, zero and positive, respectively.
However, the order of decrease or increase of ¢2(¥;) does not only
depend on m and 6, but, strongly, on the shape of 4. It was shown in
Stam [8] that if § =1 and A4 is a parallelopipedum, we have for Poisso-
nian N

6(V,)~ B(loglog A\)" ™' /log A, A— co.

For subexponentially decreasing p of the form (1.3) or (1.4) the exact
first-order term for a2(V;) is derived. We see that then o%(V,) = 0.

In Section 5 the results for Poissonian N are extended to nonrandom
N by comparing the corresponding expectations and variances. Section 2
contains the general relations from which our proofs will start. We will
take m > 2. Results for m =1 will be stated in remarks. The proofs that
may different from those for m > 2 are given in Stam [9], as are the
derivations of the second-order terms that in some cases may be found.

We write [g(x)dx for the Lebesgue integral of g over R"™,

d,=diam(A4) = max{||x —y|l:x,y€ 4}, (1.12)

A—B={x—-ylx€A,yeB}, —A={—x|x€ A} and I, for the indica-
tor function of A. The inner product of m-vectors is written (x, y). The
notation (r, w) will always stand for the spherical coordinates of x € R"™,
so that r =||x||, w = x/r and w is the generic point of the unit sphere £.
The area element of £ will be written do(w) or do, so that

S, = [do(w)=27""/T(m/2), m22, (1.13)
Q

is the area of the unit sphere in R™. If m =1 a good definition turns out
to be S, =2. By the identification x = (r, w) we will sometimes write
g(r, w) for g(x). The argument w often will be suppressed.

In estimates and remainder terms we will often have to do with
functions of r, w, A or N that are bounded by some constant. These
functions all will be denoted by the same symbol 1 or by 7, if they are
nonnegative. The argument usually will be suppressed.

2. General formulae

The probability that the point x € R™ is covered by the set 4 + u, is,
since p(u) = f([|ul)),

P(x)=P(r,w)=P(u,c -4 +x)=/_A+Xp(u)du

=Lp(x—v)dv=-/;f({r2—2r(v_,w)+||v||2}]/2)dv. (2.1)
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The probability that x and y are covered by 4 + u, is

P(x,y)=P(u,e(—A+x)N(—A+y))

=l plndu= [ p(x=o)do,
(2.2)
A(z)=A,=AN(A-2). (2.3)

By interchanging intergrations and using the fifth term in (2.1) and the
third term in (2.2) we find

fP(x)dx=|A|, fP(x,y)dy=|A|P(x). (2.4)

From (2.2) and (2.3)
P(x,y)=0, y—x¢&A—A. (2.5)

Let £(x) be the number of random sets that cover x. Then

EWk=fP(£(x)=k)dx, (2.6)

o* ()= [ [(P(&(x)21LE(») 2 1)
—~P(£(x)21)P(§(»)21)}dxdy
= [ [{(P(e(x)=£(»)=0)

—P(¢(x)=0)P(£(y)=0)}dxdy. (2.7)

From (2.6), the independence of the u, and (2.1) we find for nonrandom
N

N N—k
EW, = () [PX(x)(1 - P(x))" “ax, (2.8)
and for Poissonian N by conditioning with respect to N

EW, = [(AP(x))" exp(—AP(x))dx/k!. (2.9)
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In a similar way, for nonrandom N
P(§(x)=0)=(1-P(x))", (210)

P(£(x)=£(y)=0)=(1-P(x)-P(y)+P(x,y))",  (2.11)

and for Poissonian N

o*(V,) = [ [ exp(=AP(x) =AP(»)){exp(AP(x,»)) ~1}dxdy,
(2.12)

Since V, = W, + W, ., + ..., we have for Poissonian N by (2.9) and the
relation

Yo et= [P e/(k=1), kzl,
=k 0

P 1

EVk=f{f0 ) e‘ydy}dx/(k—l)!, k1. (2.13)

Let w,(R) and v,(R) be the contribution to (2.9) and (2.13) from the
domain D, = {x|r < R}.
Since p(u) = ¢(R) > 0 on Dy we have for some y =y(R)>0
w (R)=0(e ™), v,(R)—|Dg|=0(e""), A — 0. (2.14)

Now let p be the measure on R induced from Lebesgue measure on Dy
by the restriction to Dg of P given by (2.1), i.e.

p(A4)=|{x€Dg:P(x)€ A} (2.15)

Then from (2.13), with H = sup{ P(x)|r> R},
BV, = o (R)+ [ [+ ey Jau(8) /- 1)

=o(R)+ [y e Ay Hlay/ (k-1 (226)

We will always take R so large that P(r, w) is nonincreasing in r for
r>R. Let

r,=r(w)=r(u, c.;)=sup{r|P(r,w)gu}. (2.17)
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Then, since for 0 <u < H and m > 2

u[u,H]=m‘1j;2rm(u,w)do(w)—|DR|, (2.18)

