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FUNCTIONS, FLOWS AND OSCILLATORY INTEGRALS ON
FLAG MANIFOLDS AND CONJUGACY CLASSES IN REAL
SEMISIMPLE LIE GROUPS

J.J. Duistermaat, J.A.C. Kolk* and V.S. Varadarajan**

0. Introduction

Let G be a real connected semisimple Lie group with finite center and
G = KAN its Iwasawa decomposition. Let a be the Lie algebra of A.
Then the “Iwasawa projection” H:G — a is defined by

xe K exp H(x)N. 0.1)

It is well-known that this projection plays an important role in the
harmonic analysis on G. For instance the matrix coefficients of the prin-
cipal series of representations of G (the elementary spherical functions
being a special case) may be expressed as integrals of the form

J M H @) g1 k. 0.2)
K

Here ae A, g is an analytic function on K expressed in terms of matrix
coefficients of representations of K, and A, the eigenvalue parameter,
belongs to &, the complex dual of a. The asymptotics of the matrix
coefficients as the group variable a tends to infinity have been studied
for a long time, starting with the pioneering work of Harish—-Chandra
[28], [29]. He made a careful study of the system of differential
equations satisfied by them. However, matrix coefficients also have the
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integral representation (0.2) which appears more suitable for studying
their asymptotics when A goes to infinity. A major aim of this paper is to
do this.

Keeping Red =17 fixed and absorbing the factor ¢"™@) in the
amplitude g, we see that (0.2) becomes

J H<HG@LID gy k. 0.3)
K

Here ImA = {ea* and H = H; is the corresponding element of a de-
fined by (.,.) is the Killing form of g):

&Y) = (Y, H,), for all Yea. 0.4)

If we replace H by tH in (0.3) and let T — + oo, then the principle of
stationary phase tells us that the main contributions to the asymptotic
expansion of (0.3) (in 7) come from the critical points of the “phase
function” F, ; on K defined by

F, u(k) = (H(ak),HY  (keK). (0.5)

Geometrically this function can be interpreted as testing the Iwasawa
projection restricted to the right K-orbit of a in the symmetric space
K\G, by a linear form £ on a.

The study of the critical points of the functions F, j, which we carry
out in sections 5 and 6, reveals that the critical set of F, j is equal to the
union of the smooth manifolds K,wKy, where w runs through the Weyl
group w of (G, A). Here K, resp. K is the centralizer of g, resp. H in K.
(Because w is defined as the normalizer of a in K modulo the centralizer
M of a in K, the notation wK ; makes sense, as always Ky > M (He€a).)

It is a very remarkable feature of these critical manifolds that they
only depend on the sets of roots vanishing on w™!loga, resp. on H. So
there are only finitely many possibilities, and in particular the critical
sets do not change at all if the parameters a, H are varied in an equisin-
gular way. Specifically, for regular (= generic) a, H, the function F, yis a
Morse function on K/M whose critical points are always the Weyl
group points.

Secondly, even for singular a, H, the Hessians of F, j at the critical
points turn out to be nondegenerate transversally to the critical mani-
folds, that is the F, 4 have critical point sets which are clean in the sense
of Bott.

The third important property of the F, y is that, apart from their
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trivial left K -invariance, they are also right Kg-invariant if He Cl(a™),
the closure of the positive Weyl chamber. This right Ky-invariance
property is somewhat surprising, and in general not true for arbitrary
Hea. These properties come up in our systematic study of the F, g4
which is decisive in the investigation of (0.3) when |H| — co.

It turns out that much light can be shed on the behaviour of the
functions F, g, in particular their right Ky-invariance, if one compares
them with their “infinitesimal” counterparts fy 4 defined by

Jx.ulk) =<X,Adk(H))  (keK). 0.6)

(This is also the phase function in the integral formula for spherical
functions on Cartan motion groups, see Gindikin [257].) Here X, Heq,
and we always compare fy y with F, ; when a = exp X. It is already
clear from (0.6) that the fy ; have much simpler structure than the F, .
Geometrically, the functions fy ; can be viewed as testing the or-
thogonal projection of the Ad K-orbit of H (in g) onto a by linear forms
on a. Note that actually Ad K(H) is contained in the orthogonal comple-
ment s of fin g.

The functions fy 5 possess the same qualitative features as the F, g,
that is they have the same critical set K ywK,, which moreover is clean.
But in addition (and in contrast with the F, ;) they are obviously left
K,- and right Ky-invariant. Furthermore, when fx , is regarded as a
function on the flag manifold K/Ky, there is a natural K-invariant
Riemannian metric Sy on K/Kj such that the gradient flow of fx p is
equal to the action of the 1-parameter group t+—exptX on K/Ky. Here
we identify K/K, with the homogeneous G-space G/G(H), G(H) being a
suitable parabolic subgroup of G. Moreover, this flow turns out to be
linear (!) in the natural affine coordinates on the Bruhat cells, the cells
themselves appearing as the stable manifolds at the Weyl group points.

Many of these properties of the fy 5 have been obtained before by
Bott [9] in the case of complex G (in fact for K modulo the centralizer
of a torus for any compact K, but this is the same as the case of complex
G, see Remark 2.2), and furthermore Hermann [35] and Takeuchi and
Kobayashi [59] for general real G. Bott and Takeuchi-Kobayashi
studied these functions in order to obtain information about the to-
pology of the flag manifolds using Morse theory. More recently, the
rigidity of the critical points has been used by Heckman [32] to give a
simple geometric proof of a theorem of Kostant [42]. This asserts that
both the image of ki H(exp X .k) and of k+— E(Ad k™ *(X)), with E, the
orthogonal projection s — a, are equal to the convex hull of the Weyl
group orbit of X in a.
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As a preparation for our study of the functions F, g, and also because
we think these properties deserve wider attention, we give a self-
contained review of the basic properties of the functions fy y in sections
1 and 3. A short survey of their applications to the topology of the
(complex and real) flag manifolds, both in terms of Morse theory and of
the Schubert calculus, is presented in section 4. In section 2 we collect
some basic facts about centralizers and parabolic subgroups which are
used throughout the paper.

Now let us return to the oscillatory integrals (0.3) with H replaced by
tH, 1 — + oo. The cleanness of the critical sets of the F, 4 allows us to
obtain a full asymptotic expansion (with a, H kept fixed) by a direct
application of the method of stationary phase. The result is stated in
section 9. Treating a, H as parameters in the phase function, one ob-
serves a “caustic” behaviour of the asymptotic expansion if a, H become
singular, that is loga, resp. H enter root hyperplanes. As a consequence
there is a nontrivial problem of obtaining sharp estimates when 7 —
+ oo, which are uniform in the parameter Hea (not to speak of a).
Using the rigidity of the critical sets and the right invariance properties
of the F, y, we are able to obtain such uniform estimates when a is kept
in a compact subset of 4.

The upper bounds are in terms of simple functions of product type (cf.
Theorem 11.1), suggested by the radial asymptotic expansions obtained
in section 9. This situation is very different from what happens if the
phase function belongs to a generic family of functions depending on
parameters. In that case one gets uniform asymptotic expansions in
terms of generalized Airy functions; these themselves have quite com-
plicated behaviour, cf. Duistermaat [19, section 4].

For elementary spherical functions on complex groups this behaviour
can be read off directly from the explicit formulae for them given in
Harish—Chandra [28] and for the special case of SL(n,C) by Gelfand
and Naimark [24,§9]. For general real G no such explicit formulae are
known.

The proof, involving partitions of the closures of the Weyl chambers
in the H-space a into suitable sectors, occupies section 11. The main
feature that makes it work is that at a common critical point the phase
functions can be brought into a “trigonal form”; this allows us to use the
classical Morse lemma repeatedly. It would be interesting to make the
phase functions F, ; equivalent, by a smooth coordinate transformation
depending smoothly on the parameters a, H, to phase functions for
which the product structure of the asymptotics of the oscillatory in-
tegrals could be read off more directly. However, we could not even
make F, 4 and fy 5 equivalent to each other in this sense, despite the
fact that their qualitative behaviour is very much the same.
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In a subsequent article we hope to extend the uniform estimates in H
to the case that also a is allowed to run to infinity, and to apply them to
obtain sharper bounds for the remainder in the asymptotics for the
spectra of compact locally symmetric spaces in DKV [20].

It may be remarked that for elementary spherical functions and for
regular a, the asymptotic expansions as the eigenvalue parameter runs
to infinity, can also be obtained by a careful analysis of the asymptotics
of Harish—Chandra as a runs to infinity. For instance, one can use the
improvements of Gangolli [23]. However, the method of stationary
phase is more direct and is applicable to more general integrals, when
the amplitude g is arbitrary and a is allowed to be singular. It may also
be observed that our estimates are uniform in the representation, that is,
the constant factor depends only on a norm on the space of amplitudes
g.

We now come to the last topic of this article. In the study of spectra
of compact locally symmetric spaces via the Selberg trace formulae (cf.
DKYV [20]) one actually needs estimates for oscillatory integrals of the

type
J e HO-I g3 dC (x). 0.7
c

Here C, is the conjugacy class of a semisimple element y of G, dC,(x) is
an invariant measure on C, and g is a smooth function with compact
support in G. In section 8 we study the corresponding phase function
Fy , on C,, defined by

Fy (x) = {H(x),H}, (xeC,)). 0.8)

Again it turns out remarkably that Fy , has a clean critical point set;
and it is rigid in its dependence on H because it is equal to C,n Gy, Gy
= the centralizer of H in G. The corresponding asymptotics of (0.7) if H
is replaced by tH and 7 — + o0, is described in section 10. In the same
section we also apply this asymptotic expansion in order to obtain a
detailed analysis of the singularities of the distributions T, which appear
in DKV [20]. Finally the rigidity of the critical sets allows for sharp
upper bounds which are uniform in H (only for fixed y however); these
are proved in section 12. The method of proof here in fact leads to a full
asymptotic expansion of (0.7) which is uniform in Hea, and applies
equally to the integrals (0.3) if a is restricted to an equisingular set.

It is somewhat surprising that phase functions and oscillatory integrals
associated to the Iwasawa projection have not been studied systemat-
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ically before. To our knowledge the only exception to this is the work of
Cohn [14], who used this point of view in his study of the asymptotics of
Harish—Chandra’s C-functions. These C-functions appear in the leading
terms of the asymptotic expansions of the matrix coefficients as a — oo.
They may be expressed as integrals similar to (0.2) but taken over N
= 0N, 6 being the Cartan involution of G. We compare our results with
Cohn’s in section 7.

NortATION: Generally our notation is standard and is the one used in
our paper DKV [20].
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1. The functions fx

Consider the adjoint action of K on s, the orthogonal complement of
fin g with respect to the Killing form. For H €s the mapping k> H*
= Adk(H) defines a diffecomorphism from the “flag manifold” K/Ky
onto the Ad K-orbit through H. (For example, if G = SL(3,R), H # 0, H
singular, then K/Ky is the projective plane and k+— H* is the Veronese
mapping, embedding the projective plane into a 5-dimensional
Euclidean space.) Testing this map by linear forms on s amounts to
looking at the smooth functions

fx.u k—(X,H* (1.1)
on K, here Xes.

LeMMA 1.1: k is a critical point for fy g if and only if [X,H*] = 0.
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For any Yef,
d
—p fenkexptY)—o = (X, [YHT) = —<[X, H], Y*). (1.2)

This being equal to zero for all Yef means that
[X,H)esn[s,5] csnf=(0)

If X is a regular element of s then its centralizer in s is a maximal
abelian subalgebra a of s. Because fx y obviously has critical points on
the compact manifold K, it follows that each Ad K-orbit in s intersects
a. In turn this implies the conjugacy under K of all maximal abelian
subalgebras of s. This proof of the conjugacy is essentially the one by
Hunt [37] for complex groups, generalized to real G by Helgason [33,
Ch.V. Lemma 6.3].

In view of the conjugacy result it is sufficient to consider functions
fx,u only for X, Hea, as we shall do from now on.

PrROPOSITION 1.2: If X, H €a then the critical set of fx g is equal to

KX,H = U KXWKH. (1.3)
Here w is the Weyl group, the normalizer of a in K modulo the centralizer
M of a in K. So the notation wKy makes sense because Ky > M.
Moreover,

Ky = MK and Ky = K$M. (1.4)

Let [X,H*] =0, that is X* 'egy. G% is a connected reductive Lie
group with maximal compact subgroup K% and A as the vector sub-
group in its Iwasawa decomposition. Applying the conjugacy theorem
to X*~' we get le K% such that (X*™')' = X* " ea. According to a well-
known lemma of Harish-Chandra [31] there is then an element wew
such that (X* )* = X, or x,lk 'eKy if x,eK represents w. This
shows that

Ky n < |J KxwKj. (1.5)

wWEW

Because obviously fx, g is left Ky and right K y-invariant and the Weyl
group elements are stationary points, we have also

(J KxwKy = Kx u, (1.6)

WEW

combining we get (1.3).
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For the second statement, taking X regular we get

Ky < |) MwKY. (1.7)

weEw

Now, if MwK$ n Ky # & then wewy,. This implies that w is generated
by reflections corresponding to roots vanishing on H. But such reflec-
tions have representatives (modulo M) in K§. So K, = MK, Finally
Ky = K%M follows from Ky = MK$ by applying the map x+>x 1.

K. g, being the union of finitely many orbits of the left-right action of
the compact Lie group Ky x Ky, is a union of finitely many smooth
compact connected components. In general they may have different di-
mensions. The situation is clarified further in the following

PROPOSITION 1.3: We have the disjoint union
Kxg= 1L KywKy, (1.8)

wewx\w/wy

where the union is over a complete set of double coset representatives. If
Ttgm denotes the projection: K — K/M one also has the disjoint union

7rK/M(K x.H) = 1L nK/M(K?(wa ?1) (1.9

wewx\w/ Wy

and all components of the Ky x K yg-orbit KywKy have the same dimen-
sion equal to dim M plus

dim 73, (K$x,,K) = Y dimg,. (1.10)

aed*,a(H).wa(X)=0

ProOF: KywKy = w,K,, (w; 'ww,)K,,,zw; ', which allows a re-
duction to the case that X and H are contained in the closure of
the positive Weyl chamber. If KywKyn Kyw'Ky # & then
G(X)wG(H) n G(X)W G(H) # & where G(X), resp. G(H) are the corre-
sponding parabolic subgroups of G as defined in section 2. But then it
follows from the theory of Bruhat decompositions (cf. Borel-Tits [7,
5.20]) that w' e wywwy.

The next statement follows from the observation that KywKy and
K%x, K% have the same image under 7y, in view of (1.4). Since the
KywKy are right M-invariant their disjointness in K implies the dis-
jointness of their images in K/M.

Because KywKy = wKy. Ky with X’ = w™ !X, the left hand side in
(1.10) is equal to the dimension of (fy. +fz) © m, the orthogonal
complement of m in Iy, + f;;. Now the map Y— Y + 0Y is a linear iso-
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morphism of n with £ © m; and if E is any subset of a, Yen centralizes E
if and only if Y + 0Y centralizes E. From this one finds that I + 6 is an
isomorphism between ny. + ng and (£ + f5) © m, proving (1.10).

Next we compute the Hessian of fy g at its stationary points.

PROPOSITION 1.4: Let k = ux,v with ueKy, x, a representative of
wew and ve Ky. Then, for each Yek

2

%ffX,H(kexptY)t=0 =— ), a(Hwa(X).[F(Y")]? (1.11)

aed

Here F, denotes the orthogonal projection: £ —>tn(g,+g_,) and the
inner product in ¥ is equal to minus the Killing form.

PROOF: fy glux,vexptY) = fx py(x,exptY’) = f,-ix plexptY’) re-
duces the computation to the case that k=1. Now Ad(exptY)
= exp(t ad Y), so the Taylor expansion of the exponential function yields

d2
22 Jen@xptY)—o =<X,[Y[LHID = —<[YLXLILH]D. (112

Writing Y=Y ,.,+ Y, + 0Y, modulom, with Y,eg, (hence 6Y,eg_,), the
right hand side is equal to

- Y aX)BH)Y, - 0Y, Y; — 0Y,)

a,fed

Zp A X)u(H){<Y,, 0Y,> + <O, .}

ae

Y A X)a(H)Y, + 0Y,, Y, + 0Y,).

aed

Here it has been used twice that {g,,85,> = 0 unless f = —a, and that
09, = g,

COROLLARY 1.5: At each critical point, the Hessian of fx y is nondegen-
erate transversally to the critical manifold. In other words, fx y has clean
critical point set in the sense of Bott [10].

ReMARK 1.6: The dependence of the critical set of fx y on the para-
meters X, H has a highly nongeneric rigidity. Because of (1.4), Ky only
depends on KY, that is on fy, which in turn is determined by the set of
roots vanishing on X. Because K behaves similarly, there is only a
finite number of possibilities for the critical set KywK . Now for a gen-
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eric family & (g, x) of functions of x, one has for each ¢ isolated critical
points x, depending smoothly on ¢ if ¢ varies in the complement of the
so-called “catastrophe set” of Thom. When ¢ approaches the
catastrophe set, some of the critical points coalesce in a root type
manner, that is they come together with a velocity which runs to infinity
as ¢ reaches the catastrophe set. In contrast, regarding the fy p as func-
tions on K/M, we have for regular X, H nondegenerate critical points
which are equal to the elements of the Weyl group w. In particular they
don’t move at all as the parameters vary. Only, if the X, H enter root
hyperplanes (their union being the catastrophe set in this case), the crit-
ical set becomes a smooth manifold connecting some of the previous
critical points. Because fy y is transversally nondegenerate, all points of
these critical manifolds are indistinguishable from the qualitative point
of view; so there is no special role left for the original critical points. If
X, H move within these hyperplanes, the critical manifold again remains
fixed, until the intersection of more hyperplanes is reached; at that
moment the critical manifold changes abruptly into a higher dimen-
sional manifold connecting more of the original critical points.

REMARK 1.7: The rigidity of the critical sets in their dependence on
X, H, together with the fact (read off from (1.11)) that fx g has only one
local maximal (resp. minimal) value, equal to (X,wH) for some wew,
have been used by Heckman [32] in his proof of the convexity theorem
of Kostant [42], see also Berezin and Gel'fand [2]. This theorem states
that the image of the very “roundish” object Ad K(H) under the or-
thogonal projection E,:s — a is equal to the convex hull of the finitely
many points

{wHlwew} = AdK(H)na. (1.13)

For instance, the equilateral triangle in the plane appears this way in the
film of Banchoff [1] about the linear projections of the Veronese
surface.

REMARK 1.8: As another application of (1.2), the image of the tan-
gent map at k of the mapping ¥Y:k— E,(H*) is equal to the set
{E[Y,H])| Yet}. Using root space decompositions, one verifies easily
that this space is equal to the span of the H,, « running over the positive
roots such that the (g, ® g_,) N s component of H* is not equal to zero.
That is, also the image spaces of the tangent maps of ¥ have only
finitely many positions. As a consequence the set of singular values of ¥
is piecewise linear, each piece being parallel to a span of some H,’s.
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ReMARK 1.9: The results of this section could be extended to the case
that H ea_, the complexification of a. Note that if H, H' €a then k is a
critical point for fx gy if and only if it is critical for both fy ; and
fx, g simultaneously. For further information about simultaneous crit-
ical points, see Lemma 11.3.

REMARK 1.10: The flag manifold K/Ky is actually a homogeneous
space for the big group G rather than K. That is K/Ky = G/G(H) for a
so-called parabolic subgroup G(H) of G, which will be introduced in the
next section.

2. Parabolic subgroups and flag manifolds

In this section we give a brief review of some facts concerning parabo-
lic subgroups of semisimple groups and the associated flag manifolds.
One purpose is to explain the connection with the “flag manifolds”
K/Ky of section 1, another is to establish notation. For more detailed
treatments we refer to Borel [6, Ch. IV], Borel-Tits [7, §§4,5] and
Varadarajan [65, II. 6].

Let G be a connected linear algebraic group over C. A parabolic
subgroup of G can be defined as a closed subgroup P such that G/P is a
projective variety; this space is called the corresponding flag manifold.
An equivalent characterization is that P is a closed subgroup which
contains a Borel (= maximal connected solvable) subgroup B of G.
Basic facts are that all Borel subgroups of G are conjugate to each other
and that all parabolic subgroups of G are connected (see, for instance,
(11.1) resp. (11.15) in [6]).

Because the connected solvable radical is contained in any Borel sub-
group, it is always divided away when passing to G/P. Hence it is
sufficient to assume that G is semisimple when studying flag manifolds.

Let ¢ be a Cartan algebra in g and let g=¢@® Y ,., 9, be the corre-
sponding root space decomposition. As usual, if 4 is a choice of
positive roots, we write 1t =Y ,. 4+ g,. Then b = ¢ @ n is a solvable Lie
algebra.

More generally, let S be the set of simple roots in 4*. For a subset @
of S, possibly empty, we write A(®) for the set of roots in A that are
integral linear combinations of elements of @ only; and we put 4*(®)
= A% N A(P). We then define

Po=(c® ) 8)J® ) 8,=b® 3 2.1)
ac A \AD)

aeA(P) ac AT (D)
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Obviously, p,, is a Lie algebra, containing b. Conversely, any Lie algebra
in g containing b is of the form pg for some ¢ = S. A glance at the
reductive Lie algebra

me=c® ¥ g, (22)

aeA(D)

in p, shows that pg is solvable only if & = ¢; that is, b is a maximal
solvable Lie algebra (Borel algebra) in g. Using this one obtains that B,
the normalizer of b in G, is a Borel subgroup. More generally, the Lie
algebra pg, is equal to its own normalizer in g; so the normalizer Py of
po in G is a closed subgroup of G with pg as its Lie algebra. If now P is
a parabolic subgroup of G containing B, then p = Lie (P) is of the form
Pg, for some @ < §; and it follows that P = P,

In other words, we get a bijective correspondence @ +— P, between the
subsets of § and the parabolic subgroups of G containing B. The P, are
called the “standard” parabolic subgroups with respect to the choice of ¢
and 4%.

