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THE THREE SPACE PROBLEM FOR
LOCALLY BOUNDED F-SPACES

N.J. Kalton

Abstract

Let X be an F-space, and let Y be a subspace of X of dimension
one, with X/Y = ¢, (0 <p <). Provided p# 1, X = ¢,; however if
p =1, we construct an example to show that X need not be locally
convex.

More generally we show that Y is any closed subspace of X, then if
Y is an r-Banach space (0 <r=1)and X/Y is a p-Banach space with
p<r=1 then X is a p-Banach space; if Y and X/Y are B-convex
Banach spaces, then X is a B-convex Banach space. We give condi-
tions on Y and X/Y which imply that Y is complemented in X.

We also show that if X is the containing Banach space of a
non-locally convex p-Banach space (p < 1) with separating dual, then
X is not B-convex.

1. Introduction

Let X be an F-space (i.e. a complete metric linear space) over the
real field. Then ([7]) X is called a ¥#-space if every short exact
sequence 0>R > Z - X -0 of F-spaces splits. The main aim of this
paper is to solve the problem raised in [7] of whether the spaces ¢,
(0<p =1) are ¥-spaces. In fact we show that for 0<p <=, ¢, is a
X-space if and only if p# 1. Thus if X is an F-space whose quotient
by a one-dimensional subspace is isomorphic to ¢, then for p# 1, we
must have X = £,; we construct an example to show that the result is
false for p = 1. This enables us to solve negatively a problem of Stiles
[12] by giving a subspace X of ¢, (0 <p <1) such that ¢,/X = ¢, but
X does not have the Hahn-Banach Extension Property.

This problem is studied via the so-called *‘three-space problem™: if
0->Y—>Z->X->0is a short exact sequence of F-spaces, what pro-
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244 N.J. Kalton (2]

perties of Z can be deduced from those of X and Y. It is known that
X, Y and Z are Banach spaces, then if both X and Y are reflexive
then so is Z; if X and Y are super-reflexive then Z is super-reflexive
([4)); if X and Y are B-convex, then Z is B-convex ([5]). However X
and Y can be isomorphic to Hilbert spaces with Z not isomorphic to
a Hilbert space ([4]). Of course all these results apply only when it is
given that Z is a Banach space.

If X and Y are locally bounded, then so is Z (W. Roelcke, see
Theorem 1.1 below). We show in Section 2 that if X and Y are both
B-convex Banach spaces, then Z is locally convex (and hence a
B-convex Banach space, by Giesy’s theorem quoted above). In
Section 4 we show that X is a p-Banach space (i.e. a locally p-convex
locally bounded F-space) and Y is an r-Banach space where p <r=<
1, then Z is a p-Banach space. We also construct in Section 4 a space
Z, such that Z/R = ¢, but Z is not locally convex, showing these
results cannot be improved to allow p = r =1, (this answers a ques-
tion of S. Dierolf [3]).

In Section 3, we also consider pairs of F-spaces (X, Y) such that
every short exact sequence 0—» Y - Z —> X -0 splits; we then say
that (X, Y) splits. We prove that (¢,, Y) and (L,, Y) split if Y is an
r-Banach space with 0 <p <r=1. We also give generalizations of
these results to Orlicz spaces.

Finally we are able to show, as a by-product of this research, that
the containing Banach space of any locally bounded F-space, which is
not locally convex, cannot be B-convex (Section 2). This answers a
question of J.H. Shapiro, by showing that the containing Banach
space of a non-locally convex locally bounded F-space cannot be a
Hilbert space.

We close the introduction by proving our first result on the three-
space problem. As a consequence of this theorem, our attention in
later sections will be restricted to locally bounded spaces. Theorem
1.1 is due to W. Roelcke (cf. [3]).

THEOREM 1.1: Let X be an F-space and let Y be a closed locally
bounded subspace of X; if X|Y is locally bounded, then X is locally
bounded.

ProoF: Let U be a neighbourhood of 0 in X such that #(U) and
U NY are bounded, where 7 : X - X/Y is the quotient map. Choose
a balanced neighbourhood of 0, V say, such that V+ V C U. Suppose
V is unbounded. Then there is a sequence (x,) in V such that (x,) is
unbounded. Now 1 (x,)— 0 since w(V) is bounded. Hence there are



3] The three space problem for locally bounded F-spaces 245

Y. € Y such that 1x, + y,— 0. For some N andalln =N, ix, +y, € V
and hence y, € V+ V C U. Thus (y,) is bounded. Hence (x,) is
bounded and we have a contradiction.

