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ON THE EQUATION ax" — by" =c¢

Jan-Hendrik Evertse

§1. Introduction

We deal with the diophantine equation
ax"—by"=c¢ 1

in integers x, y. Let R(n, ¢) denote the number of residue classes z(mod ¢)
satisfying z" = 1(mod ¢). We shall derive upper bounds for the number
of solutions of (1) in terms of R(n,c).

THEOREM 1: The number of solutions of

lax" — by"| = ¢ (2
(a, b, c,n integers with a>0,b #0,c>0,n > 3)

in positive integers x,y with (x, y) = 1 is bounded above by

2R(3,c) + 6 if n =3,

R(4,c)+3ifn=4,

R(5,¢)+2ifn=15 (R(5,¢c) + 1 if c = 220),
R(6,c) +2ifn=6 (R(6,¢) + 1ifc =9),
R(n,o)+ lifn>1.

If ¢ has many prime divisors one of which is large, we can derive a
better result from the following theorem.

THEOREM 2: The number of solutions of

ax" — by" = dz (3
(a,b,d,n integers with a>0,b #0,d > 0,n > 3,(a,d) = (b,d) = 1)
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290 Jan-Hendrik Evertse [2]

in integers x,y,z with x>0,y >0,(x,y)= 1,0 <|z] <d*"*~ ! is bounded
above by

3RG,d)+ 6 if n =3,

2R(@,d) + 2 if n = 4,

2R(n,d) + 1 if ne{5,6},
R(,d) +3ifn=1,
R(n,d) + 2 ifn > 8.

To avoid confusion, we agree that by solutions of (2), respectively (3),
we shall always mean solutions in integers x, y, respectively x, y,z with
x>0,y>0,(x,y)=12z+#0.

It is possible to give a simple upper bound for R(n,c). For fixed n,
R(n,m) is a multiplicative function of m. Let m = 2*m/, where k, is a
non-negative integer, m' = p*', p¥, ... p* for distinct odd primes
Pi,DP2-- -, P, and positive integers k,, k,,...,k,. Then

t
R(n,m) = R(n, 2%°) n R(n, p¥).

We denote Euler’s totient-function by ¢ and the number of prime div-
isors of m by w(m). Then we have R(n, p¥) = (n, $(p¥)) for ie {1,2,...,t}.
Hence R(n,m’) divides

0, TT 600 = (1, g(m) @

Further we have R(n, 2%) = 1 if ko€ {0,1} and R(n,2*) = (n, 2)(n, 2*°~ %)
if ko > 2. Hence R(n,2*) divides ((n, 2)n, ¢(2*°)). Together with (4) this
implies that R(n,m) divides ((n, m, 2)n“"'"’ ¢(m)). Substituting this into
theorem 1 and 2 we obtain:

COROLLARY 1: (i) (2) has at most 2n°© + 6 solutions,
(ii) (3) has at most 4n°D + 3 solutions with |z| < d*">~1

As a consequence of corollary 1, (i1) we obtain
COROLLARY 2: Put ¢, = ¢/(c,[a, b]), where [a,b] denotes the positive
lem of a and b. Suppose there is a prime power P dividing ¢, such that

P" > c3/%. Then (2) has at most 4n + 3 solutions.

If (a,¢) = (b,c) = 1 then corollary 2 follows at once from corollary
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1,(ii), by putting d = P, |z| = ¢/d. The following lemma, which will be
proved in §2, shows that the assumption that (a,c) = (b,c) =1 is no
restriction.

LeMMA 1: Let a, b, c,n be integers with the same meaning as in (2) and
let ¢, be defined as in corollary 2. There are non-zero integers a, b, with
(ay,¢,) = (by,¢y) = 1, having the same signs as a, b respectively, such that
the number of solutions of (2) does not exceed the number of solutions of
la;x" — b, y"| = ¢, in positive integers x,y with (x,y) = 1.

Note that lemma 1 shows, together with the inequality
R(n, c,) < R(n, ¢) that we may assume that (a,c) = (b,c) = 1 in the proof
of theorem 1.

Let R > 1 be some constant. Any pair (X, yo) such that (x,, yo) is a
solution of (2) or (x, yo, Zo) is @ solution of (3) for a suitable value of z,
with |z4| < R, satisfies both a diophantine inequality

0<|ax"—by"| < C in x,yeN with (x,y)=1, (5
and a congruence equation

ax" — by"=0(mod m) in x,yeN with (x,m)=(y,m)=1, 6)
where C > 1 is a real number and a, b, m are integers with a > 0, b # 0,
m >0, (a,m) = (b,m) = 1. We obtain (2) by taking C = m = ¢ and (3) by
taking C = dR,m = d. By congruence considerations we shall estimate
the number of pairs (x,y) satisfying both (5) and (6) for which
max(ax”, |by"|) is “small”. By an approximation method we shall show

that (5) cannot have many “large” solutions.

THEOREM 3: Let M,, A, be given by the following table:

n 3 4 5 6 7 >8
M, L71 x 107 1449 57 135 32 8.4n
A, 11 5 3.25 2.67 24 24

Then the number of solutions of (5) with max(ax",|by"|) > M,C4 is at
most 3 if n =3 and at most 1 if n > 4.

The main tools in the proof of theorem 3 are hypergeometric funct-
ions. Using properties of these functions, Siegel [6] showed that (5) has
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at most one solution if

|ab|n/2—1 > 4(nl—[pl/(p‘1))nc2n—2’
pln

where [ [, denotes the product over all primes dividing n. Hyyr6 ([3],
Satz 1, p. 11) generalized Siegel’s result in the following way: there are
constants o, = g(n)e(0, 1], C, = Cy(n, ab) > 0 with the following pro-
perty: for any pair of real numbers o, C with 6, <0 <1, C > 0 such
that ¢ =0, C > C, do not hold simultaneously, the diophantine
equation

lax" — by"| = z (a,b,neN, n = 3)

has at most one solution in integers x, y,z with x> 1, y> 1, (x,y) =1,
z < Cmax(ax", by"! ¢ and max(ax", by") > G = G(n, g, C, ab). By choos-
ing 6 = 1 for those values of n for which o4(n) < 1, i.e. n > 4, Hyyrd
derives a corollary from his general result (cf. [3], Satz 5, p. 30) which
does not differ much from our theorem 3. For ne{4,5} our result is
slightly better and for n > 8 theorem 3 gives bounds which are worse
than the bounds given by Hyyré but more convenient for our purposes.
Although our method of proof is similar to that of Hyyro, we shall give
the complete proof of theorem 3 for convenience of the reader.