Now let us turn to the case in which we actually are interested,
namely that G is a connected real semisimple Lie group with finite
center. A subalgebra p of g = Lie (G) will be called parabolic if its com-
plexification p, is parabolic in g, that is, if it contains a Borel subal-
gebra of g.. A parabolic subgroup P of G is defined as the normalizer in
G of a parabolic subalgebra p of g; and G/P is called the corresponding
flag manifold. In contrast to the complex case, P need not be connected.

The connection with the algebraic theory can be made by taking G
= Aut(g,)° which is a connected complex linear algebraic group, de-
fined over R. The adjoint representation is a homomorphism with a
finite kernel from G onto Ad(G) = G(R)°, the connected component of
the subgroup of R-points. The parabolic subgroups P of G then are the
inverse images under Ad of the parabolic subgroups P, of G that are
defined over R. Because Ker Ad < P, the natural map G/P — G/P, is a
diffeomorphism from G/P to a component of the real locus of the com-
plex algebraic flag manifold G/P..

We now proceed to a classification of the real parabolic subgroups.
Let G = KAN be an Iwasawa decomposition; note that 4 is a maximal
R-split torus in G. As usual we write a = Lie(4), 4, the set of roots of
(g,a) and A%, the positive system defining n = Lie(N). Also M, resp. m
is the centralizer of a in K, resp. in f. Then p = m @ a @ n is a parabolic
subalgebra with normalizer P = M AN.

More generally, let S be the set of simple roots in 4*. For any subset
& = S we write A(P) (resp. 4*(®)) for the set of roots which are integral
(resp. nonnegative integral) linear combinations of the roots in @. We
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then define

Po=MOa® ) 8)® Y g=
a acAT\A(D)

eA(P)

=p® Z 9-a (21R)

acA* (D)

Obviously pg is a Lie algebra containing p, hence parabolic; and its
normalizer P, in G is called the corresponding “standard” parabolic
subgroup. Using Borel-Tits [7, Proposition 5.14] with K = C and k
= R, one proves that any parabolic subalgebra of g, resp. subgroup of
G, is conjugate to a standard one, and that the minimal ones are all
conjugate to p=m® a @ n, resp. P = MAN. Note that the conjuga-
tion can be performed by elements of K, because G = K - P.

Now let He Cl(a*) be such that & is precisely the subset of S vanish-
ing at H. It follows that A(®) is the set of roots vanishing at H, while
A\ A(P) is the set of roots o with a(H) > 0. In this case we define

gH)=pe=mPa® Y g,

a(H)=0 (2' 3)
G(H) = P, = normalizer of g(H) in G.

In order to get further information about the standard parabolic sub-
groups G(H), we define

Mg, = Gy = centralizer of H in G; mg = gy = Lie(Gy); (2.4)

neg=n®= 3% g;N®=expn®.
a(H)>0

Note that for any H €a, not necessarily in Cl(a*), we can still define
g(H), G(H), Gy and n® by (2.3), (2.4). If we choose a chamber whose
closure contains H, G(H) will be a parabolic subgroup, standard with
respect to the Iwasawa decomposition defined by this chamber; ¢ will
then be the subset of simple roots (with respect to this chamber) that
vanish at H.

We begin by observing that N® is the connected unipotent radical of
G(H) and that we have the semi-direct product

G(H) = GgN®  (Hea). (2.5)

This can be proved by passing, via the adjoint representation, to the
corresponding decomposition for G(ad H). Secondly,

Gy =KyANy foranyHea. (2.6)
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Indeed, let Ad(kan)(H) = H for ke K, ae A, ne N. Since Ad(an)(H) = H
modn and Adk !(H)es, while s~n =(0), we see that necessarily
Ad(an)(H) = H, Adk™'(H) = H, that is, ne Ny and ke K.

Finally,

G(H) = KyAN if HeCl(a™). 2.7
This follows from (2.5) and (2.6) if we use

N = NygN®  (HeCla*)). (2.8)

This in turn follows from Lemma 2.3 below, observing that n
=ny ®n*®if HeCl(a™). Lemma 2.3 is well-known, we have inserted it
in this section for future reference.

The decompositions (2.6), (2.7) can be regarded as obtained by re-
stricting the Iwasawa decomposition of G to Gy, resp. G(H). Notice that
(2.6) is true without assuming that H has any special position with re-
spect to the Weyl chamber a* in terms of which N is defined.

We now come to the relation with the flag manifolds K/K of section
1.

PROPOSITION 2.1: The natural map i: K/Ky — G/G(H) is a diffeomor-
phism.

By conjugation with a Weyl group element we can arrange that
HeCl(a*). Combining (2.7) with the Iwasawa decomposition G
= KAN, we get that i is a bijection. Moreover, i is of constant rank
because it is K-equivariant.

Note that the adjoint representation induces a diffeomorphism of
G/G(H) with Ad G/Ad G(H) (Ker Ad is divided away); it is a component
of the real locus of a complex algebraic flag manifold, which moreover is
defined over R. So the complex flag manifold can be considered as a
complexification of the real flag manifold K/Kj.

REMARK 2.2: If G itself is complex then a = cg for the Cartan algebra
¢ = a @ ia. Here ia = t is the Lie algebra of a maximal torus T (= M) in
K. Therefore, in this case the real flag manifolds are identified with the
complex flag manifolds of the algebraic theory. Also, since for a suitable
choice of H, Ky = K;;; = the centralizer in K of an arbitrary torus in K,
and because any compact semisimple Lie group K arises as the maximal
compact subgroup of a complex semisimple Lie group, the complex al-
gebraic flag manifolds are identified with the K/Z where K is a compact
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connected Lie group and Z is the centralizer of a torus in K. This identi-
fication is basic in the construction of Borel-Weil [54] of irreducible
representations of K.

LeEMMA 2.3: Let ny,...,n, be subalgebras of n such that
(a) nis the direct sum of the n; (as a vector space), and
(b) each n; is the direct sum of a collection of the g,.
Let N; = expn;. Then the map (n,,...,n,)—=n, ... n, is an analytic dif-
Sfeomorphism of N; x ... x N,, with N.

For a proof, see for instance Séminaire Chevalley [53, Exp. 13,
Théoréme 1]. A similar statement is of course true for N = N.

3. The A-action on the flag manifolds

Although we now have two additional models for the flag manifolds
K/Ky (the Ad K-orbit in s and G/G(H)), we continue to write it as K/K
and denote its elements by k = kK (ke K). The diffeomorphism

i:K/Ky — G/G(H) (3.1)

of Proposition 2.1 conjugates the left action of G on G/G(H) to an action
of G on K/K. For convenience of notation we assume throughout this
section that He Cl(a™).

Then G(H) > AN and the action of xeG on K = G/AN, resp. on
K/Ky =~ G/G(H) can be written as

0O,(k) = k(xk), resp. @x(E) =k(xk) (xeG,keK). 3.2)
Here « is the projection G — K defined by
xex(x)AN for xeG. (3.3)

Note that the G-action on K/Kg is covered by the G-action on K via
the natural projection K — K/Ky.

For each X eg, the one-parameter group exptX, teR, gives rise to a
flow on K, resp. K/Ky; the corresponding velocity field will be denoted
by vy. Transporting elements of T,K, resp. T{K/Ky) to f, resp. ¥/ty,
using left multiplication by k™!, we get

LeEMMA 3.1: For Xeg, ke K, HeCl(a*) we get

vx(k) = E(X* "), resp. vyx(k) = E(X* ) mod f,. (34
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Here E, is the projection g — t along a + n.

If x(t) is a smooth curve in G with x(0) =1, x(0)= X, then
differentiating

k™ 'x(t)k = k™ *x(x(e)k)a(x(t)k)n(x(t)k)

with respect to t at t = 0, we find

oood o
X*! = k™ k(x(0k),-o moduloa + .

We shall now prove that the vector field vy on K/Kp is the gradient of
the function fy 4 with respect to a suitable K-invariant metric By on
K/Ky, following essentially Takeuchi and Kobayashi [59]. The

mapping
(:Y+0Y—>Y—-0Y, Yen 3.5

defines a linear isomorphism f© m X s O q; it can be extended to a
linear mapping ¥ — s by defining it equal to zero on m. We define the
form by on T x f by

by(Z,Z') = (H,[Z,{Z)]) (Z,Z'€D). (3-6)

LemMA 3.2: (i) by is a symmetric positive semi-definite bilinear form on
f x t, with radical equal to . Hence it determines an inner product by on

¥/ty.
(i) If F, are the orthogonal projections ¥ — ¥, = (g, + g_,) N I, we have,
forall Z,7' et

bu(Z,Z)= 3 a(H) (F(2),F(2)) (3.7

aed,a(H)>0
where the inner product on T is equal to minus the Killing form.

Since (ii) implies (i), we shall prove (ii). For any root o, Yeg, and
U eg, we obtain

CH,[L U] =<[H, YL U) = (HKY, U),
similarly <H,[0Y, U]y = —«(H)<0Y, U). Writing

Z= Y Y+0Y,Z= Y Y40y,

acd,a(H)=0 aed,a(H)=0
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with Y,, Y, eg,, we find

Z)= ¥ Y-ox.

acd,a(H)=20
Therefore

bu(Z.Z)= Y a(HKY,—0Y, Y Y;—6%>
a(H)>0 BH)=0

=— > aHKY,+0Y, Y, +0Y),

a(H)>0

v

using that {g,,gz> = O unless f = —a. Because Y, + 0Y, = F,(Z),
Y, + 0Y, = F,(Z’), the formula follows.

PROPOSITION 3.3: (i) by extends to a K-invariant Riemannian metric By
on K/Ky.

(ii) For every X €a, vy is equal to the gradient of fy g = fx.g considered
as a function on K/Ky. That is,

dfy.u = Bu(",vx)- (3.8)

For (i) we have to show that by is Ad K g-invariant. Now, if ke K,
Ad k normalizes n'®; so it commutes with {. Hence

bu(Z4,Z2") = <H,[Z*%,{(ZM]) = <H,[Z"LZ)1]>
=(H,[Z,0Z)]%) =<H*",[Z,UZ)]) = bu(Z,Z)).

For (ii) we start with the observation that
ToK/Ky) = (00| ZeT}  (keK),

because K acts transitively on K/Ky. So, using the left K-invariance of
By and (1.2), (3.4), we have to prove that for all ke K and Z €f,

<[X,Z1', Hy = by(Ef(Z*"), Ef(X* ™) (3.9)

with EFf:g—> 1O, the projection along M+ a+ ) sesa@yso08a AS
X*'es, we have X* ' =(Y—0Y)modsy for some Yen®™ because
I — 6" = s © sp. Thus

EF(X* )= —(Y+0Y), (EE(X* )= —(Y—0Y)= —X* 'mod sy,.
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The formula (3.9) now follows immediately from the definition (3.6) of
by.

REMARK 3.4: If G is complex, as in Remark 2.2, we can define the real-
valued linear form ¢ on f by

&Z)=(GH,Z) (Z€h).

Then K/Ky can be identified with the co-adjoint orbit {¢*|ke K} of ¢ in
F*, on which Kirillov [38] introduced the K-invariant sympletic form €,
given by

AX,Y)= —{[X,Y]) (X,Yel/ty).

On the other hand, the pull-back of the complex structure on
G/G(—H) to K/Ky under the diffeomorphism K/Ky — G/G(— H) is the
K-invariant complex structure J on K/Kj occurring in the Borel-
Weil theorem. The pair (J, ) makes K/Ky into a Kédhler manifold. It is
easily verified that the corresponding Riemannian structure

X, - QX,JY) (X, Yel/ty)

coincides with the metric fy introduced in Proposition 3.3.

In case of a real group G, the restriction to G/G(— H) of the above
metric on G./G(—H) is equal to 28y, thus identifying By with the
metric described in Hermann [35].

COROLLARY 3.5: The zeroset of vy in K is equal to the critical set
KywKy = KSwKy of fy. g. It is stable under ©, because ©, commutes
with the vy-flow.

We now use the action of the unipotent subgroups N *%, wew, to
obtain a covering of the flag manifold with coordinate systems in which
the vectorfields vy, X €q, are linear (!).

ProPosITION 3.6: (i) Given wew, the mapping

Yw.u: Y—exp YWG(H)
defines an analytic diffeomorphism from n"*® onto an open subset Q,, y

of G/G(H) containing wG(H).
(i) For xeG,y, the map y,, y intertwines the left translation by x on
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G/G(H) with the linear mapping
Ad x: WD o (vl

(iii) If X €g,.5, the infinitesimal action of X on G/G(H) (corresponding
to the vectorfield vy via the diffeomorphism K/Ky— G/G(H)) gets pulled
back by y,, g to the linear vectorfield

adX:Y—[X,Y] (Yen'™*®)

Here, as usual, the tangent space of W™ at any of its points is identified
with nt~"D,

(i) It is sufficient to consider the case of w= 1, since exp YwG(H)
=w-expY” "-GH) and Y* 'en"HP e Yen "™, y 4 is an immer-
sion because exp|,-m is an immersion and n'"® A g(H) = (0) because
g=n"P@ g, ®n®, g(H) = g5 ® n™®. Moreover, the image Q, y is
open in G/G(H) because dim n{~® = dim G/G(H).

What is left is to prove the injectivity of y, y. So suppose y; z(Y;)
=y..4(Ys) for Y, Y,en"®; that is exp(—Y;)-exp Y, e G(H). Because
NOB = expn™® js a subgroup, we can find Yen"® such that exp Y
= exp(—Y;) exp Y,. Since G(H) and N~ ™ are normalized by A we have
exp Y?e G(H)n N for all ae A. Since the Y%, ae A, come arbitrarily
close to 0, we obtain Y?eg(H) nn'~® = (0) for suitable ae 4, showing
that Y=0.

(ii) follows from

Pw,a(Y*) = x exp Yx ™ 'WG(H) = xy,,, u(Y)

because w ™ lx 'we Gy if x ! (and therefore x) belongs to wGyw ™!

= G, 4. The assertion (iii) follows from (ii) by differentiation.

COROLLARY 3.7: Let Xea, HeCl(a"). (i) fy,z has isolated critical
points on K/Ky =~ G/G(H) if and only if

aX)=0=>wlgH) =0 (red,wew). (3.10)

(ii) In this case, the set of critical points of fx g, which coincides with
the zeroset of vy, is equal to wKy = w/wy. For each wew the flow ¢'
(teR) of vy on K/Ky is hyperbolic at wKy. The stable, resp. unstable
manifold S,; = S; x g, resp. S,, = S, x.y defined by

* = {xeK/Ky| lim ¢(x) = wKy} (3.11)
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is given by

S\f = yw,H(n(_WH) N n($X)) = ’VW,H( Z ga)' (312)

acd* ,w-la(H)<0, £a(X)<0

(iti) Finally, if —X ea* then the stable (resp. unstable) manifolds of vy
on G/G(H) coincide with the N- (resp. ON-) orbits on G/G(H).

From Proposition 1.3 we see that fx y has isolated critical point set
(equal to wKj) if and only if (£5)* ™" <, for every wew. The descrip-
tion of the stable and unstable manifolds follows from (iii) in Proposit-
ion 3.6; indeed, the ad X-flow on n{""# is contracting, resp. expanding
on "M A= resp, nt~wH A n®),

Finally, from the equality

n® = ® A n"M) @ (™ n g(wH))
we get, in view of Lemma 2.3
NP = exp(n® A n"*M). exp(n® N g(wH)).

Since the second factor leaves wG(H) stable, (iii) follows from (ii),
because N¥ = N and N® =N if —Xea".

CoOROLLARY 3.8: Under the assumption (3.10) G/G(H) is equal to the
disjoint union of the stable manifolds S}, we w/wy as described in (3.12).
Consequently G/G(H) is covered by the open subsets Q,, y(wew/wy) de-
fined in Proposition 3.6.(i). Also, K/Ky =~ G/G(H) is the disjoint union of
the N-orbits through the points of w/wy.

The last assertion is of course the Bruhat decomposition. The proof
given here is self-contained. The idea of proving the Bruhat decom-
position using the A-action can be found in Séminaire Chevalley [53] in
the algebraic setting and Hermann [35] in the analytic setting.

Combining (3.8), (3.7) and Proposition 3.6.(iii) it is not hard to give an
alternative proof of the formula (1.11) for the Hessian of fx . Also, since
a linear vector field defined by a semisimple linear transformation obvi-
ously has a clean zeroset (that is the zeroset is a smooth manifold and
the derivative of the vectorfield transversally to the manifold is nonsin-
gular), Corollary 1.5 can be seen as a direct consequence of (3.8) and
Proposition 3.6.(iii). Finally, it is an easy exercise to compute the zeroset
of vy directly from Lemma 3.1, leading to a proof of Proposition 1.2 via
(3.8).
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fx.n is a Morse function on K/K if and only if (3.10) holds. Thinking
of fx y as a linear form on the Ad K-orbit through H in s, it is inter-
esting to compare this with the construction of Morse functions on
arbitrary manifolds as in Guillemin and Pollack [26, p. 43].

In general the stable manifolds of the gradient flow of a Morse func-
tion f yield a cell decomposition of the space, as has been observed by
Thom [60]. Also it is easy to see that the union of the stable manifolds
of the critical points x such that f(x) < c¢ is closed; so, if S is a stable
manifold, CI(S)\S is union of (finitely many) stable manifolds of lower f-
level and of lower dimension.

We conclude this section by some remarks on the action of an arbi-
trary element x of G on the various flag manifolds. The Jordan decom-
position of x gives x = x,- x, with x, semisimple, x, unipotent and x,, x,
commuting. Because the actions of x; and x, then commute as well, it
suffices for many questions to study the actions of x; and x, separately.
The description of the action of x, on the flag manifolds is a nontrivial
problem. For instance, if G is complex, B a Borel subgroup of G, then
the set of fixpoints for the action of x, on G/B can be identified with the
variety 2 of Borel groups containing x,. ~ is connected (cf. Springer [55,
Proposition 1.5]). If, in addition, G is simple and x, is a so-called sub-
regular element, then Steinberg and Tits (cf. Steinberg [56, 1I1.3.10.
Proposition 2]) showed that X is the union of finitely many projective
lines, intersecting according to the Dynkin diagram of the group G. In
particular, X need not be smooth. Regarding x,, one can by conjugation
bring it into a standard position h such that h = kexp X, Xea, ke Ky
(cf. DKV [20, Section 4.1]). Because ke Ky, the action of k commutes
with the vy-flow on the flag manifold; this again allows one to study the
action of k and the vy-flow separately. Now the action of an elliptic
element k is quite well-understood. For instance, for studying the
iterates, one writes k = ky - | where k,, l€ Ky, ko and | commute, k, is of
finite order, and [ lies in a torus T in Ky such that the powers of | are
dense in T. Finally, the basic properties of the vy-flow have been discus-
sed in detail in this section.

4. The topology of the real flag manifolds

In general, knowledge of a Morse function and its corresponding
stable manifolds leads to information about the algebraic topology of
the space, especially if the Morse function and the metric are brought in
a suitable position, cf. Milnor [46], [47]. The point is that for the flag
manifolds K/Ky the Morse functions fy 5 and the stable manifolds en-
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countered in section 3 are in the nicest possible position for this pur-
pose. Although it is not needed for the rest of this paper, we shall give a
short survey in this section of the topological properties of the real flag
manifolds which follow. Most of the results are essentially known, in
particular for the complex flag manifolds. However, in the real case
some of the arguments seem to need a little additional clarification. For
this reason we give the proof of Lemma 4.2 and Proposition 4.4, and we
also include an explicit description of the desingularization of the real
Schubert varieties, preceding Proposition 4.5.

In this section Hea will be arbitrary; by conjugation with a Weyl
group element we can arrange that He Cl(a®).

If fx u is a Morse function on K/K g, which is the case for generic X,
then its number of critical points is equal to |w/wy]|, see Corollary 3.7(ii).
In Proposition 4.4 below it will be shown that |w/wy| is also equal to
the sum of the Betti numbers of the homology modulo 2 of K/Ky. In
view of the Morse inequality that the number of critical points of any
Morse function is > the sum of the Betti numbers of the homology with
coefficients in any field, this shows that fy , has the minimum number
of critical points. Viewing fy , as testing the mapping k+— Ad k(H) by
linear forms as in the beginning of section 1, this means that in the
terminology of Kuiper [43] we have proved

PROPOSITION 4.1: The embedding k+— Ad k(H) of the flag manifold
K/Ky into s is tight.

The embedding is even taut, as the image is contained in the sphere of
radius | H| in s. Taut means that the distance function to a generic point
has the minimal number of critical points. Also stereographic projection
leads to a tight embedding in a hyperplane in s. See Cecil and Ryan
[12], which contains also further interesting references.

Proposition 4.1 is due to Takeuchi—-Kobayashi [59]; their proof is
based on Takeuchi [58]. Unfortunately in the latter paper an essential
part seems to be played by the statement that the closures of the stable
manifolds admit topological desingularizations by projective spaces. For
the open cell, this would imply a topological desingularization of the
flag manifold by a projective space, giving that the Betti numbers of the
flag manifold are <1 in all dimensions. This is not true already for the
space of flags in R3. If one replaces, however, the desingularizations by
projective spaces by the desingularizations =,,: I, = CI(S;;) described
after Proposition 4.4 below, then the proof in [58], [59] is correct.

The first ingredient in our proof is
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LEMMA 4.2: Let —X ea™. Each stable manifold of vy intersects each
unstable manifold transversally. That is, at each intersection point the sum
of the tangent spaces to S} and S;, (w,w e w/wy) is equal to the tangent
space of the whole space.