2. Geometric properties of locally bounded spaces

A quasi-norm on a real vector space X is a real-valued function
x>|x|| satisfying the conditions:

m x>0, xe X, x#0

@) lexl=1ellIxl tER, xEX

B llx+yl=kdx[+ly) x yeX
where k is a constant, which we shall call the modulus of concavity of
[Fl. A quasi-normed space is a locally. bounded topological vector
space if we take the sets eU, € > 0 for a base of neighbourhoods of 0
where U ={x:||x||=1}. Conversely any locally bounded topological
space can be considered as a quasi-normed space by taking the
Minkowski functional of any bounded balanced neighbourhood of 0.

If X is a quasi-normed space and N is a closed subspace of X, then
the topology of X/N may be determined by the quasi-norm

leell = inf(lx]l: 7(x) = u)

where 7:X - X/N is the quotient map. If T: X —» Y is a linear map
between quasi-normed spaces, T is continuous if and only if

1T = sup(ITx|: x| = 1) < ce.

Finally two quasi-norms |-| and ||-| on X are equivalent if there exist
constants 0 < m < M < = such that

ml|x|=M|x|=M|x|] x€X.
If 0<p =1, the topology of a locally p-convex locally bounded
space may be defined by a quasi-norm x—»|x||, such that |x|° is a
p-norm, i.e.

I+l <lxlP +Iyl* x,y € X.

A fundamental result of Aoki and Rolewicz ([1],[10]) asserts that
every locally bounded space is locally p-convex for some p > 0. We
note that in general if a quasi-normed space is locally p-convex there
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is a constant A such that
[xi+ -+ xlP = AQxlP +- -+l x,. . x € X
If X is a locally bounded space, let
a, = a,(X)=sup(|x;+- - -+ x[; [xl=11=<i=n).
The following is easily verified.

PROPOSITION 2.1:
(i) Amn = Ay, M, N (S N;
(i) if X is locally p-convex then sup n™""a, <.

We do not know if the converse to (ii) holds. We have only the
following partial results. We note that (i) is equivalent to Corollary
5.5.3 of [13].

PROPOSITION 2.2:

(i) X is locally convex if and only if sup n"'a, < x;

(i) if 0<p<1, then limn"a,=0 if and only if X is locally
r-convex for some r > p.

ProoF: (i) If a,=Cn (n €N), then for |ufj]<1 (1=i=<n) and
a;=0 (1<i=n) with £ a; = 1, define for each m N, A;,, to be the
largest integer such that A ;,, < ma;

Then

z": Aimli
=

lscz)‘i.m

and hence

A
2

=C.

Letting m -« we have

Il 2 a;u;" = Ck

so the convex hull of the unit ball is bounded.
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(ii) It is clear that if X is locally r-convex for some r>p then
lim - n~""a, = 0. Conversely suppose lim,..n "?a,=0. Then for
some m, m"q, <1, so that for some r>p, m " a, <1. Thus for
any n with m*<n < m**,

-1r —(k+DIr

na,=m""(m a mk+1)

-1r k+1

a,)

—>0as n—>oo,

< mllr(m

Hence there exists N, such that for all n = N
n~Vra, <3i.

Select ¢ >0 by the Aoki-Rolewicz theorem so that X is locally
g-convex and hence

i+ -+ x T sA(xi* +- - -+ x| x15.. ., x, EX.

for some constant A= 1.
If Ju|<1, 1=i<¥¢ a;=0, 1=i<¢ and T af=1, we shall show
that

=N"™A{-QF " ()

(4
2 Qill;
i=1

and hence X is locally r-convex.

We prove (*) by induction on ¢; it is trivially true for € = 1. Now
suppose the result is true for € — 1 where ¢ =2. For k =0, let
or={i;27%=a; =27 %P} If |ow| = N for all k, then

o

; 2 ail;
=0 i€oy

® l/q
< |9
=AZZ lat)

= N"A{l =@}

¢
2 Qa;l;
i=1

as required.
If |ox|> N for some k, let v = 2 ¢, au;. Then

loll=zlow|""27*

S(E a{)‘/’.

iEoy
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Hence we may apply the inductive hypothesis to deduce that

= NllqA{l _ (%)q}—l/q.

