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THE NON-ARCHIMEDEAN SPACE ¢*(X)

N. de Grande-de Kimpe

Abstract

The non-archimedean space ¥*(X) is a non-archimedean nuclear
space.

Introduction

The classical nuclear space €*(X), of infinitely differentiable functions
on X (X open subset of R) has been studied for many years. In the case
of functions f:X — K, where X is a subset of a non-archimedean (n.a.)
valued field K the definition and investigation of such spaces present
some problems which have only recently been overcome (see [4]).

In this paper we show that the n.a. space ¥*(X) as defined in [4]
is nuclear in the n.a. sense. We also pay attention to the case where
X =7, (the p-adic integers). The paper starts with some additional in-
formation on compactoid subsets of n.a. locally convex spaces, and a
n.a. version of the Ascoli theorem.

The following notions and notations will be used:

— K is a complete field with a (non trivial) n.a. valuation and X is a
subset of K (X # ¢) without isolated points.
— %(X) is the space of continuous functions

f:X-K.

If X is compact then #(X) is a n.a. Banach space for the norm
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298 N. de Grande-de Kimpe [2]

1Mo = sup If (), f € €(X)

— If E is a n.a. locally convex space over K then % is a fundamental
system of zero-neighborhoods in E and £ is a family of n.a. semi-
norms determining the topology of E.

— For pe?; we denote by E, p the space E semi-normed by p, by E,
the associated n.a. normed space, E, = E,p/p~'(0) and by E",, its
completion.

By ¢,,, we denote the canonical (continuous linear) mapping

~ ~

@pqiEg— Ep (@ = p)

— If A is a subset of E then
i=1

= K-convex hull of 4.

§1. Preliminaries on compactoid sets

1.1. DerFINITION: 4 subset B of a n.a. locally convex space E, %y is
called compactoid if for every U e %, there exists a finite set S = E such
that B = C(S) + U.

1.2. PROPOSITION: Let E be a n.a. Banach space and F a closed subspace
of E. Suppose B is a subset of F which is compactoid as a subset of E.
Then B is compactoid in F.

Proor: This follows from [6] Theorem 4.37 («) = n)).

1.3. LeMMaA: Let E be a n.a. normed space and B a subset of E. Then B
is compactoid in E if and only if B is compactoid in E (the completion of

E).

Proor: The “only if” part is immediate from the definition. Suppose
now that B is compactoid in £ and let

B.€UyB, = B(0,¢) = {x€E |x| <&})

Then BE (the closure of B, in E) is a zero-neighbourhood in E. Hence
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Ix,, X5, ..., X, € E such that

B < C({x1,%3,...,%,}) + BE
Choose y;,¥2,---, Vo€ E such that

lyi —xllg<ei=12,...,n

Take ae B. Then a can be written as
a= Y Ax;+ b, with |4 < Li=12,..,n
i=1

and be BE. Put b, = Y., A(x; — y;) + b. Then
Ib1llg < max {__Irllax 14l Ie; — yill g, 1Bl g} <e

Butb, =a— 2?=1 2:y;€E. So |billg = |bslg <e or b €B,.

Finally a = Y7_; 4,y; + by, so B = C({yy,-.., ¥,}) + B,, which shows that
B is compactoid in E.

1.4. PROPOSITION: Let E be a n.a. normed space, F a subspace of E and
E a subset of F.
Then B is compactoid in F if and only if B is compactoid in E.

ProoF: The “only if” part is trivial
Suppose now that B is compactoid in E.
Then B is compactoid in E (1.3). Now F is closed in E and B < F. Hence
(1.2) B is compactoid in F and therefore in F (1.3).

1.5. LEMMA: Let E, p be a n.a. semi-normed space and E, the associated
normed space. Denote by n the canonical surjection n: E,p — E, and let B
be a subset of E.

Then B is compactoid in E, p if and only if B is compactoid in E,.