A
EVk=v;((R)+m*'/;2do(w)/0 Hy"'l

xer™(A "y, w)dy/(k—1)! (2.19)

for m > 2 where we have by (2.14) for some y =y(R)>0
v (R)=0(exp(—YA)), A — oo. (2.20)
If P(r, w) for r > R has a strictly negative continuous partial derivative
P'(r)=P'(r,w)=09/3rP(r, w), (2.21)

so that r(-, ) defined by (2.17) is the inverse of P(-, w), we have from
(2.9) for Poissonian N and m > 2

P(R, w)

EWk=wk(R)+/9do(w)f0 (Au)* e Mrm=Y(w)

X|P'(r,)|" 'du/k! (2.22)

3. Expectation for Poissonian NV

THEOREM 3.1.: Let the u, have probability density (1.4), with h nondecreas-
ing and h~ ', defined by (1.9), varying regularly at o of order p € [O,m ™).
Then as A = ©

EV, ~m™'S,|A|"T(k—mp)(h~'(N))" /(k—1)!, (3.1)
EW, ~ pS,,| A" T(k—mp)(h~'(X))" /k!. (3.2)

REMARK: if m =1 these relations hold with S; =2, see Stam [9]. That
p = 0 follows from the fact that 4 is nondecreasing. From (1.7) we see
that pm <1 is necessary in order that [p(x)dx < oo, since h varies
regularly of order p~! if p > 0.

ProOF: To prove (3.1) we start from (2.19) where we take R>d, =
diam(A). From (2.1), for r > R,

|[Al/h(r+d,) < P(r,0) <|Al/h(r—d,).
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Since P(r, w) is nonincreasing in r for r > R we have by (1.9) and (2.17),
for0 <u<P(R, w)

WY u A4)—dy<r(u, 0)sh (v YA4])+d,. (3.3)

By the regular variation of ™! and'by (1.8), since (a + b)" <2"(a™ +
b"), a2 0,520,

(h 'y 1A +d, )" /(NN}y e ae, A oo,
{h_](Ay_llAI)+dA}m/{h_l()\)}m§max{l,Cy_mp_a}’

with mp + 8 <1 for A > A(8). It follows from (2.19), (2.20) and (3.3) by
dominated convergence that

limsup EV,./{h~'(X)} " < m~'S,,|4|"*T(k - mp)/(k —1)!

A— o0

From the other inequality in (3.3) the reversed inequality for liminf
follows and this proves (3.1).

The relation (3.2) follows from (3.1) since W, =V, -V, ;.

Theorem 3.1 applies to densities like (1.2) and (1.3) with g(x)/log x
— o0. Then we have p=0 so that (3.2) gives no more than
EW,/(H™Y(\))™ — 0. The principal term for W, then is given by

THEOREM 3.2: Let the u, have probability density (1.3) where g has a
continuous positive derivative g’ that varies regularly at oo of order 1> — 1,

where if = —1 we assume that g~ '(log x) varies slowly at c. Then, as
A — oo,
- d , _ m
EW, ~(mk)™'S,&(logA), &(x)=7-(g7'(x))".  (34)

PrROOF: We start from (2.22) with R sufficiently large. From (2.1) by
applying (1.7) to g’

|P/(r, w)|=pr(x-v)g'(||x—vn)ux — o' (r = (v, ®))do

=fAP(x —0)g(r)1+e(r,v,w))dv

=g'(r)P(r,w)(1+e(r,w)), (3.5)

where €(r, v, w)— 0, e(r, w) = 0, r = oo, uniformly in (v, w) and w. For
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r > d , with (2.17), noting that P(r, w) decrease with r for r >d ,,
cld|exp(—g(r+d,)) < P(r,w) < cld|exp(—g(r—d,)),
—d,+g '(logclAlu™") < r(w)<g (logcldlu™') +d,  (3.6)

Since P(r,, w)=u we have with (2.14) and with (3.5), noting that as

u — o r(u, w)— oo uniformly in w by (3.5), for R = R,(6),

PRy Nk k=1 m—1 ,—Au , -1
EWk§(1+8)/da(w)f Nulrr=le M k\g'(r,)} du.
Q 0

(3.7)

If 7> —1 we see from (1.6) that g varies regularly at oo of order
T+ 1>0, so that g~ ! varies regularly of order (7 + 1)~ !. By (3.6) and
(1.7) for g

r(u,w)~4x(u)d—jg—‘(logu_'), ulo, (3.8)

uniformly in w. If 7 = 1, this follows from the slow variation of g~ !(log x).
From (3.8) and (1.7) for g’, noting that Y (u) — o0 as u |0,

g'(r(u,0))~g'(¥(u)), ulo, (3.9)
uniformly in w. From (3.7), (3.8) and (3.9) for R = R,(8) and some a >0

EW, <(1+ 8)2s,,,>\k/“4x"—'(u)uk-1 e M{klg o y(u)} 'du.
0

(3.10)

From (3.8) and the regular variation of g~' if 7 < 1, or by assumption if
=1, it follows that { varies slowly at 0 and then, e.g. by (1.7), we see
that g’oy varies slowly at 0. So the integrand in (3.10) varies regularly of
order k at 0. By applying the Abelian theorem given in Feller [3], Ch.
XIIL.5, we see that the right-hand side of (3.10) is asymptotically equal to

(1+8) k7" {(A7Y) /g’ o $(A7") = (1+8)*(mk)'S,£(log A).
So, since this holds for all § > 0,
limsup EW, /£,(log \) < (mk)~'S,,.
A—> o0

From (3.5) and (3.6) we find in the same way the reversed inequality for
liminf and this proves (3.4).