53w (5 ) (5 )"

i#k i€ay i€ay

REMARK: We do not know if X is locally p-convex if and only if
sup n”"?q, <o for p < 1.

Next we define a sequence b, = b,(X) by

b, = sup min " €xifl -
IIx.II<l =%l

REMARK: A Banach space is B-convex if and only if lim n™'b, =0

([2), [5D.

ProposITION 2.3: (i) b =<b,b, m,nEN
(ii) b, =< a, neN

ProoF: (i) If (x;: 1=i=m, 1=j=n) is a set of mn vectors there
exist signs 6; = =1 such that for each i,

[l =+
i=1
and signs n; = =1 such that
PEDLE RER
i= j=
Hence taking € = 7],‘0,',‘

2 €;jXij

, < b,,b,.
(ii) is trivial.
LEMMA 2.4: If lim .. n ""b, = 0 where 0 < p <1 then sup, n "a, < c.

ProoF: First we observe that the quasi-norm on X may be
replaced by the Aoki-Rolewicz theorem by an equivalent quasi-norm
satisfying

Ix+ylI"=<lxI"+Iyl” x y€X.
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Clearly it is enough to prove the lemma for this equivalent quasi-
norm. Let {x;...x,,} be a set of 2n-vectors with ||x;| = 1. For some
choice of signs ¢, = +1, 1 <i<2n we have

Let A={i: = +1}and B = {i: ¢ = —1}. Without loss of generality we
suppose |A|=<n. Then

= b

2n
2 € X;
i=1

2n 2n
2x,~=22 x,'_z €iXi
i=1 =1

IEA i

and hence

2n r r

z x,~|| =2 2 Xl + b;,,

i=1 IEA

=<2a,+ b3,
and so
am=2an+bi,.

Hence

@n)"al, <=n""al+(2n)"""bs,.
Now let a, = (27")"Pa,» and B, = (27") b .
App—ap< B;H-

As (b,) is submultiplicative and monotone increasing, there exists
q > p such that sup n™"b, = C < (cf. the proof of Proposition 2.2),
and thus

Bn < C2—n(l/p-l/q)'

Hence £ B,<%» and so (a,) is bounded. It follows easily that
sup,n "Pa, <o,

THEOREM 2.5: (i) For p <1, the following are equivalent
(a) lim n~"a, =0,
(b) limn~"%p, =0,
(c) X is locally r-convex for some r > p.
(ii) im n™'b, = 0 if and only if X is isomorphic to a
B-convex normed space.
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ProorF: (i) Clearly (a)=> (b). For (b)=> (a), note that since (b,) is
submultiplicative lim n~""b, = 0 for some r> p. Hence sup n ""a, <
and hence lim n™""a, = 0. (a) & (c) is Proposition 2.2(ii).

(i) If limn~'b, =0 then supn'a,<» and hence X is locally
convex. X is then B-convex by definition. The converse is trivial.

We shall not be further interested in the condition lim n~"?b, = 0
for p <1, which was considered only for its analogy to B-convexity.
Our main interest in Theorem 2.5 is that lim n~'b, = 0 implies local
convexity. We now turn to the ‘“‘three space problem’ and give our
first result.

THEOREM 2.6: Let X be an F-space with a closed subspace Y such
that X|Y and Y are both isomorphic to B-convex Banach spaces.
Then X is isomorphic to a B-convex Banach space.

REMARK: If we assume X is a Banach space, this is due to Giesy
[5]. Our main interest here is that the hypotheses force X to be
locally convex; we shall see later (Theorem 4.10) that the assumption
on Y may be weakened for this conclusion.

ProoF: Our proof closely follows the proof of Theorem 1 of [4].

First we observe that X is locally bounded and hence may be
quasi-normed. We suppose that the quasi-norm has modulus of
concavity k.

Next, for any locally bounded space Z define c,(Z) to be the least
constant such that

7 3 |3 e <nc,.2||x,||2

As observed in [4] it is known that if Z is a Banach space,
then Z is B-convex if and only if ¢,(Z)—0. We observe that if Z is
isomorphic to a B-convex Banach space then ¢,(Z)— 0 (since chang-
ing to an equivalent quasi-norm does not affect this phenomenon).
Thus in our case ¢,(X/Y)—0 and c,(Y)—0.

