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ISOLS AND BALANCED BLOCK DESIGNS WITH A =1

J.C.E. Dekker

Abstract

The word “number” stands for nonnegative integer, “set” for collec-
tion of numbers and “class” for collection of sets. A BBD on a finite set ¢
of cardinality > 2 is a class I' of subsets of o (called blocks) for which
there exist positive numbers k, r, 4 such that k > 2 and (i) all blocks
have cardinality k, (ii) every element of ¢ occurs in exactly r blocks, and
(iii) every two distinct elements of ¢ occur together in exactly A blocks.
The numbers v = card g, b = card I',k,r and A are the parameters of I.
The basic relations between the parameters of a BBD are: bk = vr and
r(k — 1) = A(v — 1). Using partial recursive functions we generalize the
notion of a BBD on a finite set to that of an w-BBD on an isolated set.
We then prove BK = VR and R(K — 1) = AV — 1), where V, B, K, R
are isols instead of numbers, while A remains finite. As examples we
discuss the cases K =3, 1 =1 (Steiner triple systems) and V = B, K
= R, 1 =1 (projective planes). Let ¢ denote the cardinality of the conti-
nuum. While there are only denumerably many BBDs on finite sets,
there are ¢ w-BBDs on isolated sets. Among these there are ¢ Steiner
triple systems (whose orders need not be = 1 or 3 modulo 6) and ¢
projective planes.

§1. Preliminaries
Let I" be a class of subsets of a nonempty finite set ¢ and b = card I.
Choose a set § of cardinality b, but disjoint from ¢ and a one-to-one

mapping ¢ from f onto I'. Let G be the bigraph with ¢ U f§ as set of
vertices and {(x,y)e o x B|xe @(y)} as class of edges. Then we can repre-
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76 J.CE. Dekker [2]

sent the class I' by the bigraph G; in fact, we can interpret an element b
of B as the name of the set ¢(b) in I'.

All graphs under consideration will be undirected, simple and
countable. Let G = (o U B,1) be a finite bigraph and d, the degree of x,
for xeo U . Then G is regular, if d, is the same for all xeo U f, semi-
regular, if the value of d, depends only on whether xeg or x€p, ie., if
there exist positive numbers r and k such that d, = r, for xe o, while d
= k, for x € p. The numbers v = card ¢, b = card 5, r and k are the para-
meters of the semiregular bigraph G = (g U f,1). If we put e = cardn,
we clearly have bk = vr = ¢; thus G is regular iff kK = r or equivalently,
iff b=no.

We shall generalize the notion of a semiregular, finite bigraph to that
of an w-semiregular, countable bigraph G by imposing some computa-
bility conditions on G which are trivially satisfied if G is finite. For a
summary of the basic concepts and propositions involving RETs (ie.,
recursive equivalence types) and isols, see [3, sections 1 and 2]; for a
detailed exposition, see [6] or [8]. Let {p,» be the canonical enumera-
tion of the class of all finite sets [3, p. 277] and r, = card p,,. Then r,is a
recursive function. For every finite set y there is exactly one number i
such that y = p; this number is called the canonical index of y and de-
noted by cany. We write ¢ for the set (0,1,...) and [a;k] for
{nee|p, < a & r, = k}. Henceforth, the word “graph” will be used in the
sense of an ordered pair G = {v,n), where v and n are sets and z
= {can(x, y)e[v;2]|x adj. y}. Every vertex of G is therefore a number,
while every edge of G is identified with the canonical index of the set of
its endpoints. Let x,y,z be vertices of G. Then we write “x, yadj.z” if
both x and y are adjacent to z, and “x adj. y, z” if x is adjacent to both y
and z. The sets « and § are separable (written: o| ), if they can be sep-
arated by r.e. sets. The graph G = {v,n) is an a-graph, if there is an
effective procedure which enables us to decide, given any two vertices,
whether they are adjacent, in short, if #|[v;2]-#. A connected graph is
an w-graph, if there exists an effective procedure which enables us, given
any two distinct vertices, to find a path of minimal length between them.
Trivially, every w-graph is an a-graph; however, a connected a-graph
need not be an w-graph [5, Prop. 2]. If y is any set, we write (y x y)~ for
{{x,y>€y x y|x # y}. Let p be a vertex of G; then we denote the set of
all edges of G which are incident with p by #,. The phrase “function of n
variables” is used for a mapping f from a subcollection of &" into ¢; its
domain and range are denoted by df and pf respectively. If f(p,q,x) is a
function of three variables, we associate with each ordered pair {p,q)> a
function f,,(x) of one variable, namely the function h such that

oh = {xee|(@p)Eg)[{p,q, x> €f 1}, h(x) = f(p.q,x).
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DEerINITION D1: The bigraph G = <o u f,1) is w-semiregular, if (a)
o|B, (b) G is an a-graph, (c) there is a function f(p, g, x) such that f,(1,)
=1, for {p,qy€0 x o and f(p,q,x) has a partial recursive extension
f(,q,x) such that f,,(x) is a one-to-one (partial recursive) function of x,
and (d) there is a function g(r, s, x) such that g,(n,) = n,, for {r,s>ef x
and ¢(r, s, x) has a partial recursive extension g(r, s, x) such that g,,(x) is a
one-to-one (partial recursive) function of x.

The graph G = {v,n) is isolic if the set v (hence ) is isolated. Let ¢
denote the cardinality of the continuum. While there are only N, finite,
semiregular bigraphs, there are c isolic, w-semiregular bigraphs. This
follows from the observation that for any two separable, isolated sets o
and f, the complete bigraph K, ;, = (o U f,) with # = {can(x, y)|xeo
& yep} is isolic and w-semiregular. If G=<{ouf,n)> is an -
semiregular bigraph, the RETs

V = Reqa, B = Reqp, R =Reqn,, for xes, K = Reqn,, for xep,
are the parameters of G.