If the density p has the special form (1.2) a second-order term in the
expansion of EV, and EW, may be found. The proofs start from (2.19)
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and (2.22) and proceed by expanding (2.1) and (3.5) into a suitable
number of powers of r and a remainder term. From the expansion of
P(r, w) or from an inequality like (3.6) an expansion for r(u, w) with
remainder term uniform in  is derived. Substitution into (2.19) and
(2.22) then gives the asymptotic relations. The proofs are given in Stam
[9]. Writing

R, (A)=EV,—m~ 'S, a"(log\)", p=m/26,
T (A)=EW, —S,a"(26k) '(log \)" ",

we find for m > 2, if p(u) is given by (1.2): If > 3 and A4 is a convex
body and 0 € Int(A),

R (A)~M,a" (logA)?, g=(m—1)/28,

T, (A) ~ (m—1)Ma" ' (20k)  '(log \) ™",
M, ='/;2 max{(w, x)|x € 4}do(w).

If m=2, then M, is equal to the length of the perimeter of 4 and if

m =13 it is equal to the integral of the mean curvature of 94. See

Valentine [10], Ch. XII, and Hadwiger [5], §18. If 6 = 3,
Ry(A)=b,(log \)" " + 0(log \)" 2,

T, (M) =(m—1)k""by(logA)" >+ 0(log \)" ",

bz=a"'{ [ logqo(w)do(w)—sn,mk)/r(k)},

9(w)=c[ exp(=a'(v, 0))do.

If 0 <6 <2, with a=min{2,20)" "),
R,(AN)=b(log\)" "'+ 0(log \)"™“,
T,(A)=(p—1)k "by(log \) "+ 0(log A)" '™,
b, =a"S,,(20) " '{log c|A| - T"(k)/T(k)}.

4. Variance for Poissonian N

THEOREM 4.1: Let m > 2 and let the u, have probability density (1.2) with
20> 1. If A is convex and its boundary 0A is a twice continuously
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differentiable surface in R™ whose principal curvatures k,,... k, _, satisfy

0<c,gk/(x)gc,<o00, i=1,...,m— 1, xE0A, then, with b, given by
(1.11),

1B, < limsup (log A)vh'oz(Vl) < limsup (log k)fh'oz(Vl) <B,,
A— o0

A— o0
(4.1)
B, = a®mt V2925 mi(m? = 1) (T(dm + 1))~
x [ K2 (£)do(s) (4.2)
A4

Here S, is given by (1.13), d0($) is the surface area element of 94 at ¢
and K(¢) the gaussian curvature of 94 at §, i.e.

K(£)=kl(£)"'km—l(£)' (4-3)

REMARK: If m =2 we will have to define S,,_; = 2, as will be seen from
the proof. It is conjectured that the inequality (4.1) may be replaced by
an actual limit. If m =1 and 4 =[—a,a] we have, see Stam [9],

(log A\)*"" '62(V,) > (7a8~1)* /6, \— 0.

If p(u) decreases with ||u|| faster than exponentially, estimates for
o%(V,) are difficult. This makes the proof of Theorem 4.1 very long. It is
given in the appendix.

If p(u) decreases with ||u|| exponentially or slower, we may obtain
first-order asymptotic terms for o2(¥;) with the methods of Section 3.
We use the notation w = x/r, r = ||x|| defined in Section 1 and start from
(2.12). Let U, be the contribution to (2.12) for r < y(A) to be chosen later
on. Putting y — x =z and noting (2.4) and (2.5) we have, with P(y) <

P(x,y),

oz(V,)=U,+/ dzfda(w) oodrr’"_l-
A-4 g Y(A)

- exp{ —AP(x)—AP(x+z)}{exp(AP(x,x+z))—1},
(4.4)
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Us[ dxexp(=AP(x))[(1~exp(~AP(y))dy
r<y(X)

<A[_ dxexp(=AP(x)) [P(y)dy
r<y(A)

=A|4| exp(—AP(x))dx. (4.5)
r<y(A)

THEOREM 4.2: Let m > 2 and let the u, have probability density (1.2) with
=< Then as A > oo

a2(V,) ~ a"(log x)"'“/A_Adzfﬂdo(w) log W(z, w), (4.6)

W(z, w)={exp(—a (2, 0)) +1}{exp(—a"'(z, w))
+1-x(4)/x()} (4.7)
where A, is given by (2.3) and
x(E)=x(E,w)=f£exp(a‘1(v,w))dv, Ec3(R™). (4.8)

REMARK 1: The integral in (4.6) is finite since 0 < x(A4,) < x(A4) and
exp(—a~!(z, ©)) 2 ¢, > 0.

