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MULTIPLICITY ONE FOR THE GELFAND-GRAEV
REPRESENTATION OF A LINEAR GROUP

Dinakar Ramakrishnan

§1. Introduction

Let F be a local field and let G be a connected, reductive,
quasi-split group over F. Then there exists a Borel subgroup B defined
over F with Levi decomposition B=AXN. Let N be the group
opposed to N. Set G = G(F), B=B(F), A= A(F), N =N(F) and
N = N(F), and regard them as locally compact groups. Further let /' (A)
and Z(A) denote respectively the normalizer and centralizer of A in
G.

We say that a (unitary_) character of N is generic if:

(1.1) its restriction to N N wNw™'is non-trivial for each w in /'(A) not
in #(A); and

(1.2) it extends to a character of N(E) where E is the smallest Galois
extension of F that splits G.

The second condition is always satisfied if F has characteristic zero
or if G is split over F.

The Gelfand-Graev representation of G attached to a generic
character n of N is the representation 7, unitarily induced by 7. In
this paper we show that just as in the case of finite field ([15]), this
representation is without multiplicity.

In the non-archimedean case, this result follows rather easily from
a characterization of certain relatively invariant distributions due to
Shalika ([18]) and Gelfand-Kajdan ([6]). This case is included here for
completeness, and because it does not make the proof longer.

The archimedean case turns out to be more delicate. The dis-
tributions which arise naturally here have the property of not being
eigendistributions for the Casimir operator on G. This fact creates an
obstruction to a straight-forward application of the results of Shalika
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4 D. Ramakrishnan 2]

([18]). To circumvent this problem, we make essential use of the
nuclear version of the spectral theorem due to Maurin ([12]). This
forms the central part of the paper.

To every operator L in the commutant of the representation ,, we
construct in a natural way a dense nuclear subspace X; which is stable
under L and G. Then by use of Maurin’s theorem, for any given
continuous sum decomposition f4 V), du, of m, into factors, we
obtain a continuous G-Linear map M, : X, — V, for every A outside a
fixed negligible set Ay in A. This allows us to decompose (over A)
bilinear forms on X;. This crucial fact then enables us to prove
certain invariance property of the associated distributions on X; by
checking locally at every A outside A,.

In the case of G = GL,, we may take B to be the subgroup of G

. .- . . . 1. =
consisting of upper triangular matrices. Then N is of the form (0 1)
FiXing a non-trivial additive character ¢ of F, we see that every

. . . L
generic character of N is equivalent under the action of A = (0 *) to

the character (n;) S¢(S%! niiv). Thus up to equivalence there is a
unique Gelfand-Graev representation of G.

We can give a simpler proof of the multiplicity one theorem for
GL,([16]) than the one given below. It does not work for other
groups, and goes roughly as follows: of G (= GL,(F)) generic if the
restriction of o to P is equivalent to 7. By Mackey’s generalized
Fraobenius reciprocity theorem ([11]), we may decompose Ind(G, P;
7) (which is equivalent to ,) as a continuous sum of irreducibles in
the dual G of G such that the multiplicities of almost all of the
irreducibles in the decomposition are equal to the multiplicities of 7 in
their restrictions to P. But the dual of G consists of generic represen-
tations outside a set negligible for the Plancherel measure ([8]).
Hence the multiplicities of almost all of the irreducibles in the
decomposition of Ind(G, P; 7) are one.

The L-theorem of this paper is much in the spirit of, but does not
follow from, the question of uniqueness of Whittaker models for
irreducible, admissible representations of G, treated by Jacquet-Lan-
glands ([9]), Gelfand-Kajdan ([6]), Rodier ([17]), Bernshtein and
Zelevinsky ([1]), Shalika ([18]), Pjateckii-Shapiro ([13]), ([14]) and
Kostant ([10]). One can show, however, using Whittaker model
arguments, that the discrete spectrum (modulo the center) of the
Gelfand-Graev representation of G has multiplicity one.

It is a pleasure to thank my advisor, Professor H. Jacquet, for his
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constant encouragement and advice, without which this paper could
not have been written. I would also like to thank Professor P. Green
for many valuable discussions.

§2. A distribution
Fix a generic character n of N, and let V = V(n) be the space of the

representation w,. Then V consists of (classes of) functions f on G
such that

(i) f(ng)=n(n)f(g),n €N, g €G;
and

(ii) f is square-integrable mod N.
If f is any function on G, set:

Af(g) = f(x7'g), pf(g) = f(gx), x, g EG.