DerINITION D2: Let G = (o U B, be a bigraph and v = ¢ U . Then
G is w-regular, if (a) 6| B, (b) G is an a-graph, and (c) there is a function
m(c,d,x) such that m_(n,) = n, for {(c,d)ev x v and m(c,d,x) has a
partial recursive extension m(c,d,x) such that rm4(x) is a one-to-one
(partial recursive) function of x.

REMARK R1: Let G = (oL f,n) be an w-semiregular bigraph with
parameters V, B, K, R and let v = ¢ U 8. We claim that G is w-regular iff
R = K. For w-regularity trivially implies w-semiregularity and R = K.
Now assume that G is w-semiregular with R = K and that the functions
f(p,gq,x) and ¢(r,s, x) are related to G as specified in conditions (c) and
(d) of D1. Put a = mino, b = min f§, then R = Req#, and K = Reqy,.
Since R = K, there is a partial recursive one-to-one function h with
N, = 0h and h(n,) = n,. Define for {c,d>ev x v,

fle,d, x), if c¢dea,
glc,d, x), if cdep,
grahfa(x),  if ceo,dep,
fauah™'9(x), if cep,deo.

m(c,d, x) =

Then m_4(x) is a one-to-one function from 7, onto 1, and m(c,d, x) has a
partial recursive extension myc,d,x) such that m(x) is a one-to-one
function of x. Hence G is w-regular.
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PROPOSITION P1: Let the w-semiregular bigraph G = {c U B,n) have
parameters V, B, R, K and let E = Reqn. Then VR = BK = E.

PrOOF: Put a = ming, b = min g, y = {j(x,y)€j(c x P)|xadj.y}, then
we claim: (1) y ~n, (2) j(6 x n,) ~ 7, (3) j(B X n,) ~v. If we can prove
these relations, we are done, for they imply Reqy = E, VR = Reqy,
BK = Req y respectively.

Re (1). Let 6 and B be disjoint r.e. sets such that 6 c ¢ and B < B.
Define the function f by: 6f = j(G x B), fj(x,y) = can{x,y), then f is a
partial recursive, one-to-one function with y = §f and f(y) = .

Re (2). Let the functions f, f, g, g be related to G as described in
conditions (¢) and (d) of D1. Define m,, m,, m,, m, by

e = can(m,(e),m,(e)), for m,(e)e o, m,(e)ep,

e = can(m,(e), m,(e)), for m,(e)e &, m,(e)ep,

then m,, m, have the partial recursive extensions m,, m, respectively.
Let 6h = j(6 x n,) and hj(x,y) = j[x,m, f,.(y)]. If we can prove (4) ph
=19, (5) h is one-to-one and (6) h has a partial recursive one-to-one
extension, we are done, for they imply ok ~y, i.e. j(c x n,) =~ y.

Re (4). Let j(x,y)edh, ie., xeo and yen,. Then f, (y)en, and hj(x, y)
= j(x, y*), where y* is the vertex in § of f,.(y), hence hj(x,y)ey. Thus
ph <y. Now assume ju,v)ey, then ueo, vef and wuadj.v, ie,
can(u,v)en,. Put w = £, ! can(u,v), then f,,(w) = can(u, v) and

hj(ua W) = j[u, m2.f;zu(w)] = j[u’ m; Can(u9 U)] = j(u’ U)-

However, can(u,v)en, implies f,,*can(u,v)en,, ie, wen, then
j(u,w)e oh, since uea. Thus j(u,v)eph and the relation ph =y can be
strengthened to ph = y.

Re (5). Let (x;,y1), {x,,y,, be different elements of dh, then x, # x,,
or x;,=x,&y,#y,. In the former case we trivially have
hj(x4,y,) # hj(x,, y,); in the latter case we put x = x; = x,. Then y, and
y, are distinct edges through a, hence f,,(y,) and f,.(y,) distinct edges
through x so that m, f,.(y,) # m, f,.(y,) and again h(x,y,) # h(x,, y,).

Re (6). The functions m,(e) and f,.(y) have partial recursive exten-
sions, hence so has h. Let the number j(u, v) e ph be given. By our proof
of (4) we have h™ Yj(u, v) = j(u, w), where w = f,, ! can(u, v). Since can(u, v)
and f,, !(x) have partial recursive extensions so has h~!. Both the one-
to-one functions h and h~' have partial recursive extensions, hence h
has a partial recursive one-to-one extension.
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Re (3). Since the bigraph G = (o U ,g) is w-semiregular, so is the
bigraph G* = {f U a,n). Hence (3) follows from (2).

§2. Balanced block designs

Henceforth the letter ¢ will only be used to denote a set of cardinality
> 2. As observed in the beginning of section 1, every finite class I" of
subsets of a finite set ¢ can after a suitable choice of a set  be represen-
ted by (or identified with) a bigraph G = (o U f,#%). This is also the case
if I' and o are countable, provided ¢ — ¢ is infinite, since f should be
disjoint from 0. We write o, = {xeo|x adj. y}, for yep.

DEFINITION D3: An w-block design (v-BD) on a set ¢ is a bigraph G
= (o U B,n) such that (i) G is w-semiregular and (ii) o, # o, for y,zef
and y # z.