Proor: If B is compactoid in E,p then n(B) is compactoid in E, by
the continuity of =.
Suppose now that n(B) is compactoid in E,.
The unit ball in E,, is given by n(4) where
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A={xeE p(x) <1}

Choose ¢ > 0, then there exist Xy, X,,...,X,€ E, (X; = n(x;)) such that
m(B) © C({Xy,%2,. .., %, }) + 7(eA)

For aeB we can write d=m(a) as a =y 1., 4x; + b, with |4] <1,
i=12,..,m ben(ed) or a=mn(}7r_, Ax; + b), beeA, n(b) = b. Hence
pla — Y7, Ax; — b) = 0, which implies that a — Y7_, A;x; — b= Ceed
ora=Y"7_,Ax; + d, with decA. Hence B = C({xy,X,,...,X,}) + ¢A.

1.6. ProPOSITION: Let E, Py be a n.a. locally convex space, F a sub-
space of E and B a subset of F.
Then B is compactoid in F if and only if B is compactoid in E.

Proor: The “only if” part is trivial.

Suppose now that B is compactoid in E. Then B is compactoid in E,p
for all pe#;, and =, (B) is compactoid in E,(VpeZg), where n,:
E,p— E, is the canonical surjection. (See (1.5)). Denote still by p the
restriction of p to F. Then F, can be identified with a subspace of E,.
Since n,(B) < F,, we have by (1.4) that n,(B) is compactoid in F,. By
(1.5), B is compactoid in F, p. Since this holds for all pe 2, we conclude
that B is compactoid in F.

1.7. PROPOSITION: Let (E,);,; be a family of n.a. normed spaces and let
A; be a subset of Ef{icl). Then A = [ [i; A; is compactoid in E = [ ], E;
if and only if A; is compactoid in E; for all iel.

Proor: If A4 is compactoid in E then A; is compactoid in E; by the
continuity of the projections. Denote by %' a fundamental system of
zero-neighbourhoods in E; and put

u.

[T

i =] Vi where Vie¥' i€ {iy,i,,...,i,}

iel

V, = E,; elsewhere.

Then %i,,...,i, is a zero-neighbourhood in E. Now there exist
Y¢:¥4,....yi€E, (j=1,2,...,n) such that

Ay, < CQYE Y- Y} + Ve

Put Xy = (x) €E with x, =y, x; =0 (i#i), k=12...,m j=
=12,...,n
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Then A  C(S) + %, i,.....;, Where S = {XF k= 1,2,...,m;j = 1,2,...,n},
which shows that A4 is compactoid in E.

1.8. THEOREM (Ascoli): Let X be a compact subset of K, and let A be
an equicontinuous, pointwise bounded subset of €(X).
Then A is compactoid in the n.a. Banach space 4(X), ||.| «-

Proor: Take ¢ > 0.
Then for all xeX, there exists an open neighbourhood U, of x in X
such that |f(x) — f(y)] < & VyeU,, VfeA.

The family (U,),.x covers X and since X is compact there is a finite
subcover of X,say X = () U

i=1. %
Now A(x;) = {f(x;) feA} is bounded and therefore compactoid in K.
i=12,...,n).
Hence there exist o, a},..., o), € K such that

A(x;) = C({ot, 0, ...,08}) + B(0,¢),i =1,2,...,n

Let £y, be the characteristic function of %,, and put fi = %y, e C(X),
i=1,..,mj=1,....m.
Let S={f} i=1,...,n;j = 1,...,m}. We shall prove that

A < C(S) + B,, with B, = {ge¥(X) lgl» < ¢} (1)

Take fe A and xe X.

Then xe U,, for some i€{1,2,...,n}. Now f(x) = f(x;) + [f(x) — f(x)],
where f(x;) can be written as f(x;) = YT, Al + p with |2 < 1 and
lul <e.

Moreover |f(x) — f(x;)| < & and & = f(x). So |f(x) — Y7o, Aifj(x) <,
xeU,,.

Finally, putting g(x) = f(x) — Y7o, 4ifi{x), xe U,,. We have g € ¢(X) and

lgl =suplg(x)l = sup sup |g(x)| <o

seees B X€UK;

So geB, and f(x) = Y 1, 2if(x), x€ X, which proves (1).