It is also possible to estimate the number of solutions in terms of ¢
and not in terms of a, b, n:

COROLLARY 3: Let ¢ > 0. The number of solutions of (1) in integers x, y
is bounded above by C(¢)|c|°, where C(¢) is a constant depending only on ¢
and not on a, b, c,n.

This corollary will be proved in §6. By a result of Baker [1] on lower
bounds for linear forms in logarithms, (1) is only solvable in integers x, y
with |xy| = 2 if n is less then some constant depending on a, b, ¢ which
can be given explicitly. Using this fact in combination with corollary 3,
we obtain

THEOREM 4: Let ¢ > 0. The number of solutions of
ax® — by* = ¢ (a, b, c integers with abc # 0) )
in integers x,y,z with |xy| > 2 and z > 3 is bounded above by
D(¢) log M(loglog M)?|c’,

where M = max(3, |al, |b|) and D(c) is a constant depending only on .
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§2. Lemmas and special cases

In this section we shall prove some auxiliary results for the proofs of

theorems 1, 2 and 3. We shall also deal with some special cases of these

theorems. First of all, we shall prove lemma 1.

Proor oF LEMMA 1: We may assume that (a, b) = 1 for otherwise put
d=(a,b),a=da,b=4db,c=dc. Then

o = cd _ el
Y7 (dd, dbd) (¢, ab)

and the number of solutions of (2) does not change if a, b, ¢ are replaced
by a’, b, ¢’ respectively. Hence it suffices to prove the lemma with @', b’, ¢’
instead of a, b, c.

Let (xq, yo) be a solution of (2). Put f; = (a,¢), f, = (b,c). From (a, b)
=1 and (xq,y0) =1 it follows easily that (a,)y}) = f1, (b, x3) = f2,
(axy, byd) = (a, y3)b, xp) = fif> = (ab,c). Let F,,F, be the smallest
positive integers such that fi|Ff, f,|F5. Then F,|y,, F,|x,. Put a,
= aF}/f,f>, by = bF}/f,f,. Then a,, b, are non-zero integers having the
same signs as a,b respectively such that (a,,c,)=(b;,c;)=1.
Furthermore, every solution (x,, y,) of |ax" — by"| = ¢ corresponds to a
solution (xo/F5, yo/F;) of |a;x" — b,y"| = ¢;. Hence the number of solut-
ions of (2) is at most equal to the number of solutions of |a,x" — b,y"|
= ¢, in positive integers x, y with (x, y) = 1 which proves our lemma. [J

As we have noticed before, we may assume that (a,c¢) = (b,c) =1 in
the proof of theorem 1. We shall distinguish between the cases b > 0
and b < 0. There we use the fact that the numbers a,, b, mentioned in
lemma 1 have the same signs as a, b respectively.

In the sequel the constants a, b, ¢, d, m, n, C will have the same mean-
ing as in (2), (3), (5), (6). For convenience we repeat the conditions which
must be imposed on these constants.

(a,¢)=(b,c) = 1in(2), (a,d) = (b,d) = 1 in (3), (a,m) = (b, m) = 1 in (6). @®

{a,b,c,d,m,neZ,CeR,a>0,b;éO,c>0,d>0,m>0,n23,C2 1,
Further we define the set

S(m) = {(x, y)|x,ye N, (x,m) = (y,m) = 1,me N}.

On S(m) we define the following congruence relation: (x,, y,) and (x,, y,)
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are congruent modm if x,y, = x,y, (modm), ie. if x,/y; = x,/y,
(mod m). We denote this by (x;, ¥;) = (x5, y,) (mod m).

LEMMA 2: The solutions of (6) belong to at most R(n,m) congruence
classes mod m.

PrOOF: Let (x,, y,) be a fixed solution of (6). Then (x,, yo) € S(m) and
since also (a,m) = (b,m) = 1 we have

(io-)‘ = E(mod m).
Yo a

Let (x, y) be an arbitrary solution of (6). Then

<m>n = 1 (mod m).

YXo

This shows that the number of congruence classes of solutions of (6) is
at most equal to the number of solutions of the congruence equation
z" = 1(mod m) in residue classes z(mod m), i.e. R(n, m).

We put w(x)=ax" for every positive integer x, and w(x,y)
= max(ax", |by"|) for every pair of positive integers Xx, y.

LEMMA 3: Let (x4, y,), (x5, V,) be pairs satisfying both (5) and (6) such
that (x4, y1) = (X3, y2)(mod m) and w(x,) = w(x,).
If ab = 1 then w(x,) > m"/2C and if ab # 1 then w(x,) = m"/C.

Proor: We have ax] — by} =ry, axj —byy =r,, Iri| <C,|r,] < C. On

solving b from this system of linear equations, we obtain
ryx] —rixh

n n.n "’
X3y — X1)5

Since x,y,, Xy, are positive integers with |x;y, — x,y;| = m we have
Ix3y1 — X1y3| = m", hence

[raw(x;) — riw(x,)| = |ablm".

For b>0 we have |rw(x;)—rw(x,) < CWw(x() + w(x,)) <2Cw(x,),
hence

ab m"

2 C-

w(x;) =
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If b < 0 then both r; and r, are positive and we even have

[raw(x;) — riw(x;)l < Cw(x,),

hence

n

m

w(x,) = |ab| ol

Since ab # 1 for b < 0, this proves our lemma. O
LemMA 4: If (x, y) is a solution of (5), then
w(x,y) < Cifb<0and wix,y) < C"* V2 ifa=b=1.