REMARK R2: The interpretation of G in terms of sets is I' = {a,|y € B},
but we shall adhere to the bigraph terminology. The purpose of con-
dition (ii) is to avoid repetitions of blocks. Note that an w-BD G
= (o U B,n> need not be connected. For let ¢ =(1,2,3,4), f =(6,24)
and 7 consist of can(1, 6), can(2, 6), can(3,24) and can(4,24). Then G is a
finite w-semiregular bigraph with V' =4, B =2, K = 2, R = 1 which has
two components.

DErFINITION D4: An w-balanced block design (w-BBD) on a set ¢ is an
w-BD G =<0 U f,7) on o such that K > 2 and

(iii) if B, = {zePlx,yadj.z}, for {x,y)e(o x 0)~, there is a positive
number 4 such that card ,, = 4, for all {x,y) (¢ x 0)"; moreover, the
function h,, = can f,, has a partial recursive extension,

(iv) there is an effective procedure which enables us, given any two
distinct elements y, z of B to decide whether (3x)[x€ o & x ad]. y,z] and if
so, to find such a number x.

REMARK R3: Assume that G = (o U f,7) is an w-BD on the set ¢
with K > 2 which satisfies (iii)). We claim

() G is connected,

(B) G is an w-graph iff G satisfies (iv).
For let us assume that G = {6 L f,) is an ©-BD on ¢ with K > 2
which satisfies (iii). Define b,, = min f8,,, for x,yeo and x # y. Let IT;
be the effective procedure which associates b,, with x and y. Since G is
w-semiregular, there also exists an effective procedure IT, which as-
sociates with every vertex z in § two distinct edges through z.
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Re (o). Let two distinct elements p and g of o U f be given. If exactly
one of p, q belongs to o, we may assume without loss of generality that it
be p. We now distinguish three cases:

(D p,qgeo, () pea,qep, (III) p,qep.

If (I) holds, IT, , = {p,b,,,q) is a minimal path from p to g; it can be
effectively found from p and q by II,. If (IT) holds, we can decide
whether p adj. g, since G is an a-graph. If p adj. g, then I1, , = {p,q) is
the only minimal path from p to gq. If not[padj. q], we choose an edge
through ¢, say can(s,q); then II, , = {p,b,,,s,q) is not only a minimal
path from p to g, but it can be effectively found from p and q by I7,.
Now suppose that (III) holds. Let “xe o & xadj.p,q” be abbreviated
“A,”. If A, holds for some x, then IT,, = {p, x,q) is a minimal path from
p to g for each such x. If A, holds for no x, we choose an edge through
p, say can(s, p), and an edge through g, say can(t, q); then s # t and I1,
= {p,s,by,t,q) is a minimal path from p to gq. Note that the distance
between p and g equals 2 if (3x)A,, but 4 if not(Ix)4,. Anyhow, we
proved that G is connected and we described an effective procedure to
find a minimal path II,, from p to g in cases (I) and (II).

Re (B). If G satisfies (iv) we can also effectively find a minimal path
from p to q in case (III), hence G is an w-graph. Now suppose G is an w-
graph. Then we can compute the distance between p and g, hence decide
whether (3x)A4,. Moreover, if (Ix)A, is true and {p,t,q)> is a minimal
path from p to g, then A4, is true and t can be computed from {p,t,q).
Thus G satisfies (iii).

If G=<oupB,n) is an w-BBD on o, the RETs V;B,R,K and the
number A are called the parameters of G. We write Q for the collection
of all RETs and A for the collection of all isols, i.e., of all X € Q such that
X # X + 1. Recall that for every nonzero element 4 € the equation
X + 1 = A has exactly one solution; it is denoted by A — 1. We have
A—1=A4iff AeQ— A, while A —1< Aiff AeA.

ProvposiTiON P2: For an w-BBD G = {a U B,n) with parameters V, B,
K, R and 7, we have VR = BK and R(K — 1) = AV — 1).

PrOOF: Assume the hypothesis. VR = BK holds in every w-BD,
hence in G. Put a = min¢ and

¢ =0 —(a), f={yeplaadj.y}, ie, f = m,(n,),
can(x,y)en|xeé & yeff}, G = <6 U B, i)

<:
Il
—~—
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Let the functions f and g be related to G as described in D1. Define

7= f1{p, g, x)1<p.q> €6 x 6 & xen,},
g =gl{<rs,x)|<r,syef x & xen,},

then f,,(n,) =n, for <p,q>edf and §.(n,) =n, for <r,syedg. It is
readily seen that f and § have partial recursive extensions related to f°
and § as f and g are related to f and g as described in conditions (c)
and (d) of D1. Since G is an a-graph with &|f, we conclude that G is also
w-semiregular; let its parameters be V, B, R and K. Then V = Req 6 =
V —1and B=Reqf = Reqn, = R, where (*) is justified, since the func-

tion can(a, y), for y # a is partial recursive, one-to-one and maps f onto
#.. Put @ = min & and b = min f, then

iz = {can(d,y)|ye f & dadj.y} = {can(d,y)|ye B & a,dadj. y},

R = Req #j; = card{can(d, y)|ye f &a,dadj.y} = 4,
i5 = {can(x, b)|x € 6 & x adj. b},

g ~ {xe5|xadj.5} ~ {xea|xadj.5} —(a),

K =Reqiji =Reqnz — 1 =K — 1.

Application of P1 to G yields RV = BK, ie., RK — 1) = AV — 1).

DEFINITION D5: An w-BBD G = (o L B,1) is isolic, if ¢ and f are
isolated, i.e., if ¥, R, B and K are isols.

DEerFINITION D6: An w-BBD G = (o U B,1) is symmetric, if (a) G is
isolic and (b) V = B or equivalently R = K or equivalently G is w-
regular.