REMARK 2: If 4 is a ball with radius a, then x(A) does not depend on w
and, see Grobner und Hofreiter [4], §313, 21°, and (1.13),

X(A) = (m - 1)_1Sm_l/_a exp(_x/a)(aZ _ xz)(m—l)/zdx
=a"(m- 1)—ISm—1F(%)r(%m + %)(2a/ia)m/2Jm/2(iaa“‘)
= amwm/Z(za/ia)m/ZJm/z(iaa_1)’

where J; is the Bessel function of index B. Also x (4., w)=v¥(p, ®)
depends only on p =||z|| and the angle ¢ between z and w. So, since
A — A is a ball with radius 2a and ¢ is distributed uniformly on [0,27],

o2(¥,) ~ a”(log \)" ' (27) 'S2_, [*pmdp
0

27
Xf log W*(p, ¢)de,
0
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W*(p, )= {exp(—a~'p cos ¢) +1}
X {exp(—a~'pcos @) +1—¥(p, 9)/x(4)}.
PROOF OF THEOREM 4.2: From (2.1), (2.2) and

1

)1/2=r—(u, w)+nr !,

Ix = ol =r(1=2r""(0, @) +r72|l0]|?
P(x)=cexp(—r/a)x(4, w)(1+nr"), (4.9)
P(x+z)=cexp(—ra ' —(z,w)a ")x(4, w)(1+nr"") (4.10)
P(x,x+z)=cexp(—r/a)x(A4,, w)(1-nr ). (4.11)
In (4.4) and (4.5) we take y(A\) = 3« log A. From (4.9) for some ¢, >0
U, =0(A(logA)™) exp(—c;N?), A - oo. (4.12)

Substituting (4.9)-(4.11) into (4.4) and putting y = A exp(—r/a) we find
o*(V))=U, + a”’f dzfdo(w)f)\l/zy*]dy(log )\y_l)m_l.
A-4 g 0

- exp{ —oyx(4, w)(1 + e (9V/a)(1+n/log Ay~ ")}.
-[—l +exp{cyx (4., w)(1+n/log )\y“)}].

After dividing by (log A)” ™! we may interchange limit and integral, since
x(A4, w)= b, >0and Ay~ > N/?in the integral. With (4.12) and Grobner
und Hofreiter [4], §313, 3%, we find (4.6).

THEOREM 4.3: Let the u; have probability density (1.3), where g has a
positive continuous derivative g’ that varies regularly at oo of order T € [ —
1,0). Let g~ !(log x) vary slowly at co. Then as X = oo, with A, given by
(2.3) and &, by (3.4),

-1

o* (V) ~m™'S, 4 (log\) [ dzlog(1 - 314.1/14)) (4.13)
A—A

REMARK 1: If m=1 we have to take S, =2. If 7> —1, the regular
variation of g’ implies the slow variation of g~'(log x), see the proof of
(3.8).

REMARK 2: If g(x)=(x/a)?%, with 0 <26 <1, we have {,(log )=
ma™(log \)?~' /28, p=m/26. Comparison with (4.1) and (4.6) shows
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that the order of the asymptotic behaviour of o?(¥;) depends continu-
ously on 8 if p(u) is given by (1.2), but the coefficient of the leading term
does not.

PROOF OF THEOREM 4.3: Since g'(x) — 0, x = oo, we have f(x + b)/f(x)
— 1, x = oo, uniformly with respect to b in compacta. So from (2.1)-(2.3)

P(x)=141f(r)Q +e€(x)), P(x+2z)=[41(r)(1+e(x,2)),
P(x,x+z)=|A4,1f(r)1 +e(x, z), (4.14)

wheree, = 0, r = 00, i = 1,2,3, uniformly with respect tow and z € 4 — A.
In (4.4) we take y(A) =y fixed and so large thate,; > —98,i=1,2,¢; <8
for r > y. Then

o’(V) U, + L_Adzfgdo(w)'/;wr’"—ldr.

- exp(—Arf(r)){—1+exp(AB(2)f(r))}, (4.15)
»=214((1-8), B(z)=|4,|(1+}8). (4.16)

The integrand in (4.15) does not depend on w. We replace the integration
variable r by y = A f(r) and find

*(V) U +m7's, [

A—A

dzfo””’go(log A1)

xe (e’ —1)y~dy, (4.17)

with £, given by (3.4). Here U, — 0, exponentially as A — oo, by (4.5).
Since g~ !(log x) varies slowly and g’(x) varies regularly at oo, also
£,(log x) varies slowly. We want to divide (4.17) by §,(logA) and
interchange limit and integral in the right-hand side. In the domain of
integration we have cAy~!> exp(g(y)). Since g(x)— 00, x = o0, We
may take y so large that by applying (1.7) with p = 0 to §,(log x) we find,
with |e(s)| < 8;, s = 54,

§0(log Acy_l)/go(log P EE max{)’_a'a)’s'},

So, taking into account (4.16), we may apply dominated convergence.
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This gives, with Grobner und Hofreiter [4], §313,3b,

limsupo®(¥;)/£o(log A)

A— o0

< m“Sm‘/;_Adz[)oo exp(—vy){exp(yB(z)) -1}y 'dy

= —m‘le dzlog{1—3(1+8)|4,((1-8)"l47"}.
A-

A reversed inequality for liminf may be obtained from (4.4) with
Fatou’s lemma in a similar way by taking y(A) = y so large that in (4.14)
we have €, <98, i=12, ¢;> —8&. Since these inequalities hold for all
8 > 0, the relation (4.13) follows.