Because MA normalizes N, resp. 0N, its action on G/G(H) permutes N-,
resp. ON-orbits. Since there are only finitely many such orbits, the con-
nected component M°A4 of M A leaves all these orbits invariant. (In fact,
the action of M A stabilizes the N-, resp. ON-orbits.) It follows that the
image of the infinitesimal action of m + a is contained in the image of
the infinitesimal action of n, resp. of n. So the image of the infinitesimal
action of g = m+ a+ n+ 6n is equal to the image of the infinitesimal
action of n + fn. The former is equal to the tangent space of G/G(H)
(because G acts transitively) and the latter equals the sum of the tangent
spaces of the unstable and stable manifold through the point in
question.

In order to interpret the stable, resp. unstable manifolds as geometric
cycles defining homology classes, we have to pass to their closures.
These are called Schubert varieties because they coincide with the “geo-
metrical systems” of Schubert [51, Ch. 1, §3] in many classical examples.

LEMMA 4.3: Let —X ea™. If G is a complex (resp. real) group then the
closure CI(S;) of each Bruhat cell S; (Wwew/wy) is a complex (resp. real)
algebraic variety in G/G(H).

Because — X ea™®, we may regard S; as an N-orbit. Now N is al-
gebraically closed and S is its image under an algebraic morphism; so
S, is constructible and hence its closure with respect to the ordinary
topology coincides with the Zariski closure in the complex case (cf.
Mumford [48]). For the real case a proof can be given by passing to the
complexifications of the groups and spaces involved (see Section 2) and
using the combinatorial description of the inclusion relation

S, < CI(S;) <= W e CIS;) < Cl(Sy) = CIS), (4.1)

both in the real and complex case. See Borel-Tits [8, §3].

It is known that, for any finite collection Vi,..., Vy of compact real
algebraic subsets of a compact algebraic set V;, there exists a trian-
gulation of V; inducing subtriangulations on all of the V. This is true
even with “algebraic” replaced by “semi-analytic”, see Lojasiewicz [45],
cf. also Van der Waerden [66], [67] for the algebraic case. In the real,
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resp. complex case the triangulation is real-, resp. complex-analytic in
the interiors of the simplices, consisting in fact of regular branches of
algebraic functions. This may be applied to V, = K/K(H), V; = CI(S;),
V, = CUSH\S.

If G is complex then the complex manifold S; is orientable; so the
simplices of dimension g = dimgS; in CIS;) can be made into a g-
chain ¢ having its boundary in CI(S;)\S;. Since dim¢ V, < dim¢ V; — 1
we have dimg V, < dimg V; — 2, implying that c is a cycle, which will be
denoted simply by CI(S;). In the real case, according to Sullivan [57],
the sum of the g-dimensional simplices at least forms a cycle mod 2. We
are now in a position to state (still taking — X ea™)

PROPOSITION 4.4: If G is complex then the homology H,(G/G(H),Z) is a
free Z-module with the homology classes [CI(S;)], we w/wy coming from
the stable manifolds S;, as a basis. Moreover the homology classes
[CIS;)], wew/wy, defined by the unstable manifolds S, form the
Poincaré dual basis. Under the assumption that G is real, the same as-
sertions hold with Z replaced by 7/27.

If S;. and S; have complementary dimension then Lemma 4.2 shows
that S;. ' S;; consists of isolated points. This set being A-invariant, its
elements are fixed points for the A-action. Consequently they are of the
form w"G(H) for w” € w; and this can only occur if W' = w” = w. Because
CI(S;)\S, resp. CI(S;)\S’;, consists of finitely many lower-dimensional
stable, resp. unstable manifolds, another application of Lemma 4.2
shows that CI(S5)n CUS;) =S, nS,. Applying the classical inter-
section theory of Lefschetz [44] we have now

[CUSH] N ICUSH)] = b5,

and this proves the assertions of the proposition.

It is interesting to compare this proof with the Morse theoretic proof
of Poincaré duality for general compact manifolds in Milnor [47]; appa-
rently here the Morse function and corresponding stable and unstable
manifolds are already in the required nice position.

An alternative way to show that the Schubert varieties define cycles is
to use a desingularization =,:I', —» CI(S;) which generalizes a con-
struction of Bott—Samelson [11], Hansen [27] and Demazure [16] to
the case of G/G(H) for real semisimple G. We shall only give the defini-
tion and basic properties, leaving the proofs as an exercise for the
reader.

Assume that HeCl(a*) and —Xea*. Given wew, let w, be the
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unique element in wwy of shortest length I. By downward induction, set
Wiy = W;0s,, = 55,°w; With a; simple and f; = —w;o;€ 47, Writing

A+ (w) = {aed*|w lo(H) < 0}, 4.2)

one has 4*(w;_{) = sp(4*(W)\{B,28:}), cf. Borel-Tits [8,(3.9)]. So in
view of (3.12) the S;;, have decreasing dimension with decreasing i; and
the process ends when wy, = 1 and S, is a point. Now let

p=m+a+n p;=(g-4+g-2,)+P 4.3)

Then p, resp. p; is equal to g(Y) for any Yea™, resp. Ye Cl(a*) such that
o; is the only simple root vanishing on Y. Therefore the normalizer
P = MAN (resp. P,) of p (resp. p;) in G is a parabolic subgroup of
G. Clearly P, > P u P*%, therefore P} > P** U P¥-!. This allows us to
define a free action of P¥* x ... x P*" on P}* x ... x P! by

(@153 P (X15 - X)) (X4 PL l,Plxzpz' L LDi- 1%iD; 1)- 4.4
We set
Iy, =Py x ... x PP)[(P™ x ... x P™) (4.5)

for the corresponding orbit space. The action is chosen in such a way
that the mapping

T (X5 e ey X)X "o X X, - G(H) 4.6)
from P} x...x P’ into G/G(H) induces a smooth mapping
n,,:T,, — G/G(H). Also, forgetting the last factor we obtain a smooth

fibration

PYPY

r,,——rL,,_, 4.7

where every fiber P;"/P" is a sphere of dimension equal to dim(g,, +
+ 8,4,), exhibiting the I, as iterated sphere bundles.

PROPOSITION 4.5: w,,(I,,) = CISy,) and =, is a diffeomorphism from
an open dense subset I',, of I',, onto S;,.

In fact, one can take I, equal to the image of the mapping

Yi+...+ Y)o(expY,,....exp Y), Yegy + 055, 4.8)
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from n™*® An to Py x... x P, followed by the projection to T,,.
Note that combined with =, one gets the diffeomorphism y,,, y in (3.12).
The proofs of the various statements are by induction on i. The desin-
gularization n,,: I, — CI(S;;) is obtained by taking i = L.

I, being a compact manifold, we can fix its orientation cycle (if I, is
not orientable then take its Z/2Z-orientation), whose image under =,
gives a cycle in G/G(H). Replacing the intersection theory of trian-
gulated cycles by the differential topological intersection theory of
“cycles defined by mappings” (cf. Schwartz [52]) the statements of
Proposition 4.4 will hold again. While not using the algebraicity of the
Schubert varieties, this approach in fact leads to somewhat more refined
results. For instance, if

for all ¢ € 4 for which there exists w e w such

4.9
that o(wH) # 0, we have dim(g, + g,,) > 1 49)

then I, is simply connected and hence orientable, for every wew. So if
(4.9) holds, then Proposition 4.4 is valid with coefficients in Z.

What is more important, in the complex case Bott—Samelson [11]
(and Demazure [16] in a more general algebraic setting) determine the
ring structure of the cohomology of the desingularizations I',, by in-
duction on the number of fibrations and in terms of the root structure.
This leads to a description of the ring structure of the cohomology of
the complex flag manifolds in terms of the Schubert varieties and the
root structure. In the real case obstructions to this program are: (i) the
possible failure of Z-orientability and (ii) the varying dimensions of the
fibers in the iterated fibrations for the I',,. Historically, Bott and Samel-
son worked entirely in the framework of K/(centralizer of a torus) and
their cycles were only later identified with the complex Schubert
varieties by Hansen [27].

Van der Waerden [66] interpreted the “problem of characteristics” of
Schubert [51, Ch. 6] as “find a basis for the homology (of cycles defined
by complex algebraic varieties)”, see also Kleiman [39]. For the com-
plex Grassmannians it had been solved by Schubert himself. For arbi-
trary complex G the first formulation of Proposition 4.4 (without
Poincaré¢ duality) is due to Borel [5], who also determined the coho-
mology ring structure of G/B for G complex and B a Borel subgroup of
G [4]. Of course, the ring structure, expressing the intersections of all
the cycles, is the ultimate goal of Schubert’s calculus. Further references
for the relation between the ring structure and the Schubert varieties are
Kostant [40], [41] and Bernstein, Gel'fand and Gel'fand [3].
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The inclusion relations (4.1) between Schubert varieties imply
(WH, XY <<{(wH,X)> forall Xea®, 4.10)

because the functions fy  are decreasing along the flow of —grad fx .
That is, wH — w'H is a positive linear combination of simple root vec-
tors, or wH < wH in the notation of Varadarajan [64, p.376]. One
might conjecture that conversely (4.10) implies (4.1): in general, however,
this is not true, see Deodhar [17].

As observed by Ehresmann [21], any g-chain is homotopic to one
which is contained in the Schubert varieties of dimension < q. Applying
this for g = 1, we get that the homotopy group n,(K/Kj) is generated
by the one-dimensional Schubert varieties; these form an explicitly given
bouquet of circles intersecting each other in general position at the
unique 0-dimensional cell. This implies that K/K is simply connected if
and only if (4.9) holds, the “only if” part following by looking at
H,(K/Ky,Z/27Z). The assumption that K/K is simply connected in turn
implies that K, is connected, in view of the covering K/K§ — K/Ky
with fiber K;/K$. It follows then that G(H) and G, are connected as
well. Also, the homotopies leading to the relations between the gen-
erators of n;(K/Kp), being 2-chains, can be taken inside the union of
the 2-dimensional Schubert varieties. Examples of computations of the
7, along these line are given in [21]; for instance, the 7, of the space of
flags in R3 is isomorphic to the noncommutative group of the quater-
nions +1, +i, +j, +k.

It is somewhat confusing that the flag manifolds K/Ky ~ G/G(H) are
known in the literature under various names. In the complex case Tits
[62] called them %-spaces. Over more general fields the name R-spaces
has been used [61], from R = racine = root, because they are classified
by subsystems of roots. Also the name D-space, from D = drapeau
= flag, occurs in the literature [63].

5. The functions F,

The Iwasawa decomposition G = KAN leads to a smooth projection
H:G - a defined by

xeKexpH(x)N (xe€G). (5.1

The corresponding projection from the symmetric space K\G onto a
along the right N-orbits is called the horospherical projection. For any
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H ea we define the function Fy on G by

Fy(x) = CH(x),HY>  (x€G). (5.2)

Moreover, for xe G, we define the function F, ; on K by

F, u(k) = Fy(xk) = CH(xk),HY (ke K). (5.3)

The functions Fy, resp. F, g, can be viewed as testing the Iwasawa pro-
jection, resp. the horospherical projection restricted to the right K-
orbits in K\G, by linear forms. As in Remark 1.9, the results can easily
be extended to the case of complex H by passing to the real and imagi-
nary parts.

One has the obvious invariances

H(kxman) = H(x) + loga (ke K, me M, ae A, neN). (5.4)

Indeed, the effect of right multiplication by a follows, using that A4
normalizes N. The invhriance under the right M-action is because M
normalizes N, centralizes 4, and is contained in K. It follows that F, , is
left K .- and right M-invariant, but in contrast with the functions fy y it
is, in general, not right K g-invariant; see Proposition 5.6 below though.

We begin with an explicit formula for the derivatives of the Iwasawa
projection. We let the elements of the real universal enveloping algebra
U(g) act as left invariant differential operators on G as follows. If
b=X,X,... X, (X;eg) then

r

0
f(x;b) =mf(x expt; Xy ... expt, X)), = =r=0 (5:5)
1--- r

for any smooth function f on G, which might be vector-valued.
The Iwasawa decomposition g = I @ a @ n gives rise to a direct sum
decomposition

U(g) = {tU(g) + U(g)n} @ U(a). (5.6)
It makes sense therefore to speak of the projection E,:U(g)— U(a)

along tU(g) + U(g)n; note that its restriction to g is equal to the pro-
jection g — a along T @ n. It is clear that

deg E,(b) < deg(b) and E,(b)e U(a)* if be U(g)*. (.7)
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Here deg denotes the degree and for any Lie algebra [, U(I)* is the ideal
[U{I) = UL of “elements without constant term”. Finally, since a is
abelian, U(a) is canonically isomorphic to the symmetric algebra over a,
so we can speak of the homogeneous components v, of order m of
veU(a).

LEMMA 5.1: Let ye G, beU(g)*. Then
H(y; b) = (E,(b*™);, (5.8)

where t(y) = a(y)n(y) is the “triangular part” of y and the suffix 1 means
the homogeneous component of degree 1.

If zeG, then H(yz)= H(t(y)z) = H(z'"t(y)) = H(z"®) + H(y). Further-
more it is clear that H(1;b)=0, if betU(g)+ U(gn; so H(1;b)
= H(1;E (b)) = (E,(b));, because H(expY;-....expY,)=Y, +...+ Y, if
Yea

COROLLARY 5.2: For any yeG, Yeg,
Fa(y; Y) = <Y’ H) = (L H™™), (5.9)

For the proof we note that (E,(Y'®),H) = {(Y""), H), since a is or-
thogonal to f@n with respect to {.,.), while H'® ' = g0~ 'a»)~*
= "'

We refer to Lemma 6.1 for formulae giving the second derivatives
of Fy.

LemMMA 5.3: ke K is a critical point for F, y if and only if xke KANy.

Write n = n(xk). Then from (5.9) we see that k is a critical point for
F, y if and only if H" ' is orthogonal to I, i.e. H" 'e€s. Because neN,
H" 'eH +n; and so, as Hes, we see that H* 'es if and only if H*™'
—Hesnn But snn=(0), as follows either by inspecting the root
space decomposition or by observing that elements of s are semisimple,
while those of n are nilpotent. So H" 'es<ne Ny.

Since G = KAK and
Fulxuz,H = l(uZ)_ 1Fx,H (ul’ u2 GK) (510)

where l(u) is left translation by ue K, it is enough to study the F, , with
aeA.
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ProPOSITION 5.4: If X, H €a then the critical set of Fe,px g is equal to
the critical set

Kyn=|J KxywKy

wew

of fx.u as described in Proposition 1.3.

In view of (2.6) and the relations Gy = KzAK 4 = Ky expsy we con-
clude that

KANy = KGy = KAKy = K exp . (5.11)

Now expX keK expsy<expX* 'eK expsy< X* 'esy, since
X*'es and (u, Y)— uexp Y is a diffeomorphism of K x s with G. But
[X*™",H] =0 just means that k is a critical point of fx g, see Lemma
1.1.

This proposition enables Heckman [32] to prove the theorem of
Kostant [42] that also the horospherical image of the K-orbit through
exp X is equal to the convex hull of the wX, wew. He uses a homotopy
argument starting from the convexity theorem mentioned in Remark
1.7. In [32, Ch. 2] he obtains also a generalization of the convexity
theorem to projections of the A-orbits in the flag manifolds.

From Lemma 5.3 and (5.11) we see that the critical set of F, y is equal
to the intersection of K and a 'K AKj. It can be shown that this inter-
section is clean; that is, the intersection is a smooth manifold (as we
already known from the description of Ky y following Proposition 1.2)
and the tangent space of the intersection is equal to the intersection of
the tangent spaces of K and a " 1KAK, at each intersection point.

Recall the action of xe G on K defined by

0O, : k— x(xk), (5.12)

see (3.2). Using the action of 4 on K, we obtain a close relationship
between the functions F, , and the functions f .

PROPOSITION 5.5: If ac A and X, H € a are arbitrary, then

d

d_t Faexth,H(k)t=O = fX,H(@a(k))? (513)

1
Faepr,H(k) - Fa,H(k) = J\O fX,H(@aexst(k))dS9 B (514)
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F, epr,H(k) = J fX,H(@exst(k))ds' (5.15)

Using that aexptX k = ak-exptX* ™', we get in view of Corollary 5.2

L

dt aexth,H(k)t=0 = <Xk_1’Ht(ak)~l> = <Xa Hkt(ak)_l>'

Now ak = x(ak)t(ak) leads to kt(ak) ! = a~ 'w(ak), hence we continue
the sequence of identities by

<X, Ha‘ 1lc(ak)> = <Xa’ Hx(ak)> = <X, Hk(ak)>’

proving (5.13). Replacing a by aexpsX in (5.13) and integrating over s
from 0 to 1 yields (5.14), whereas (5.15) is a special case of (5.14).

Although fy y is right Ky-invariant in a trivial way, F, y is not right
Ky-invariant, in general. The following proposition shows that the
question is quite subtle.

PROPOSITION 5.6: Fix Hea. The following statements are then
equivalent: ‘
(@) F, y is right Kg-invariant for each ac A,
(b) Fy is right K g-invariant,
(© Ifaed*,(H)=0and o = B+ 7y for B,ye A", then B(H) = 0 = y(H),
(d) There exists H' € Cl(a*) such that Ky = K.,
(e) O,kKy) = 0,Kk)Ky for each keK, ac A.
In particular, Fy, is right K g-invariant if He Cl(a™).

(c)=>(d): Writing 45 = {ae 4™ |«(H) = 0}, we say a€ S, if ae 4§ and
o cannot be written as f + y with B,ye As. Clearly each element of 45
can be written as a linear combination of elements of S, with non-
negative integral coefficients. Now (c) implies that S, = S, the set of
simple roots in A*. Let H' e Cl(a*) be such that S, is precisely the set of
simple roots vanishing at H'. Then A5 = {ae A" |a(H') = 0} as well, or
K = KY., or Ky = K. using (1.4).

(d)=(e): If HeCl(a*) then the A-flow on K is intertwined with the
A-flow on K/Kjy. (defined in (3.2)) by the projection K — K/Ky.. This
implies (e) with H replaced by H', but Ky = Ky. for some H' e Cl(a*).

(e) = (a): Apply (5.15) and the right Ky-invariance of fy .

(a) = (b): Obvious from G = KAK.

(b) = (c): In view of (5.9), condition (b) implies

(Y,H"'> =0 for all Yefy,neN. (5.16)
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We set n~! =expZ, Zen; then the second order term in the Taylor
expansion of (5.16) with respect to Z gives

(Y,(ad Z)*(H)y = 0 for all Yely,, Zen. (5.17)

Now suppose aed*, a(H)=0, a = B+ 7y for B,yed*. Choose Y, eq,,
Zgegy, Z,eg, such that <0Y,[Z;Z,])#0. With Y=1Y,+0Y,
Z = Zy+ Z,, the left hand side of (5.17) becomes

Y +0Y,[Z,+Z,, —BH)Zy —y(H)Z,]) =
= <0th1’ [Zﬂ’ —y(H)Zy] + [Z'y’ —ﬁ(H)Zﬁ]> =
= (B(H) — y(H))-<0Y,,[Zy, Z,1).
The Y,-term drops out because {g,,95+,> =0 since a+p+7y #0.
Using that p(H) — y(H) = 2B(H), we find B(H) = 0.
We call H aligned (with a™) if one of these equivalent conditions is

satisfied. Note that each Hea is aligned if and only if g is a direct sum
of real-rank 1 algebras.

PRrOPOSITION 5.7: Let He Cl(a*). Then
Fy(xg) = Fy(x) + Fy(g) for any xe G, g€ G(H). (5.18)

Moreover, if G,,.,(H) denotes the closed subgroup of those ge G such that
Fy is invariant under right translation by g, then

Giny(H) = {g€ G(H)|Fy(g) = 0} = Kyexp(an H)N. (5.19)
In particular, Ny = 0Ny < G, (H).

First consider g e G(H). Using (2.7), we can write g = kan with ke Ky,
ac A, neN. (5.18) is now obtained by successive applications of (5.4).
This shows also that

Gin(H) > {ge G(H)|Fy(g) = 0} > Kyexp(an HY)N.

Because Fy is right N-invariant, it is enough to show that any
9€G,,(H)NnKA lies in Kyexp(arn HY). We now differentiate the re-
lation Fg(x) = Fy(xg) = Fy(gx®" ") with respect to x at x = 1. In view of
(5.9) we get, for any Yeg,

CLH) =Y H"@™") =Y, H) = (Y H%);
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here n(g) = 1 because ge KA. As Yeg was arbitrary, this gives H = H?
= H*®, So ge K, A. But then (5.18) shows that ge K -exp(a n H*), as
we wanted. For the last statement, notice that on taking the tangent
spaces at 1,

ginv(H) = Lle(va(H)) = fH @ (a N Hl) ('B n

Since Ony is contained in the right hand side, 0Ny = G, (H).

ReMARrk: The relation (5.18) for He Cl(a™) can also be proved using
the finite-dimensional representation theory of G. Here is a sketch of the
argument.

We may clearly take ge Gy and even ge NyM ANy by the density of
the big cell in Gy, and finally ge Ny. If we prove that Fy is invariant
under ge Ny, it follows that 0Ny = G,,,(H); and this implies (5.18). We
now use the notations of section 2 and denote by S the set of simple
roots of (g.,b.), So the subset of those roots vanishing at H, § being the
Cartan subalgebra b,, @ a. If A is a dominant integral linear form on §,,
and 7, is the corresponding irreducible finite-dimensional represen-
tation, then one has Harish—-Chandra’s well-known formula (cf. [28,
Lemma 2])

AES) — |, ()10 (xeG).