J
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§2. The spaces €"(X) (X compact )

2.1. DEFINITIONS AND NOTATIONS (see [4]): Let X be a compact subset
of K. We put ¥°(X) = C(X), ||| .. For n > 1 let

V' X = {(x1,%3,...,X,) X" x; # x; Whenever i # j}

For f:X — K define &,(f): V"*1X — K by induction as follows:
¢of =fandforn>1:

(pn— lf(xlaXS,x4a .. -axn+1) - ¢n—1f(x29 X350y Xyt 1)
X1 — X2

Do f(x1sem s Xpr1) =

¢,f is called the n'* difference quotient of f.

The function f is said to be n times continuously differentiable
(f e€"(X)) if the function ¢,f can (uniquely) be extended to a con-
tinuous function @,f on X"*1,

2.2. THEOREM:
() C(X) > ¥YX)> F¥X)>...([4] p. 79).
(ii) For every n the space €"(X) is a n.a. Banach space for the norm

Il = ,max 16N o f € €"(X)

(4] p.- 79).

2.3. DerFINITION: Let E and F be n.a. Banach spaces. A continuous
linear mapping T:E — F is called compact if the image T(Bg), of the
unit ball in E, is compactoid in F.

2.4. THEOREM: The canonical injections
¢(X)-»¢" Y(X),n=123,...,
are compact.

PrROOF: Let A be the unit ball in €*%(X). We prove that A4 is
compactoid in "~ }(X).
For i=0,1,...,(n—1) we consider the mapping T;:¢" (X)—
—>E(X'*Y):f - ¢.f. Then:
(1) T(A) is pointwise bounded (i = 0,1,...,(n — 1)).
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Indeed: for pe X'*! we have

sup|@.f(p)l < suplldiflle, <suplfll,—; <1
feA feA feAd

(2) T(A) is equicontinuous (i =0,1,...,(n — 1))
Indeed:
For feA, (X;;Xp,.. s Xi4 15 01,0z5- -0, G ,)EVHT2

P=X,%X2..0s%i11),q9 = (81,82,...,8i41) (*)

We have ([4] p. 76)

i+1
o:f(p) — ¢:f(q) = jzﬁ (xj - aj)¢i+1f(a1a-'-aaj, Kjsoeos Xit 1)

So
|¢:/(p) — ¢:f ()l

< max  {x;—ajl. i1 f@y,. .0, X5 X004}
j=1,...,(@+1)

< max |x;—a; max 1)|¢if(al,...,aj,xj,...,x,-+1)|

j=x..,(i+1) Jj=1,..,0+

Now max |x;—a)l=I|p—gl|inX*'andforj=1,...,(G+1)
ji=1,..,(+1)

|¢i+lf(a1r"5aj5xj9'",xi+l)| < I|$i+1f"oo < "f"n < 1

This gives

|¢:f(p) — ¢/ (@)l < llp — ql for p and g as in (¥)

and for.all feA.
By the definition of @; we finally obtain

(@S() — ¢S @ < lIp — gl, Vp,qe X", Vfe 4,

from which (2) follows.

Applying (1.8) we conclude that T(A4) is compactoid in #(X'*?),
i=0,1,...,(n—1).

By (1.7) we then have that the set [[;=o.1,..,,—1 T{4) is compactoid in
F(X) x €(X?) x ... x €(X") = E.
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We now define T: 6"~ Y(X) —» E by T(f) = (T;f)i=o.1.....e-1)-

Then T(A) < []izo.1....m-1y T{A), which implies that T(4) is com-
pactoid in E.

Since each T; is linear ([4] p. 76), T is linear as well. So T(¢" (X)) is a
subspace of E.

Since T(A) < T(¢" '(X)) we have by (1.6) that T(A) is a compactoid
subset of T(#"~ (X)), with the topology induced by E.

The proof will be complete if we show that T(%*(X)) and ¥"~1(X) are
isometric. This is immediate from

IT M= max 1)IIT,A(f)Iloo=A max 1)II<I3JI|°0=|If||..-1-

=0,1,...,(n— i=0,1,...,(n—

§3. Nuclearity of €*(X) (X compact)

3.1. REMARK: According to the classical definition, a n.a. nuclear
space is defined starting from the notion of nuclear mapping between
n.a. Banach spaces.