Proor: The lemma is trivial if b < 0. If a=b =1, we may assume
that x > y. Then we have

Czx"—y'z=x"—(x—1)
Hence it suffices to show that x" — (x —1)" > 21" Unx"~1 for all
x > 2, n > 3. The function f(z) = (z" — (z — 1)")z""*! has the derivative
(" —(z—1)"—n(z—1""Yz" For all z > 1 this derivative is positive,
hence f(z) is increasing. This implies that

(xn _ (x _ l)n)x~n+1 > (2n _ 1)2—n+1

for all x > 2, n > 3. But from this fact our lemma follows immediately,
since

R =127"" =21 —-2"">2exp(—(2"=1) ) > 21"
for all n > 3. O

We see that theorem 3 is valid if ab < 1. We shall now prove theorem
1 and theorem 2 in this case.

LEMMA 5: If ab < 1, then (2) has at most R(n,c) solutions.

ProOF: Since (a,c) = (b, c) = 1 by (8), it suffices to show that (2) has at
most one solution in each congruence class modc, i.e. that for any two
distinct solutions (xy,y,), (x;,y,) of (2) we have (xy,y;)# (X2,V,)
(mod ¢).
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Suppose to the contrary that (2) has two congruent solutions mod c,
(x1, 1), (x2,,) say, ordered such that w(x;) < w(x,). Then it follows
from lemma 3, applying it with m = C = ¢, that w(x,)>c""' if b <0
and w(x,) > c" '/2 if a=b = 1. But this is contradictory to lemma 4
since ¢" 1 >¢, " 12> D2 forallc>1,n>3. a

LeEMMA 6: (i) If b < 0, then (3) has at most R(n,d) solutions for which
IZ' < dn/ZAl.
(i) If a = b = 1, then (3) has at most R(n,d) solutions for which

|Z| < d(nl— 3n+1)/(2n— 1)‘

ProOOF: By (8) we have (a,d) = (b,d) = 1, hence it suffices to show that
(3) has at most one solution in each congruence class mod d, i.e. that for
any two distinct solutions (x4, ¥, z,), (X5, V2, z,) of (3) satisfying the con-
ditions imposed on z in lemma 6, we have (x, y;) # (x5, y,) (mod d).

Just as in the proof of lemma 5 we suppose that there is a congruence
class mod d containing at least two solutions, (x, y;,z,), (X3, ¥2,2,) say,
ordered such that w(x,) > w(x,). We apply lemma 3 with C = d"? if
b<0, C=grmn@-1 §f g=—p=1 and m=d. Then we have
w(x,) > d"? if b < 0 and w(x,) > d"*/®"~Y/2 if a = b = 1. But this con-
tradicts lemma 4 ford > 1, n > 3. O

Note that lemma 6 proves theorem 2 when ab < 1, since 2n/5
—1<n/2—1and 2n/5—1<(n*—3n+1)/2n—1) for all n > 3. Thus
we proved theorems 1, 2 and 3 for ab < 1, so we may assume that
ab > 2.

LEMMA 7: Let B,f be constants, B>1, f>1. Put v=n"}!,
K =(n—1)/2
(1) If (x,y) is a solution of (5) for which w(x) = BC, then

ROk

al x

@) If (x1,y41), (x3,y,) are two solutions of (5) with |x,y, — X, ¥4 = f,
w(x,) > w(x;) = BC, then

w(x,) > 2<%>n <£~;—1»>K wix,)" L. (10)

- CBIB— 1

nw(x)

)

ProOF: (i) We have
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lax" — by"|
(axn)(n~ 1)v + (axn)(n— 2)v(byn)v 4+ 4+ (byn)(n— 1v*

la*x — b*y| =

Using the inequality of the arithmetic and the geometric mean, it
follows that

la*x — b’y| < ¢
n(axn)xv(byn)xv ’

hence

NOES
a X

Since ax"/by" < B/(8 — 1) this implies that

-2
a X

C
n(axn)(n + 1)v/2(byn)xv :

_CBB—vr

nw(x)
(i) We have by (i)
f < Ix1y2 —X2p1l 5 1V1 Y2
v v = 2v =a ~ .
w(x1)"w(x3) a”"XiXx; Xy X3

(5] -2
b a) xy aj x,

< (ab) " v C(B/(B — 1)y (wlx,) ™" + w(xy) ™)

< 27y CBB — DY wix,) ™!

)

by ab > 2. Hence

w(x,) =2 (%)n (E——BLL)K wix,)" L. O

§3. Proof of Theorem 3

In this section we shall use the same notations as in §2. Thus a,b,n, C
are constants with the same meaning as in (5) and in particular n > 3,
C > 1. Further we shall assume that ab > 2 which is no restriction by
lemma 4.
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In fact we shall prove slightly more than theorem 3. Put

T,= nl:[#’“’“l py =2°T3,

Uy = m;x((23/2’1;,"/2“)”‘"’3’, 4TMY==2) for n > 4,

o3 =11, 0, = max((2n — 2)/(n — 2), 3n/2 — 1)/(n — 3)) for n > 4.
We shall show that the number of solutions of (5) for which

w(x, y) = 1, C* (11)

is at most 3 if n = 3 and at most 1 if n > 4. This implies theorem 3. For
if n <7 we have u, < M,, a, < 4,. If n > 8 we may assume that (5) has
at most one solution for which w(x, y) > u,C** where d is the smallest
divisor of n with d > 7. Then d is a prime or de{8,9,10,12,15,25}. For
n>7 we have u, = 4T")Y" 2 since nf(n —2) = (n/2 + 1)/(n — 3) and
2/(n—2) = 3/2(n—3). If d is a prime with d > 7 then

pa/d = (4d3THE-1D)LE=2)

This function is decreasing for d > 7, hence p,/d < u,/7 < 8.4. For all
other values of d given above it is easy to check that also y,/d < 8.4.
Hence

Uy < 8.4d < 84n =M,
for all n > 8. For all n > 8 we have also
o0y =02d—2))d—-2)<a;,=24=A4,.
It is clear that this implies theorem 3.
The following lemma is fundamental in the proof of theorem 3. It is

due to Siegel [6]. Our proof is simpler than his.