Here 1, is a unit vector of highest weight A and the norm is the Hilbert
space norm relative to which () is unitary for u in the compact sub-
group of G, with Lie algebra f + is. (We assume G < G, as we may, for
this argument.) If, for some a €S, {a, 4> =0, then n (X _,)1, = 0; this
implies = ,(m)1, = 1, for ne N,. So x+> A(H(x)) is right N ,-invariant for
each dominant integral A. The proof is completed by observing that
each subset S, of S occurs as {¢eS|<{A,a) =0} for some dominant in-
tegral A.

If He Cl(a™), then, in view of Proposition 5.6, we can work in K/Ky
and the 1-parameter family &; = @,,,.x, S€R, is equal to the vy-flow. As
another application of Proposition 5.5 we have:

COROLLARY 5.8: Let He Cl(a™). Then vy is also the gradient of F,x.u
(regarded as a function on K/K ), but now with respect to the Riemannian
metric By g on K/Ky defined by

1
Byu= f ®* B, ds. (5.20)
0
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In particular, if k is not a critical point for Fe,xpu then
Fepr,H(k; vX(k)) > 0

Differentiating (5.15) and using (3.8) we get

1 1
dFxox,n = d(f ‘Pé*fx,ndS> = _[ P} (dfx,n)ds

0 0

1 1
= L 3 (Bul., vx))ds = L (D3 Bu)(., PFvx)ds.

Now use that vy is d.-invariant to conclude (5.20).

In particular, F,,,x g has a clean critical point set in the sense of Bott
(compare Corollary 1.5), because vy has a clean zeroset. In the general
case, with H¢ Cl(a*), the function F,,,x y on K still has clean critical
point set, see Corollary 6.4. This can also be proved using Lemma 5.9,
because “clean critical set” means clean intersection of the derivative
with the zero section.

We conclude this section with another remarkable relation between
the F, y and the fx 4.

LEMMA 5.9: Let X,Hea, write a = exp X. Then

F, uqk; Y) = fx,n(Ouk); Z) if (5:21)
Y = Adk~'o(ad X/sinh ad X)© Ad 6,(k)(Z) (Y,Zeb. (5.22)

Indeed, using that t(ak) = x(ak)™ lak = @,(k)"'ak, we obtain from
(5.9)

F, y(k; Y) = (YO H) = (Y, H%®)
= (sinhad X 0 Ad k(Y), H®®),

since (ad X)*"f < T L s, for every integer n > 0. On the other hand, (1.2)
implies that

Jx.n(@(k); Z) = ([X, 250, HO®)
= (ad X 0 Ad 8,(k)(Z), H®®).

Noting that ad X/sinh ad X is a linear isomorphism: f — f, Lemma 5.9
yields an automorphism of the tangent bundle of K, which maps dfy g4
to dF, y, these one-forms being regarded as functions on TK. The auto-
morphism depends smoothly on X, does not depend on H and covers



[35] Functions, flows and oscillatory integrals 343

the transformation @, in K, that is, it maps the fiber over k to the fiber
over @,(k). Note that it is not equal to the tangent map 76,: TK — TK.

As an application one gets that the image of the tangent map at k, of
k> H(ak) is equal to the image of the tangent map at k, of the map
k— X*"' followed by orthogonal projection: s —a. As observed in
Remark 1.8, such an image is equal to a linear span of H,,  running
through some subset of A*. So again the set of singular values of
k— H(ak) is piecewise linear, each piece being parallel to the linear span
of some H,’s.

The similarities between F,,x gy and fy g strongly suggest the
existence of a diffeomorphism yx y of K onto itself such that F, x
= fx.u°VY¥x g For fixed X, H this can be proved using the homotopy of
Heckman [32] between fy y and F,,,x g, combined with the cleanness
of the critical set of F,,,x g, cf. Corollary 6.4. If one can find yx y de-
pending smoothly on H, then replacing H by tH, dividing the functions
by t and then putting t = 0 gives F,,x, 5 = fx,n°V¥x,o- In other words,
one would find Y5y = Yy that does not depend on H. The existence of
Yy depending also smoothly on X would simplify several proofs. For
instance, in Section 11 we then would not need a separate argument for
the case that F,,,y g is not right Ky-invariant, because by a substitution
of variables we could replace F,,,x g by fx,u. Also if we would have a
Y x with control on its derivatives as | X| — oo, then the results in
Section 11 could be given with uniform control over the estimates for
X1 — 0.

Although we tried, we could not find an explicit diffeomorphism
such that F,,,x g = fx n®V¥x. Heckman’s description of the orthogonal
and Iwasawa projections of the A-orbits in K/Ky onto a suggests a
diffeomorphism ¥y of the form k> @,(k), where a = a(X,k)e A4 is al-
lowed to depend on X € a and ke K. This choice fails already in the case
of SL(3, R). Comparison of the Hessians at 1 of F,,y y (Proposition 6.2
and 6.5) with the Hessian of fy 5 (Proposition 1.4) shows that a(X, k)
does not depend in a C? fashion on k.

6. Hessians of the F,

We begin by investigating second order derivatives of Fy using
Lemma 5.1. Write E, E,, E, for the projections g — f, a,n according to
the Iwasawa decomposition g=I@ adn.

LEMMA 6.1: Let yeG, Y,Zeg. Then

Fy(y; YZ) = By(Y'?, Z'?) 6.1)
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where the bilinear form By on g x g is given by

BH(Y,Z) = <Ea(YZ)1,H> = <[En(Y)9Z]3H> =

={[YE(2)), H) = <[EY), E(Z)], H) = (6.2)
= SZA: «(H)XR,(Y) — R _(Y),R_(Z2)) (Y, Zeg).

Here R, is the projection g — g, corresponding to the direct sum decom-
position g=m@® a® Y ;.4 8,

Modulo fU(g) + U(g)n and second order terms in U(a),

YZ = (E(Y) + E(Y)Z = E(Y)Z + [E«(Y), Z],

while
E(Y)Z = E(Y)E(Z) + Eo(2)) = EJY)E(Z) = [ELY), Ex(Z)].

The equality of By(Y,Z) with the last term in the top row in (6.2)
follows now as f+nla and <([EJ(Y),E(Z)],H) = —<(E(2),
[E(Y),H]> =0. The equalities in the middle row follow by similar
reasoning. The last identity follows because By(Y,Z) = {[H,E.(Y)]}, Z),
and

Y=U+ Z V:t (Uem+a, ‘/ueQa):En(Y)= z (I/a_OV—a)'
aedt

acd

Although we could work on K/M with the functions F, y, we prefer
to work on K for simplicity of notation. This enables us, for instance, to
identify the tangent space T,K to K at ke K with the Lie algebra f using
left translation over k~!. In this fashion the derivative at k of a smooth
map O@:K — K is identified with a linear map ©(k):T — L.

PROPOSITION 6.2: Let a =expX, Xea. Then, for any Hea, keK,
Y, Zet

Fo u(k; YZ) = (Y, Ly, 5 1(2)), (6.3)
where L, y \ is the linear map T — T defined by

L, = —Adk 'osinh(ad X)0Ad @,(k)oad Ho O,(k). (6.4

In particular, if k is a critical point for F, y then L, y , is symmetric with
respect to the inner product (= —<.,.>) on {.
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According to (6.2), F, y(k; YZ) = Fy(ak; YZ) = (Y"“M, [E(Z"¥), H])
= (Y, L(Z)), where

L(Z) = Adk™ "o Ada™" 0 Ad ©,(k)°ad H(E(Z'™),

using that #(ak) ™! = k™ 'a~ 'x(ak). Furthermore the equality x(ak exp sZ)
tlakexpsZ) = akexpsZ = «(ak)t(ak)expsZ = x(ak)exp sZ"t(ak), im-
plies k(ak) 'x(akexpsZ) = x(expsZ'®¥). Differentiating this with re-
spect to s at s = 0, we find @,(k)(Z) = E((Z"“). The proof is completed
by observing that —i(Ada—Ada™ ') = Ada '—3(Ada+Ada™?)
maps s into T while $(Ada + Ada™!) maps s into s = .

LEMMA 6.3: For any ae A, Hea, ueK,, wew, the diffeomorphism O,
leaves uwK g invariant. In particular, writing a = exp X, X € a, the critical
set Ky gy = KywKy of F, y is invariant under the flow ©,,,x, teR; so 6,
also leaves the components of Ky y invariant. (Cf. Corollary 3.5.)

If veKy, aveGy; and so, by (2.6), ©,(v) = k(av)e Ky. Secondly, if
ue Ky, wew, then aux,,v = uax,v = ux,a* 'v; and since a¥~ ' leaves K
invariant as well, the lemma follows.

COROLLARY 6.4: For each ac A, Hea, the Hessian of F, y at the crit-
ical points is transversally nondegenerate to the critical set of F, y.

For ke Ky y (a = exp X, X €a), write
Tyni=T% +1y (6.5)

for the tangent space T, (K, y) pulled back to f by translation over k™ 1.
We have to prove that ker L, 5, = Ty y,. Now we have the equality
Logyx=Lypn,ifa =a"""and k = ux,v with ueK,, wew, and ve Ky,
because F, y(ux,v) = F, z(v). On the other hand:

T pa= fg(_l +ip= fg{j‘ +ip= Ty u, (X'= W_IX).

Therefore we have reduced the proof to the case that ke K. But then
O,k eKy (Lemma 6.3), so Ad@O, k) and adH commute. Now
Ker(sinh(ad X)) ns = s4; and hence:

KerL, g, = {Yeflad Ho Ad ©,(k)° O,(k)(Y)esy). (6.6)
A root space calculation shows

{Zet|lad H(Z)esy} =Ty + 5.
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We get

Ker Ly, . = O,(k) 10 Ad O,(k) " !(tx + E) =
= a(k)_ 1(Ad @a(k)_ lfx + fH) = @a(k)— I(TX,H,Oa(k))'

But the latter space is equal to Ty y , because Ky y is ©@,-invariant.
PROPOSITION 6.5: For any X,Hea, wew,

l‘e)q:u}(,H,xW = _% Z (X(H)(l - e—2wu(X))Fa (67)

aedt

where F, is the orthogonal projection: ¥ -, = (g, + 0g,) N L.

Because 6,(x,, exptY) = x,,0,(exptY) for a’ = a¥” ', we have O,(x,,)
= @,(1). From the proof of Proposition 6.2 we obtain

6,(1) = Ecexp@dX) (X' =w 'X). (6.8)

It maps Y, + 0Y, to exp(—a(X))(Y, + 8Y,) if Y,eg,. So O,(x,) acts on
f, as scalar multiplication by e~ **", and it leaves m pointwise fixed.
Next, O,(x,)=x, and Adx;!osinh(ad X)o Ad x,, = sinh(ad X").
Furthermore, sinhad X'cad H acts on f, as scalar multiplication by
sinh o(X") - a(H) and it annihilates m. The formula (6.7) is proved.

Proposition 6.5 could also have been obtained from (1.11) using
(5.15). Using the left K, (= Ky)- and right M-invariance, Proposition 6.5
also gives the Hessian of F,,x y at KywM. If F,, x p is right Ky-inva-
riant (see Proposition 5.6) we get the Hessian at all critical points.
However, even if F,, x p is not right K z-invariant, we can still conclude:

COROLLARY 6.6: Let X,Hea, wew. Then at all points of KywKy, the
value of F,,x y and the signature, resp. rank of its Hessian stay constant
and are, respectively, equal to

{WH,X)>, 6, =— Z+ n(e) - sgn(o(H)wa(X)), Z+ n(ar), 6.9

where

A4 =4(X,H) = {aed*|o(H) wa(X) # 0}; n(x) = dim g,,. (6.10)

At the points x, this follows from Proposition 6.5 since dim
f, = dim g,. Since the critical set is smooth and the Hessians transvers-
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ally nonsingular, the value, signature and rank are locally constant on
the critical set; hence we get the result on KwK$. As this set and
KywK j have the same image in K/M (see (1.4)), we are through.

For ke Ky y, the endomorphism Ly p , of f is semisimple because it is
symmetric with respect to the usual inner product on I. Since its kernel
is equal to Ty g, it induces an automorphism of ¥/Tx g, (resp. Tx.g.i)
which we denote by L% g ,. Furthermore, ©,(k) induces a linear isomor-
phism of T/Ty y , with ¥/Tx y ¢ 4 Which we denote by (©,(k))*. The de-
terminants of these isomorphisms, calculated with respect to ortho-
normal bases for Ty i, and Ty g o,4) are easily seen to be invariant, up
to a change of sign, when these bases are changed.

PROPOSITION 6.7: Let X,Hea, a=expX, ke KywKy. Then, with
notation as in (6.10),

|det(®,(k))*| = exp{ — ) Z(H) . 0n(oc)cx(H (ak))}. (6.11)
Moreover
|det Lk g | = |det(O,(k)*|- ]_L |oi(H) sinh wo(X)|"®. (6.12)

Finally, if F, y is right Kg-invariant (for instance if He Cl(a*)), then

|det(@,(k))*| = exp{— §+ n(eywa(X)}. (6.13)

We begin with (6.12). As in the proof of Corollary 6.4, write k = ux,,v
with ue Ky, wem, ve Ky, so that O (k) = 0,.(v), Ly g« = La g.0» Tx. 1k
= Ty g.,» With @ = a*” ', X’ = w1 X. This reduces the proof of (6.12) to
the case that ke Ky and w = 1. Furthermore, Ad ©,(k) commutes with
ad H. So writing y = ©,(1)" 10 Ad 0,(k)c O,(k),

Lypx=—Adk 1oLy g 0.
Now y maps Ty g, into Ty 4 ; and —Ad k™! maps Ty g, into Ty g 4, cf.
(6.5). Because —Ad k™! is an isometry, it maps Ty g ; into Ty g ,; and
we get

|det LJ}-(,H,kI = |det 7l| -|det LJJ_(,H, 1l

if we write y* for the isomorphism induced by y from /Ty . onto
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¥/Tx g, Similarly

|det y*| = |det ©@,(1)*] ! |det O,(k)*|.
Using the computations in the proof of Proposition 6.5, we see that

det 8,0 = exp{— 3. n(@a(X)}

whereas (6.7) implies

det Ly al = [1  [o(H) 3(1—e” 2 @),
zedf (X,H)

Combining all these we obtain (6.12).

It remains to compute |det@,(k)*| = |det®,(v)'|. As H(aux,v) =
= H(a'v) we may assume w = ¢, ke Ky in proving (6.11). By Lemma 6.3
the restriction @, of ®, to Ky is a diffeomorphism of K. Clearly

|det @,(k)"| = |det ©,(k)I/I5(K),
where (k) is the determinant of the isomorphism Ty g ; 3 Tx y 6.4 cal-
culated by using orthonormal bases in these spaces. Now, O, (uv) =
= u@)(v) if ue Ky, ve Ky; and so ©,(k) is given by

O,k)(Y ' +Z)= YO L Ouk)Z) (Yely, Zely).
This implies that |5(k)| = |det @,(k)|, giving

|det @,(k)'| = |det O,(k)|/|det Oy(k)|. (6.14)

On the other hand, |det @,(k)| has a well-known expression for all ke K.
In fact, the integral formula

j g(k)dk = j 9(O,(k)e” 2N dk  (ge C(K/M))

(cf. Varadarajan [65, Corollary II . 6.27]) shows at once that

|det O,(K)| = exp{— ¥, n(@u(H(ak)} ~(keK). (6.15)

aed

If we replace G by Gy and observe that G = KyANy is an Iwasawa
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decomposition of Gy, we obtain also:

|det @(k)| = exp{— Y n(Wo(H(ak))} (ke Kpy). (6.16)
acdt ,a(H)=0
Substituting (6.15) and (6.16) in (6.14) gives (6.11).
Suppose finally that H e Cl(a™). Then (6.13) can be proved from (6.12)
and the formula
(det Lypral =TI la(H) (1 —e" )1
H)

acdf (w™ X,

=exp{— ) nl@wuX)} l—'[+ |a(H) sinh wo(X)|"®

aedy, aedy,

which follows directly from (6.7).

7. Calculations on N
For wew, let y,, be the map N = 6N —» K/M given by
7.7 = x, k(MM (7eN). (7.1)

LemMA 7.1: (i) y,, is an analytic diffeomorphism from N onto an open
subset Q,, of K/M containing w.

(i) 7,, intertwines the conjugation with a*~ ' on N with the action of a
on K/M defined by 0O,.

(iii) For all ac A, neN,

H(ay, () = H@" ) — H@) + w 'loga. (7.2)

This lemma is known, see Harish-Chandra [28, pp. 284-289, and
Lemma 44 and its corollaries]. The statements (i), (ii) correspond to
Proposition 3.6(i), (ii) if we take Hea™ there. Indeed, then y,, is equal to
the composition of conjugation by x,, log:N - #, y,, g:ft > G/P and
finally the inverse of K/M — G/P, if P = MAN.

Restricting our attention to y = y,, we get from (7.2):

Fon®y =VYuu+loga H) (7.3)
if we define
V. u(@) = CH@EY) — H@),HY (e N). (7.4)

From Sections 5, 6 it is clear that for arbitrary H e a the function ¥, 4
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has y ~1(K,wKpy) as critical set; this set is clean in the sense of Bott. The
map t: (1, m)— x(@)m from N x M into K has differential given by

tam(BZ) = (E(Y)" ' +Z (Yeh,Zem), (7.5)

identifying tangent spaces with Lie algebras via left translation. Using
this, the Hessians of y, y at the critical points can be computed explicit-
ly from the formulae in Section 6.

When H eCl(a*), the results are somewhat neater.

PRrOPOSITION 7.2: Fix acA and let Hea be aligned, that is
{aeA™|a(H) = 0} = {ae 4™ |a(H’) = 0} for some H' e Cl(a*). Then y, y
is right Ny-invariant and its critical set is N,Ny. Moreover
K(N,Ng) = K2K$,. The Hessian #; of Y,y at neN, is given by, for
Y, Ye,

HALY)=— Y a(H)(1— e 20%) x (R_(Y*™),R_(Y"™)). (7.6)
aedt
Here the inner product is Z,Z'+— —<Z,0Z') and Ry is the orthogonal
projection: g — gg.

Consider the commutative diagram

N 3 KM
l ! &)
iOfy » K/Ky

Here the 'left vertical arrow is the inverse of the diffeomorphism
(expt © fiy) x Ny —» N of Lemma 2.3, followed by projection to the first
factor and by log. Because fiy = fiy. and Ky = Ky, the lower horizon-
tal arrow is y; y- of Proposition 3.6(i) followed by the inverse of the
diffeomorphism K/Ky. — G/G(H'). The natural projection in the right
vertical arrow then corresponds to the projection G/P — G/G(H').

The right Ny-invariance of F, ;©y then follows immediately from the
right K g-invariance of F, . Furthermore, if a = exp X, the critical set of
F, u, considered as function on K/Ky, is equal to the zeroset of the
vector field vy (Corollary 3.5) which under the lower horizontal arrow is
pulled back to Kerad X n (it © fiy) = fiy © fiy in view of Proposition
3.6(iii). So the critical set of y, 5 is equal to exp(fiy © fiy)Ng. Now
Ny = exp(ity N ity) exp(ity © fiy) and exp(ity © fty) expliiy N fiy) = Ny.
So the critical set is also left Ny-invariant and therefore equal to
NyNy = N,Ny.
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It is clear that x(N,Ng) is contained in the connected component of
K,wK, through 1, hence x(N,Ny) = K2K%. The straightforward cal-
culation of the Hessian is omitted.

COROLLARY 7.3: For ieN,, #; is diagonal with respect to the or-
thogonal decomposition it =i, ® @ i, where i, for any AeR is the
A#0

eigenspace of ad(loga) in #i for the eigenvalue A. The quadratic form of #;
is zero on i , and for any A # 0 its restriction to W, is the quadratic form

Yo (e?*~1) ) AH)[R_(YP)? (Yei,).
aeAt, —a(loga)=4
For A#0, n,®#, =g, where g, (resp. n,) is the eigenspace of
ad(loga) in g (resp. n) for the eigenvalue A. So n; @ fi, is stable under G,
in particular under (7). This gives # (Y, Y)=01if Yet,, Ve, if L, A
are distinct and nonzero.

An interesting feature of the Y, g is that, by letting ae A go to infinity
in various modes, one can generate new phase functions from the y, .
For instance, taking a = exptX, X ea®, we get

lim l/’e)u:utX,H = _'//H, (78)

t—=+ oo

where j; is equal to the restriction of Fy to N,
Yu(®) = CH@),Hy (i N). (7.9)

The function 5 is the phase in the integral defining Harish—Chandra’s
c-function. Most of the calculations concerning the critical points and
Hessians of the {5 were carried out by Cohn [14, see §19]. The follow-
ing proposition gives the complete description of facts concerning .
Again the case of complex H is dealt with by passing to the real and
imaginary parts of the functions. See Remark 1.9.

PRrROPOSITION 7.4: Let Hea. Then the critical set of Yy is equal to Ny
and is clean. For the Hessian of Yy at the critical points we have the
formula

HessyT¥) = — 3 a(H)OR,(Y'®) — R_(Y'™),R_(Y"®), (7.10)

valid for ie Ny, Y, Y’ € ft. Moreover, the index of the Hessian at any point
of Ny is equal to

dim g,. (7.11)

acAdt,a(H)<0
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In view of Lemma 5.1, 7 is a critical point for Y if and only if
H"™ 'e(@)* = a+1i (orthogonal complement with respect to the
Killing form). As H"™ '€ H + n, this is equivalent to n(ii)€ Ny. Clearly
n(in)e Ny if ie Ny; conversely, suppose n(ii)e Ny. Then H” = H*™¢esg,
while H"eH +n. Hence H" —Hesnii=(0). The formula for the
Hessian follows from Lemma 6.1. To check that it is clean, write fi,
(resp. g;, 11,) for the eigenspace of ad H in i (resp. g, n) for the eigenvalue
AeR. Arguing as in the proof of Corollary 7.3 we find that Hess; is
diagonal with respect to the decomposition #t = fig @ ) ;40 f1;. Thus for
cleanness we need only to prove that if 1 # 0, Yeii,, Hessy(¥, Z) = 0 for
all Zefi,, then Y = 0. Since (i) € Gy, it stabilizes g, = n, @ fi,; and one
checks that Hessy(Y,Z) = A(0 — I)(Y*™), LZ"™), where L is the projec-
tion n, @ i, —» i, along n;. As Adt(n) leaves n, invariant, it is clear
that LoAdt(n) restricted to #i, is invertible. Hence Hessi{(¥,Z)=0
for all Zef,, implies (0 —I)(Y™) =0, or Y™ef But then 7"
= (V"™ et A ft = (0), hence Y = 0. Finally, for the index it is enough
to calculate it at 1 since, due to the connectedness and cleanness of Ny,
it stays constant on Ny. As

Hess,(Y,2)= } a(H)YR_(Y),R_(2)) (Y,Zewn) (7.12)

aedt

the index at 1 is as stated.