REMARK R4: According to P2 the crucial formula R(K — 1) =
AV — 1) holds for every w-BBD G, not only if G is isolic. However, in
the non-isolic case this formula loses much of its interest by being
equivalent to RK = AV. The propositions of the remainder of this paper
will therefore deal with isolic w-BBDs.

DEerINITION D7: Let Gy = {v;,n,) and G, = {v,,n,) be w-graphs.
Then G, is an induced subgraph of G, (written: G; < G,), if v; < v, and
n, = {can(x,y)|x,yev,} nn,. We write G, <G,, if G, <G, and
G, # G,.
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DeriNiTION D8: An 0-BBD G = (o U B, is locally finite, if given
two nonempty, finite sets o, = ¢ and B, — f, there exist finite sets
o*, p*,n* such that gy c 6* c g, B, = f* = B, n* = n such that G*
= {o* U B* n*) is a finite w-BBD and G* < G. Moreover, G is recur-
sively locally finite, if given two nonempty, finite sets 0, = ¢ and f, = f8
such finite sets o*, f*,n* can be effectively found.

PROPOSITION P3: Every isolic w-BBD is recursively locally finite.

PRrROOF: Let G = (oL B,) be an isolic ®-BBD, then we may assume
without loss of generality that ¢ is infinite. Suppose I1, and II, are the
effective procedures mentioned in R3, IT; an effective procedure which
associates with every xeo two distinct edges through x and I1, the
effective procedure described in condition (iv) of D4. Let G*
= {(a* u f*,n*> be the w-BBD and induced subgraph of G which can
be obtained by fully exploiting the information ¢, < g, f, < f and the
effective procedures IT,,...,I1,. Then ¢*, B* n* can be effectively ob-
tained from ¢, and f,, hence o*, f*, n* are r.e. Since o, f,  are isolated,
we conclude that o*, f* n* are finite. Thus G is recursively locally finite.

COROLLARY: For every infinite, isolic o-BBD G there exists an infinite
sequence <{G,> of finite w-BBDs such that Gy <Gy <...<G and

©0G,=0G.

n=0%n

We conjecture that a considerable part of the theory of BBDs [sce
e.g., 11, Chs. 7,8] can be generalized to isolic @-BBDs. However, in the
remainder of this paper we shall restrict our attention to the case 4 = 1,
more specifically, to Steiner triple systems (K = 3, 1 = 1) and projective
planes (V = B, K = R, 1 = 1). Note that if we take A = 1 in condition
(iii) of D4 and m,, is the only member of 8, for x, ye o, x # y, then the
function m,, from (¢ x ¢)” into ¢ has a partial recursive extension iff the
function h,, = can B,, has a partial recursive extension.

§3. Steiner triple systems

We shall generalize the notion of an STS on a finite set to that of an
@-STS on a countable set.

DErFINITION D9: An STS on a set o is a class I' of 3-subsets of ¢ (called
triples) such that every two distinct elements of ¢ belong together to
exactly one triple of I'. The Steiner-function (S-function) of I' is the
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function S,, from (¢ x ¢)” into o such that (x, y, S,;)eI'. An STS is an
w-STS, if its S-function has a partial recursive extension.

ReMARK RS: The function S,, has the following properties: (i)
S,y €(x, ), (ii) S,, = S,,, (iii) if S, = S,,, then (x, y) and (u,v) are equal or
disjoint, (iv) S,, = z < S,, = x <> §,, = y. Conversely, if the function f
from (0 x 6)” into ¢ has these four properties, then the class I’
= {(x,y,8,,)I{x,y>€(0 x 0)"} is an STS with S, as its S-function. For
the relations between STSs, quasigroups and loops, the reader is refer-
red to Bruck’s paper [1, pp. 63—65]; they will, however, not be used in
the present paper.

An STS on a set ¢ is finite (infinite, isolic, immune), if the set ¢ is finite
(infinite, isolated, immune). Since every function with a finite domain is
partial recursive, every finite STS is an isolic @-STS. The order of an w-
STS I" on a set ¢ is defined by o(I') = Reqo. Thus o(I') has the usual
meaning iff ¢ is finite. In the remainder of this section we assume that o
is a set of cardinality > 3 which consists of odd numbers; this turns out
to be convenient (but not essential).

DEeriNiTION D10: Let I' be an STS on ¢ with §,, as its S-function.
Then the standard representation of I' is the bigraph G = (o U B,1),
where

B = {can(x, ,2)|(x,y,z) e I'} = {can(x, y,S,,)I<x,y> (0 x 0)"},
n = {can(u,v)lucoc &vef &uep,}.

PROPOSITION P4: Let I' be an isolic STS on o and let Gp be its
standard representation. Then

I' an ©-STS <> G an w-BBD with K =3 and 1 = 1.

Proor: Let I' be an w-STS and G = (o U B,1). Then G is a BBD
with K = 3 and A = 1. It remains to be shown that

Gy is w-semiregular, (M
g, #0o,fory zefand y #z 8)
G satisfies conditions (iii) and (iv) of D4. 9

Re (7). Since o consists of odd numbers, we have o¢o. Thus the
canonical index of every finite subset of ¢ is even, f consists of even
numbers and ¢|f. For xeo, yef, say y = can(u, v, w), we have x adj. y iff
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x €(u,v,w); hence G is an a-graph. Now consider condition (c) of D1.
For pea,

ten, < (Qu)[t = can(p,u) & ue & pep,}],
ten, < (Qu)[t = can(p,u) & (Ax)[xe o — (p) & u = can(p, x, S )11,
ten, < Gu)(@Ex)[t = can(p,u) & xe o — (p) & u = can(p, x, S,,)]. (10)