LEMMA 8: Let re N. Put
2r r .
q,=,rl), s, = g, t,=qn [[(1—vm™),
r m=1

G.x) = g 2(’ . ”)(r’__,f)(l -
H() =g Y (’_ ”)(’ " ”)(1 —

m=0 m r—m
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Then the polynomials G,(x), H,(x) have the following properties:
(1) G,(x), H,(x) have integral coefficients,

(ii) 0 < G,(x) < s, for xe(0,1), (12)
(ii)) 0 < G,(x) — (1 — x)"H,(x) < t,x>"*! for xe(0, 1), (13)
(iv) G,+1(x)H,(x) # G (X)H, ,(x) for xe(0,1). (14)

ProoOF: The hypergeometric series F(a, f,7, x) is defined by

Fappx) =1 420y 2o DBEHY 5

1y 1290y + 1) (@.f,7€C)

where the series truncates after the last term of which the coefficient has
non-zero numerator. a, f§,y should be such that the coefficients in the
series do not have a denominator which is equal to 0. We have

xx—1D)y"+((+a+Bx—yp)y +afy=0 (15)

if y(x) = F(a, B, 7, x). By computing the constant terms and the quotients
of two consecutive coefficients of G,(1 — x), H,(1 — x) respectively, one
can verify easily that

G(x)=tF(—v—r,—r1—v,1—Xx), (16)
H(x)=uFyv—r,—r,1 +v,1—x),

where

u,=gn" [] (1 +wm™)

m=1

First of all we prove (i). It suffices to show that

Q(m): = q,n'(’ * v)(’" “)
m r—m

is a p-adic integer for all primes p and for all m with 0 < m < r. Note
that

Q(m) =& (m> d(m)

for some integer d(m), hence Q(m) is a p-adic integer for all primes p

dividing n. For the primes p not dividing n, (r ; v> and (r - v) are p-
m

adic integers, so Q(m) is also p-adically integral for these primes p.
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By equating the coefficients of x" in the identity in power series
1+ %% =(1+x*""(1 + x)’~* we obtain

2r Lo fr+v\(r—v
()=
hence
G,(0) = H,(0) = 5,. (17)

This implies (ii), for by the fact that G,(1 — x) has positive coefficients,
we have

0 < G.(x) < G,0)

for all xe(0, 1).

To prove (iii) and (iv), we infer from (15) and (16) that the three funct-
ions G,(x), (1 — x)’H,(x) and x?"*'F,(x), where F,(x) = F(—v+r+ 1,
r+ 1,2r + 2, x), satisfy the differential equation

xx=1)y"+ (1 —v—=2rx+2r)y +r(v+ry=0.

This implies that G,(x), (1 — x)*H,(x) and x2"*1F,(x) are linearly de-
pendent, hence there are constants p,, g,, 7,, not all equal to 0, such that

prGr(x) + O',(l - X)VH,(X) + T,x2'+1F,(x) =0.

It follows from (17), by taking x = 0, that p, + o, = 0. Since F,(x) is
not identically equal to 0, the coefficients p,,s, are both non-zero.
Hence there is a constant w, such that

G,(x) — (1 = x)"H,(x) = @, x> "1 F,(x). (18)

Put U,(x) = G,(x) — (1 — x)’H,(x). Then U,(1) = G,(1) = ¢, > 0, hence
U,(x) assumes a positive value for some x€(0,1). But since F,(x) has
positive coefficients and converges for all xe(0, 1), we have w, > 0.
Hence, by (18), U,(x)x~?~! increases monotonically on (0, 1). It follows
that

Ux)x 27 <Ufl) =t,

for all xe(0,1) which is equivalent to (iii).
To prove (iv) we eliminate (1 — x)* from



[13] On the equation ax" — by" = ¢ 301

Gr(x) - (1 - x)vHr(X) = ('Or->€2r+ 1F,(X),

G,i1(x) — (1 = x)’H, , 1(x) = o, 1x2r+3Fr+ 1().
It follows that
G, (0)H, 1 1(x) — G, 1(x)H,(x) = C,(x)x*"** (19)

for a power series C,(x). But the degree of the left-hand side of (19) is at
most 2r + 1, hence C,(x) is a constant. Since G,(1)H, , (1) # G, , ;()H,(1)
this constant is nonzero. This implies (iv). 0

We make the following assumptions.

(i) If n = 3 then (5) has at least four solutions satisfying (11). (20)
(i) If n = 4 then (5) has at least two solutions satisfying (11).
We shall show that (20), (i) and (20), (ii) are impossible.

LEMMA 9: Let (x4, y,), (x,, ¥,) be distinct solutions of (5), satisfying (11)
and ordered such that w(x, y,) < w(x,,y,). Then w(x,) < w(x,).

ProOF: Suppose that w(x,) < w(x,). Then we have
W(X3) = W(X3, y2) — C = WXz, y;) — C* = (1 — pt, WX, y5) = (1, — 1)C.