8. The function Fy on a conjugacy class in G

For any ye G we write
C, = {xyx"!|xeG} (8.1)

for the G-conjugacy class of y. We recall that C, is a regular analytic
submanifold of G (constructible in the algebraic case), which is closed if
and only if y is a semisimple element. For any y€ G we put

Fy,, = Fylc,, (8.2)

where, as usual, Fy(x) = (H(x),H) for xe G, Hea.

The action of G on itself by inner automorphisms gives rise to a homo-
morphism t of g into the Lie algebra of analytic vector fields on G.
Using the identification of tangent vectors to G with elements of g by
left translations, we have

d -1
(X)), =E(x_1 exp—tX - x-exptX)-o=X - X" =X, (8.3)
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Writing
d d
(Xg)(x) = I g(xexptX),—o, (gX)(x) = I g(exp tXx),—o

for any X eg and any smooth function g on G, we have 7(X)g = Xg
—gX. So if X,X'eg then 1(X)t(X')g = XX'g— XgX' — X'gX +gX'X
from which we get, for all xegG,

905 UX)uX") = gl X X' — X' X,). 34

Finally, we remark that if xe G, the vectors X — X* "' = X (X €g) con-
stitute the tangent space at x to the comjugacy class C,; in fact, the
linear transformation X — X — X*™' is the differential at e of the map
y+—y ixy of G onto C,.

Let ye G be fixed. We shall now determine the set of critical points of
Fy . If x,ye G, we often write y* for xyx~'. For Hea let Gy denote as
usual the centralizer of H in G.

LEMMA 8.1: Let Hea, xe G. Then

x€ Gy x"MeGy.

If xeGy=KyzANy (see (2.6)), n(x)e Ny = Gy so that x"®PeGy.
Conversely, suppose xeG but x"™eGy,. Then n(x)xn(x)™! =
n(x)k(x)a(x) € Gy, = n(x)k(x) € Gy = NyAKy, showing n(x)e Ny,
K(x) € Ky; thus x e Gy.

PROPOSITION 8.2: Let Cy , be the set of critical points of Fy ,. Then

Cq,,=GygnC,

Let yeC,. Then, by Corollary 5.2,

yeCy, <X — X" H 'y =0 VXeg
< {(X,H"W ' "0 =0 VX eg
<« H = Hrown) ™' o Y0 eGy.

Our proposition is now immediate from the previous lemma.

PROPOSITION 8.3: Cy , is a regular analytic submanifold of G and the
intersection of C, and Gy is clean everywhere on Cy ,. Moreover, Cy , is
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the union of finitely many Gy-conjugacy classes. If y is a semisimple ele-
ment of G,Cy, ,, as well as the Gy-conjugacy classes into which it splits,
are all closed; and all the Gy-conjugacy classes in Cy, , have the same
dimension.

In view of the well-known results of Richardson [49] only the last
statement needs a proof. For this, recall that if G, is the complexification
of G, and G, y is the centralizer of H in G,, any semisimple G -conjugacy
class C meets G, g in a single G, y-conjugacy class. Hence the stabilizers
in G, g of the points of G,y N C all have the same complex dimension.
But then the stabilizers in Gy of the points of C, N Gy all have the same
real dimension, when y € G is semisimple.

We shall now proceed to determine the Hessian form of Fy , at the
points of Cy,. We fix yeG, Heaq, and let xeCy , = Gy C,. The
Hessian form Hess,(Fy ,) can be pulled back to a symmetric bilinear
form on g x g through the map I — Ad(x ') of g onto T.(C,). Let Q, y ,
denote this form:

Q.. n,,(X, X") = Hess (Fy ,)(X,, X}) (X, X'eq) (8.5)
Clearly, Q, y , is the Hessian form at 1 of the function

y—Fu, 0" 'xy)  (veG).
We can then define the endomorphism L, j , of g by

Q. u,,(X, X") = (X, L, y (X)) = X', L, p,,(X)). (8.6)

PrOPOSITION 8.4: We have

L,pg,=adHoQo(I—Ad(x"1)
where Q. is the endomorphism of g defined by

Q. = Ad(t(x) " 1)E,.© Ad(t(x)) + Ad(x(x))E; © Ad(t(x)).

For brevity write Q = Q, y.,, # = Hess,(Fy ,), and let X, X' eg. The
vector fields 7(X),7(X’) are tangent to C, everywhere and define the
tangent vectors X, X, at x. Hence

Q(X, X) = #(X,, X}) = Fy,(x ?(X)e(X")
= Fy(x; t(X)u(X")) = Fu(x; X, X' — X' X,)
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by (8.4). This last expression can be evaluated using Lemma 6.1. We
obtain
Q(X, X') = By(X{, X"®) — By(X""", X{9)

= (X", [H, E(X{)]) + (X7 [H, (X))

=X, Ly u,,(X)>

if we remember that x (and hence k(x) as well as #(x)) centralizes H (cf.
formula (2.6)).

From this expression for the Hessian we can prove that the set of
critical points of Fy , is clean.

PROPOSITION 8.5: The Hessian of Hy , is transversally nonsingular at
all points of its critical manifold.

For any xeCy,, we must prove that the radical of Hess,(Fy ,) is
T.(Cy,,). By Proposition 8.3, T.(Cy,,) = T,(C,) n T.(Gg). So we are re-
duced to proving the following:

Xeg, L, g (X)=0=X,egy. 8.7)

If L,y (X)=0, we have Q,(X,)egy. Since Ad(t(x)) stabilizes n and
Ad(x(x)) stabilizes {, it is clear from the expression for Q, that Q (X,)
=R, + R, where R, =(E,(X*™)® 'en and R, = (E(X™))*@ek.
Since Q,(X,) € gy, we conclude from the uniqueness of Iwasawa decom-
positions that R, eng, R,efy. As t(x) and «(x) respectively lie in ANy
and Ky, we find

En(XJ’c(X)) € nH: E[(x;(x)) € fHa

which implies that X! e gy. Thus X, € gy, proving (8.7).

Our aim now is to determine the signature and transversal determi-
nant of the Hessian forms Q, y ,.

LEmMMA 8.6: Let x € Gy be semisimple. Then, writing L for orthocomple-
mentation with respect to the Killing form, we have

(8 + 8w N (85 + ) = (0).

Since H is a semisimple element of g, g = g4 @ gf. As xe Gy, Ad(x)
respects this splitting. So, writing (g5)x = 8. N 8, we have g, + gy = gu
+ (a#). Further, the semisimplicity of Ad(x) allows us to conclude that
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oi = (911 ® q where q = (I — Ad(x))(gg). A simple calculation shows
that this decomposition is an orthogonal one. So q = (g, + 8x)™

We shall from now on suppose that y is semisimple. Let xeCy , =
= Gy n C, and put

q(x) = (9. + 9n)™ (8.8)

COROLLARY 8.7: L, g, leaves q(x) invariant and induces an automorph-
ism of it.

The argument of the previous lemma actually shows that g, + g5 =
= (I — Ad(x™ ")) "' T(Cy,,) and hence g, + g4 = Ker(L, ). As L, p , is
symmetric with respect to <.,.), the corollary follows from the above
lemma.

PROPOSITION 8.8: Let y€ G be semisimple, xe Cy ,. Then

|det(Lx,H,y)q(x)| =
= |det(ad Ho(I — Ad(x ™))yl Idet(Ad(#(X))gp, nn)l ~*

where the suffixes denote endomorphisms induced on the corresponding
vector spaces.

Write L=1L, y,, t=Adx), k=Ad(x(x)), q=q(x), R=t"'E.t
+kEgt. Then L=ad HoRo(I —Ad(x ™ !). As L, ad H and I — Ad(x ')
leave q invariant and all are automorphisms of g, R leaves q invariant
and we have

det(L,) = det(ad H o (I — Ad(x 1)), - det(R,). (8.9)

So we need to establish that det(R,) = + det((t)y, ~n) "
We begin by observing that g is stable under E; and E, and that
E;+ E, = I, the identity on gz. So R leaves g invariant and

Ry, =1, +(k—t "Eg = I, + (Ad(x) — D)t~ 'Eqt.

So, if Ze(ag),, R(Z) = Z mod(q). So, with respect to the decomposition
9% = (9#): @ g, R,y, has the matrix

I 0
e 2)
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which shows that det(R,) = det(R,,). Hence we come down to checking
that

det(Rng) == det((t)g%, n n) L

But g5 = mngy)® (Engf), and with respect to this decomposition,
(t7'E, + kEy),;, has the matrix

(%)

whose determinant is det(t ™ 1), .y, det(k); gy = +det(t ™), 44 Hence
det(Ryy) = tdet(t)gy det(t™ V), gp

As Ad(t(x)) is unimodular on g as well as gy, det(t),, = 1. So we are
done.

COROLLARY 8.9: Assume in addition that He Cl(a™). Then q(x) nn is
stable under Ad(x ') (as well as ad H), and

|det(Lx,H,y)q(x)l = (det(ad Ho (I - Ad(x_ 1)))q(x)nn)2'

We have a standard parabolic subalgebra g(H) associated with H
whose nilradical is 1y =Y ,)>08,- Let 1- = 5m)>08_,. Then n, are
stable under Gy, hence under Ad(x !); and their direct sum is g.
Clearly n, =(ny), ® (I — Ad(x Y))(n4). Write q = q(x). Then we see
that q=(qNn)@ (qn i) where gnn=qnn,, gnit=qgnn_, and
gnng = —Ad(x"1))(n,). Now {.,.> is nondegenerate on q x q by
Lemma 8.6, and it is easily seen that Ad(x) (resp. —ad H) is the trans-
pose of Ad(x 1) (resp. ad H) with respect to <.,.»; moreover, g N 1, and
qnn_ are in duality with respect to <.,.>. Hence

det(ad Ho(I — Ad(x™ 1)), nn_ = det(—ad Ho(I — Ad(X))g rm,
= +det(ad Ho(I — Ad(x ™)), -det(Ad(x); 1,

On the other hand, as x(x) and #(x) are in Gy, Ad(x(x)) = k and Ad(¢(x))
=t leave n, invariant, so that

det((?),.) = +det(Ad(x)),, = +det(Ad(x))ynn.-

The corollary follows from these formulae.
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PRrOPOSITION 8.10: Let y€ G be semisimple. Then

(i) The signature of Q, y , is constant when x varies in any Gy-con-
Jjugacy class of Cy,,. It is moreover 0 on all of Cy , if HeCl(a™).

(ii) The critical value of Fy , is constant on each Gy-conjugacy class in
Cu,, '

Both the critical value and the signature are constant on each G%-
conjugacy class in Cy ,. But Gy = MG}, and Fy , is invariant under the
inner automorphisms induced by M. It therefore remains only to verify
that sgn(Q, n,,) =0 for all xeCy, when HeCl(a"). In this case,
suppose X eqn 1. Then X, = X — X* " is also in g "1t so that X'®en.
This gives E,(X!®) = X!™ and E(X'®) = 0 from which we get

Qx,H,y(X9X) = <[H, Xx]aX> =0

since {n,n) =0. So Q, g, is zero on q Nt whose dimension is 3dim(q).
It follows at once that Q, y , has signature 0.

RemMARk: The form Q, y, is the pullback of Hess,(Fy ,) via I—
— Ad(x™"). Hence the absolute value of det(Hess,(Fy,,)),x calculated
with respect to pseudo-orthogonal bases of q(x) (bases (X;) with
{X;,X;» = +6;;) is given by

Idet(Hessx(FH,y))q(x)I = ldet(Lx,H,y)q(x)l ' |det(1— Ad(x_ 1))q(x)l - 2'

We note that Ad n(x) is unimodular on any subspace it stabilizes, so that
we get

|det(Hess,(Fy,,))qx| = |det(ad Ho(I — Ad(x 1))~ 1)q(x)| .
-exp(— Y . n(e)o(H(x))). (8.10)

acA* ,a(H)#

Although q(x) depends on x, the argument (via G,) used in the proof of
Proposition 8.3 shows that the first term on the right side of (8.10) does
not depend on xeCy ,.
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9. Asymptotic expansions for matrix coefficients

The results obtained in the sections 5 and 6 allow us to obtain the
asymptotics, as T = + oo, of the integrals

Ln9) = I e HER- g (k) dk, ©.1)
K

where a€ A, H ea are fixed and ge C*(K).

The asymptotic expansion can be given a distributional formulation.
To explain this, let ug, 44,...€R such that y, - — o0, let ¢, € R and let
¥, =¥, . g be distributions on K. Then we shall write

I

a

0
He~ O, €Y, as T +00, 9.2)
n=0

if for each integer N > O there exists a continuous seminorm vy on
C*(K) such that

N
L () Z:O et ¥, (g) = O(vn(g)r*™* "), T 2 1 ©.3)

for all ge C*(K). It is clear that if such an asymptotic expansion exists,
the ¢, and ¥, are uniquely determined. If the 0 in (9.3) is uniform with
respect to the parameters a, H (ranging over some domain), then we say
that the expansion is uniform in these parameters.

The asymptotic expansion of I, . as 7 — +oo is obtained by a
straightforward application of the method of stationary phase (see Hor-
mander [36, p. 144], Chazarain [13], Colin de Verdiére [15]). In order
to formulate it we need some notation. For fixed ae 4, Hea, and any
wew, we put (cf. (6.9) and (6.10))

A% = A% (a, H) = {ae A" |o(H)  wo(log a) # 0},
n,= Y n), 6,=— Z+ n()- sgn(a(H) wo(log a)).

acdy,

(9.4)

Here, as usual n(x) = dim g, for any root a of (g,a). Finally, dk is the
normalized Haar measure on K, that is [(dk=1; and dyk is the
Euclidean measure induced by the bi-invariant Riemannian metric on K
which on { is equal to minus the Killing form.

As a consequence of Proposition 5.4, Corollary 6.4, Corollary 6.6,
Proposition 6.7 and Proposition 5.6 we then have:
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THEOREM 9.1: Fix a€ A, Hea. The function ks expit{H(ak), H), re-
garded as a distribution I, i . on K, has an asymptotic expansion of the
form

0
Ia,H,t ~ Z en:(wH,loga) Z T—énw—lcw,l (95)
Wa\W/WH =0

as t— +oo. Here c,,; = C,,; . g is a distribution of order <2l with sup-
port contained in K,wKy. To be more precise: c,,; = Qv where Q is a
linear differential operator with smooth coefficients in K of order <2I, and
v is a smooth density on K,wKy. The top order coefficient c,,  is the
measure given by the formula, valid for all ge C*(K), and with voly(K)
= j K dok,

—4n(@)

i

cw,O.a,H(g) = eT"W H

acdy,

oH)
2n

sinh wo(log a)

9.6)
“volo(K) ™! J g(k)exp{3 2+ n(o)(H(ak))} dok.

KawK aed
awitH «(H)#0

Let A, (resp. ay) be the vector subgroup (resp. linear subspace) of A (resp.
a) of elements centralizing K, (resp. Ky), and A, (resp. ay) the open subset
of A, (resp. ay) of elements with centralizer exactly K, (resp. Ky). Then
the c,, 1 .. u depend smoothly on (a',H')e A, x ay; and the expansion is
locally uniform in A, x ay. Moreover, with I(-) denoting left translation in
C*(K),

cw.l,a,H(g) = ce,l,a’,H(l(xw)_ lg) (a, = aw‘ l) (9'7)

and the c,,; .,z are invariant under left translations by elements of K,.
Finally, if He Cl(a™), or more generally, if H is aligned with a*, then the
Cy.1.a.5 Ore also invariant under right translations by elements of Ky; and
the top order coefficient c,, o o g is given by

in

LI
Cw,0,0,0(g) = €4 l—L

aed,,

a(H)
4z

—3n(@)
(1 —e” 2wa(loga)) .

9.8)
“volo(K)™* J glk)dok (g€ C*(K)).

KowKn

ExaMpLE: For the elementary spherical function ¢, ;, € g = a¥*,
AeF = af, the theorem can be applied with H = H;, g(k) = exp(4A —
— p)(H(ak)).
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Here, as usual,

p=%Y no 9.9)

aed*

The formula for the top order term becomes particularly simple if a and
£ are regular; in this case

¢it§ . 1(“) ~ Z ew(it§ + ).)(loga),[ —4dimN

wem N w6 1 ol (M) (9.10)

o4 ”WuLL _—2’77: sinh wa(log a) -———Vol(; ©
modulo lower order terms in 7. This formula has a formal resemblance
with the famous asymptotics of Harish-Chandra for ¢,.(a) as a » oo in
A*. Careful analysis of the latter asymptotics, for instance in the formu-
lation of Gangolli [23], also leads to an asymptotic expansion for
¢ic(a), as 7> 00 and ae A" keeps away from the walls of the Weyl
chamber. However, Theorem 9.1 is more general; it applies also to sin-
gular a and can be applied directly to spherical functions related to K-
representations as in (11.5). Also, it is our opinion that even in the case
of ¢;.(a), ac A*, the proof using the method of stationary phase is more
clementary.

In the above theorem, as long as (@', H') varies around (a, H) in such a
way that K, = K, and Ky = Ky, the asymptotic expansion varies
smoothly. For small but arbitrary variations of (a’, H) on the other
hand, it is natural to expect that at least the absolute value of 1, g4 .(g)
is dominated by the growth order at (a, H).

In fact, let koeK,p We can then select coordinates
X15ee05Xg V15-+-,Ys around ko such that x;(ko) = yj(ko) =0 and K, y is

locally given by y, =... = y,=0. The phase function F, . becomes a
function of x;,,...,x,, y1, ..., Vs hence, as a function of y,,..., y,, it has y,
=...=y,=0 as a nondegenerate critical point when x; =... =x, =0,

a =a, H =H. So, treating x,,...,x,,a, H" as parameters, using the
Morse lemma with parameters and applying the method of stationary
phase to the integral over y,,...,y,, we get the following

ProrosiTION 9.2: Fix ac A, H e a. Then we can find a neighborhood ©
of (a,H) in A x a, and a continuous seminorm v on C*(K) such that for all
(a,H)e®, geC*(K), and 7 > 1,

J eH@O S g1y dk| < v(g) 2 T 3w, 9.11)
K

Wa\W/WH
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As H' varies around H, then the tH’, 7 > 1 fill up a conical neighbor-
hood of H minus some compact subset. We then obtain the following
corollary.

COROLLARY 9.3: Fix ae A, Hea. Then we can find a neighborhood w
of ain A, a conical neighborhood I of H in a, and a continuous seminorm
v on C*(K) such that for all d ew, H' eI', ge C*(K)

<vg) Y [ Q+aH)) .

wa\w/wr acdy,

J ei(H(a’k).H’>g(k) dk
K

These estimates are sharp as long as a',H’ are restricted to the
“equisingular set” A, x ay mentioned in Theorem 9.1, but give the
wrong (too high) growth order along other rays for which K, wKj. is
smaller.

In the terminology of high-frequency optics, the set of parameters ¢
where the growth order of the oscillatory integral [e/®¥g(x)dx is
larger (less negative) than at the generic neighboring point, is called the
caustic set, see for instance [19, 1.6]. In our case ¢ =(a, H) or, if a is
fixed, ¢ = H, and the caustic set is a union of hyperplanes. When
approaching the caustic set, the growth order in t remains constant
(equal to —1dim N), but at least one of the top order coefficients goes to
infinity, cf. (9.6). When reaching the caustic set the growth order in
changes discontinuously to a less negative number, with new leading
coefficients. This behaviour is repeated when entering the intersection of
more root hyperplanes. In Section 11 we shall derive upper bounds
which are uniform in all H € a, with g in a compact subset of 4. These
uniform bounds have a rather simple form but at the same time are
sharp in the sense that at least for equisingular a they follow the ab-
solute value near the caustics accurately modulo constant factors.

The situation at the caustics in our case is in striking contrast with
what happens for generic families f{(s, .); for instance, for low dimensions
of the parameter space, the caustics are the elementary catastrophes of
Thom and the asymptotics is locally uniform in terms of new classes of
special functions of Airy type. Also the behaviour of the critical set
KywKy (a = exp X) of the phase function F, y in its dependence on the
parameters a, H is highly nongeneric, as has already been observed in
section 1.
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10. Testing the distributions T, (y semisimple)

Fix a semisimple element y e G. The results of section 8 enable us to
obtain the asymptotics of the integral

J eit(H(JCL”)g(x)dCy(x) (ge CX(G)

as T — + oo, dC, being an invariant measure on C,. We shall normalize
it as follows. Let {.,.> be the left invariant pseudo-Riemannian metric
on G such that it coincides with the Killing form {.,.> at 1. On any
semisimple conjugacy class C this induces a nondegenerate pseudo-
Riemannian metric <.,. ). The measure dC, is the measure defined by
{.,.>¢, Since {.,.)q is invariant under inner automorphisms of G,
<.,->c,» and hence dC,, are G-invariant. For any Hea, we see from
Lemma 8.6 that the manifold Cy ,=GynC, inherits a pseudo-
Riemannian metric from <.,.)s; the corresponding Gp-invariant
measure on Cy , is denoted by dCy ,. With notation as in section 8 we
then have the following theorem.