A function h(x) is an involution without fixed points (abbreviated iwfp) of
a set 1, if h is a permutation of 7 such that h(x) # x and h%(x) = x, for
xe1. The iwfp h of T is an w-iwfp, if h has a partial recursive one-to-one
extension (or equivalently, a partial recursive extension, since h is one-
to-one and h = h~!). We may assume without loss of generality that the
set ¢ is immune. Define I', = {(r, x, y)|(r,x,y)eI'}, for reo, and 7,, = ¢
—(p,4,5,,), for p,qeo, p # q. Let S,(x) and S,(x) be the functions with
domain t,, such that S,(x) = S(p, x) and S (x) = S(g, x). A subset p of 7,
is closed, if S,(p) = p and S (p) = p. The closure p* of p is the inter-
section of all closed sets « with p < « < 7,,. The closure p* of a finite
subset p of 7, can be effectively obtained from p as follows: test whether
p is closed; if not, adjoin to p all elements x such that x ¢ p, but there is
a finite sequence {x,...,X,) such that x,ep, x, = x and x;,; = §,(x;)
or x;., = S,(x;), for 0 <i<n— 1. Since p is a finite subset of 7, it
follows that p* is a r.e., hence (7, being immune) a finite subset of 7,,.
We need the following

LemmMmA: For every ordered pair {p,q)€c X o there is a one-to-one
mapping ®,, from I, onto I, such that from {p,q) we can find (definitions
of) effective procedures which enable us (i) given any Tel ,, to compute
®,,(T), and (ii) given any TeT,, to compute ®,' T.

PRrOOF: Let {p,q) e x o be given. If p = q we define ¢,,(T) = T, for
TeT,. Now assume p # q. Then we put

¢(p’ qa Spq) = (q> p, Spq)’

D(p,c,d) = (g, ¢,d), if ¢(c,d), S,(c) = d,8,(c) = d,

D(p,c,d) = (q,u,0), if g¢(c,d), S, (c) = d,S,(c) # d,
where (u,v) is obtained from (c,d) as follows. Compute the (canonical
index of) the finite set «,, = (c,d)*; then (c,d) = ay < 7, and both S |a,,

and S |a, are w-iwfps of a,. Thus card a,, is even, say card o, = 2m.
Then «,, can be expressed as
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= ) 5,00 = () 035,09

where the 2-sets (x;, S,(x), (v, S4(¥:)) can be computed from «. Then we
compute the numbers ¢y, ...,Cps dys--os @y Ugye ooy, Vy,- .., Uy, SUCh that

{(xi, Sp(xi))l 1 <i< m} = ((615 dl)a .. ‘a(cms dm))a WhCI'C
can(c,,d,) < ... < can(c,,d,,),
{(yis Sq(yl))l 1 S l S m} = ((ula vl)’ .. '7(um’ Um)) WhCI'C

can(u,,v,) < ... < can(u,,, V).

We can now effectively locate (c,d) in the sequence <{(cy,d;),--.,(Cms dm) D>
i.e., compute the number i such that (c,d) = (c;,d;). Then we define (u, v)
as (u;,v;). To prove that the mapping @, is well-defined and one-to-one
we use

c,d,c,det,, & P,()=d& D,(c') =d = a,and a,., are (11)
identical or disjoint.

Let R be the relation in 7,, such that zRw iff there exists a finite se-
quence <z,...,z,, of elements in 7, such that zy =z, z, = w and z;,,

= S,(z;) or z;,; = 8§,(z), for 0 <i<n— 1 Then R is an equivalence
relation in 1, «., is the equivalence class containing ¢ and d [for ¢Rd,
since S,(c) = d], while a,, is the equivalence class containing ¢’ and d'.
Thus (11) is true. We described an effective procedure for computing
®,,(p,c,d), given any triple (p,c,d)el’,. Now assume the triple (q,u,v)
= ®,,(p,c,d) is given. If p = g we have (p,c,d) = (¢,u,v). Now assume
p # q. We know that S ,(u) = v. We can compute the set o, = (u,v)*
from u and v; let card o.; = 2m. By computing the 2-sets (c;, d;), (u;,v;),
for 1 <i < m associated with o,; we can find the number i with (u,v)
= (u;, ), hence also the 2-set (c,d) = (c;,d;). Thus @,.'(q,u,v) = (p,c,d)
can be computed from (g, u, v). This completes the proof of the lemma.

We now continue our proof of (7). In view of (10) we can define a
function f(p, g, x) by

of = {p,a,t)I<p,q>c0 x c &ten,},

f(p,q,t) = can[g,can @,,(p, x, S ,(x))], where
t = can[p, can(p, x, S ,(x))].
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Using the lemma it follows that the function f is related to Gy
= (o U B,> as described in condition (c) of D1. Now consider con-
dition (d) of D1. Let f = [g3], ie., let B be the infinite, recursive set
consisting of the canonical indices of all 3-sets; put = {xef|p,el}.
Define the functions § and g by: (i) g = f x B, (ii) if r,s€p, say r
= can(r,,r,,73), § = can(s,, s,,s3), where r; <r, <rj, s; <S, < s3, then
glr,s,can(r;,r)] = can(s;,s), for 1 <i < 3, (iii) g = g|p x B. Then g and g
are related to o and B as described in condition (d) of D1. We have now
proved that G is w-semiregular.

Re (8). Let y,zef, say y = can(a, b,c), z = can(d, e, f). Then y # z im-
plies (a,b,c) # (d, e, f), hence o, # o,.