Then the representation of G on V is defined by @ (x)f = p.f.

Let 9 denote the space of smooth functions on G with compact
support, and let @' be the space of distributions on G. Then we can
extend the right and left actions of G to @’ by duality.

For every f in @, set: o(f)(g) = [nf(ng)n(n")dn, g €G. This is
well-defined and we get:

a(pf) =po(f), x€G;
o(A.-1f) = n(n)o(f), n€N.
Further, o(f) is smooth (on the right), and has compact support
mod N. Thus o is a (right) G-equivariant linear map from @ into V. If
L is in Homg(V, V), we have
Lo(pef) = Lpyo(f) = p;La(f),forallgin G and f in &.
Now define a sesquilinear form on 9 by:

B.(f, h) = (La(f), a(h)), the scalar product being the one on V.

Clearly, Br(p«f,p<h)= B.(f,h), x € G. Thus there exists a unique
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distribution Tp such that B;(f, h) = T.(f * h*), where h* denotes the
function x — h(x~"). Moreover (for n in N)

AT * h*) = T (A 1(f * h*)) = TL(Af * h*) = (Lo (An-f), o(h))
=n(n)(Lo(f), o(h)) = n(n)TL(f * h*).

Thus A, T; = n(n)T,, for all n in N. Similarly,

(P TS * h*) = T0L(f * pa-th*) = TL(f * (Aa) *) = (Lo (f), a(Ash))
= (La(f), n(n Yo (h)) = n(n) To(f * h*).

Hence

2.1 Aot T =n(nin)Te, ny,n€N.

§3. The main theorem

We may choose an element w, in &' (A) such that woNwg' = N. Now,
as in [18], we can find an antiautomorphism 6 of G satisfying:

3.1) 92=1;

(3.2) 0(a) = woaws', a € A;

(3.3) O(N)=N;

(3.4) n(6(n))=n(n), nEN;

and

(3.5) forfixed w in N'(A), n(n) = n(wnw™),

VneENNw'Nw=>0(w)=w.

When G = GL.F), N ={(5-1)}, and m(w) = v (5t e, we can

0

take wy to be (1.' 0
Next we extend 8 to @ by °f(g) = f(°%2), and by duality to 9'. And
we define T € Aut(G) by g =°%"". Since 7*=1, 7 leaves stable the

Haar measures of G and N, and the invariant measure on N\G.

) and 0(x) = wixwg .



[5] The Gelfand-Graev representation 7
THEOREM: For every L in Homg(V, V), Ty is fixed by 6.

Before proving this theorem, let us show how this implies our
result.

CoROLLARY: The algebra Homg(V, V) is commutative.

Proor: For any function ¢ on G, define "¢ by “¢(g) ="‘¢*(g).
Since 6 fixes n and n(n~") = n(n) for n € N, we have:

Yo(ng) =n(n)e(g), ¢EV.

We also have

"(px®) = Prr@-

Thus we get an algebra automorphism of Homg(V, V) by L — v™'Lu.
Futher, since 7 fixes the measure of the quotient N\G and since
‘p(g) ="¢(g), we have (¢1, ) = ¢z, “¢1), for all ¢;, ¢, in V. Now
*TL(f * h*) = TL(Ch* *°f) = T (*h +*f) = (Lo ("h), o(f)). Since 7 fixes
the Haar measure of N and sends 7 to 7, o(*f) = "o (f) for every f in
9. Thus Lo (h) =*(v 'Lv)o(h). So

-

“TL(f * h*) = Cv™'Lva(h), "o (f)) = (o(f), v"'Lvo(h))
=((v"'Lv)*a(f), a(h)).

Comparing this with T.(f * h*) = (Lo(f), o(h)), and taking into ac-
count the fact that Im(o) is dense in V, we get:

L=(""'Lv)*.
If M is another commuting operator,
LM = 'LMy)* = "'Lv - v"'Mv)* = (v 'Mv)* - (v'L,)*
Hence

LM =ML. Q.E.D.

It remains to prove the theorem.
If F is non-archimedean, this follows directly from the relation
(2.1) and theorem 1.6 in [18] (see also [6]).
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Now suppose that F is archimedean. G(F) as a Lie group is
separable and type 1. The latter property is a consequence of Harish
Chandra’s subquotient theorem for reductive Lie groups.