The n.a. “translation” of the definition of a nuclear mapping reads:
(1) A linear mapping T from a n.a. Banach space E into a n.a. Banach
space F is nuclear if there exist sequences (y,) < F and (a,) = E’ such

that lim|a,| g, |yalr = 0 and T(x) = ) 221 a,(x). y,, VX €E.

Now it is proved in [6] (Theorem 4.40) that a continuous linear map-
ping T:E — F is compact (in the sense of (2.3)) if and only if it has

property (1).
Therefore we give the following definition of a n.a. nuclear space.

3.2. DeFINITION: A n.a. locally convex space E, 2 is nuclear if for all
pePg there exists qePy q > p, such that the canonical mapping
®pq: E,— E, is compact.

3.3. REMARK: N.a. nuclear spaces have been studied in [1] and [2]
under the condition that K is a spherically complete field. In these
papers they were called Schwartz spaces. We shall from now on use the
term “nuclear space” to point out that there is no restriction on K.

3.4. DerFINITION: The space €*(X) is defined by ¢°(X) = () €"(X)
n=1
([4] p. 75]. A n.a. locally convex topology on ¥*(X) is defined by the
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sequence of n.a. norms

AN )ns f €E=(X),n = 1,2,...([4] p. 119).
With this topology the space ¥®(X) is a n.a. Frechet space ([4] p. 119).
3.5. THEOREM: The space €*(X) is nuclear.

Proor: For p, =|.|, we denote by E, the n.a. normed space €*(X),
p. = (¢*(X)),, and by E, its completion. We first describe E,,
n=12,... Since every |.|, is a n.a. norm, the spaces E, are set-
theoretically equal to ¥°(X) and the topology on E, is the n.a. norm
topology induced by €*(X). Now ¥*(X) is complete ((2.2)1i)) and €*(X)
is dense in ¥"(X), n=1,2,... ([4] p. 95). Consequently E, = ¢*(X),
n=1,2,... and both spaces are isometric for each n. For n=1,2,...
the canonical mapping ¢, ,.,:E,— E,_, is the canonical injection
%"(X) > ¢" " (X). By (2.4) each mapping ¢, ,_, is compact. Hence
€*(X) is nuclear.

3.6. COROLLARIES: The results obtained in [1] and [2] for n.a.
Schwartz spaces (see (3.3)) obviously do not all remain true in our general
case. However some of them are still valid, either with the same proof
either replacing the word “c-compact” by the word “compactoid” and ap-
plying the results obtained in §1 instead of the well-known properties of
c-compact sets.
In this way we obtain
(i) Every bounded subset of €*(X) is compactoid.
Hence

(a) the topology of €*(X) is not normable.

(b) if K is spherically complete, then €°(X) is reflexive.
(ii) Let E be any n.a. Banach space.
Then every continuous linear mapping from €*(X) to E is compact. (I.e.
there exists a zero-neighbourhood in €®(X) whose image is compactoid in
E).
(ili) €*(X) can be identified with a subspace of the space c} (countable
product of spaces c,).
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§4. The space ¥°(Z,)

In this section we take K = Q, and X = Z, (which is a compact subset
of Q,).

4.1. DeriNITION: The sequence space
S(K) = {(a) a,eK and liin la | k" =0,n=0,1,2,...}
equipped with the topology given by the n.a. norms
(@il , = Sl’:plakl k",n=0,1,2,

will be called the space of rapidly decreasing sequences over K. (com-
pare with the “classical” definition)

4.2, PrOPOSITION: The space s(K) is a n.a. nuclear Frechet space.

PrOOF: 5(K) is a n.a. Kothe space corresponding to the matrix
(b7) = (k™) (see [3] Def. 2.1). The result then follows from the criterium
for nuclearity of n.a. Kothe sequence spaces. ([3], Prop. 3.5).