Re (9). Let 6h = (6 x 0)~ and h(x, y) = can{z € f|x, y adj. z}. Since S,
has a partial recursive extension so has the function h(x,y)
= can(x, y, S,,). Thus G satisfies condition (iii) of D4. Assume two dist-
inct elements y,,y,ef are given, say y; =can(u;,v;,w;), ¥,
= can(u,,v,,w,). Then there is an x with xeo & xadj.y,,y, if
(uy, vy, w;) N (uy,v,,w,) is a singleton; moreover, if such an x exists, it is
the common element of (u;,v,,w;) and (u,,v,,w,). Since uy,vy,
Wi, Uy, U, W, can be computed from y, and y,, we conclude that G,
satisfies condition (iv) of D4. This completes the proof of (9) and thereby
of the conditional from the left to the right. The other conditional is
trivial. For if the function h with 6h = (o x 6)” and h(x,y)
= can{z e f|x, yadj.z} has a partial recursive extension, so has the func-
tion S,, with py ) = (Sy,).

Let I' be an isolic -STS and G its standard representation. Then the
parameters V, B, R of G are called the parameters of I

ProprosITION PS: If the isolic -STS I' has parameters V, B and R, then
V=2R + 1and V(V — 1) = 6B.

ProOF: Substitution of K=3, A=1in VR=BK and AV —1)=
R(K — 1) yields VR=3B and V =2R+ 1. Thus 6B = V(2R) =
V(v —1).

DEFINITION D11: Let A,Be A, mee and m > 1. Then A is congruent B
modulo m [written: A = B(mod m)], if there exist isols X and Ysuch that

A+ mX =B+ mY.

DEerFINITION D12: An isol V is a Steiner-isol (S-isol), if V = o(I'), for
some isolic w-STS I.

We refer to [2, p. 116] for a list of the basic properties of the



[13] Isols and balanced block designs with 4 =1 87

= (mod m) relation in A. We write A for the collection of all S-isols and
&g for ¢ n Ag. It is known [1, pp. 91-97] that

negg <>nodd & n(n — 1) = 0(mod 6) <>n = 1or 3(mod 6),
fornee,n > 3. (12)

The isolic analogue of (12), namely

XeAs < Xodd & X(X — 1) = O(mod 6) <= X = 10r 3(mod 6),
forXeA X = 3. (13)
fails. More specifically, (a) X € Ag implies X odd & X(X — 1) = O(mod 6)
by P5, but whether the converse holds is unknown, (b) trivially, X = 1

or 3(mod 6) implies X odd & X(X — 1) = O(mod 6), but the converse is
false.

ProPOSITION P6: Every isol of the form 2¥ — 1 with N > 2 is an S-isol.
ProOOF: We generalize the classical construction of an STS in terms of
the group Z5. Let N > 2 and ve N. Denote the class of all finite subsets
of v by Pg;,(v) and the symmetric difference of « and f by a @ B. Then

G, = {(Pg;p(v), ®) is an Abelian group with the empty set o as unit ele-
ment; thus a = —a, since a @ o = 0. Define

I, ={(B,a® B)la, Be Prin(v) — (0) & o # B},

then I', satisfies the four conditions listed in R5, hence I', is an STS on
Pin(v) — (0). Put

0g = (e x &), g(x,y) = can(p, ®p,), 2" = {nes|p" < v},
Iy = {(x,5,9(x, y)|x,ye2" — (0) & x # y},

then g is a partial recursive function and I', an STS on 2¥ — (0). Define
o={2n+1|ne2" — (0)}, Iy = {2x + 1,2y + 1,2z + 1)|(x,y,2)e T},

then o consists of odd numbers and I'; is an STS on . Note that I'} is
an »-STS on o, since

S2x+ 1,2y+1 = 2(:an(px('B py) +1= Zg(x,)’) + la for x,ye2" - (0)

Clearly, o(I'}) = Req(2* — (0)) = 2" — 1, hence 2" — 1 e A;.
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REMARK R6: Since @ is an associative operation, each isolic w-STS
of order 2¥ — 1 constructed in the proof of P6 is associative, i.e., has the
property S(S,,2) = S(x,S,,), for distinct elements x, y,z of o.

Since 2" # O(mod 3) we have 2" = 1 or 2(mod 3). In fact, 2" = 1(mod 3)
if n is even, while 2" = 2(mod 3) if n is odd. The two statements of the
preceding sentence can be generalized to isols, but the proofs are less
obvious in the isolic case, since an isol need not be even or odd nor need
it be = 0, 1 or 2(mod 3).

ProrosITION P7: For every isol N,
(@) 2¥ = 1(mod 3) < N even, (b) 2" = 2(mod 3) <> N odd.

Proor: We may assume without loss of generality that N > 1. Note
that 2¥ = 2(mod 3) <2"~! = 1(mod 3) by relations (3.11) and (3.12) of
[2]. Hence (a) <= (b) and it suffices to prove (a). We split up (a) into two
parts:

(a;) N even = 2¥ = 1(mod 3),
(az) 2 = 1(mod 3) = N even,

and we shall use the fact that (a,) and (a,) hold in e.

Re (a,). Let the canonical extension from ¢ to A of a recursive com-
binatorial function h(x) be denoted by h,(X). Suppose that f(x) and g(x)
are recursive, combinatorial functions. According to a result due to
Nerode [8, p. 398],

(Vx)Lf(x) = g(x)(mod 3)] = (Vx)[f4(X) = g4(X)(mod 3)].

The functions f(x) = 22* and g(x) = 1 are recursive and combinatorial,
hence

(Vx)[2%* = I(mod 3)] = (VX)[22X = 1(mod 3)].

Since the hypothesis is true, so is the conclusion.