Applying (10) with g = u, — 1, f = 1, we obtain, by y, > 3,

e e

n \" 'un_z K #"_1 n—1 -
22<2C> <#"_1>< " ) w(X3, ,)

>2 <l)"2—"(2/3)"- (s, yo)

2C
=n"(3,/2) " 1C T W(xp, y,)
> C7"w(x,, yz)"‘1

for all n > 3. Hence
W(x5,¥,) < C"7D < p, Cn,

a contradiction. O
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If n>4, let (x;,y,), (x5,¥;) be two solutions of (5) such that
w(X3, ¥2) = Wxy, y1) = p,C™ if n = 3 let (x4, y), (x2,¥2), (X3,93), (X4, Va)
be four solutions of (5) such that w(x,,y,) = WXy, ys) =
> w(xs, y3) = W(xy, ¥;) = u3C*. We may assume that w(xy, y;) = w(xy).
By lemma 9 we have w(x,) > w(x,) if n >4 and w(x;) = w(x,) =
> w(x;) = w(x,) if n = 3. We apply (10) thrice if n = 3 and once if n > 4.
We take f = 1 and since w(x;) > u,C* we may take f = u,. Put

G, = (“n/(“n - 1))xv’ w; = W(Xl), Wy = W(XZ)‘
Then

w, > 27-(3/26,C)*w8  if n=3, 1
w, > 2:(n/26,C)" wilif n>4. @1
Put z =1 — byi/ax", V. = x; 1y,G,(z) — x; 'y, H,(2).
Lemma 10: If V, # 0, then
1< (ww3/2)'Wi(s,6,C/nwy + £,(Clwy)**1). 22
PROOF: Since
a\’ b\ y,
I/r =\ -] =-1 Gr(Z) + G,(Z) - (1 - Z)VH,_(Z) >
b a) x,
we have by (9), (12), (13) and the fact that z < C/w,,
0 < |Vl < (a/b)(s," 0,C/nwy + t(C/w)* 1)
Now V, is a fraction with denominator dividing
X1 XoWh = a” 2(wywy)' W,
hence
1 < a™2(wyw,)'wi(a/b)(s,6,C/nw, + t,(C/w,)* " ).
Since ab > 2, this proves lemma 10. 0
We shall show that it is possible to choose r in such a way that
v, #0,
(wyw,/2)'Wis, - 6,C/nw, < v, (23)

(Wywo /2P Wit (C/w ) 1 < 11—, (24)
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which gives the desired contradiction with (22). Note that (23) is equiva-
lent to

2’67 1C T twitwi T > s
Let | be the integer defined by
swh < 2%, 1CTiwwy T < s Wit L (25
1 is well-defined since the sequence s,w* increases monotonically to in-
finity as k tends to infinity. It is clear that (23) is equivalent to r < L
We choose r = 1if V, £ 0 and r = | — 1 otherwise. We shall prove that
I>1if n >4, that [ > 3 if n = 3 and that V; # 0 for n > 4. This implies
that r is a positive integer with r > 2 if n = 3 and r < I. Hence (23) holds
and by (14), we have V, # 0.
LEMMA lLl: I>1ifn>4and >3 ifn=3.

Proor: It suffices to show that

siwy < 2%, 'CT'wwi TV if n > 4 and

s;wi > 2136 1C twy V3w if n = 3.
Since s; = 2n and s; = 1620, this is equivalent to

wy > (21 7g, - nC)Me~ Dy + D=1 jf > 4 and

w, > (27131620 0,C)*2wS if n = 3.

It follows from (21) that it suffices to prove that

2( — C) Wil > (21 Yg,nCyem Dy D=1 if > 4 and

3 21
27(20 c) w8 > (27131620 0,C)>*w? if n = 3.
3

This is equivalent to

w, > (2" le"n @ IC")"3 if p > 4 and
wy > (1620)12275/2(2/3)T6152C15/2 if p = 3,

Since 2(u,/(1, — 1))Y? < 3 for n > 4, whence
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T lghy =2 31y =D | <,
whereas

(1620)'/2275/2(2/3)63%% < ps,
nn—3)<a,ifn>4,152 < as,

this follows immediately from w; > pu,C*
LEmMMA 12: V; # 0 for n > 4.

ProoF: Since p, > n for n > 4, we may assume that z < v. Suppose
Vl = 0, i.e.

xz_thl(Z) = xl_l)’1H1(Z)-

Put h=ax} —by}. Since G,z)=2n—(n+ 1)z, Hz)=2n-—
(n — 1)z, we have

x5 1y,2nw, — (n + Dh) = x{ 1y, 2nw, — (n — 1h).

Since (x,, y,) = 1 and since G,(z) > O there is a positive integer d such
that

dx, = x,2nw, — (n + Dh), dy, = y,(2nw; — (n — 1)h).
This implies

d"ax’y = w,(2nw,; — (n + 1h)", d"by = (w; — h)2nw, — (n — 1)h)",
hence

d"(ax — bys) = wi* {(G(2)" — (1 — 2)H,(2)")
and therefore

G/ (1~ G < - 26)

We now estimate d". Define u, hy, w, such that u = (h, w,), h = uh,, w,
= uwg,. Then d" divides

U H(wo(2nwo — (n + Dho), (Wo — ho)(2nwo — (n — Dho)").
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Using the facts that (wg,hy) =1 and that (ay,a,,as,a,) divides
(ay,a3)a,, aqs)(a,, as)a,, a,) for all positive integers a,, a,,ds,a, we see

that d" divides

u"* Ywg, wo — ho)(Wo, (2nwy — (n — 1)hy)") x
X (Wo — ho, (2nwo — (n + Dho)N2nwo — (n + Dhg, 2nwg — (n — Dho)" =
=u"*Y(wo, (1 — 1)")(wo — ho, (n — 1)")2nwo — (n + 1)ho, 2ho)".

Hence d" divides u"* }(2(n — 1))"h%. Since h = uh,, we conclude that d"
divides (2(n — 1))"h"* . Substituting this into (26), we obtain

Gy(2)" — (1 = 2H,(2)" < (2(n — 1)"Cz"* 1. @7
In the proof of lemma 8 we saw that
Ui(2) = G1(2) — (1 — 2)’H,(2) = 2°K,(2)

for a power series K (z) with positive coefficients. We find, by expanding
U,(z) in a Taylor series, that for n > 4

K,(z) = K,(0) = (n? — 1)/6n? > 5/32.
Furthermore we have, by 0 <z < v,

A—2'">21—z>1—v,H((2)>2n—1).
Hence

G(2)" — (1 = 2)H,(z)" = (1 — 2)'Hy(2) + 2°K ,(2))" — (1 — 2)H,(2)"
>n(l —z2)' "Hy(2)" 123K ,(2)
> & Qn— 1)z,

