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A KUMMER CRITERION FOR IMAGINARY
QUADRATIC FIELDS

Rodney I. Yager

Let {(s) denote the Riemann zeta function, and for each even
positive integer k, define

La(k) = (k — )'2mi) ¢ (k).

Then (k) = —By/2k, where B, denotes the k-th Bernoulli number,
and so £.(k) is rational. Let p be an odd prime. Then it is known that
the numbers {.(k) (1 <k <p — 1) are p-integral, and so may be regarded
as lying in Z,. Kummer studied the relationship between these num-
bers and the arithmetic of Q(u,), and the following theorem is
generally known as Kummer’s criterion.

THEOREM 1: Let p be an odd prime. Then the following are
equivalent.

(i) p is regular (i.e., the class number of Q(u,) is prime to p).
(ii) there is no unramified cyclic extension of Q(p,) of degree p.
(iii) there is a unique cyclic extension of Q(w,)" of degree p which is
unramified outside the prime dividing p.
(iv) the numbers {.(k) (k even, 1 <k <p —1) are units in Z,.

The aim of this paper is to prove an analagous result in the elliptic
case, but before explaining this, we mention the following refinement
of Kummer’s criterion which is due to Ribet [6].

THEOREM 2: Let x denote the canonical character of Gal (Q/Q) with

values in Z giving the action of Gal (Q/Q) on Wp, and let k be an even
integer with 1 <k <p — 1. Then p divides {.(k) if and only if there is an
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32 Rodney I. Yager 2]

unramified cyclic extension E of Q(u,) of degree p such that for all
o € Gal(E/Q) and 7 € Gal(E|Q(p,)),

1

aro” = x" (o).

We now turn to the elliptic case. Let K be an imaginary quadratic
field with class number 1, and let © denote the ring of integers of K.
Let K be an algebraic closure of K, and let E be an elliptic curve
defined over K whose ring of endomorphisms is isomorphic to 0. Let
p be a rational prime, not 2 or 3, which splits in K, and for which E
has good reduction at both primes of K dividing p. We fix, for the rest
of this paper, one of the primes p dividing p, and we write & for the
field K(E,), where E, denotes the kernel of the endomorphism p on
E(K). Let F be any Galois extension of K contained in %. We say p
is irregular for F if there is a cyclic extension of F of degree p which
is unramified outside the primes of F dividing p and which is distinct
from the composition of F and the first layer of the unique Z,-
extension K. of K unramified outside p.

Coates and Wiles [1] have given a criterion for determining whether
p is irregular for the ray class field of K modulo p in terms of the
p-adic properties of Hurwitz numbers. We shall extend their result,
and provide criteria for determining whether p is irregular for any
Galois extension of K contained in %.

To state our result precisely, we shall need to introduce a little
more notation. Choose a Weierstrass model for E

P=dx’-gx— g

such that g, and g; belong to 0 and the discriminant is prime to p and
its conjugate p*. As usual, we shall suppose that K is embedded the
complex field C, and we shall denote by #(z) the Weierstrass P-
function associated to our model. We identify @ with the endomor-
phism ring of E so that «a €0 corresponds to the endomorphism
£(z) > £€(az), where £(2) = (P(2), ?'(2)). Let L be the period lattice of
?(z), and choose an element .. € L such that L = .0. Let ¢ be the
Grossencharacter attached to the curve E over K by the theory of
complex multiplication, and write L(J* s) for the primitive complex
Hecke L-function attached to ¢* for each integer k = 1. Then, if —dx
denotes the discriminant of K, Damerell’s Theorem states that the
numbers

L.(*, k) = Qu/Vd ) Q- PLG, k) k=1,j=0

belong to K, and, moreover, if 0 <j <k, they belong to K.
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We shall be interested in the p-adic properties of these numbers,
and so, for simplicity, we shall fix an embedding of K in C,, an
algebraic closure of the completion K, of K at p. In fact, it has been
shown (see [9]) that the numbers L.($**, k) all belong to K,, and are
p-integral if 0<j=<p-1and 1<k =p.