THEOREM 10.1: Let Hea, and let x; (1 < j < m = m(H, 7)) be a complete
set of representatives for the Gy-conjugacy classes in Cy ,. Then we have
the asymptotic expansion, as T — + o0, of distributions

J‘ eit(H(x),H)g(x)dcy(x) ~ Z eit(H(x,-),H) Z cj,l,H(g)T_%d_l~ (101)
c, 1<j<sm 1=0

Here the c;; y are distributions on the manifold C,, of order <2lI, with
support contained in Cy , ; = the Gg-conjugacy class of xj; d = dy , is the
common value of dim(q(x)) as x varies in Cy ,; and the top term c; o y is
given for all ge CX(G) by

cj,O,H(g) =

_ B, L xpd T neH)IIAC, )

acdA* ,a(H)

(10.2)

where o;=sgn(Q,, p, and By, is the common value of
(2m)¥?|detad Ho(I — Ad(x™ 1)) ™Yol % for x in Cy , (cf. last remark in
section 8). The distributions c;, y depend smoothly on H, and the error
estimates are locally uniform in H, as long as H varies in such a way as to
keep Gy fixed. With H' varying in some full neighborhood of H in a we
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have a uniform estimate of the form

L < 6(x)dC, ()| < Wg)(L + 1)~

for all 1>0, v being a continuous seminorm on C2(G). Finally, if
HeCl(a"), the signature ;=0 for all j=1,...,m.

The w-invariant distribution T, on A is defined by the formula
(T,f>= (L7 N)eyx™Ndx (feCE(A)) (10.3)
G/G,

where o7 ! is the inverse of the Abel transform on G, o : C*(G//K) 3
C:°(A)®, and dx is the standard measure on G/G, (cf. DKV, Section 4).
We can rewrite this as

(T,,f> = c(G,y) L (71 N)X)AC,(x) (feCZ(A)”) (10.4)

where ¢(G,y) is a constant > 0 independent of f. One also knows that
if b>0, U={aecA||logal<b}, and V=KUK, then one has
supp(«Z ~1f) = Vfor all fe C®(A)™ with supp(f) = U. Fix U, V as above
and let Y € CX(G//K) be such that Y = 1 on V. Then, using the theorems
of Helgason (*), Gangolli and Harish—Chandra, we find,

(T, f>=cG,y)lw| ™" x

(10.5)
J. Y(x) x (J f (/1)¢‘u(x)ﬂ(il)d)~>dCy(x)
Cy FRr

where f(J) = {4 fe**da; this is true even for not necessarily w-invariant f

in C2(U). To test the singularities of T,, we replace f by fe', with
teFg and let 1> + o0, We get

(T, &) = (G, y)Iw]| ™ X
JC Y(x) x ( j f=e+ /1)¢—u(x)ﬁ(il)dl)dcy(x)
y FRr
= (G, y)w| "' x

J Y(x) x < J(=Dpieg + n(IBlETE + l))dl)dCy(x).
C, FRr

* As is also clear from Gangolli [23], this Paley-Wiener theorem originates from
Helgason’s article in Math. Ann. 165 (1966) 297-308.
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We rewrite this as

(T, fe') = o(G,y)Iw| "1 | A(—WBG(xE + 2))
Fr (10.6)

X ( _[c Y(X)Piez + 1(x)d Cy(x)) da.

The integrals appearing in the right side of (10.6) with respect to
dC,(x) can be simplified. We have, for all ve #, ge C(G),

J g(x)¢,(x)dC,(x) =J g(x) et~ PHEE GC (x) (10.7)
c,

Cy

where g(x) = [xg(kxk™')dk. In fact,

j g(X)¢v(x)dCy(x)=j jg(x)e‘”“’"”"‘"”dkdcy(x)
Cy Cy, JK

.
= J g(x) e~ PHE N gk 4C. (x)
Je, Jx

= J glkxk 1) e ~HD dk dC (x)
JCy JK

'!
= . g_(x) eV TPHE) dC},(x).

Hence

j g(")‘i’i(r; + }.)(x) d Cy(x)
G (10.8)
= J . it H ) g(x) Uit~ PIH () dCy(x).

Theorem 10.1 can now be applied to develop the asymptotic expansion
of the right side of (10.8). With notations as before we have the following
theorem.

THEOREM 10.2: We have the asymptotic expansion, as T — + oo, of
distributions

f ¢i(:§ + i.)(x)g(x) dcy(x) ~

& . (10.9)

~ Z eiri(H (x5)) 2 c} LE, ;,(g)’f ~4d— l.
1=0

1<j<m
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Here the ¢}, ; are distributions on C,, of order <2l, supported by Cy , ;,
given for ge CX(G) by

Chne,a(0) = ¢ m(ge™ ™M), (10.10)

In particular, they depend smoothly on & A as long as & varies in g
without changing Gy, the error estimates and coefficients being locally
uniform in & and of polynomial growth at most in A. Finally, there is a
neighborhood O of & in &, an integer R > 0 and a continuous seminorm v
on CX(G), such that for all &€ ®, Le F g, ge CX(G), T = 0,

J; e + »(¥)g(x)dC (%)

<)+ IADRL + )42

(10.11)

CoOROLLARY 10.3: The top coefficient c;, is given for all AeFp,
g€ C2(G), writing By, , = B¢ ,, Cy, ., ;= C¢, j, by

¢oealg) = e""f"/“Bé,vJ @ PIEN G(x)dC, | (x), (10.12)

Cev,i

where pe =33 yea+ ce.ay=ono)o. If E€ CUFR), then o;=0.

The above results may be used to obtain an asymptotic expansion of
(T,,fe"*) when 1 - + co. Since T, is w-invariant we may suppose that
Ee CI(F 7). Theorem 10.2 gives the asymptotics of the inner integrals in
(10.6), and so it remains to develop the asymptotics of B(i(z& + 1)). Let us
fix £, CI(F ), let A* ™ be the set of positive short roots (DKV, Section
3.8), and let

4% = {aed** <o o) > O}

If L is the subspace of %, of all ¢ with {a,&) =0VaeAs * and L is the
subset of L where {a, &) # 0 for a¢ Ag *, L is an open neighborhood of
&, in L. By an equisingular neighborhood of ¢, in C(#Z) we mean a
neighborhood of &, in L' n CIF ). We fix such a compact neighbor-
hood @. For (€0, G, = G, if we write for convenience G, = Gy,

We begin by noting that the product structure of § (cf. DKV, Section

3.8) gives

BOv) = 1(p) elA_Lﬁ,((a,v» (veFy) (10.13)
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where, for ze(—1)*R and |z| » + co we have the asymptotic expansion
fil2) ~ 27" 4L + Y ¢, lz] 7 2H). (10.14)
k=1

In particular, for all Ae 5, with ¢ = I(p)ZI(pé)_z, te®

B+ 2)) = cBe(iA) T _fulicate + 1) (10.15)

€dg

Here B, is the counterpart of g for the group G,. We shall now obtain,
for the product in the right side of (10.15) an asymptotic expansion
when 7 — + oo with coefficients and error terms that are of polynomial
growth in A and uniform in & when ¢ varies in @. We shall do this
however only for t > 0, £€ @ and 1€ % varying in such a way that

<a, 47|

<1 and [{o,7€ + A)| =6 for all weAg *, (10.16)
e, &
where
=% min (& >0. (10.17)

acdd *,EcO

The restricted regime (10.16) is perfectly adequate for our purposes as
we shall see presently.
Now, if zeC and |z| < 1, we have, for any integer N > 1,

N-1
1—2"'= )Y z"+(1—2)" 2"
n=0

So, if aeddt and 1, & 1 satisfy (10.16), we have, taking z =
= —<a, }'>/T<as €>9

N (=L )
: N / n+1)
M (10.18)

+la,tE+ A>T (%%)NI"N.

Assuming (10.16), the coefficient of <~ ®*!Y is majorized by
(26) @+ D" |A|" while the error term, which is the last one appearing
on the right side of (10.18), is majorized by 6 1(28) ¥ ||V AN TN+ D,
Further |<a,t¢ + A)|?* = (o, & + AD?* since everything is real. Hence,
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raising (10.18) to the 2k-th power, we get the asymptotic expansion
Kot 7€ + D172 ~ ) B ol &, A~ 020 (10.19)
n=0

where the coefficients #; , and the error terms are of polynomial growth
in A, uniformly for £ € @, everything being valid under the assumption of
(10.16). Moreover, (10.16) also gives

(&, 47
<, &>

|(a,ré+i>l=t<a,5>|1+ o, &)

|=‘r<tx, ¢>(1 T, >

Hence
Jolio, &+ A)) ~ 272 @, EH @141 + i ho(e, &, 2™ (10.20)
n=1

where the coefficients h, and the error terms are of polynomial growth
in A, uniformly for £ e @. This leads to the asymptotic expansion

Bi(c¢ + 2)) ~ bB(idyctime/me l_l o, &4 x
aeag * (10.21)

x {1+ il ho(E, A,
Here

b=1y'lpg)" [1 277 (10.22)

4q

moreover, the coefficients h, and the error terms are of polynomial
growth in A, uniformly for £ € @, everything being valid under (10.16).
To obtain the asymptotic expansion for <T,, fe'*), let Q(&,7) be the
subset of #, described by (10.16); its complement in %, can be written
as a disjoint union of measurable sets Q,(&, 1), Q.(¢,7) (ke dg +) where

A€ Qy(&,7)= [0, & + AY| < 16,
Ae8%(S, 1) = Ko, A)] = {0, &).

If AeQ,(& 1), we get, using (10.17), 16 > 140, &> — [{o, D] = 216 —
—|<a, A)| so that |[<e, AY| > 6. Clearly, this is also true for 1eQ;(&,1).
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Hence there is a constant a > 0 such that

I = ar VAieF\QET), EeO. (10.23)

It is immediate from (10.23) that if ¢ is a continuous function of A which
is O(JA]~™) as |]A] = oo for each m > 1, then, as T — + oo,

J |¢(D)dA = 0(z™™) (10.24)
Fr\Q(E, 1)

for each m > 1, uniformly for £€®. We now substitute for the inner
integral in (10.6) from Theorem 10.2, split the integral with respect to A
as a sum of integrals over Q(&,7) and FR\Q(&, 1), and use the expansion
(10.21) for B(i(z& + 4)) on (&, ). We then obtain the following theorem.
Notation is as in Theorem 10.1.

THEOREM 10.4: Let 6 € Cl(fi{). Write I'I.,_ = Z(a,§>>o ga, l‘l+'1 =
=n,Ng,,. Then, we have the following asymptotic expansion for
(T,, fe™) as > + oo (fe C2(U)).

(T, fei*) ~ gimt+.V|det(ad Hy),, ,| x

% Z bjeité(H(Xj)){<’Ig§,f> + i <0§’”,f>.[—n}_

1<j<m

(10.25)

Here b; are constants > 0 depending on G,y,x;, and on { only through
G ’Igﬁ are distributions on A which are the counterparts in G of the
T,; 65, are distributions on A; and the error terms are majorized by semi-
norms in f locally uniformly in & as long as £ varies in an equisingular
manner.

To get the exponent of t in the above formula we note that this
exponent is

dim(n) — dim(n;) — $dim(q(x))

for any xe C,,,, say x = x,; it then simplifies to dim(n, ;). The leading
term appearing as the coefficient of e™®*) comes out as

b'e(G, ) lw| ™ L f(—i)ﬁg(il)< j

Cz,v,5

el = PIEN () dC ., .,(x)> da

with

b’ = b2m)*2|det(I — Ad(x] Y))yee, 2.
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On the other hand, applying (10.6) and (10.8) to the group G, with t =0
we get,

<Tff, = C(Gga xj) |m§| -t f( - A)ﬁg(ill) X
r (10.26)

x (J e PHONY () dC, (x) |dA.
Cev.j

Hence, we get the desired expression for the leading term with

_ C(Ga y) Im§| d/2 -1 1
b; —mwb(h) [det(] — Ad(x1 "))gxyl*-

ReMARkS: Theorem 10.4 can be regarded as a testing of the singular-
ities of T,. It is interesting to compare this with the description of the T,
in DKV, Section 4.5. Since there is only a finite number of possibilities
for the G, as ¢ varies in a*, only finitely many conjugates h = x; of y
have to be considered. Each of them can be put in a #-stable Cartan
subgroup L of G such that [ = a. Writing *I for the orthogonal comple-
ment of I in a, the formula (4.27) in DKV expresses that T, is equal to a
sum of transversal derivatives of some distributions in the affine sub-
space *I+ loghy averaged with respect to w. From Theorem 10.4 we
now read off that <{T,, fe') is not rapidly decreasing as t — oo (local-
ly uniformly in §), only if H,eKer(Adh —I)n a for some of the h. In
the terminology of Hormander [36, 2.5] the wave front set of T, there-
fore is contained in the union of the finitely many affine subspaces of
a x a which are equal to the Cartesian product of *I+ loghg with
Ker(Ad h — I) n a. Here we use the identification of a* with a via the
Killing form.

Now always Ker(Adh —I)na = Ker(Ad h; — I) n a o [;. If equality
holds, then the distributions on *I + log hg (of which transversal deriv-
atives were taken) actually are smooth densities on *I + log hg. Because
Ker(Ad h — I) n a = I if h is regular, we thus find back Theorem 4.12 of
DKV, but the result of Theorem 10.4 here is sharper; it establishes also
non-smoothness and quite detailed further information about the distri-
butions in * + log hy if Ker(Adh —I) n a 2 I. Note that if Ker(Adh —
—I)na = I, then the number of transversal derivatives apparently is
equal to dim(n N g;,). Also the polynomial dependence on H; of the
coefficients in (10.25) (viz. det(ad Hy),, ,) reflects the differentiations ap-
pearing in the description of the T, in DKV (4.27).

We leave the further explicating as an exercise. This will lead to a
quite detailed description of the singularities of the T, in awaiting of the
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full explicit formula for the Fourier transform of the T,, which we think
in principle is obtainable. Cf. Sally and Warner [50], Herb [34].

11. Uniform estimates for matrix coefficients with
AeFq, || —» oo, and a bounded

As observed at the end of section 9, it is not possible to get sharp
estimates for the integral

L,u(9) = L exp (iF,, a(k)g(k) dk, (1L1)

uniform for H € a, a bounded, by simply rewriting it as

L.7,:9) = L.a(9) = L exp(itF,, a(k))g(k)dk, (11.2)

letting © — oo and treating H as a parameter on the unit sphere in a. The
problem is caused by the singular asymptotic behaviour for T — oo of
(11.2) if H is in a root hyperplane; with increasing order of asymptotics
if more roots vanish at H. This originates from the sudden change in
dimension of the critical set of F, 5 as H enters these (intersections of)
root hyperplanes. On the other hand the geometric simplicity of the
caustic set and the remarkable rigidity of the critical sets encourage one
to hope for uniform upper bounds for (11.1) in terms of much simpler
functions than the Airy-type of functions; these would be needed in the
generic case (cf. Duistermaat [19]). Making essential use of suitable
right invariance properties of the F, , in order to get the estimates lo-
cally uniform in g, we can prove:

THEOREM 11.1: Fix a compact subset o of A. For any wew, let
A4} (@) = {ae 4™ |wa(log a) # O for all aew}. (11.3)

Then we can find a C™-norm v on C™(K), m = 3dim N, such that for all
aew, geC™(K) and all He q,

J eipa,ﬂ(k)g(k)dk‘ <Wg) Z H (1 + |o(H)|) " 2@, (11.4)

wew aed, (w)

If dim N is odd, then ge C™ if and only if ge C'™ and the derivatives
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of g of order < [m] are Holder continuous of order . C™-norms are
then defined in the obvious manner.

In view of the asymptotic expansions along rays which were obtained
in section 9, the estimate (11.4) is sharp modulo constant factors if we let
a vary in an equisingular compact subset of 4. However, in this case an
even more refined asymptotic expansion holds which is uniform in
H eaq, as will be shown in section 12.

Let E be a finite-dimensional vector space and let R =(R,,R,) be a
double representation of K on E. For any 1€ %, the complex dual of q,
and any endomorphism T of E, the (R, T)-spherical function with eigen-
value parameter J is defined as the matrix-valued function @ = &% T on
G given by (cf. Harish—-Chandra [30])

PR T(x) = J A~ PHCNR (k(xk))o T o R,(k) L dk. (11.5)
K

Because P(k,xk,) = R,(k;)° P(x)°R,(k,) for all k,,k,eK, xeG, & is
determined by its values on A in view of the Cartan decomposition
G = KAK.

COROLLARY 11.2: For any compact subset w of A there is a constant
C > 0 such that for all acw, A = i€ + ne F with &,ne F, we have

|OFFy(@) < C( + Inl)"
, (11.6)
max [exp(nloga™)): [ (1+K&ap)™ @]

w,wemw acdl (o)

Apply Theorem 11.1 with F, y = F, g, and
g(k) = exp(n — p)(H(ak)R (x(ak))o T R,(k)~*.
Use the relation

sup exp n(H(ak)) = max expn(loga™’), 117
kekK wem

which follows immediately from the determination of the critical set of
F, y, in Proposition 5.4, and observe that derivatives of order <m
applied to g lead to polynomial factors in # of order < m. So we obtain
(11.6) as a consequence of (11.4).

The exponential factor maxexpn(loga®’) in (11.6) is sharp. This can

wemw



[65] Functions, flows and oscillatory integrals 373

be seen by applying the method of steepest descent (cf. Erdélyi [22]) to
the points where k> n(H(ak)) takes its maximum value. The same
method should also lead to improvements in the polynomial factor
(1 + |nl)™ However, an extension of Theorem 11.1 to the case of com-
plex H would lead to additional complications in its already long proof,
so we settle for (11.4), (11.6).

The proof of Theorem 11.1 simplifies considerably if we restrict H
even somewhat more, namely to the closure of the positive Weyl cham-
ber in a. Indeed, for those H the function F, y is always right Ky-inva-
riant (see Proposition 5.6). For this reason we shall first give the proof
for He Cl(a*); we indicate the modifications needed in the case of gen-
eral Hea at the end of this section.

It may be noted that for the elementary spherical functions ¢, (when
R, =R, =1 and T = I), Corollary 11.2 can be obtained already from
the version of Theorem 11.1 for He Cl(a™), because ¢, = ¢,,;, for any
wemw, and each Hea is in the w-image of Cl(a™) for some wew.

Since the proof of Theorem 11.1 in the case of He Cl(a*) depends
strongly on the right Ky-invariance of the F, ,, we start with a lemma
concerning the subgroups Ky when H is varying over certain subsets
of a.

LEMMA 11.3: For any subset B < a and any closed subgroup L of G
(resp. subalgebra 1 of q) let

Lg= () Ly, resp. lg= () . (11.8)
HeB HeB

Then, if X ea and B is a finite subset of a,

KXIDKB = ﬂ KXIDKH (11.9)

HeB

and the intersection is clean. If B — C with C the closure of a Weyl cham-
ber, and H' =) y.pH, then Gy = Gy, Kz = Ky..

Combining Proposition 1.2 and Lemma 1.1 we see that
ke KywK <> X*'egy. So k belongs to the right hand side of (11.9) if
and only if X*"' e gp. Replacing now Gy by Gy in the proof of Proposi-
tion 1.2 (first part), we get the equivalence of this with ke KywKj.

For the cleanness, let k = ux,v with ue Ky, wew, ve K. Setting
Y=w 'X and using that KyKy is the Ky x Kg-orbit through 1, we

have to prove that the KyKy (H € B) meet cleanly at 1, that is, () (fy,
HeB
+ty) =Tty + T3 But ) (gy + gg) = 9y + g Using root space decompo-
HeB
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sitions; and the desired relation is obtained on intersection with f,
noting that all subspaces in sight are stable under the Cartan involution
0.

For the last assertion we may take B < Cl(a*) because all Weyl
chambers are conjugate to each other. Note that for any B, Gz = Gy..
Moreover, for aedA™, a(H)=0<o(H)=0 for all HeB, so that
g = 0. But then Gy = G M = GIM < G,

The proof of Theorem 11.1 starts with a series of reductions. The first
one is that, using a partition of unity for g, it is sufficient to prove
Theorem 11.1 in a local form, that is to prove

ProPoOSITION 11.4: Fix age A, ko K. Then there exist neighborhoods
Aq of ag in A, resp. V of ko in K and a C™-norm v on C™(K), such that for
all ac Ay, ge C™(V), He Cl(a*) the estimate (11.4) holds.

The next reduction consists in showing that instead of considering
arbitrary H eCl(a*), we may restrict ourselves to H in certain conical
subsets C(n, u,7) of Cl(a™), defined as follows.

Let S be the set of simple roots in A*. Because S is a basis of a*, its
number of elements is equal to r = dim a = real rank G. Let II be the set
of all ordered partitions n =(S;,...,S,) of S into disjoint nonempty
subsets S;. Let p,y be positive real numbers, u > 1. Then we say
H e C(m, u,y) if and only if

(i) HeCl(a™), that is a(H) > 0 for all a€S;
(i) if o, B S; for some j, then a(H) < pf(H); (11.10)
(i) if €S, peS,, and j < k, then a(H) > yp(H).

In the applications y will usually be large. This means that the coor-
dinates a(H) of He C(m, pu,y) with respect to the dual basis S¥ can be
grouped in such a way that the coordinates in the same group are of
comparable size, while the coordinates in a given group are much larger
than the coordinates in the next group.

The next combinatorial lemma shows that, if, for every nell and

u=>1, we can prove Proposition 11.4 with HeCl(a*) replaced by
HeC(n, p,y), for some y no matter how large, then Proposition 11.4
itself is true.