A combination with (27) yields that

Cz" 2 > 5/64,
hence

w2 < 64C" /5 < prm i)
for n > 4. This contradiction proves lemma 12. O

As we have noticed before, the proof of theorem 3 is complete if we
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have shown that (24) holds. Therefore we need

LEMMA 13: a,s,.,(t,/(1 — V)"t < 41T *2,

Proor: First of all, we have

= @THN"D > 8

hence

If r = 1 we have

a,55(t; /(1 = V)"~ 1 = g,n(n, 6)(2)#"1 < §-2On"+2]_[p2/(”‘ D=

pln

N

8
27 l_[p—n/(pAl).427;'n+2<42'I:'n+2.
pln

If r > 2, we use the fact that (", r!) = [ [, p*», where

Hence
(Vo< T1(1-L)m<a-w(i-2)z
s - -l 1—-=|T;.
r r n> *r m=t m n — 2 n
2k = 1 o
We use also that L) = #1111 - S for all positive integers k.
h=1
This gives
8(2r+4 v\ !
t 1_ n—1 = 'Tr+2 _ rI'vr(nvl)z
O-nsr+2( r/( V)) < 7<r+2> n (1 2> n

8/ v\! re2 1
- 1__ 4r+2an+2 1__ <
His) el ()=
32 vyt ! 4 1
<= _ 4r+1an+2 _ |\ =
<F(i3) i)

5 1 " r+1gmr+2 r+1 r+2
=l1-5) #mmrr<ainre,
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i 1 1 n< X —2———1 <ex —i <iforalln>3
since ™ exp P IS ) 3 3 >3.

Now we prove (24). By (25) and I < r + 1, we have
(w1W2)" < (2770,Csp wh* 910 < (27%G,Cs, 4 w5 2) 1O
Using this inequality and lemma 13, we obtain

(W1W2/2)VW'II,(C/W1)2'+ 1 < (%O'"S,.+2t:'- 1c(2n—2)r+nw1— (n—2)r+4—n)l/(n— 1) <

<R:=(1— v)(%_4r+17;'m‘+ 2c(2n—2)r+nwl—(n—2)r+4—n)l/(n— n
If n > 4, R is equal to
(1 _ v)(4'1';'nc2n— ZW;(n— 2))(r— 1)/(n— 1)(23/2 ’1"':1/2 + lc3n/2 - lwl-(n~ 3))2/(n— 1),
while if n = 3, R equals
(1 = 134T CHwy Y PP TPC w112,

Sincer>1ifn>4,r >2if n=3and w; > p,C*, R does not exceed
1 — v for any n > 3. This shows (24). O

§4. Proof of Theorem 1

Let a, b, ¢, n be constants with the same meaning as in (2), i.e. we have
a,b,c,cneZ,a>0,b#0,c>0,n> 3. Further by lemma 1 and lemma 5
we may assume that ab > 2, (a,c) = (b,c) = 1. We may also assume that
a/b # (u/v)" for all u,veN for otherwise a and b would be n-th powers
which could be absorbed by x, y respectively. We may also restrict our-
selves to the case ¢ > 2. For we have, by combining some old results:

LEMMA 14: If ¢ = 1, then (2) has at most 2 solutions.

Suppose ¢ = 1. By considering units in the cubic field Q((a/b)*’?),
Nagel [5] showed that (2) has at most one solution if n = 3. Ljunggren
[4] showed by an investigation of the units of the field Q((a/b)!/4), that
(2) has at most two solutions if n = 4. Finally, Domar [2] showed
lemma 14 for n > 5 by refining some estimates of Siegel in [6]. Note
that for n > 5, lemma 14 is an easy consequence of theorem 3. For by
applying this theorem with C =1 and using that 2" < Mn <3 if
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ne{5,6} while 1 < M, < 2" if n > 7, we see that (2) has at most one
solution with max(x, y) > 3 if ne {5, 6} and max(x,y) > 2 if n > 7. It fol-
lows immediately that (2) has at most two solutions if n > 7. If ne {5, 6}
at most one of the pairs (1, 1), (2, 1), (1,2) can be a solution of (2) since
no system consisting of two of the linear equationsa —b = +1,2"a — b
= +1,a —2"b = +1 has integral solutions a, b. This shows that lemma
14 holds for ne {5, 6}. O

Now we shall prove theorem 1 for ¢ > 2. It follows from lemma 2 and
lemma 3, by putting C = m = ¢, that (2) has at most R(n, ¢) solutions for
which w(x) < ¢"~1. If n =3 each congruence class mod c contains at
most two solutions for which w(x) < 27¢*/8, whence (2) has at most
2R(3, ¢) solutions for which w(x) < 27¢*/8. For suppose (x1, ¥1), (X2, ¥2),
(x5, y3) are solutions of (2) in the same congruence class, ordered such
that w(x,;) < w(x,) < w(x3). Then by lemma 3, with m = C = ¢, we have
w(x,) > c¢? and by (10) with f = C = ¢, B = 2, we have

3
w(x;) > 2(%) ~%w(x2)2 > 27¢%/8,
a contradiction.

It follows from theorem 3 that the number of solutions of (2) for
which w(x) > M,c*" is at most 1 if n > 4 and at most 3 if n = 3. Hence
we have only to estimate the number of solutions of (2) with
"1 < w(x) < M,c* if n > 4 and 27¢*/8 < w(x) < Myc** if n = 3.

If ¢"~! > M,c* then (2) has at most R(n,c) + 1 solutions. This is the
case f n=35,¢>220, or n=6,¢c>9, or n>7, c >3, since clearly
3! >84nx3%*foralln>8.If n > 7, c =2, then M,c4 < 3" Hence,
by theorem 3,(2) has at most one solution with max(x,y) > 3 in this
case. But at most one of the pairs (1, 1), (2, 1), (1,2) can be a solution of
(2), since no system consisting of two of the linear equations a — b =
+2,2"%a — b= +2, a— 2" = +2 has integral solutions a,b. Hence (2)
has at most 2 solutions if ¢ =2, n>7 and this proves theorem 1
completely for n > 7.