Finally, we write x; and x, for the canonical characters with values
in Z giving the action of Gal(K/K) on the p and p*-division points of
E respectively. Clearly, x; and x, together generate
Hom(Gal(#/K), Z,). If F is a subfield of %, we shall say a character
x of Gal(#/K) belongs to F if the kernel of x contains Gal(%¥/F).
Our main result is as follows.

THEOREM 3: Let F be any Galois extension of K contained in ¥%.
Then the prime p is irregular for F if and only if there exist integers k
and j with 0=<j<p—1, 1<k=p such that xix3' is a non-trivial
character belonging to F and L J**, k) is not a unit in K,.

As a numerical example, consider the field K = Q(i) and the elliptic
curve E: y?=4x*— 4x. If p is a prime congruent to 1 modulo 4, and pisa
prime lying above p, then the characters belonging to ®,, the ray class
field of K modulo p, are the characters xtx3' for which j =0 mod(p — 1)
and k = 0 mod 4, while the characters belonging to &,, the ray class field
of K modulo p, are the characters xx3’ for which k + j = 0 mod 4. Using
the table in Hurwitz [3] together with the formulae in Weil [8] p. 45, itis
easy to calculate the following table of values for (k — 1)!L(¢**}, k).

Values of 7/(k — )1Q;*L(J**, k) for the curve y?= 4x* —4x.

i

k+j 0 1 2 3
4 27157 272.37! 272.37! 275!
8 22.3.571 2.7 2-371! 2!
12 27.3.51.7.13™ 2.3 117! 2’ 25.37!
16 2°-3%.51.72. 11177 2133 22.32.771.19 210.3
20 2%.3%.52.72. 11 2%.3.7.197".29 21.3.67 213.32.37

24 2%.3%.571.7%.112.1371.19 2.36.72.2371.389 2'7.3%.117'. 15629

It follows from Theorem 3 that p is regular for both ®,, and ®, when
p = 5, but that while p is regular for R, itis irregular for &, when p = 29,
since 29 divides L.(¢*, 19).

Similarly, p is irregular for ®, when p =37, 389 or 15629, since
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these primes divide L.($®, 17), Lo($*, 23) and L.(¢™,22) respec-
tively.

Before giving the proof of Theorem 3, we remark that Hida [2] has
gone part way towards proving the analogue of Theorem 2. His result is
summarized in the following theorem.

THEOREM 4: Suppose the curve E is defined over Q and let k be an
integer such that 1 <k <p, k# p — 1. Then, if F is any Galois extension
of K such that x¥x;* belongs to F and p divides L.(¢*, k), there is a
cyclic extension of F of degree p unramified outside p on which Gal(F/K)
acts via x¥x:*.

PrROOF OF THEOREM 3: Let M denote the maximal abelian p-
extension of F unramified outside the primes of F dividing p, and let
F.. denote the composition of F and K.. It can be shown that for F as
in our theorem, Gal(M/F.) is finite, and it is easy to deduce from this
that p is irregular for F if and only if Gal(M/F.) is non-trivial. The
idea of our proof is to relate the formula given in Theorem 11 of
Coates and Wiles [1] for the order of Gal(M/F.) to the numbers
L.(¢*", k).

It will be convenient to do this in two parts. The first is to prove the
p-adic analogue of the well known formula which gives the product
of the class number and the regulator of an abelian extension of K in
terms of the logarithms of Robert’s elliptic units. The p-adic logarithms
of these elliptic units arise in the work of Lichtenbaum [5] as special
values of certain Iwasawa functions which he constructs which, as we
shall show, are precisely the functions which Katz produced inter-
polating the numbers L.(¢*", k). The congruences which arise from
this observation will yield Theorem 3.