LEMMA 11.5: Suppose for each nell and p > 1 we are given a number
y(r, u) > 0. Then there is a mapping ©t+— () with u(n) > 1 such that

Cl@™) = HI C(m, (), y(m, p(m))). (11.11)
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For any je{0,...,r — 1} let II; be the subset of IT consisting of all
partitions of S into r —j subsets. We set o =1, y_; =1 and define by
induction over j the numbers y;, ; and y; by

P = max{maxy(n,u,) Yi-1,1}, (11.12)
nell;
[T () (11.13)

Note that y; and p; are > 1 and that
C(T[, “j, ‘)’1) = C(TE, ﬂj, ')’(7[, l‘])) for nEHj‘ (1114)
Hence it suffices to prove that

Clla) = U U Cmusy). (11.15)

<j<r—1mellj
In fact we shall prove by induction on j=0,...,r — 1 that

U U Cmperd = C (11.16)

0<k<j mellx
where

C;= |J Cm o0,y)). (11.17)

nell;

This would prove what we want since C,_; = Cl(a™).

(11.16) is trivial for j =0. Let HeC;. Then He C(m, c0,y;) for some
nell; write © = (S4,...,S,_;). If we can subdivide S; into disjoint non-
void subsets A,B such that acA, feB=a(H)=7y;_,f(H), then
HeC;_,. Therefore, by induction hypothesis, H is contained in the left
hand side of (11.16), even with j replaced by j — 1. So we may assume
that no such subdivision exists. Then, given any i, start with an arbitrary
a; €8;. There is an a, €S; different from «, such that a,(H) < y;_a,(H).
Continuing by induction, we find «;€S; different from «o,,...,o,_, such
that o(H) < y;_,a,(H) for some m < I. Consequently, again by induc-
tion, a(H) < (yj—1)' 'ay(H). It follows that a(H) < (y;- )" ‘ay(H), if
aeS; and r; denotes the number of elements of S;. Since = is a partition
into r —j subsets S;, r; < j + 1; so from the definition of u; we see that
HeC(m, pj, 7))

Let {BY| B S} be the basis in a dual to the basis S of a*, that is

A(B) = 8, for all o, BeS. (11.18)
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In general the Y are distinct from the H,. Note also that

Clla*) ={Y t,0|t, > 0}, H = ¥ a(H)or". (11.19)

xeS

In order to describe the next localization in the variable H, we define,
for a given ordered partition m =(S,,...,S;), the “S;-component” of
Hea as

H;= Y oH)o" (11.20)

J
a€eS;j

and for © = (1y,...,7,) € R® the “inflated vector” 7- Hea by

©-H= Y tH, (11.21)
j=1
For u > 1 consider the parallelepiped
1
P(u) = {Hea F < ofH) <1 for all aeS}. (11.22)

Of course P(u) = a* and a(H) < uf(H) for all He P(u) and o, BeS. For
any y > 1 define

P(m,p,y)={t-H|HeP(wand 7, > y7,>...>y* ', > 0}. (11.23)
The P(rm, u,y) are comparable to the C(z, u,7), in fact
C(m, p,y) = Plm, p,y) = Clm, u, y/). (11.24)

Indeed, let He C(z, 7). If a(H) = O for some a€S; then we read off from
(11.10) that p(H) =0 for all feS;u...US;. So if p is the smallest j for
which this occurs, we have «(H) > 0 for xeS; u...uS,_; and f(H) =0

for peS,u...uS,. For 1<j<p—1, define 7;=maxoa(H);, then

aeS;

% < B(H) < 7; for all BeS;. Therefore

pr—1
H =3t 'H+ Y o'eP)
=1

aeSpu...USs

If we take 7;=0 for p <i<s and observe that 7; > y1, for j <k, it is
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immediate that H = ¢+ H' and H € P(r, 4, 7). The second inclusion is even
easier.

The advantage of the P(x, i, y) is that they are defined in terms of the
compact subsets P(u) of a*, rather than of Cl(a*). This reduces the
proof of Proposition 11.4 to proving Proposition 11.6 below.

Fix age A, koe K, let # = (S;,...,S,) be an ordered partition of S, and
let Hca*. Let t be the largest j such that kg is a critical point for 20,0V
forallaeS; u...uS; we write t = 0 if k, is noncritical for F, ,v for all
aeSs.

Let B= {a'|aeS, U...US,}. Then, from (11.9) we conclude that
koe K, ,wKp; in the sequel let wew be such that k, € K, wKp. Define

Ny = 3 n(a), (11.25)
acldf 7\ S lnat @y ™h
where
A,:”,J.:A*m Z Z-B, (11.26)
BeSju...uSs
and
A*(ay ") = {ae A |a(logay ") # O}. (11.27)

PROPOSITION 11.6: There exist neighborhoods A, of ay in A, resp. V of
ko in K, resp. E of H® in a™, and furthermore a C*-norm v on C*K)
w=%%n, ,) and a constant y > 1 such thatfor all ac Ay, ge CHV),
HeZ and t,,...,7, satisfying ©, > 91, > ... > y* 11, > 0, we have

expli 3, 4 (o) () [] (14 7). (1128)

It is clear that the right hand side of (11.28) is dominated by the
right hand side of (11.4) with H replaced by ijlthj. Then also
ZJ 1 Mg, j <
For any Hea®, w1th H; defined as in (11.20), F, y, is right K;-
invariant if we define

K; = centralizerin K of all ¥, € S; U ... U §;. (11.29)

Moreover, K=K, > K; 2...2K;=Kz>...2K;=M; so F, g, is
in fact right K,-invariant for j < L This is the first basic ingredient of the
proof of Proposition 11.6; the second is given in the following two
lemmas.
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LEMMA 11.7: For 1 <j <'t, the Hessian at ko of the restriction of F,, go
to koK;_, has rank n, ;.

Since F,, yy is left K, - and right Kp-invariant and Ky < K;_,, we
may assume that k, = w. In view of Proposition 6.5 Q, the Hessian at w,
is diagonal with respect to the decomposition = Y& . f, ® m. Because

I = Y Lom, (11.30)

1 =
Bed* ,p(av)=0forallaeS1u...uS;j-1

the rank of Q|;,_, is equal to the sum of the n() where B(H;) # 0,
BeA*(ay™") and B(a) = O for all aeS, U...US§;_;. Writing such § as
B =Y ,esk,v with k,e N U {0}, the last condition amounts to k, = 0 for
all yeS;u...uS;_;, whereas B(H}) # 0 means that k, # 0 for some
y€S;. But this means that e d*(ay )[4} \47;+.]; so we get the
number n, ; in (11.25).

LEmMMA 11.8: Let E be the subset of S such that k is a critical point for
F,,..v if x€ E and not critical if o€ S\E. Then there exists Z et such that

(a) Zetg, the centralizer of the o', a € E,

(b) F,, (ko;Z) > 0 for aeS\E.

We take Z = vy (ko) = E(X% "), see (3.4). Because koe K, wKj for
some wew, Xk ' = Y2' for suitable ve Kg; here Y, =w !X, €a  gj.
Hence X! 'eg;. Because the restriction of E, to gz is equal to the
corresponding projection for gz, the conclusion Z ef; follows. (b) is an
immediate consequence of Corollary 5.8.

Let X; be a local analytic section through k, for the bundle
koK;_ 1 = koK;_1/K; (1 <j <s). By making X; sufficiently small, the
map

Cii(xjse x> koX;. .. g (11.31)

is an analytic diffeomorphism of X; x ... x X; with an open neighbor-
hood of koM in koK;_;/M. Let f; = f; o be the pull-back of F, g, to
X, x...x X, under {;; here §eU stands for the parameters a,H; in
suitable coordinates, so that (ao, H}) corresponds to the origin 0. Using
also local coordinates in the X; such that k,M corresponds to 0, and
writing J; = n, ;, we have abstracted to the following situation.

fie 1<j<s) is a system of smooth functions on X =
=X, X...x X,, depending smoothly on parameters OeU,
such that:
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(i) For each 0€U, f; , depends on x;,...,x; only;
(i) @;:xj—f;000,...,0,x;) has x;=0 as critical point with
rank equal to 6, if 1 <j <
(iii) If t < s then ¢, is noncritical at x,,,; = 0.

(11.32)

Indeed, (i) is immediate from the definition of the {;in (11.31) and the
right K;-invariance of F, g if [ > j.

For (ii), we note that taking x;, =... = x;_; = 0 is equivalent to re-
striction to koK ;_;; so that the statement in question asserts that F, H
restricted to koK;_;, has k, as a critical point of rank 6; = n, ;. This is
just Lemma 11.7.

To check (iii) we have to prove that the restriction of F,, yo  to koK,
is noncritical at k,. Let E,Z be as in Lemma 11.8. Then
S;uU...uUS, c E, hence Zef; = f,. On the other hand the definition of ¢
implies that e S\E for some «€S,, ;. Since HY, , is a linear combina-
tion of the o', a €S, ;, with strictly positive coefficients, while F,_ ,v(ko;
Z)=0 for aeS,,; nE, the conclusion from Lemma 11.8(b) is that
Frg. 5.5 Z) > .

Proposition 11.6 now follows immediately from

PROPOSITION 11.9: Let the f; 4 be a “trigonalized” system as in (11.32).
Then there exist neighborhoods U, of 0 in U, resp. V of 0 in X, and
furthermore, for each L >0, a C*-norm v on CHV) (with p=%Y%_, §;
+ L) and a constant y > 1, such that for all 0eU,, geC¥V) and
Ty, ..., T, € R satisfying 1, = 97, > ... = y* 11, > 0, we have the estimate

f expli 3 7,/ o0Ng(x)dx| < wg) [T 1 + 1) (1 + 10 ) = (11.33)
X j=1 j=1

Here again, if y is not an integer then ge C* means that ge C*1 and
the derivatives of order < [u] are Holder continuous of order u — [u].

We first prove Proposition 11.9 for s = 1; it then follows from the next
two lemmas. They express the method of stationary phase in a form
which is suitable for our purposes.

LEMMA 11.10: Let f, be a smooth real-valued function on an open neigh-
borhood U of 0 in R". If df,(0) # O, then there exist a compact neighbor-
hood U, of 0 in U and a neighborhood & of f, in C*(U,), such that we
have the following. For all real N > 0 the mapping f,g+ I, ,, defined by

I (0= J P g(x)dx, (11.34)
Uo



380 J.J. Duistermaat, J.A.C. Kolk and V.S. Varadarajan [72]

is a C¥ mapping from (F n C¥*1(U,)) x CN(U,) to the space #y of
functions I:R — C such that

Iy =sup(1 + [N (2)| < oo. (11.35)

LEMMA 11.11: Let f be as in the previous lemma but assume dfy(0) =0
and the Hessian Q of f, at O has rank d. Then there exist a compact
neighborhood U, of 0 in U and a neighborhood & of f, in C*(U,), such
that for all 0 < N < 31d the mapping f,g— 1, , is a continuous mapping
from (F 0 CV"3(Up)) x C(Up) to Fy.

If dfy(0) # O then, if f,(0) = ¢, the implicit function theorem ensures
the existence of a local C¥*! change of coordinates, depending C¥*! on
f, such that f(x)=c+ x, on the new coordinates. Observe that this
exists for f in a C'-neighborhood in C¥*! of f,. The new amplitude
depends C¥ on x, resp. f,g. Note that the Jacobian involves one loss of

. ; _,d . . .
derivative. Because e = (it) ! — ™ we get, iteratin,
dx g g

N

. -1 . dg —1\¥ __dNg
1TX d e ITX = 17X .
Lae g(x)dx e JRe I (x)dx <_i‘r > J Re e (x)dx

Because the factor ¢ in front of the integral does not depend on f,g,
differentiations with respect to f, g do not increase the growth order in 7.
This proves Lemma 11.10 in the case that N is an integer. For Holder
estimates, derivatives have to be replaced by differences. The typical
estimate to be used is the following.

= ’(1 —e )71 J "(g(x) — g(x + u)du

<[t —em™71 (j ldx + lul>llgllmlul°‘,
suppg

J e™g(x)dx
R (1136)

where

Iglse = suplg(x) — g(x + w)l/|ul*
denotes the Holder norm of g of order «, 0 < « < 1. Taking u=nt !
gives an estimate by g g.7 %

If dfy(0) = 0, we start writing R" = Y x Z with Z = Ker Q. Then, per-
forming the integration over Y and treating the Z-components as para-
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meters, we have reduced the problem to the case when @ is nondegen-
erate. Indeed, the continuity of (11.34) then implies local uniformity of
the estimates with respect to ze Z. So integration over z afterwards will
not destroy the conclusion.

Now the proof of the Morse lemma in Hérmander [36, Lemma 3.2.3]
based as it can be on the implicit function theorem in Banach spaces (cf.
Dieudonné [18]) leads to the following. There exists a C¥*! change of
coordinates depending in a C¥*! fashion on fe C¥*3, such that on the
new coordinates

f0= 1O+ Y st a= 1. (1137

Then the new amplitude is C¥. Now write

j e Pg(x)dx = /@ Jei""‘% J . Je"“’"%g(x)dxd...dxl (11.38)

We then have reduced the proof to the case d =1, observing that, if
geC**# then x, > g(x,,.) is a C* mapping from R to the space of C*
functions of (x,,..., x,).

Let geCiR),0 <a < 1,7 >1. Then

J e g(x)dx = J gty tdy =
0 V]

M1
= f eg(yyy tdy + J eg(yytdy

0 M1

with M > n. The first integral is obviously 0(z %), the second one is
estimated as in (11.36) with u = nz !, Using that (y + u)* — y* ~ 3y~ %y,
g((y + w?®) — g(y*) = O((y " *u)”), the second integral comes out to be
0(t ™% + O(z —*). More precisely, there is a C*norm v, such that

< vlg)(1 +1t])"* (g€ CHR), 0 < o < 3). (11.39)

f e™*g(x)dx
R

REMARK: The power —a in (11.39) is sharp in view of the example
g(x) = e "*h(x), he C*(R), because the v, of this g is of order 1* as
T — 00. Also note that differentiating (11.38) with respect to f leads to
additional powers of t; this is the reason for stating only the continuity
of the map (11.34) in Lemma 11.11. Finally, the critical value of f is an
invariant under coordinate changes in the domain of f.
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We start the proof of Proposition 11.9 for general s,t with a reduction
to the case t = s. Writing

X=X x...xX,Y=X,,; x...xX,,
we get
f exp( -; T, o0)g0) dx = L expli _; O f dWERAE  (11.40)

Here Y =Yy ., ,.....z..4 IS defined by

l/l(f) = J‘ CXp(iTH_ 1¢0,r¢+ 2/Te+ 15+ »Ts/Te + 1(2’ y))g(-i, .V)dy, (1 141)
Y

with

S Tk

¢0,t¢+2/tt+1,...,ts/tg+1(g’y) =f;‘+1,0(-)z,y)+ fk.o(’z,,V)- (1142)

k=t+2 Tr41

In (11.41,42), the 0,7,,,/T;41,---,Ts/Ti+1, and X are treated as para-
meters. Note that the t,,,/7;,4,...,Ts/T;+1 are kept between 0 and 1/y;
so the localization near 0 corresponds to the choice of sufficiently large
y in Proposition 11.9. Lemma 11.10 now implies that any C*-norm of
(4 = 0) can be estimated by (1 + 7,,,)” L times a CL-norm of g (L > 0),
thus reducing the proof of Proposition 11.9 to the case ¢t = s.

Assuming t = s, the proof now will be given by induction on s.

s s—1
J exp(i .Zl ;fi.0)gdx = LZ exp(i 21 T f; 0(X)We, ., (X) dX (11.43)
X = J
where % = (x,,...,X,_)€X; X... x X,_; = X, and

'/’o, rs(f) = J‘

CXp(l"[sfs‘o(i, xs))g(i’ xs) dxs‘ (1 144)
Xs

Applying the Morse lemma with parameters to the function
xs f; o(X, x,), treating 0,X as parameters, we can write, with ¢, a
standard quadratic form in §, variables,

Yo, (R) = &=t J Iy (3, %) dx, (11.45)

Xs
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Here ¢(X) is the critical value of x,— f; 4(X, x,), which depends smoothly

on the parameters 6, X. Also h, depends in a bounded linear way on g,
with respect to any C*-norm. We now have

s s—1
f . expl(i .Zl t;fj.0)9dx = j _exp(i '21 T fi0,efes )Go.2, 0% (11.46)
J Jj=

= b4
with
Sivveage s =fio®) for 1 <j<s—1, (11.47)
~ Ts ~
s= 10,5551 (8 = oo 1,6(0) + ——— (), (11.48)
s—1
Jo,-,(X) = f exp(it,qy(x,))he(%, X,) dx,. (11.49)
Xs

Treating t,/t,_; as another parameter, which remains between 0 and
1/y, the system of phase functions f}, 1 <j < s — 1 again is a trigonalized
system as in (11.32). Note that f;_, ¢ o(%) = f;_1.o(%). The localization of
1,/ts—1 near 0 corresponds to the choice of sufficiently large y in Propo-
sition 11.9. This result now follows by applying Lemma 11.11 to (11.49)
and then applying the induction hypothesis to the integral on the right
hand side of (11.46).

Maodification of the proof for general Hea
Now let C be the closure of any Weyl chamber, and let P(C) be the
corresponding choice of positive roots, that is

o€ P(C)<>ae 4 and ao(H) = 0 for all He C. (11.50)

Replacing S by the set S(C) of simple roots in P(C), the reduction of
Theorem 11.1 with H e C to Proposition 11.6 with a* replaced by C™™,
is done as above in the text running from Proposition 11.4 to Proposi-
tion 11.6.

However, our proof that the F, z, can be viewed as a trigonalized
system of functions as in (11.32) with §; = n, ; depends in an essential
way on their right Ky -invariance, but this is no longer available now.
Nevertheless we can still make the F, g, into a trigonalized system as in
(11.32) with §; = n, ;, by using suitable local coordinates.

The idea is to use the relation between F, ; and fy 4 (with a = exp X)
expressed in Lemma 5.9. For each Zef let Yy , be the vectorfield on K
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such that Yy 4(k), pulled back to by left multiplication by k™1, is given
by

Yy (k) = Ad k™' o(ad X/sinh ad X)o Ad 6,(k)(Z). (11.51)

The point is that since fy g is right Ky-invariant, the function F, 5 will
be invariant under the flow &% ,, teR, of Yy , if Z €f,. Indeed, we read
off from Lemma 5.9 that

F, u(k; Yy 5(K) = 0 for ke K, Z ety (11.52)

Defining K; as in (11.29), let f; be their respective Lie algebras and let
Z9,...,Z0 be a basis of {;_, ©F;, j=1,...,s + 1. Together they form a
basis of f, and because Z— Yy ,(k) is a linear isomorphism f — £, the
Yy, zo(ko), m=1,...,n;, j=1,...,5s+1 form a basis of T as well. As a
consequence, the map ( defined by

Lo yt® ) =
ot - (11.53)
=&y e C.. . 0P z<M 0o d)x 70 - ° ‘I"x z(l)(ko)

defines a diffeomorphism from an open neighborhood of 0 in R
n = dimf, to an open neighborhood of k, in K. Using (11.52), F, g, is
@Y so-invariant for all j<I, m=1,...,n. So, writing x, = (¢§,.. t"’),
the functions f; , defined by (1 <j <)

f;‘,o(xlﬁ e Xst 1) = Fa,Hj(CX(' *e tg)v . )) (1154)

form a trigonalized system as in (11.32)@i). Here again 6 =(a,H) in
suitable local coordinates, while x,,, actually is a dummy variable
because of right M-invariance.

To check (11.32)(iii) we recall Proposition 3.3 which states that the gra-
dient of fy p, with respect to a suitable Riemannian metric on K/Ky, is
equal to the vector field vy. Now, in section 3 we assumed that
HeCl(a*). But if H is in the closure of another Weyl chamber then
everything in section 3 remains true if all parabolic subgroups as well as
the Iwasawa decomposition used in section 3 are chosen to be the
standard ones with respect to this Weyl chamber. This shows that
Lemma 11.8 remains true if we replace S by the set of simple roots with
respect to any Weyl chamber, and replace F,_ ,v by fx, .. Because of the
invariance of the critical sets under @, we may also replace k, by
0,(ko), and get Z ¥, such that

F,, H,H(kOa Y) = fx, H?+1( olko); Z) >0
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for Y= Yy, (ko). Writing Z =Y ¢,Z¢*" modf,,, we get that differen-
tiating F,, go , with respect to Y at k, gives the same result as applying
the differential operator Y. c;8/0tf*? to ¢, at the origin.

What is left is the computation of the ranks é; in (11.32). As before,
koe K, wK$ for some wew. Using the left K, -invariance of F, HY
and the formula F, g(x,k) = F,.-: g(k), we may assume that actually
ko€ K$, replacing a, by af ™.

Corresponding to the K; we have G; = G, ... s, Keeping in mind
that K§ = GY_,, we transfer now everything to the connected reductive
group GY_ ;. Because G;_, is an intersection of centralizers of elements
of a, (2.6) shows that the Iwasawa projection of G_,, is equal to the
Iwasawa projection of G restricted to Gy_,.

So the functions F, ; on K9_, defined starting from G{_, are equal to
the restrictions to K?_, of the previously defined functions F, 4 on K.
Also the A-action on K9_, defined in terms of GY_, is equal to the
restriction to K?_, of the previously defined A-action a+ @, on K; this
is the same as saying that @, leaves K{_, invariant, see Lemma 6.3. So
for Zet;_, the vector field Y, -.x , can be viewed as a vector field on
KJ_,. At each point ke K)_, they span the tangent space to K}_,, and
the problem is therefore to compute the rank of the Hessian of Fy-1, HO
(with G now replaced by G{_,) at the critical point ko€ K§.