In the remaining cases, ie. ne{5,6}, "' < M,c*" and ne{3,4}, we
have to show that (2) has at most one solution if ne {5,6} and at most
two solutions if n = 4 for which ¢" ! < w(x) < M,c*", and at most three
solutions for which 27¢*/8 < w(x) < M,;c4* if n = 3. We use the follow-
ing lemma which will also be used in the proof of theorem 2.

LEMMA 15: Put R(n) = (2**Q273n)")!/"=2_ Let C be the constant ap-
pearing in (5) and let A, B be constants such that
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B > A > max(2C, R(n)~'C""~ %),

Let r be the smallest positive integer not smaller than

log(R(m)C "~ B
S =S(4,B,C):= log< IZEEREZ; e A;) / log(n — 1).

Then (5) has at most r solutions for which A < w(x) < B.

PROOF: Let (xy, 1), (X2, ¥2)s---» (X, y,) be solutions of (5) such that
A < wx;) < wx;) < ... < w(x,) < B. We apply (10) with § = 2, f = 1. If
A is much larger than 2C we could have chosen a larger value for § but
that does not improve our final results. For convenience, we put

T:= R(n)C "2,
Then we have for ie{1,2,...,r— 1}

n

w(X; 1) = 2'(56>n2_xw(xi)"_l =T 2w(x)" "},

hence

Tw(x;4 1) = (Tw(x,))" .
This implies that

TB > Tw(x,) = (Tw(x,))" V""" = (TA" """,
hence

(n — 1y~ <log TB/log TA,
and therefore

r — 1 < log(log TB/log TA)/log(n — 1),
which implies lemma 15.

We apply lemma 15 with C=¢, A=c""" if ne{4,56} but 4
= 27¢*/8 if n = 3, while B = M,c*. If ne {4,5,6} we have

_ log(RmM,) + (4, — n/(n — 2)) logc
§=lo ( log R(n) + (n — 1 — nf(n — 2)) logc >/ log(n = 1)
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If ne{5,6} then S < 1, since ¢ > 2 and

(n—1)(logR(n)+(n—1—n/(n—2))logc) >
>(mn—1)logRn)+(n—1)n—1—n/(n—2))— A, +n/(n—2))log2 +
+ (A4, — n/(n—2)logc) = log(RMM,, + (A, — n/(n — 2))logc.

If n=4 then S < 2, since R(n) =2"* M, =1449, n— 1 —nj/(n—2) =1,
A, —nf(n—2)=3, and

3%(log2”* + log c) > log(27/* x 1449) + 9log >
> log(27/* x 1449) + 3logc.

Finally, if n = 3 we have

3log(3/2) + log1.71 + 7log 10 + 8log ¢
S=1
og( 61og(3/2) + logc log2 <3,

since 23 x 61og(3/2) > 31og(3/2) + log 1.71 + 7log 10. By lemma 15, this
proves theorem 1 completely. O

§5. Proof of Theorem 2

Let a, b, d, n be constants with the same meaning as in (3), i.e. we have
ab,dneZ,a>0,b#0,d>0,n>=3, (a,d) = (b,d) = 1. Further put C,
= d?"/5, By lemma 6 we may assume that ab > 2. We may also assume
that (3) has solutions with |z| > 2 for otherwise we would have the same
equation as (2), with d instead of c. Hence min(d*">~!,d) > 2, whence
min(C3"/5~ 1, C,) > 2%"/5. This implies that C, >4 for all n > 3.

LEMMA 16: Define for every positive integer k:
f(k) _ R(n)(n— 1)k-1— lcgn—- 1)c+2n—5)/2(n— 2)‘

Then (3) has at most kR(n,d) solutions for which |z| <d*"*~' and

w(x) < f(k).

PROOF: Suppose (X, Vo> Zo)s (X15 V15 21)s - - -» (Xs Vi» Z;) are solutions of
(3) such that the pairs (xq, ¥o), (X1, Y1), - - -» (Xi» V) ar€ pairwise congruent
modd, that |z <d"*~! for ie{0,1,...,k} and ordered such that
w(xo) < w(x;) < ... < w(x;). By lemma 3 with C = Cy, m = d, we have

w(x,) = d"/Co = C3* = 2C,,.
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By (10) with 8 =2, f =d, C = C,, we have for ie {1,2,...,k—1}:
wx; 1) = R(n)"™(d/Co)'wlx)" = R(ny"~2C3/> ~"w(x,)"~ .
Hence, similar as in the proof of lemma 15:
ROCE ™0 Du(oe) > (R)CH2 ' D)o
Therefore,
w(x,) = R(n)®~ V™' —1CE/2-mie= 10 = /=2 c3m= 104712 — f(k),

It follows that (3) has at most k congruent solutions modd with
|z| < d®">~1, w(x) < f(k), which proves the lemma. O

Putk,=1ifn>7k,=2ifne{4,5,6}, k, = 3 if n = 3. By lemma 16
and theorem 3, it suffices to show that the number of solutions of (3) for
which |z| < C,/d and f(k,) < w(x) < M,C# is at most 1 if n > 8, at most
2if n=7,0 if ne{5,6}, at most 1 if n=4 and at most 3 if n=3.
Therefore we shall apply lemma 15 with C=C,, 4 = f(k,) and B
= M,C¢".

If n > 7 we have 4 = f(1) = C3/2, hence

_ log(R(mM,) + (A, — n/(n—2))log C,
§= 1°g< log R(n) + (3/2 — nj(n — 2)) log C, ) / log(n — 1).

If n > 8, then S < 1, since

A, —nfin—2) < (n—1)(3/2 = n/(n - 2)),
log(R(n)M,) < (n — 1)log R(n).