THEOREM 4.4: Let the u, have probability density (1.4) where h is nonde-
creasing and varies regularly at oo of order p~' > m. Then, with h~
defined by (1.9) and S,, by (1.13) and with S, = 2,

a2(V) ~M,(h7'(N))", A> oo, (4.18)
M4=m’lSmI‘(1—mp)L_A{ZIAI’""—(2|A|—|AZ|)mp}dz. (4.19)

PrOOF: With y = y(A) sufficiently large in (4.4), the relations (4.14)—(4.16)
continue to hold since f(x + b)/f(x)— 1, x = oo, uniformly in b, by
(1.7) applied to h. Define the measure u on the Borel sets of R, by

,u(E)=fr’"_’dr, B={xlrzy, f(x)€EE}.
B
Then (4.15) becomes

o2() < U, +Smf G(z,N\)dz, (4.19)

A-4
G(z,x)=f0°°du(u) e M fexp(Aup(z)) —1)
-/ du(u)f A exp(—Ar)ds
vu—pB(z)u

=/(;°°)\ e_x'{p[V”t,(v—ﬁ(z))_]t)}dt. (4.20)
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For 0 < £ < f(y) we have
l"'[éa OO) — m“(h“(g“))'" _ m_l'Ym’

where h~ (¢ ") varies regularly at 0 of order —p. So as ¢ |0

sl (v =B(2)) )~ m (v = (v = B(2))™ (AT (T))”

where the right-hand side varies regularly at 0 of order —mp with
—1 < —mp < 0. By applying the Abelian theorem in Feller [3], Ch. XIII.
5 to (4.20) we see that as A — oo,

G(z, \)(h™'(N)) "> m'T(1—mp){»™ — (v - B(2))™}.

This limit may be interchanged with the integration in (4.19) since with
(4.16) and |4,| < | 4]

w0 (= B(2) ) s p[r 14T (1 -38) 1),

where the right-hand side in (4.20) would make applicable the same
Abelian theorem, showing that G(z, A)(A~'(A))™ is bounded by a con-
stant for A > A, so that there is dominated convergence. So from (4.19)

limsupo?(V;)(A7'(A)) "

A— o0

<m7 'S, T(1- mp)L_A(v’"” —(v—B(z2))")dz.

Since this inequality, and a similar reversed one for liminf to be derived
by Fatou’s lemma, hold for any 8 > 0, the relation (4.18) follovs with
(4.16).

5. A nonrandom number of sets

We compare corresponding expectations and corresponding variances for
a nonrandom number N = M of sets and for a number of sets that is
Poissonian with parameter A = M. Expectations and variances for the
Poissonian number of sets will be denoted by E;, of and for the
nonrandom number of sets by E,, o3

THEOREM 5.1: We have, for k=1, 2,...,
|E\W, — E;W, | < 3k(k—1)M™'E\W,
+le(k+1)(k+2)M 'EW,,,

+k(k+1)e*M'E\W,,,, (5.1)
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PrOOF: We write, also for k =0,
0. (x)=(MP(x))" exp(— MP(x))/k!,
Re(x)= (¥ P =P,
Qk(x)_Rk(x)= Tl(x) + Tz(x)"' T3(x),
Ti(x) = 0, (x) = (,") P*(x) exp(— MP(x)),

T,(x) = [} )P4 () {exp( = MP(x)) ~ (1 = P(x)) ).

M M
7y(x) = (¥ ) PH(x) (1 = P(x)) " = Ru().
We use the inequalities for x > 0, y > O:

l-y<e™”, O0<e”—1+y=<iy’

M-1

e —(1-y)" = (e =14y) T e (1-y)

M—-1—y

<iMy*exp{—(M—-1)y},

1-x)A-y)z1-x—y.

With (5.7) and (2.9)

0= Ty(x) < 3k(k—1)M*"'P¥(x) exp(— MP(x))/k!,

0< le(x)dx <lk(k-1)MEW,, kx1.

With (5.6) and (2.9), since P(x) <1,

0= Ty(x) < 3eM*“TP“"2(x) exp(— MP(x))/k!,

0< /Tz(x)dx <le(k+1)(k+2)M'EW,.,, k=0.

With (5.5), (5.7) and (2.9), since P(x) <1,

0< —Ty(x) <ke*M*P**1(x) exp(— MP(x))/k!

0< —/T3(x)dx§k(k+l)e"M“E,WkH, k= 0.

[16]

(5.2)
(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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The relation (5.1) follows from (2.8), (2.9), (5.2), (5.3), (5.4), (5.8), (5.9),
and (5.10). For £ =0 we have T(x) = T;(x) =0, so with (5.9)

Ogf(QO(x)—Ro(x))dx§eM_'E1VV2. (5.11)

COROLLARY 5.1: For nonrandom N = M theorems 3.1 and 3.2 with A\ =M
continue to hold.