Re (a,). E. Ellentuck pointed out to us that this can be proved using
the method employed by Nerode [10, p. 413] to show that 2%
= Y2 = X even, for isols X and Y. Consider the formula (Vx)(Vy)(3z)[2*
= 3y + 1 = x = 2z] which holds in &. It is a Horn sentence in prenex
form involving the recursive, combinatorial functions 2%, 3y + 1 and 2z;
moreover, it has a recursive Skolem function. Hence this formula holds
in g4 by [10, part (3.3) of Thm. (3.1)]. Let 2X =3Y + 1, for X, YeA.
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Then there is a Zeeg,., hence a Ze A* such that X = 2Z. However,
2Z e A implies Z € A by [10, (4.1)], hence X is even.

ProposSITION P8: There are c isols which are S-isols and ¢ which are
not. Among the c S-isols there are ¢ which are = 1(mod 6), ¢ which are = 3
(mod 6) and ¢ which are neither = 1 nor = 3(mod 6).

Proor: Every S-isol is odd by PS. Thus, since there are ¢ isols which
are not odd, there are exactly c isols which are not S-isols. Note that for
NeA, N =1,

281 = (mod 3) < 2" = 2(mod 6) <= 2" — 1 = 1(mod 6),
=1 = 2mod 3) < 2V = 4mod 6) <> 2" — 1 = 3(mod 6).

Using P7 we see that
@) 2¥ — 1 = 1(mod 6) <> N odd,

(i)) 2¥ — 1 = 3(mod 6) <> N even,

(iii) 2§ — 1 =1 or 3(mod 6) <> N even or odd.
According to P6 every isol of the form 2¥ — 1 with N > 2 is an S-isol.
The remaining statements of P8 now follow from the fact that the funct-
ion F(N) = 2" — 1 from A into A is one-to-one and that there are c even
isols, ¢ odd isols and c isols which are neither even nor odd.

COROLLARY: There are exactly ¢ odd isols V such that V(V — 1)
= (mod 6), while V is neither = 1 nor = 3(mod 6).

Proor: Every isol V = 2" — 1, where N is neither even nor odd sat-
isfies the requirements.

So far all infinite S-isols of which we proved the existence were of the
form 2¥ — 1 with Ne A — &. The direct product construction which as-
sociates with two finite STSs of orders a and b a finite STS of order ab
can be generalized to w-STSs.

PROPOSITION P9: If A and B are S-isols, so is AB.

Proor: Let I' and 4 be w-STSs on the isolated sets « and f respect-
ively and suppose y = j(o x f). Define the following three conditions on
a triple of elements of vy, say (j(a,, b,), j(as, b,), j(as, bs)): () (a,, a,,
as)eI’ and by =b,=b;, (II) a; =a,=a; & (by,b,,b3)eA, (III)
(a,ay,a3)el’ & (by,b,,b3)eA. Let 0 be the class of all triples of I’
which satisfy at least one (hence exactly one) of these three conditions.
Then 0 is an ®-STS on the isolated set y and o(0) = o(I")- o(4).
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REMARK R7: Let I' be an isolic w-STS of order N. While G is an w-
semiregular w-graph associated with I', one can also associate an w-
regular w-graph S with I', the so-called Steiner graph of I'. Here Sy
= {B,ny, where f = {can(x,y,z)|(x,y,z)e '} and two vertices are adja-
cent if the triples they represent have exactly one element in common.
Let D = Req 1, for pe B. It can now be proved that (i) Sy is connected,
(ii) S is an w-graph, (iii) D = 3(N — 3)/2, so that D does not depend on
the choice of p, (iv) Sy is w-regular, (v) E = Reqn = N(N — 1)(N — 3)/8.

§4. Projective planes

There is a well-known correspondence between finite, symmetric
BBDs with A = 1 and finite, projective planes. We shall extend this cor-
respondence to one between isolic, symmetric BBDs with 4 = 1 and the
isolic projective w-planes introduced in [4] and defined below.

An incidence system is an ordered triple II = {a, f§,inc.), where ¢ and
B are disjoint sets and inc. = (¢ x f) U (B x o); the elements of o and f
are called points and lines respectively. We call II finite (infinite, isolic
immune), if the sets ¢ and f are finite (infinite, isolated, immune). In this
section the word “plane” is used in the sense of a projective plane. All
planes under consideration are countable. We define a plane as an in-
cidence system IT = (g, §,inc.) such that the classical three axioms are
satisfied. Let p,qeo, p # q, r,se B, r # s, then we write L,, for the line
joining p and ¢, and P,; for the point in which r and s intersect. The
plane IT = {0, f,inc.) is an w-plane, if o|B and the functions L from
(6 x 6)” into f and P from (B x f)” into ¢ have partial recursive exten-
sions. Since every function with a finite domain is partial recursive,
every finite plane is an isolic w-plane. It was proved in [4] that (i) there
are ¢ isolic w-planes, and (ii) for every w-plane II = (g, ,inc.) there
exists a unique RET N such that every point lies on
N + 1 lines, every line passes through N + 1 points, while Req 6 = Req
B =N?+ N + 1. This RET N is called the order o(IT) of I1. Thus o(IT)
has the usual meaning iff II is finite.

DerINITION D13: The standard representation of the incidence
system II =<{g,f,inc.) 1is the bigraph G;=<ocupf,n>, where
n = {can(x, y)|xes & yef & xinc. y}.

PROPOSITION P10: Let Gy be the standard representation of the isolic
incidence system Il. Then



[17] Isols and balanced block designs with 1 =1 91
II an w-plane <> G a symmetric w-BBD with A = 1.