Let % be the universal enveloping algebra of Lie(G). Then we may

‘identify it with the algebra of right invariant differential operators on
G, and regard Lie(G) as a subset. Then AU acts on distributions in
such a way that:

~1D)(DT)(f)=T(Df), D€ Lie(G), TE D' and f € §.

Let A denote the Casimir operator on G. Then A belongs to the
center of .

We next denote by o the center of Homg(V, V). Then according to
a theorem of Von Neumann ([3] chap. V, or [12] chap. V), there exists
a Borel space A, and a continuous sum decomposition:

(3.6) (V)= [ (m, V) dus

such that

(a) o gets transformed into the algebra of diagonal operators on
the direct integral;
(b) each m, is a unitary representation of G on V, satisfying

(m(@)v) = m(gv, vEV,g EG;

and

(c) for almost all A, w, is a multiple of an irreducible represen-
tation.

A consequence of (c) is that for all f in 9,

3.7 m(Af) = a,w(f), where a, is a scalar.

Indeed this is clear if G is connected as a reductive (algebraic) Lie
group, as then m, has an infinitesimal central character. This is the
case when F = C. When F =R, the restriction of m, to the connected
component G° splits up into a finite sum of factors 7] with infinitesimal
central characters v;. Each y; differs from another by a twisting by an
outer automorphism of G° (which has finite order). But A is fixed by
every automorphism, since G is reductive and algebraic. Hence (3.7).
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We call a locally convex space W with a G-action w a nuclear
G-module if:

(3.8) W is a nuclear space in the sense of Grothendieck ([7]);

and
(3.9) the map G X W 5W is continuous.

It is classical (cf. [7], for example) that & is a nuclear G-module with
respect to the right (as well as the left) action of G. This yields in a
natural way a nuclear G-module structure on 9 @ 9. The action is, as
usual, given by p®: (g, (f, h)) = (p.f, pch), for g€ G, f, hE€D.

We next define a linear map pu.:9PP->V by (f, h)y—
Lo(f)+ o(h), and let X; = Im p;. This map is continuous since o and
Lo are continuous as maps from D into V. So we may give the
quotient nuclear topology to X = X;. Further,

pL(pef, peh) = La(pef) + o(pgh) = p;Lo(f) + p,o(h) = peur(f, h).

And we get a commutative diagram:

Gx@HD) > 290

j(l, pL) l Ko

GxX LN ‘¢

This shows that p:G X X - X is continuous with respect to the
induced nuclear topology on X. We thus get a nuclear G-Module X
embedded continuously in V. We now claim the following:

There exists an orthonormal basis (v;) of V, a family (f;) of
continuous linear forms on X, and a sequence (B;) of positive real
numbers such that:

(@) (x, vj) = bifj(x);
(3.10) (b) X B¥<x, and

1/2
(c) x+— (E |f,-(x)|2> d=f||x||N defines a continuous semi-norm
€]

on X.

Indeed, according to a theorem of Pietsch ([15]), there exists a
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countable projective family (X,) of pre-Hilbert spaces with Hilbert-
Schmidt transition maps such that X =lim X,. Consequently the

continuous embedding X < V factors as: X 1» X, —T> V with m,: con-
tinuous and T: Hilbert-Schmidt. Now T extends to the completion X,
of X,, and T*T is a positive trace-class operator on X,. So we can
find an orthonormal basis (¢;) of X, consisting of eigenvectors for
T*T with eigenvalues B} such that B;>0 and SBi<c. Set v;=
Bj'Te;. Then (v;) is an orthonormal basis of T(X,) (=V, since X is
dense in V):

(B;'Te;, Bi'Ter) = Bi'Bi'(T*Te;, e) = B;'Bic' B3
Thus

(x, v;) = (Tmx, v;) = (Tx, B ' Tey) = B ' BiHmax, €)

= .BiAIB?("rnx’ ei) = Bi(ﬂ'nx’ ei)-

For every j, set fi(x) = (m,x, ¢;). Then f; is a continuous linear form on
X, and (x, v;) = Bifj(x). Further, we have |x|lv = C |f;(x))"* = |mx|,
and so x = |x|lv is a continuous semi-norm on X. In particular, ||x|x
is finite.