For the moment, let us suppose only that F is a finite abelian
extension of K of degree d and conductor g. For each character y of
Gal(F/K), we let F, denote the fixed field of the kernel of x and we
write g, for the conductor of F,. If we denote by R, the ray class field of
K modulo ¢,, it is clear that we may regard x as a character of
Gal(gtgxl K), and hence, via the reciprocity map, as a primitive character
of the ray class modulo g, which we shall denote by Cl(g,). Let n, be the
smallest positive rational integer in g, and let w, be the number of roots
of unity in K which are congruent to 1 modulo g,. Let w and wg be the
number of roots of unity in K and F respectively, and let h denote the
class number of F. Then, if ¢sx(C), C € Cl(g,) is the invariant defined by
Robert [7] p. 14, we have the following lemma.
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LEMMA 5: With a suitable choice of the sign of the regulator R of F,

® I3 xC1081,(C)) /mw, =6""whRiw,

CeCl(g,)

where the product on the left is taken over all non-trivial characters of
Gal(F/IK).

Proor: This is Theorem 3(ii) of Robert [7], if we note that the numbers
Robert denotes by p(x") satisfy (I, p(x))* = 1.

From now on, we fix our choice of the regulator R of F so that
equation (1) holds, and we shall now prove a p-adic analogue of this
formula. Let log, be an extension of the p-adic logarithm to the whole of
C,, and let A be the group of values taken by the characters of Gal (F/K).
Recall that R, is the ray class field of K modulo ¢, and we extend log | |
and log, to &; @ Z[A] by defining

¥))] log|la® a|=alog|a|
and
3) log,a® a = a log, a for a € R; and a € Z[A].

Let ¢, denote the expression Hcea(gx,(d)gx(C) ® x(C)), and
observe that if o € Gal(F/K), then

¢§ = ¢x® x(o).

It follows that

“
det (108 |$5,e1,01 = det (@ Dyetom IT (T x7(C) 108 |4, (CND
x#1 \CECl(g,)
and that
&)

det (log, ¢;)x$l,a=ﬂ =det (X(o-))x#l,a=l 1:[1 (Ce%( )X—l(c) IOgv ¢6x(c))-

Bx

Choose units ey, ..., e;—; in F which generate a subgroup of index
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wr in the group of units of F so that
R =2""det (log ‘e‘i’Da#l, 1sj<d.
We define p-adic regulator of F, R, by
R, = det (log, €])ox1, 1<j<d-
(This definition fixes the sign of R,, but otherwise agrees with that
used by Coates and Wiles [1].)

Now,if Cyisa fixed element of Cl(g,), ¢,,x(C),l¢gx(Co) is-aunitin R, for
all C € Cl(g,), and it is clear that

b= T (4,0, (CHR x™(O).
CECi(g,)

Moreover, since ¢, is fixed by Gal(®,/F), it follows that if W denotes the
group of roots of unity in F, there are elements a,; € Z[A] and
u, € WQ Z[A] such that

d-1
by = By yl:'ll: Q) ay;.
Thus, if o € Gal(F/K)
d-1
dr = 1y E e ® a,;

and so we conclude that

6) det (108 | 3 x=1,0+1 = det (a,)) 1, 1=i<d R2*!
and
) det (logyd3)y=1,0+1 = det (@) y=1,15j<aRp.

But, it is easy to see that det(x(o)),»1,.+1 is non-zero (see, for
instance, Lemma 10.9 of Lichtenbaum [5]), and so, since R# 0, we
conclude from Lemma 5 and equations (4)-(7) that we have the
following p-adic analogue of Lemma 5.

THEOREM 6: With our given choice of the sign of R,
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®) 1;[1( 3 X(C) 108, 6,(C)) [ mw,, = 127 whR,Iw,

cECls,)

where the product on the left is taken over all non-trivial characters of
Gal(F/K).

Let E be the formal group giving the kernel of reduction modulo p
on E, and we choose —2x/y as the parameter for E. Let mn: E 3G, be
the isomorphism of formal groups defined over C, between E and the
formal multiplicative group G,, chosen in [9]. The coefficient of T in
the power series expansion of n(T)=Q,T +.. ., is, of course, a unit
in C,. In fact, Q, belongs to the maximal unramified extension of K,
and, as is shown in [9], the action of Frobenius on (2, is given by
multiplication by §(p).