PRrROOF: Since

Y 0u(x)= ¥ Ry(x)=1,

=0 =1

we have from (2.8), (2.9) and V, =L ., W,,

EV,— EV, = go J(R,(x)=0,(x))dx

k—1
= [(Ro(x) = Qo(x))dx+ T (EW,~ EW,).(5.12)

The corollary follows from (5.1), (5.11) and (5.12) since in theorem 3.1 we
have EW, = O(EV)) and in Theorem 3.1 and 3.2 all EW) are of the same
order.

REMARK: The asymptotic relations stated at the end of Section 3 also
hold for nonrandom N, since they only contain logarithmic terms.

THEOREM 5.2: with o’(V,), i = 1,2 as defined above,
lo? (V1) =02 (V)| <M~ (4|4 — A EW, +(EW,)’}. (5.13)

ProoF: From (2.7), (2.10), (2.11), (2.12) and (2.5) we have, writing
U(x,y)=P(x)+P(y)—P(x,y)and L= {(x,y)|y—x€A4 -4},

of(V,)—ozz(V1)=K1+K2+K3, (5.14)
K = [ [ {exp(=MU(x, 7)) = (1= Ulx, »)) " }dxdy,
K= [[{a-PC)™(-rO)"

—exp(—MP(x) - MP(y))}dxdy,
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K= [[ {0-PC) O -P()"

-(1-P(x) —P(y))M}dxdy.

From (5.6) by symmetry, with U(x, y) = P(x) and by (2.9)

0

IIA

Ky <3 [ [U3(x,y) exp(= (M= 1)U(x, y))dxdy

(2P(x))? exp(— (M —1)P(x))dxdy

i\

M
/L"‘(P(y)<1’(x))
<4M|4 - Alesz(x) exp(— MP(x))dx = 8M~e|A — A|E,W,.

(5.15)

In a similar way
05 —KysMf [ {exp(=P(x) = P(7)) =1+ P(x) + P(7))

~exp{—(M-1)(P(x)+P(y))}dxdy

lIA

bMe? [ [ (P(x)+P(»))" exp(=MP(x) — MP(y))dxdy
<4M7'e*|A — A|E\W,, (5.16)

0Ky < M[ [P(x)P(»)(1-P(x))" (1= P(y)" dxdy

< Mez{fP(x) exp(—MP(x))}z - M (EW,) (5.17)

The relation (5.13) follows from (5.14)—(5.17).

COROLLARY 5.2: For nonrandom N = M Theorems 4.1, 4.2, 4.3 and 4.4
with A\ = M continue to hold.

PrOOF: From (5.13). In Theorem 4.1 and 4.2 the behaviour of o{(V;) is
logarithmic, whereas E;W, — 0, A - oo, by Theorem 3.1. In Theorem 4.3
there is slow variation of 02(¥;) as A = oo and the same holds for E,W,
by Theorem 3.2. In Theorem 4.4 the order of of(V;) and E,W, is the
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same by Theorem 3.1 and we have M~ 'E,W, — 0 since (h~'(x))™ varies
regularly at co of order mp < 1.

Appendix

PROOF OF THEOREM 4.1: Define d =d(x) and T = T(x) by d(x)=||x||,
x € A, and

d(x)=inf{||x —ulliu€Ad), x&A, (1)
T(x)€04, ||x—T(x)||=d(x), x€&A. (2)

So d(x), if x & A, is the distance of x to the foot T(x) of the unique
normal to 04, that passes through x. For fixed x € 4 we define a
Cartesian coordinate system with coordinates (w;,...,w,,) = w and origin
T(x). The w,-axis is the inner normal to 34 at 7(x) and the other axes
are along the principal directions in the tangent plane to 04 at T(x). See
Do Carmo [2], §3.2 and §3.3. In a neighbourhood of T'(x) the surface 94
is described by

m—1

2w, = Y kwr+@(w,...,w,_1), (3)
i=1

-2 2 2 \172

(W w, )20, 10, t=(wi+..w2 )", (4)

where k, = k (T(x)).
In (2.1) we take w as new integration variable. Note that the v- and
w-systems have different origins. We have

e = ol = (d(x) +w,)" + 12, (5)
~26 2 2)\f
P(x)=cf exp{—a ((d(x)+wm) +1 ) }dw, (6)
B
where B = B(x) is the set 4 “as seen from T(x) in the w-coordinates”.
For d = d(x) > d, sufficiently large, with the convention about bounded
functions stated in section 1, we have

((d+ wm)2 + 12)"’= 42 + 20w, (1 +nd"")d?* "+, 1%d*°2 (7)

P(x)=cexp(— a‘”d”(x))/b(x)dwm
0

x/ dw,...dw,,_¢,(x, w), (8)
s

W)

Yr(x, w)=exp{ 2007w, (1 +9d"1)d*" " =5, 1%d*"=2}, (9)
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where b(x)= max{w,|w € B(x)} and S(y) is the intersection of B(x)
with the plane w,, = y. Let P,(x) be the contribution to (8) for 0 <w, <e.