Now we utilize the decomposition (3.6). Let A — vj(A) be the
vector field representing v; Since x = X Bifj(x)v;, we know that for
almost all A, the series = Bfj(x)v;(A) converges in V, and the almost
everywhere defined vector field A — X Bjf;j(x)vj(A) represents x. On
the other hand, following Maurin [12],

12 12
S 1m0l = 2 B - sl = (2 BlwF) - (2 16e0F)
12
= (Z B F) el

Now,
[ 3 B0P du =3 61 [ 1500 dus = S B0l = 5 g3 <o
A A

Hence the function A — 2 B3|v;(A)|F is integrable and, in particular,
almost everywhere finite, say for A € A — A}, u(A;) = 0. Hence for A
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outside A, the series = B;jvj(A)fj(x) converges absolutely and hence
converges in V,. Moreover, if we set c(A)=(Z B v;(A)[)"?, then
£ Bifi(x)vi(A)] = c(M)||x||lv. Thus we get a continuous linear map

(3.11) MA X - VA,

x = Y Bifi(x)vj(A), for every AZ A,.
Given g in G and x in X, we have for almost all A:

M, (m(g)x) = (m(g)x)(A) = m(g)x(A) = m(g)M,(x).

Since X and G are separable, we can find countable dense sets X, in
X and Gy in G, and also a negligible set A; D A, such that (for x € X,,
g (S Go):

(3.12) M7 (g) = m(g)M,.

Since for every g, the map {g} X X > X is continuous, this relation
holds for all x. And since g > mw(g)x and g — m(g)v, are both
continuous, (3.12) actually holds for all x and all g.

Now for A outside Ay, define a sesquilinear form B, on % by
B.(f, h) = M,Lo(f), M,o(h)). Then B, is separately continuous in
each variable, and B.(f, h) = [4+ B\(f, h) du,.. Further, for all g in G,
we have Bi(pf, ph)=(M,Lo(pf), Mo(ph))=M,mLo(f),
M,mo(h)) = (mM,Lo(f), mM,a(h)) = (M,Lo(f), Mya(h))= B,\({, h).
Thus there exists a unique distribution T) on G such that T,(f * h*) =
B.(f, h), and

(3.13) To(f +h9) = [ 106 1% dpo
A
Clearly,
(3.14) APzt Ty = n(niny) Ty, for ny,n, €N.

Next observe that if f,, f, are in 9, A(f, *f2) = Af, * o= f, * Af,. This
is so because A is a bi-invariant operator. Thus for f,, f,, h in 9,
A(fi*fa*h*)=A(fixf) *h* = fi* Af,* h*, and
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(AT)(fr* f2% h*) = Ti(A(fy * f2% h*)) = T (f * Afo = h*)

= B\(f1 * Af2, h) = (Myoo(f1 * Af,), Myo(h))
= (Myw(Af2)ar(f1), Mao(h))
= (mAf)MyoL(f1), Myo(h))
= ax(m(fIMyoL(f1), Mya (h))
= ax(Mym (f)or(f1), Myo(h))
= a\(MyoL(f1 * f2), Maa(h))
= a,T\(f1 * f2* h*).

Next we note that such triple products f * f,* h, with f,, f,, h € 9, are

dense 9. Actually every function in & can be written as a finite linear
combination of them ([4]). In any case, we have

(3.15) (AT,\)(¢) = a)¢, for every ¢ in 9.

The relations (3.14) and (3.15) together with Theorem 2.1 of Shalika
[18] imply that:

(3.16) ®T, = T,, for every A& A,. Now,

OTL(f * h*) = TuCh *°f*) = f T, Ch +'f*) dp, = f °T,(f * h*) dua
A

A

- f To(f * h*) dpa = To(f * h*),
A

Thus

T, =Ty Q.E.D.

§4. Decomposition over the center

Now let w be any character of Z, and let m,(w)=Ind(G, ZN;
w - 7). Let V(w) denote the corresponding space. Clearly we have a
decomposition:

(V=D [ (@), Viw) do.

weZ
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Fix w € Z. We can define a (right) G-equivariant linear map o* from
@ to V(w) by: fr>f, f(zng)n(n™w(z"")dn dz. And for every
L in Homg(V(w), V(w)), we can get a distribution T{ satisfying
T¢(f * h*) = (La“(f), a(h)), f, h € D. Proceeding as above we can
show that T¢ is #-invariant, and obtain:

THEOREM: Homg(V(w), (V(w)) is commutative.

COROLLARY: The discrete components of V(w) appear with multi-
plicity one.
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