Recall that if y is a character of Gal(F/K), we may regard x as a
character of the ray class modulo ¢,, and hence as a primitive
Dirichlet character of conductor ¢,. Suppose ¢, = p™c,, where ¢, is
prime to p. Then we may express y uniquely as the product of two
primitive Dirichlet characters x, and x, of conductor ¢, and p™x
respectively. Choose generators m of p, and v, of ¢,, and let P, be the
point of exact order g, on the curve given by P, = P, + P, where
P,, = £(Q./y,) and P, = £(Q/m™). The poAint P, may be regarded as a
point of order p™x on the formal group E, and so {, = TI(PX,)+ lis a
p™-th root of unity. We write C, for the Gauss sum

C=p™ 3 n@i:

Let € denote the triple (E, 2dx/y, n") as in §6 of Lichtenbaum [5]
and let L(%, x, P,) be the function he defines in §8.1. Then we have
the following theorem.

THEOREM 7: Let drx be the relative discriminant of F over K. Then

I, L(%, x, P,)(1), with the product taken over all non-trivial
characters of Gal(F/K), has the same p-adic valuation as

(phR,/weV dgk) - H (1-(No™,

where the product is taken over the prime ideals of F dividing p, and N q
denotes the norm to K of g.

PrOOF: It is easy to see from Corollary 9.4 of Lichtenbaum that, if
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X is non-trivial

® L(% x, P)(1) = (CJ6n,L2)
X (1= x(m)p)x(yy + 7w ; x"'(C) log,d, (C).
cECl,)

Since p is prime to 2 and 3, and v, + 7™ is prime to ¢,, it is clear from
equations (8) and (9) that it will suffice to prove that I1,; C,(1 — x(a)/p)
has the same p-adic valuation as pdFZ. Iy, 1— (N9)™.

Now it is well known that 7#™C,C,-; is a unit in C,, and so the
conductor-discriminant theorem shows that II,., C, has the same
p-adic valuation as d},',’?. Moreover, if H denotes the maximal abelian
extension of K contained in F in which p is unramified, it is easy to
see that only those characters y which belong to H contribute to
I« (1 = x(m)/p). We conclude that II,., (1— x(7)/p) has the same
p-adic valuation as p'™¥] which is also the same as the p-adic
valuation of p. Iy, (1 - (N@)™).

From now on, we suppose, as in Theorem 3, that F is a Galois
extension of K contained in %. The importance of the previous
theorem can be seen from the following corollary.

COROLLARY 8: Let F be a Galois extension of K contained in %.
Then p is regular for F if and only if the number 11,., L(%, x, P,)(1),
where the product is taken over all non-trivial characters of Gal(F|/K),
is a unit in C,.

PrOOF: Recall that M denotes the maximal abelian p-extension of
F unramified outside the primes of F lying above p, and that F.
denotes the composition of F and K.. Since the p-adic regulator R, is
non-zero, it follows from Theorem 11 of Coates and Wiles [1] that
Gal(M/F.) is finite, and that it is trivial if and only if
II,» L(%, x, P,)(1) is a unit in C,. But since Gal(F./F) has no torsion,
we conclude that p is regular for F if and only if Gal(M/F.) is trivial,
and the assertion of the corollary is now plain.

To conclude the proof of Theorem 3, we need to relate the numbers
LAy**, k) to the values of L(%, x, P,). Let f be the conductor of ¢
and let p be the Dirichlet character of conductor f given by

(10 p(a) =y¢(a)la, (a,P)=1,

and observe that the character xix3', when viewed as a primitive
Dirichlet character, is given by
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an xixz'(@) = 0" (@) (@)p*"(a),

where o is the usual Teich-Muller character on Z, (and hence a
Dirichlet character of conductor p under the obvious identification of
0, with Z,). By the characters on the right hand side of equation (11)
we mean, of course, the associated primitive characters. The follow-
ing theorem is due to Katz.

THEOREM 9: For each integer i mod w, there is an integral valued
measure p; supported on Z* such that

a2 [ Py

= (D" w(k — D941 - ¢*i(p)/IN ™)
x (1= §*(p*)| N p*) L4, k)

forallk =1, j=0 satisfying k+j=imod w

and

a» [ @

4

= (= D!k — DD .
X (1= o~ (PP¥“®)/p) 20 %@

a=0

forallk =3 and j=0 mod p - 1.
Furthermore, if a €Z, there is another integral valued measure
pi® on Z; such that

(14)

[ Xdp® = (1- a*)=D*wik - DI — $*()Ip) LT, k)

ZP
for all k =1 such that k =i mod w.