Proor: Let IT = {0, B, inc.) and let G; = (o6 U B,n)> be its standard
representation. Since the theorem holds if I is finite, we may assume
that ¢ and f are infinite.

(a) Assume that IT is an w-plane. With IT we associate an ordered
quintuple <a,,...,asy of points no three of which are collinear; from
now on 4,,...,ds remain fixed. Since II is an w-plane, we have a|p.
Moreover, given a point p and a line I of IT we can decide whether p inc.
1 by [4, §3(¢)], hence whether can(p, )€ n; thus G is an a-graph. Let the
lines r and s of IT be given. If r = s we define f(r,s, x) = x, for xepn,,
f(r,s,x) = x, for xee. Now assume r # s. From a,,...,as,r,s we can
find the first point in {ay,...,asy which lies neither on r nor on s, say a.
Let y and é be the sets of points of II which are incident with r and s
respectively. Define

hl(x) = P(Lax’ S), h2(y) = P(Lay’ r)a fOI' X€EY, yEé,

then h, maps y one-to-one onto & and h, = h; 1. Using the (definitions
of) partial recursive extensions P and L of P and L respectively, we can
find (definitions of) partial recursive extensions h; and h, of h, and h,
respectively, hence also (a definition of) the partial recursive one-to-one
extension h¥ = hy|t, where 1= {xedh|h,(x)edh, & h,h\(x)=x}.
Write f(r,s,x) for hy(x) and f(r,s,x) for h¥(x) and define the functions
g(r,s,y) and 4(r,s, y) by

og = {<{r,s,yd|r,sef & yen,},
glr, s, can(r, x)] = can[s, f(r,s, x)],
0g = {<r,5,y>|3x)[y = can(r,x) & {r,s,x)€df]},

glr, s,can(r, x)] = can[s, f{(r, s, x)].

Then g,,(n,) = n, and §(r, s, x) is a partial recursive extension of g(r, s, x)
such that g,(x) is a one-to-one function of x. Hence G satisfies con-
dition (d) of D1. In a similar manner or using duality it can be shown
that G satisfies condition (c) of D1. We have proved that G is w-
semiregular. Two distinct lines of IT have only one point in common,
hence, since each contains at least three points, we have o, # g, for
y,zef, y # z. Thus Gp is an w-BD on the set 6. Every two distinct
points x and y of II lie on exactly one line, namely L, ; since L,, has a
partial recursive extension, so has the canonical index of the set with L,
as its only member; thus G satisfies condition (iii) of D4. Every two
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distinct lines y and z of II intersect in a point P,, and P,, can be com-
puted from y and z; hence G also satisfies condition (iv). We have
proved that G is an w-BBD on ¢ with 1 = 1. Let N = o(II). Then we
have Req 6 = Req B = N2 + N + 1, hence V = B; we conclude that the
w-BBD G is symmetric.

(b) Let G, = (o U B,n) be a symmetric w-BBD with 4 = 1. To prove
that IT is an w-plane we have to show:

() every two distinct points x and y of IT lie on exactly one line, say

L,,; moreover, given x and y, we can compute L,

(B) there are four points of IT, no three of which are collinear,

(y,)) every two distinct lines of IT intersect, i.e., have exactly one point

in common,

(y,) if the distinct lines x and y of IT intersect, the point of inter-

section can be computed from x and y.

Re (). G has A =1 and satisfies condition (iii) of D4.

Re (B). Let p be a point of IT and I,m distinct lines through p. Then
there are points q,, q,, ry, ', such that p, q,, g, are distinct points of [,
while p, r,, r, are distinct points of m. By () no three of the four points
41> 43, 'y, I, are collinear.

Re (y,) and (y,). Note that (y,) holds, since G satisfies condition (iv)
of D4. We now prove (y,). Let IT have the parameters V, B, R, K, then
V—1=R(K—1),since A=1. Pt N=K—1, then K=R=N +1
and B=V = N? 4+ N + 1. Let I,m be distinct lines of II. In view of («)
we only need to show that [ and m have at least one point in common.
Suppose not. Let y and § be the sets of points on [ and m respectively.
Put { = {L,,|xey & yed} and define the function f by: df = j(y x 9),
fi(x,y) = L,,. Using (x) we see that f maps j(y x &) one-to-one onto {
and that f has a partial recursive extension. Moreover, f~(z) = j(P,,,
P,..), for ze{; here both P,, and P,,, can be computed from [, m, z by (y,),
since we know that both [ and m intersect z. Thus f ! also has a partial
recursive extension and j(y x 8) ~ {. We conclude that Req { = Req -
Req 6=(N+1)?=N2+2N +1. Since Req f=B=N?+ N +1,
we have Req f < Req (. This contradicts the fact that { = . The lines [
and m must therefore intersect.

REMARK R8: Once (x) and (B) of part (b) of the proof of P10 have
been established, one can also prove both (y,) and (y,) without using the
hypothesis that G satisfies condition (iv) of D4. We only sketch the
proof, but stress the fact that it depends on the fact that Gy is isolic and
that every finite symmetric BBD with A =1 is a projective plane. Let
two distinct lines | and m of IT be given. By fully exploiting the in-
formation that G; is w-regular and satisfies condition (iii) of D4 we can
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effectively generate a subsystem G = <{Gu B,7) of G, such that: [,
me P, the sets o, B, 7] are r.e., hence finite, G; is a symmetric BBD with A
= 1. Put [T = (G, B, inc.). Then IT is a finite plane with InBand mn §
as lines; let these lines intersect in the point p of II. Then the lines [ and
m of IT also intersect in p and p can be computed, since IT is a finite
plane.

For more information concerning isolic w-planes the reader is refer-
red to [4] and [7].
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