Now let (x;: 1=i=m,1=j=n) be a set of mn vectors in X.
Denote by 6; (1 <i=m,1=j=n) the first mn Rademacher functions

on [0, 1],
lym n 2
—f 2 2 0,-,~(t)x;,-| dt

i=1j=1

2mn 62 2 €iiXij

li""l




91 The three space problem for locally bounded F-spaces 251

m n

> Y 0i()x;

i=1j=1

m n

Denote by ¢, ... ¢, the first m Rademacher functions on [0, 1]. By
> > oils)0;()x;

symmetry
2 1 p1
a=[ |
0 Jo lli=1 j=1

Ll
SR

2
dsdt

where

u,~(t) = i 0;,-(t)x,~,- 1=i=m
=t

o=

Since u; is a simple X-valued function on [0, 1] we may choose a
simple Y-valued function v; such that

Let
2 1/2
| ds} 0=t=<1

2 ei(s)ui(t)

lui(2) + vi(0)] = 2| (s (|

where 7: X —» X/Y is the quotient map. Then

lloi(Ol =< k(lus (I + 2l|7 (i (D)
< 3kflu(o)|
Now

Ig ei(u ()| = k( ,2, ei(s)(ui(t) + v,-(t))" + 2, (p,-(s)v,-(t)ll)

Hence

A(t)sk{fo 2ds}m+k{J;l

m 1/2 m 1/2
< kVm[ 0O (3l + 0+ cat¥)(E Il |

2:1 ‘P‘(s)v,-(t)lizds }llz

2 @i(s)(ui(1) + vi(1))

- 1/2

< kVm |26, (B )+ 3ken(N) (8, o) |

Thus

{ L 1 A(t)’dt}ms kVm [2c,,. (X)(g fo ' ||1ru,-(t)||2dt)m
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+ 3kc,,.(Y)(i§=‘,ml j; ] |lu.~(t)|l’dt)m]
m n 1/2
= k\/mn[2c,,,(X)c,,(X/ Y)(; 2 Ilw(xs,-)llz)

+ 3kc,,,(Y)c,,(X)(§:) 3 ||x,.,.||2)m].

IS
Thus
Cnun(X) = k[2¢,(X) (X Y) + 3kc(Y)ca(X)].
In particular
(X)) < [2kcn(XIY) + 3K%Cn(Y)]Cm(X).

As lim,..[2kc,,(X/Y)+ 3k%c,,(Y)] =0, we conclude that for some
large enough m, c,(X)=a <1.

Hence for any x;... X, [|x]|<1

1 2
2—,,, E = a’m?

€+x1

2 €iX;

Thus for some € = *1

|= e

=am

and so b,, < am. As (b,,) is submultiplicative lim m'b,, = 0, and hence
X is a B-convex Banach space.

REMARK: (i) We shall show later that it is not true that if X/Y and
Y are isomorphic to Banach spaces then X is isomorphic to a Banach
space.

(ii) Results for p-Banach spaces (p < 1) can be obtained by these
methods, but we will obtain better results in this case in the next
section by different techniques.

We conclude this section by showing that the containing Banach
space of a non-locally convex locally bounded space is never B-
convex.
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THEOREM 2.7: Let X be a locally bounded F-space and T a
B-convex Banach space. Suppose T:X > Y is a continuous linear
operator. Suppose U is the unit ball of X and that coT(U) is a
neighbourhood of 0 in' Y. Then T is an open mapping of X onto Y.

ProOOF: Foreachn=1,let U, = {a(uy+---+u): ;€ U, 1<i=<n}.
Then each U, is bounded and U,., T(U,) is dense in co T(U). If

XE U, x =%(u;+ - - -+ u,), then for some choice of signs € = *1

lewws+ - - - + entenl| < bal| T

where b, = b,(Y). Hence for some k <3n, and a set A of {1,2,...,n}
with |A| =k
nx =2 wll <2b,||T].
IEA
Then

T c (AT))B + U 1w

where B is the unit ball of Y.
As b,/n —0, there exists p > 0 such that b, = Cn'®, n €N for some
C <». Now let V, = U< Us. Then
T(V p1) C QC|T|27™)B + T(V,)

and so form>n

T(Va)C T(Va) + (zcuru T2_7)19

Choose €>0 so that eBCco T(U) and n so that 2C|T|2™"(1 -
27?) ' < ¢/4. Then

o T(U)C T(CJ v,,.)+§B
m=1
CT(V,,)+§B
C T(V,)+3ico T(U).