ProoF: We shall only indicate briefly here how the existence of
these measures can be deduced from the results in Katz [4]. For a
fuller explanation of how this type of result can be obtained, we refer
the reader to our earlier paper [9]. Let N, be the smallest positive
rational integer belonging to the conductor of the primitive Dirichlet
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character p~, and let a be any level Ng-structure on E. The isomor-
phism $ fixed by Katz [4] in 8.7.2 is the one corresponding under
8.3.17 to our chosen isomorphism of formal groups n. Thus, the unit
defined in 8.3.16 is just Q;‘, and since, as we remarked earlier,
Frobenius acts on (), by multiplication by §(p), it follows that the
generator of p fixed by Katz in 8.7.3 is, in fact, Y(p). Let f; be the
function on (Z/N,Z)* given by

fi(u, v) = mng p'(a(t, v)) (det a)™.

Then, the function g on 6/N,0 corresponding to f; is the primitive
Dirichlet character p~, and so the formulae 8.7.5 show that the
measure u; defined by

[Loondu=rz [, $GINo yfi(u, v)dun,
z; 0 JZ,*X(ZINy2)

satisfies equations (12) and (13).
If b is any integer congruent to 1 modulo N, it is a straightforward
exercise using the formulae in Katz to show that the measure u(”

defined by

[ ¢(x)du$“’=;‘,—o S (I NS (u, ) dp e

J;;xsz(ZINoZ)z

has the desired properties.

Before proceeding, we observe that it is a consequence of equation
(12) and the fact that the numbers L.(¢**, k) belong to K provided
0=<j <k, that L.(¢**), k) belongs to K, for all k=1 and j =0.

Theorem 9 enables us to prove the following theorem.

THEOREM 10: Let x be a non-trivial character of Gal(F/K), and let
i, and i, be integers modulo (p —1) such that x = x{x% Then xo=
xo ™ and x, = 0". Choose generators m and v, of p and the conductor
¢, of xo as before, and let P, be the corresponding ¢,-division point of
E. Then L(%,x,P,) is an Iwasawa function, and if a is primitive
(p — 1)-th root of unity and u=1-i;, mod (p —1)

AL I (3%) 0 4y)dpi—,, 2 0mod (p-1),
L(%, x, P)(u) = ,
(=% /(1 —a") f (y®)“dp (P, iz=0mod (p — 1).
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Proor: Since L(%, x, P,) is a continuous function, it will suffice to
prove that if k =3 and k=i, mod (p — 1), L(%, x, P,) (1—k) is given
by the formula in the theorem, since this a dense subset of Z,. But,
for such k, Theorem 8.2 of Lichtenbaum [5] shows that

L(%, x, P)(1—k)=-Q,7%(1- xo(m)w Ip)E [k

where E,,, is given by Theorem 7.1 and

Bus, = (k0 5 P00

a#0

Since xo(m)7* = @ (P (PP (p), the theorem follows immediately
from equations (13) and (14).

Let x be a non-trivial character of Gal(F/K) and choose integers k
and j with 0<j<p-1 and 1<k=<p such that y = xixz’. Since
L(%, x, P,) is an Iwasawa function, L(%, x, P,)(1) is an integer in C,,
and it is a unit if and only if L(%, x, P,)(1—k) is a unit. Now, if j =0,

L(&, x, P)(1 - k) = (=1)""'w(k — 1)1Q, ™ y3(1 — ¢*(#)/p)L(¥", k)

and so we conclude that L(%, x, P,)(1) is a unit if and only if L($*, k)
is a unit in C,.

On the other hand, if j= 0, it follows from the fact that y’ = w/(y)
mod p for all y € Z, and Theorem 10, that L(%, x, P,)(1 — k) is a unit if
and only if [ x*'y'du,.; is a unit. Again, we deduce from equation
(12) that this is the case if and only if L.(¢*", k) is a unit in C,.

These facts, together with Corollary 8, yield Theorem 3.
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