4.3. THEOREM: The space €*(Z,) is (linearly and topologically) isomor-
phic to the space s(Q,).

PrOOF: Let fe%*(Z,). Then fe%(Z,) and so f can be written in its
expansion with respect to the Mahler basis

3 .. (x—k+1
R

k=

The proof is based on the following results, proved in [5]:
Let f be written as (*), then

1°) fe%¥™(Z,) if and only if lim|a,|k" =0
k

and

2°) the norms max |;f|l,, (see 2.2) and |ao| vsup|a,| k™ are equivalent.
j k>1

0<j<n
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The desired result is now obtained by identifying f € ¥*(Z,) with the
sequence (a,) of coéfficients in its Mahler expansion.

§5. Nuclearity of €°(X) when X is not (necessarily) compact

5.1. DeFINITIONS: On the space ¥*(X), defined as in (2.1), a n.a. locally
convex topology is defined as follows. (The notations are as in (2.1.)).
For fe%™(X) and B c X, B compact, let

"(th"B = Sup I$lf(p)l’ i= 0’ 1,- [RT}
peBi+1

and

A gn = ax "I|¢;f Iz (see [4])

i=0

Then every |.|,, is a n.a. semi-norm on ¥*(X). We consider on 4"(X)
the n.a. locally convex topology determined by the family of n.a. semi-
norms.

{I.l5,» B compact subset of X}

On the space ¥°(X) = () €"(X) a n.a. locally convex topology is then

determined by the family of n.a. semi-norms
{I.ls,, n=0,1,2,...; B compact subset of X}

5.2. LEMMA: Let E, F be n.a. normed spaces with completions E and F,
and let f:E — F be a compact mapping. Then the extension f:E — F is
compact.

PROOF: Let B be the unit ball in E. Then BE is the unit ball in . Now
(B = f(B)F = f(B)F and f(B) is compactoid in F and hence in F. Its
closure f(_B)F is then still compactoid in F and so is the subset f(B)E.

5.3. LEMMA: Let f € €"(X) and B a (compact) subset of X. Denote by f*
the restriction of f to B. Then (¢p.f)*'"" = ¢{f") and f® e €"(B).

ProoF: This follows immediately from the definitions.
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5.4. THEOREM: The space €*(X) is nuclear.

Proor: Put #*(X)=E. Further, for B< X, B compact, and
ne{0,1,2,...} we put Fg, ={f€E|flp,=0}. Then Eg, = E/Fy , is a
n.a. normed space, normed by

"[.f]B,n"EB,,. =|fl5,n [f15,n€Ep,n f €E.

(Lf] is the equivalence class to which f belongs). For all n and all B, the
canonical mapping

@p.n:Ep n— Ep o, is defined by
©p,n([fl5,n) = [f15,n-1

For the nuclearity of #°(X) it is now (see (3.2) and (5.2)) sufficient to
prove that VB,Vn; ¢p ,: Eg , > Ep ,_ is compact. Let [4]; , be the unit

ball in Ep,. [A]p,= {[f]B,nGEB,n"f"B,n < 1} and put ¢g ([Als,,) =
= [Alp,,—1- We have to prove that [A]p ,—, is compactoid in Ep ,_;.
With the notations of (5.3) we have

fe€®(X)= fBc%>(B) and §,fBe¥(B'*!)
Moreover, if [g]p,n—1 = [f]s,n-1, then

"f_g"B,n—l =0 or "¢i(.f_g)"B=05 l = 0, 1,...,"- 1

It follows that the next definition is meaningful. Define T;:Ez ,_, —
C(Bi+l)5 i= 0’ 1""5(" - 1) By ’I;(mB,n—l) = alfﬂ

It can be shown, just as in the proof of proposition (2.4), that
T{[A]s,,-1) is a compactoid subset of €(B'**). The proof then proceeds
exactly as in (2.4).

5.5. Remark: The corollaries (3.6) (i), (ii), (iii)) are still valid in this
general case. Corollary (3.6) (iv) has to be replaced by “C*(X) can be
identified with a subset of ¢}, I some index set”.
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