Then P,(x)/P(x)—1 as d(x)— oo, uniformly in 7(x). In a neTghbour-
hood of T(x) the boundary 04 lies between the paraboloids

20, = (1 iS)nilk,(x)w,z, (10)

so we may take e so small that for0 <w_<e

= "m=

S(w,,)c {(wl,...,wm_1)|mz_ kw?<2(1 —8)h1wm}. (11)

i=1

In (8) this gives, by putting u,=wd? (x), i=1,....m—1, u,=
w,,d2071(x),

P(x) < P*(x)=cexp(—a 2%d*°(x))(d(x))" """’

.f‘dw*ldum exp{ _20a—20um(1 + nd—l)}(Pl(X, u), (12)
0
wie )= [ el =n, (4 o ))dudu (D)

m—1
H= {<)| > k,ufgza—a)“um/d(x)}.
i=1

Since 34 has uniformly continuous derivatives by the compactness of 4
and0<c¢, 2k, (x)<c,<o0,i=1,...,m—1, x €04, we have, uniformly
in T(x), as d(x)— oo,

oi(x,u) ~ (m=1)7's, _,K~*(T(x))

(m=1)/2

x(2(1 “5)_lum/d(x))
This gives in (12)
P¥(x)~(1- 8)(1Am)/leK"/2(T(x))(d(x))(m+1)(1/2-0)
Xexp(—a~d*(x)),
M= 2"V (m=1)7"s,  T(im+1)(a?/26)"" "7 (14)

By considering the reversed inclusion with 1+ 8, analogous to (11),
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following from (10), and noting that P,(x)/P(x)— 1 we find that as
d(x)— oo, uniformly in T(x),

P(x) ~ MK™2(T(x))(d(x)™" "% exp( = a2 (x)).
(15)
We now return to (2.12). By symmetry and with the inequality

exp(—a)—exp(—b)<b—a, 0 <a<b, noting that P(x, y)< P(y), we
have, with

J(x)={yld(y)>d(x)}, (16)

oZ(Vl) = 2fdx/;( )dy e—AP(x)(e—AP(yHAP(x.y)__ e APO)
X

< 2Afdx exp(—}\P(x))[,( )dyP(x,y) = H, +H,,

where H, and H, are the contributions to the integral for x € D and
x € D, respectively, with

D=D(A) = {xld(x) 2 4(\)}. (17)

By (15), since 0 <a, < K(§) < a,, £ €04, we may choose g(A) so that
for some ¢; >0 if A= A,

P(x)sA V2, xeD(A), P(x)zcA V2, xeD(N). (18)

With (2.4)

H, < 2)\|A|fD‘P(x) exp(—AP(x))dx

<2)A|A| exp(—c,}\‘/z)f P(x)dx <2\|4]* exp(—c,N72). (19)
D(
We proceed with

o2(V)) < H, +zij exp(—AP(x))Q(x)dx, (20)

Q(x) =fJ(X)P(x,y)dy- (21)



78 A.J. Stam [22]

Also from (2.12)
oz(Vl)gN\fdxf dy exp(=AP(x)=AP(»))P(x,y). (22)
D J(x)

From (2.5) we see that in (22) we may assume ||y — x|| <2d, so that
T(x)—T(y)—0 and K(T(x))— K(T(y))— 0 as d(x)— oo. Since g(A)
— o0 as A — oo it follows from (17) that in (22)

P(y)<(1+6(N))P(x), €(A)—0, A— oo, (23)
So that with (21)
oz(V,);zfoexP{-A(z+¢2(>\))P(x)}g(x)dx, (24)

We now have to estimate Q(x). From (21), (2.2) and (2.3)

0(x)=f drfLi,(0)p(x=v)do
= [ p(x=0)do Ly () L0+ = x)dy
=Lp(x— U)du/lj(x)(w+x—u)1A(w)dw

=/p(x—v)|A N(J(x)—x+v)|dv.

With the same coordinates and notations as in (4), (5) and (6)

Q(x) =c/ exp{—a‘za((d(x) +wm)2 + tz)a}lF(x, w)ldw,

B(x)
(25)

where F(x, w) for fixed w is the set A N (J(x)—x + v) “as seen in the
new coordinates” (see Fig. 1), where F(x,w)=F, UF,, with F,=
F(x,w)yN{y|y,=w,} and F, = F(x, w)N\ {y|y,, <w, }.

With S(y) defined as following (8) and (9) and with the same
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Figure 1. F(x,w)= F\UF,

inclusions as in (10) and (11), denoting by | |,,_, volume in R™ ™!, we
have

w’" wﬂl - m_l
1Bl = [1S()-idy~ [(m=1)""s,, TT (20k;") 7 ay
0 0 i=1

=(m*=1)7'S, K~ A(T(x)(2m,) "7, W, =0, (26)

uniformly in T(x). For d(x)— oo the set J(x) approximates to a ball
with radius d(x), uniformly in 7(x). The projection of F, on the plane
w,, = 0 has diameter @(w)/?), uniformly in x and we have

1

wl/2
|F,|_s_c3fc" At /d(x) =cow(m V2 7d(x), 0<w, <e.
0

With (26) this gives

[F(x,w)|=(1+e(w,)+nd"")(m? - 1)_lSm_1K_1/2(T(x))

X (2w,) "2, (27)
with €(w,,)— 0, w,, = 0, uniformly in x. We also may prove (27) by
considering the paraboloids approximating 04 in T(x), see (10), and to
9F(x,w) in w and integrate the volume between them.