If n =7, then S < 2, since
A, —1/5=1<6%3/2—1/5) = 3.6, log(R(T)M5) < 62 log R(7).
If ne{4,5,6} we have A = f(2) = R(n)Cg***. If ne {5, 6} then
A= f(2) = Rm)Ce*+1* > /2 Rn)C4» > M,Cé» = B,

while if n = 4 we have

(7/4)log 2 + log 1449 + 3log C,
—1
§ °g< 3 % (7/4)log2 + log Cy log3
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since 3% x (7/4)log2 > (7/4)log 2 + log 1449. Finally, if n = 3 we have 4
= f(3) = (3/2)°C}'?, hence

31 2) +log 1.71 1

S 0g(3/2) +1log 1.71 + 71og 10 + 8log C, log2 <3,
1210g(3/2) + (3/2)log C,,

since 23 x 121og(3/2) > 3log(3/2) + log 1.71 + 71og 10. By lemma 15, this

completes the proof of theorem 2. O

§6. Proof of Theorem 4

In this section ¢ will denote an arbitrary positive number, f,, f,,...
will denote positive absolute constants and f,(4;,4,,...,4),
Ba(A1s 2255 4g),... will denote positive constants depending on the
parameters 4,,4,,...,4,. As was announced in §1, we shall first prove
corollary 3, that is that the equation

ax" — by" = c (a,b,c,n integers with abc #0,n > 3) (1)

has at most f,(g)|c|® solutions in integers x, y.

Firstly, we notice that it is sufficient to show that (1) has at most
B,(e)lc|® solutions in integers x,y with (x, y) = 1. For suppose this has
been proved. Let (x,, y,) be a solutions of (1) with (x,,y,) = d. Then
(x0/d, yo/d) is a solution of

ax" — by" = ¢/d"

in integers x,y with (x,y) = 1. Hence there are at most B,(g/2)|c|? of
such pairs (x,, y,) and this implies corollary 3, since the number of div-
isors of ¢, whence the number of possibilities for d, does not exceed

Bale)lcl”.

It is now clear that it suffices to show that the number of solutions of

lax" — by"| = ¢ (a,b,c,n integers with a > 0,b #0,c > 0,n > 3)

@

in integers x,y with x >0, y > 0, (x,y) = 1 does not exceed f,(¢)c’. By
corollary 1,(2) has at most 2n°© + 6 solutions. If n is large compared
with ¢ this is not sharp enough to prove corollary 3. Therefore we shall
give an upper bound for the number of solutions of (2) which is better
for large values of n.
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By theorem 3, the number of solutions of (2) for which
max(x, y) > (M,c*")!/" is at most 1 if n > 4 and at most 3 if n = 3. But
we have M1" < B., A, < B¢ and it is clear that the number of solutions
of (2) for which max(x, y) < Bsc?*" does not exceed B-c?*". Hence (2) has
at most Bgcf" solutions.

Put n, = [Be¢~ '] + 1. Then (2) has at most fgc* solutions for n > ny,
while for n < n, the number of solutions of (2) does not exceed

213 + 6 < exp(w(c) log By (e)) < exp(B; o log c(loglog 3c) ~* log Bg(e)) <
< exp(B,1(e) + elogc) < B;,(e)ct,

since w(c) < B,ologc-(loglog3c)™! for all positive integers c. This
proves corollary 3 completely. O

Now we shall prove theorem 4, that is that the equation
ax* — by* = ¢ (a, b, c integers with abc # 0) ™

has at most B,;(¢)-log M(loglog M)?|c|® solutions in integers X, y,z with
|xy| = 2, z > 3, where M = max(3, |al, |b|]). Theorem 4 is a consequence of

LEmMA 17: If (x,y,z) is a solution of (7) with |xy| = 2, z = 3, then
z < B4 -max(log M(loglog M)?, log|2c]). (28)

For let z be an integer satisfying (28) with z > 3. Then the number of
pairs (x, y) with xe Z, ye Z, |xy| > 2 such that (x, y, z) is a solution of (7)
is by corollary 3 at most B,(¢/2)-|c|/?, while the number of integers z
satisfying (28) is at most

B15(e) log M(loglog M)? |c[*/2.

In the proof of lemma 17 we shall use the following result of Baker.
For the proof we refer to [1].

LemMMA 18: Let y4,7,,...,7, be non-zero algebraic numbers of degrees at
most dgy, let by, b,,...,b, be rational integers such that |b;| < B, B > 2.
Suppose y,7,,...,7, have heights not exceeding A, A,, ..., A, respective-
ly, A, =3 ifie{l,2,..,r—1}, A4, > 2. Put

Q' =logA ;- logA,-...-logA,_,,Q=Q logA,,
F =b,logy, + bylogy, + ... + b, logy,.
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Then either F =0 or
|F| > exp(— B16(r, do)R1og €' log B).
PrOOF OF LEMMA 17: Let (x,y,z) be a solution of (7). We put m,
= max(|x], |y|). For all positive real numbers { # 1 we have |{ — 1] > 1/2

or [ — 1] > |log{|/2 > 0. Hence we have

11 —by*/ax®| = |1 — |by*/ax*|| = 1/2,
or

|1 —by*/ax?| = |1 —|by*/ax?|| = |log|by*/ax*||/2 =
= |log|b/a| + zlog|y/x||/2 > 0.

Now we apply lemma 18 with dy = 1, r = 2, y, = |b/al, y, = |y/x|, b,
=1,b,=2z Then A, <M, A, <my, B=z > 3, hence

llog|b/al| + zlog |y/x|| =
> exp(—f§, logzlogmglog M loglog M) =: U.

Since U < 1, it follows that
[1 — by*/ax?| = U/2. (29)
By interchanging a and b, x and y, we may also conclude that
|1 — ax®*/by*| = U/2. (30)
But since
min(|1 — ax?*/by’|, |1 — by*/ax*|) < c/max(|lax?|, |by]) < |c|-mq %,
we have, by (29) and (30),

lclmg® = U/2,
hence

zlogm, —log|c| < B,5logzlogm,log M loglog M.
We assume that z > 2 log|c|/log 2, whence log|c| < (zlogm,)/2. Then

zlogmgy < B,ologzlogmylog M loglog M.



[27] On the equation ax” — by" = ¢ 315
This implies that

zflogz < B,,log M loglog M,
hence

z < B,o log M(loglog M)>.

This proves lemma 17. O
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