Now, according to Corollary 6.6 with G replaced by GY_;, this rank is
constant along K% and since K3 = KJ, it is therefore sufficient to com-
pute the rank at the identity element. There the computation of Lemma
11.7 shows that it is equal to n, ;. Because restriction to K{_, means
putting x; =0,...,x;_; =0, §; = n, ; and the proof of Theorem 11.1 is
complete.

12. Uniform expansions for orbital integrals and for matrix coefficients
with equisingular a

Now we turn to uniform estimates for the orbital integrals

J,,u(9) = j eI L g(x)dC,(x) (9 C(G)) (12.1)

Cy

of section 10. Let y be a semisimple element of G in standard position,
cf. DKV, Lemma 4.1, that is

Y = V1¥r> V1€K, YrE A, y; and yx commute. (12.2)
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There are always elements of this form in a semisimple conjugacy class;
although such elements are not unique, their components in A are
unique up to conjugacy by an element of w (cf. DKV, Lemma 4.2).
Hence the assumption (12.2) on y means no loss of generality. As in
section 11 we put, for any wemw,

45 (vg) = {xe 4" |wallogyg) # 0}. (12.3)

It is our purpose to prove uniform estimates of the following form.

THEOREM 12.1: Let ye€ G be a semisimple element satisfying (12.2). Then
we can find a continuous norm v on CX(G) of order < dim N, such that for
all ge C*(G), Heaq,

wew ae A% (YR

L S dC, ) <Hg) 3 LT (L +1aE)T. (124)

It follows from the remarks just made that the sum at the right side of
(12.4) does not depend on the choice of y as long as y satisfies (12.2).
Clearly the assertion is equivalent to the one for ge C$™¥(Z), Z a com-
pact subset of G, the norm on C%™N(Z) being allowed to depend on Z.

Not having the K g-invariances available, the proof of Section 11 will
not be applicable. On the other hand, lacking an additional parameter
like a in the F, y, which we wanted to vary arbitrarily in compact sub-
sets, we will be able to obtain a more refined result that can be interpre-
ted as a full asymptotic expansion for |H| — oo, Hea. Since the final
statement needs more explanations, it will be given at the end of the
proof, in Proposition 12.2. Also the exponents in (12.4) are not always
optimal, but the “true” ones are more complicated to describe.

The natural additional parameter here is y, but varying y in the neigh-
borhood of a singular semisimple element of G will lead to conjugacy
classes with jumping dimensions, a rather awkward situation when
studying the dependence on the parameters of integrals over such fami-
lies of manifolds. Nevertheless, the method of proof in this section will
lead to analogous uniform asymptotic expansions for the integrals
I, u(g) of section 11, when a is restricted to equisingular subsets of A.

Like in section 11, we start by restricting H to the closure C of some
Weyl chamber; reducing to the study of integrals of the form

J expli Y, 73Fu, ,(x)g(x)dC,(x). (12.5)
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Here we have used an ordered partition = = (S,,...,S,) of the set of
simple roots S(C) corresponding to the Weyl chamber C™. Moreover, in
terms of the S; we have defined

H;= Y ofH)" (12.6)

a€eS;

H may be restricted to a sufficiently small neighborhood of a given
H%eC™, and the 1,,...,7,€ R are restricted by

T 2N, 20, >0 (12.7)

for sufficiently large # > 1. Finally g has support close to some fixed
xo € C,. This reduction is made in the same way as the reduction from
Theorem 11.1 to Proposition 11.6, with Cl(a™) replaced by C.

Let us explain the idea of the proof with the Fy , replaced by a
general family of smooth functions ;4 (j = 1,...,5) on an n-dimensional
smooth manifold X, also depending smoothly on the parameters 6 in
some parameter manifold @. That is, we study the integral

L expli 3, a0 dx, (128)

with ge CX(X) of sufficiently small support, dx being a fixed positive
smooth density on X.

We split the integration variable x in local coordinates into two
groups, y;, X;, of variables. Next we write the integral (12.8) as the re-
peated integral

Jw J‘ exp(iti¥y,z,,0(01, X1))g(V1, X1)dy, dx,. (12.9)
X1 JY

Here T, = (t,/74,-..,15/7,) are treated as new parameters; and

s T,
Y1000 %1) = ¥y 6(y1, X1) + .22_11 Yjo(V1,%1) (12.10)
=27y

is treated as a function of y,, with parameters 7,,0, x,. Observe that in
contrast with the proof in section 11 we start by treating the largest (z,)
of the frequency variables 7,,...,1,.

Now assume that y; —y, ; 4(y;,x;) has a nondegenerate critical
point at y; = c;, ¢(x,), which then depends smoothly on 7,6, x,. Write
d, for the dimension of the y;-space. An application of the method of
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stationary phase allows us to rewrite the inner integral in (12.9) as,
suppressing the 7,, 6 dependence for a moment in the notation,

s M-1
exp(i Zl T¥5,6(c(x 1), X4)) Zo Iry) ¥ ™. (x,) + R, (12.11)
i= m=
where the remainder term R can be estimated by
IR| < v(g)l(z,) 3 ~M (12.12)

for ge CP(U), U compact = X and v is a suitable norm on C*(U). Here
we have introduced for convenience of notation a function / such that

leC*([0,00)), [1)>0forall t>0,l(t) =1 for t > 1. (12.13)

Now we can hope to continue the procedure with 7, as a frequency
variable, if x; ¥ ¢(c(x,), X) is constant. Then, indeed, in each term in
(12.11), the ,-dependence can be exhibited as a factor of the form

exp(it, ¥, o(xP(z) ™™  (0<m< M). (12.14)

On substitution in (12.9) these expressions then appear in front of the
integrals over x,, so that for the remaining integrands the frequency
variable 7, becomes the largest. Here x° is just any of the points
(cz, . o(x1), x1) along which ¥/, 4 was assumed to be constant.

The following set-up will assure the continuation of the procedure
described above. Let X|,..., X, be C® closed submanifolds of X such
that

X=XyoX;2...0X;2 X, =0, (12.15)

all X; being provided with positive smooth densities dx;. The X; need
not be connected; but for each j, all connected components of X; have
the same dimension. We assume now that for each j=1,...,s and each
0eO:

(1) ¥;,elx,_, has X; for a clean set of critical points;

(i) There is a smooth subbundle B; of Ty (X;_,) such that:
@ Ty,X;_,) = T(X,) ® B; (Whitney sum), (12.16)
(b) Ay olp, = 0 for k > j.

Here, for any smooth manifold Z, we write T(Z) for its tangent
bundle. Further, if Y is any smooth submanifold of Z, Ty(Z) is the re-
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striction of T(Z) to Y, that is, the vector bundle over Y whose fibres are
the tangent spaces of Z at the points of Y.
Write

dj=dimX,_, —dimX, (j=1,...,s) (12.17)

for the fiber dimension of B;. For 1 <t <s, x°eX,, we introduce (by
induction on t) a smooth diffeomorphism { from a neighborhood of 0 in
R* x ... x R* x R =R", n,=dimX,, to a neighborhood in X of x°
with the following properties. {(0) = x°, { maps y, =0,...,y;=0 into
X;, and finally the tangent map of { at u=(0,...,0,y;+1,..., ¥, X,) maps
the y~space y; =...=y;_; =0, ;4 =... =, =0, x, = 0 to the fiber of
B; at {(u). Pull-back by { leads to a system of functions y; 4 for which
(12.16) gets translated into (1 <j <t, O O):

(1) (Yj’ yj+1’ e Vo xt) — '/’j,l)(oa LA 0: yj, yj+19 cees Vo xt) has
all first order partial derivatives equal to zero if and only if
y; =0, and the Hessian of y; = /; 4(0, ..., 0, yj, ¥js1, -+ Vs
x,) at y; = 0 is nondegenerate (for each y;, 4,...,;, X,).

(i)) The derivative of y; — Y, 4(0, ..., 0, yj, ¥j+1, ---» Vi» X,) at
y;j=0is equal to zero for k > j and each y;,,..., y,, X,

(12.18)

Applying this for t=1, we read off from (12.18)(ii) that
¥y1—Vu6(¥1, X41) has a critical point at y, = 0 for all k > 1, whereas from
(12.18)(i) we then see that the function y, — ¥/ 3, ¢(y1, X;) of (12.10) has a
unique and nondegenerate critical point at y, =0 if ¥, is sufficiently
small, i.e. if # is sufficiently large in (12.7). From (12.18)(i), however, we
also see that x; — ¥, 4(0,x,) is constant.

So applying the method of stationary phase to (12.9) we end up with
terms equal to exp(it, ¥, ¢(0))l(t,) “#* ™™ times an integral of the form

J;{ expl(i jzslz T¥5,0(0, X)) xm(x1)dx;. (12.19)

Here ,, is obtained by applying a linear partial differential operator
with respect to the y,-variables, of order 2m, to g and then restricting to
y1 = 0. The coefficients of the differential operator depend smoothly on
xy,0 and 7.

Repeating the procedure to the newly appearing integrals, and apply-
ing partial integrations as in the proof of Lemma 11.10 at noncritical
points, we obtain the proposition below. In it, the parameters (r) are
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defined by

o Tj+1 Ty .
o =|——.0,— =1,..., _1,
Ti(1) < ‘cj tj> U q—1)

1) = (12} - ., To(0))s

(12.20)

with the convention 7,(t) =0, where 1 < g <.

PROPOSITION 12.2: Let y; 4 be a family of functions on X as above, in
particular satisfying (12.15) and (12.16). Let U, resp. ®, be a compact
subset of X, resp. ©, let 1 < q <sand let M,,..., M, be integers > 1. For
each sequence m = (m,,...,m,) of integers, 0 < m; < M;, there exists a
linear differential operator Q, = Q@ ., in X of order <2%9_, m; and
with smooth coefficients depending also smoothly on the parameters 0 and
7 such that the following holds. There is a continuous seminorm v on
C2(U) such that for all geC2(U), 0€@,, T, 211, >...20 11,20
with n = 1 sufficiently large,

J . exp(i Zs: 7;¥j,0(X))g(x)dx = exp(i ,gl ¥; o(x9)) Ll[l I(z j)-%a;.

=1

-{Mfl---Mfl )™ L expli Y ko)

m;=0 mg=0 j= k=q+1 (1221)
(Qmg)(xg)dx, + R}
where x° is any point on X, and
Rl < viglz) ™, M= min (M;—% ) d) (12.22)
i=1,...4q i=j+1

In the proof it is used repeatedly that I(z;)~' can be estimated by
l(z,)~! if j<gq. For instance, if xX°eX;\X;,;, 1<j<g—1, then the
partial integrations in the integral over y;., will lead to a contribution
of g with support in a neighborhood of x° which can be absorbed in the
remainder term R. Applying a partition of unity to g this leads to con-
tributions coming only from xoqu. Note that the functions y;,
(1 <j < q) are constant on X,.

We present the intermediate result (12.21), (12.22) for all 1 <g<s
because knowledge of the behaviour of the integral in its dependence on
more 7-variables (larger g) in (12.21) is paid for by means of a worse
estimate for the remainder term in (12.22). Indeed, I(z,) ™™ is less small as
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q increases. Of course, if ¢ = s then the oscillatory factor in the integrals
over X, in the right hand side of (12.21) is absent. This also happens if
we restrict ourselves to families of z,,...,7, for which 7,,4,..., 7, con-
verge to a finite limit, whereas 7,,...,7, are allowed to run to infinity.

Applying Proposition 12.2 with g = s and using the proof of Lemma
11.11 to determine the sharp order of the norm, we get

COROLLARY 12.3: Let assumptions be as in Proposition 12.2. There
exist a number n>1 and a C* norm v on CHU) such that for all
geC>U), 0€Oy, 1, 2Nty = ... 2 1° 11, > 0 we have

L expli Y. 7,900 dx| < lg) [ M) (12.23)

Here we may take p=%Y5_,d; and use Hélder norms if p is not an
integer.

After these heuristic arguments, we now verify that the functions
Fy |c, satisfy the assumptions (12.16) for a suitable sequence of submani-
folds X o> X, o...2 X,

PROPOSITION 12.4: Let ye G be semisimple, Hea and let qy , be the
orthogonal complement of T(Cy,,) in T, (C,). Then qy , is a smooth Gy-
stable subbundle of T, (C,) and its fiber at x€ Cy , is equal to the or-
thogonal complement q(x) = (g, + 8x)* of 6, + gy in g. Here we have used
the identification of tangent spaces with linear subspaces of g via left mult-
iplication by x 1. Moreover,

Tc,, (C)) = T(Cy,,) ® ag,, (Whitney sum). (12.24)

Recall that Cy ,, the critical set of Fylc,, is equal to C, N Gy and that
this intersection is clean (Proposition 8.2 and 8.3). Let xe Cy ,; then

T.(C,) = T.(C,) = (I — Ad x " *)(g) (12.25)
while
TACy.,) = TAC,) n T(Gp). (12.26)

Now I — Ad x~ ! stabilizes both g and g§ and consequently its range
is the direct sum of the ranges of its restrictions to these subspaces.
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Hence (I — Adx~')(g) n gy = (I — Ad x ™ Y)(gg), giving

T(Ch,,)=(I—Adx™")(gu) = (I — Adx™')(g, + 3n) (12.27)

Further, by Lemma 8.6, g is the direct sum of g, + g4 and q(x) = (g, +
+ g»)%; moreover both are stable under I — Ad x™!, which is even in-
vertible on q(x). Hence (I — Ad x ™ !)(g) is the direct sum of T,(Cy,,) and
q(x), proving (12.24). On the other hand T(Cy,,) < gy and q(x) < gg,
therefore we get that q(x) is the orthogonal complement of T,(Cy ,) in
T,(C,). Finally, if g € Gy, it is clear that q(gxg 1) = Ad(g)(a(x)), so qy,, is
Gy-stable.

Although Cy , is in general not connected, its connected components
have all the same dimension (Proposition 8.3) and therefore also qy,,
has constant fiber dimension.

LemMA 12.5: Let ye€ G be semisimple and Hea. Then, for all xeCy ,,
Heaq,

dFy. =0, (12.28)

|QH,y
that is, Fy. ,(x; Z) =0 for all Z € q(x).

Indeed, since x e Gy, n(x)~ ! eGy, see (2.6); and so (H')"™ 'egy,. But
then, as q(x) = g5, we have according to (5.9), for Z € q(x),

Far(%:2) = <Z,(H'® ™"y = 0.

Now let # = (S,,...,S;) be an ordered partition of S(C). We define, for
1<j<s,

G' = Gav, i= Vo
g aeSnQ.uS,- % aeSt\Q.qug (1229)

Cj,'y = G] N Cy.

It is clear that for any He C™ we have, with H, =) .5, a(H)", H; =
=Y'J_, H;, and using Lemma 11.3,

G; =Gy, = N Guy 8j=0u;= () Ou»
J

1<i<j 1<i<

(12.30)
C,=GC,2C,2...2C,2Cyyy,=0.

With these notations, we have
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LEMMA 12.6: Let He C'™, n =(S,,...,S,) an ordered partition of S(C).
Then, for 1 <j <, Fy,,lc,_, , has C;, as a clean set of critical points.

The stationary set of Fy, , is C, N Gy, which contains C; ,. Converse-
ly, let xeC;_, , be a stationary point for the restriction of Fy, , to
C;-1,, This means that the derivatives at x of Fy, , along the directions
in T(C;_,,,) vanish. On the other hand, Lemma 12.5 shows that the
derivatives of Fy , at x along the directions in T,(C,) orthogonal to
TAC;-,,,) also vanish. Hence x is a stationary point of Fy, ,; that is,
x€eGy,nC;_, ,=C;,. For the cleanness we must verify the following
assertion (cf. (8.6)): if Zeg, +g;-, and (L, g, ,(2),Z")> =0for all Z'eg,
+g;_1, then Z— Z* "eg;. Since xeG;_,, we can conclude from the
formula for L, p, , given in Proposition 8.4 that L,y , stabilizes
8x + g;-,. Hence L, g, ,(Z) = 0. Proposition 8.5 now implies that

Z—Z"_legﬂjmgj_1 =g;

The Lemmas 12.6 and 12.5 together imply that, with X =C,, X; =
=C;, 0=H and y;,= Fy, ,, the conditions (12.15) and (12.16) are
fulfilled. Hence

THEOREM 12.7: The conclusions of Proposition 12.2 and Corollary 12.3
are valid, with X = C,, ;= Fy, ,, © = C™.

In order to show that this implies Theorem 12.1, we have to investi-
gate the numbers

d,=dim(G;_, n C,) — dim(G, n C,). (12.31)

These are differences of the dimensions of successive elements of the flag
of linear subspaces

T,(C,) > T(G;C,)) > ...> TG, C,) (12.32)

where x is an arbitrary element of G, C, and t is the largest number j
such that G;n C, # 0.

Since the choice of x is at our disposal, we may assume that x =
=uexp Y where ue K n G,, Yea and Y* = Y; moreover, with such an x,
8x = Gu N 8y < Gy-

Hence, for 1 <j <t,

9:MNG;=ByNGY; < g;
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where g; is defined in (12.29). On the other hand, T.(G;nC,)=
=(I —Adx~*)(g;) = g;n gy in view of (12.27). Since Yea c g; and Y*
=Y, ad Y stabilizes g; N gy, so that

8; N 8x =(8; N 8x N 8y) @ (8; N 8x N gF)-

But gi <= g and so we have
T(G;n C,) = (9; " 8r) ® (8; M Gy N 8x)- (12.33)

In other words, the flag (12.32) is the direct sum of the two flags
(g;n 8¥)1 < j<tand (gjn gy N g1 < j<i Consequently, if we define

d; = dim(g;, N~ g}) ~ dim(g; n o) (1 <j <), (1234)
then
d;>d;. (12.35)

The inequalities (12.35) mean that we can replace d; by dj in the estimate
(12.23). Let us now write A(Y) for the set of roots aed for which
w(Y)#0; let P, =0, and for 1 <j<s let P; be the set of roots in P(C)
(cf. (11.50)) which are linear combinations of S;u...US. As in the
proof of Lemma 11.7,

&=2 Y ne) (1<j<s). (12.36)

acAY)A(Pj\Pj+1)

As a consequence,

1) *<const. [T  (1+a(H) ™. (12.37)

aeA(Y)nP(C)

We now observe that x and y are conjugate in G. This implies that Y
and logyg are conjugate under G, hence under w. But then, using also
that P(C) is equal to the conjugate of 4* under some element of w,
A(Y) 0 P(C) = 4.} (yg) for some we w; so certainly

[Ty #<const. ¥ [] (1+aH)) ™. (12.38)

wew aedl(YR)

Therefore, Theorem 12.1 is proved.
We conclude this section by remarking that Proposition 12.2 can also
be applied with y;, replaced by the functions F, 5, on K (cf. (11.20)).
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Then we should take a, H as parameters, with H in an open Weyl cham-
ber C'™ and a restricted to a compact equisingular subset w of A4 (that is
K, =K, if a,a' e w). The filtration (12.15) has to be replaced by the

K, j=KwK,,...osp)0 (1<j<5) (12.39)

Because K, ; may have different components which even can have dif-
ferent dimensions, a localization by means of a partition of unity is
essential. However, for each wew the components of

Kw,a,j = KaWK(Slu...uS,-)v (1240)

all have the same dimension. Moreover F, y, is constant on it and equal
to {(wH;,loga) for i <j. It is by now a straightforward application of
the properties of the critical points of the F, y to verify (12.16)(i) locally.
If F, i, would be replaced by fy u, (X€a, a = exp X), then we could
take for the complementary bundles in (12.16)(i)) the orthogonal
complements. So, for the F, 4, we take the images of these orthogonal
complements under the automorphism of T(K) described infra Lemma
5.9; and again (12.16)(ii) will hold.
Finally, d,, , ;=dimK,, , ;_; —dimK, , ;is given by

d (12.41)

Wi — n(e).
aeld} N jiludt@h)

It is equal to the number n, ; in (11.25). With these notations, we have

THEOREM 12.8: Let C be an open Weyl chamber and let © = (S,...,S;)
be an ordered partition of the set S(C) of simple roots corresponding to C.
For 1 <qg<s, wew and for each sequence m = (my,...,m,) of integers
> O there exist linear differential operators Q,, = Q. .y o in K of
order <2Y9_, m; and with smooth coefficients depending smoothly on the
parameters a, H, 7, such that

. ’ q —-— :
Lon(g) ~ 3, <108 T ) ~¥ees,
WEwW ji=1

. (12.42)
' Z 1_[1 l(rj) - J;( ) CXp(i Fa,H"(k))(Qw,mg)(k)dk-

m j=

In this expansion we restrict a to a compact equisingular subset of A,
H=Y5_,7H; with H in a compact subset of C and 1, >y1, >
... 29" 11, > 0 with y > 1 sufficiently large. Furthermore ge C*(K) and
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we have written

j=1

q s
H =Y tH, H= Y tH, (12.43)
ji=q+1

The expansion is uniform in the sense that, for any N > 0, the remainder
term, if we replace the right hand side of (12.42) by a sufficiently large
finite sum over m, can be estimated by v(g)l(r,)"". Here v is a continuous
seminorm on C*(K) independent of a, H, 1.

The radial asymptotic expansions of Theorem 9.1 are retrieved if we
substitute 7; = wt, for fixed 7; (1 <j <s), and let @ > + 0. For g =5
and 7; > 0 for all 1 <j < s this leads to the radial asymptotic expan-
sions for regular H, whereas the cases of singular H are obtained by

taking ¢ < sand 7,,, = ... = 1, = 0, making H” = 0 in (12.42).
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Added in proof

It was brought to our attention that the method of stationary phase was applied to the
integral form of the Weyl character formula by Semenov-Tjan—Sanskii in Zap. Naucn.

Sem.

Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 37 (1973) 53-65. English transl.: J.

Soviet Math. 8 (1977) 208-218.