We now have to substitute (7) and (27) into (25), write (25) in the
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same form as (8) and apply the same technique of two-sided inclusion
that derived (15) from (8). We find

0(x)~ My(d(x))" """ exp(—a~d**(x)) /K(T(x)),
My=c(m=1)""(m*=1)""2"m1S2_,(a?*/28)""", (28)
as d(x) = oo, uniformly in T(x). With (15) this gives, uniformly in T(x),
0(x)/P(x) ~ MyK~2(T(x))(d(x))" """ d(x) > oo,
(29)
My =S,,_m!(67'a?0)" " /{(m* = 1)T(3m+1)}. (30)

In order to apply (15) and (30) to (20) we define a third, curvilinear,
coordinate system on A°. The new coordinates (R, £) and the Cartesian

coordinates x = (x,,...,x,) of a point in A¢ are connected by the
relations
¢=T(x), R=d(x), (31)
x=¢—RN($), (32)

with T(x) and d(x) defined by (1), (2), so that §{ € 04, and N(§) the unit
inward normal to 94 at £. So x(R, §) is the endpoint of the outer normal
to 04 at £ with length R. To derive the Jacobian of (32) we replace £ by a
set of coordinates u,,...,u,, in 94 in a neighbourhood of £, ie. a
diffeomorphism f:UC R™~! - VN 34, where V is a neighbourhood in
R™ of £ Then (32) becomes

x=f(uy,...,u,,_)—RN(uy,...,u,,_,), (33)

and the Jacobian J of (33) is the determinant of the matrix consisting of
the column vectors —N, f, —RN,,....f,  —RN, , where f,, etc
denotes partial differentiation. So

J=(=1)"R"'(1+9R7")J,

where J; is the determinant of the matrix consisting of the column vectors
N,N,,...,N, .Nowlet{a, =a, (u),ij=1,...,m—1} be the matrix

descnbmg the differential of the Gauss map at § w1th respect to the basis
of the tangent vectors f,,i=1,...,m — 1. Then we have, see Do Carmo
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[2], §3.3,
m—1
N, = Y a, wy dsenm—1.
r=1
Applying this to J; we find
J=(-1)"R""'(1+9R ")Det{a,}J;,
where J, is the determinant of the matrix consisting of the column vectors

N, fuseestu,
Now N is a unit vector orthogonal to the f, . So J, is the (m —1)-

dimensional volume of the parallelopiped spanned by the f, and J,
du,...du,,_, is equal to the surface area element d0(£) at £ of 94. We
have Det{aq,,} = K(§), see Do Carmo [2], §3.3. So

[ h()dx=[ do(&)K (&) [ R™(1+nR")A(R, £)dR.
A 34 0
Writing P(R, §) for P(x) we see from (20), (17) and (29)

o’(V}) < H, + 2\ M, fa dO(OK () Z(N, ), (34)

Z()\, £)=f:)Rm—1+(m+1)(1/2—0)(1 +e3)P(R, §)
q

x exp(—AP(R, ¢))dR, (35)

with €; = €;(R, §) = 0 as R — oo, uniformly in £. In (35) we take P(R, §)
as new integration variable. From (6)

PP(R,£)/0R|=20a"2°R*~1(1+9R"")P(R, §).
So with (18) and (1.11)

Z(§) 2a(20) ' [V TRIM (1 +¢) M, (36)
0

where €, =¢€,(u, €) >0, u = 0, uniformly in £ and R, = R(u, §) is de-
fined by

P(R,,£)=u. (37)
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Note that P(R, £) decreases strictly and continuously with R for R > 2d .
From (6)

cldjexp(—a?((R+d,)' +d3) ) < P(R.§)

< c|A| exp{ —a"?(R- dA)w}.

So from (37)

. 1,2
—d, + a{(log clAlu)o - a*zdj} <R(u, £)

<d,+a(log c|A|u*')l/w,
R(u,¢)~a(logu™")""*, wulo0,
uniformly in §. Substitution into (36) and putting Au = y gives

Z(A\, §) < az”“*”')(20}\)4/)\I/2(log Ay ) (1 +e) edy,
0

where € =€, (Ay 7!, ¢) and (¢, €) > 0 as t > oo, uniformly in £ Sub-
stituting into (34) and dividing by (logA)” we find the right-hand
inequality of (4.1) by (19) and dominated convergence. Note that Ay~ ! >
N/2 in the domain of integration. This disposes of the case b, <0. If
b, > 0 we apply the inequality

log Ay~!/log A|<1+csllog yl, AzA,.

From (24) we derive the left-hand inequality of (4.1) in a similar way,

using Fatou’s lemma, the factor 3 arising from the exponent —A(2 +

€,(A))P(x) instead of —AP(x).
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