Let W, =V,+3V,+---+(1/2")V,, m =1. Then

co T(U)C T(Wm)+%5 T(U)



254 N.J. Kalton [12]
and hence
co T(U)C T(W)

where W =U(W,,: m =1).
However W is bounded. This is because V, is bounded, and for
r>0, there is a constant A <, such that

i+ - -+ xall < Adlxall” + - - - + el D

for x;...x, € X. Thusif we W

o 1r
Ivi=A(Z 2™) " supllol.
m=1 vEV,

Thus the map T is almost open, and it follows from the Open
Mapping Theorem that T is open and surjective.

If X is an F-space whose dual separates points, then the Mackey
topology on X is the finest locally convex topology on X consistent
with the original topology. This topology is metrizable and the
completion of X in the Mackey topology is called the containing
Fréchet space X of X. If X is locally bounded then X is the
containing Banach space of X.

THEOREM 2.8: If X is a locally bounded F-space whose dual
separates points and whose containing Banach space is B-convex,
then X is locally convex (and hence X = X).

PrOOF: The natural identity map i: X — X satisfies the conditions
of Theorem 2.7.

ReMARKS: This resolves a question of J.H. Shapiro (private com-
munication): is it possible to have a locally bounded non-locally
convex F-space whose containing Banach space is a Hilbert space?
The above theorem shows that any locally bounded F-space whose
containing Banach space is a Hilbert space is locally convex (and
hence a Hilbert space). It is possible to give examples of non-locally
convex locally bounded F-spaces whose containing Banach spaces are
reflexive; see the ‘pseudo-reflexive’ spaces constructed in [8)] (these
were based on a suggestion of A. Pe}czynski). The author does not
know whether ¢, can be the containing Banach space of a non-locally
convex locally bounded space.
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We conclude by restating Theorem 2.7 in pure Banach space terms.
Denote by co, U the p-convex hull of the set U.

THEOREM 2.9: Suppose X is a B-convex Banach space and U is a
balanced bounded subset oL X such that co U is a neighbourhood of
0. Then for any 0<p <1, co, U is a neighbourhood of 0.

PrOOF: Let V be the linear span of EB,, U; then V is a locally
bounded F-space with unit ball co, U. Apply Theorem 2.7 to the
identity map i: V- X.

3. Lifting theorems

In this section, we shall approach the three space problem from a
different direction. We shall say that an ordered pair of F-spaces
(X, Y) splits if every short exact sequence of F-spaces 0—>Y >Z—>
X = 0 splits, i.e. if whenever Z is an F-space containing Y such that
Z|Y = X then Y is complemented in Z and so Z=X® Y.

THEOREM 3.1: The following are equivalent:

() (X, Y) splits;

(i) whenever Z is an F-space containing Y and T:X > Z|Y is a
linear operator, there is a linear operator T:X > Z such that =T = T,
where w:Z — Z|Y is the quotient map.

ProoF: Of course (ii)=> (i) is trivial. Conversely suppose (X, Y)
splits and T:X - Z|Y is a linear operator. Let G C Y@® Z be the set
of (x,z) such that Tx =xz; then G contains a subspace Y,=
{(0, y): y € Y} isomorphic to Y. Clearly the map q,: G- X given by
qi(x,y)=x is a surjection with kernel Y,. Hence there is a lifting
S:X - G such that g,°S = idx. Define T = q,°S where g,(x,y)=y.
Then #T(x)= 7q>S(x) = w(z) where (x,z)€ G. Thus 1r’f(x) =Tx as
required.

REMARKS: If Y is a locally bounded space, then the pair (Lo, Y)
splits where L= Ly(0, 1) is the space of measurable functions on
(0, 1) (see [7)). It follows also from results in [7] that (w, Y) splits,
where o is the space of all sequences.

If X and Y are p-Banach spaces, then let us say that (X, Y)
p-splits if every short exact sequence 0> Y >Z—> X -0, with Z a
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p-Banach space, splits. Clearly (£, Y) p-splits for any p-Banach
space Y, while (L,, Y) p-splits provided Y is locally r-convex for
some r>p or Y is a pseudo-dual space (see [7]). We remark also that
(6,, €>) does not 1-split ([4]).

Suppose X and Y are quasi-normed spaces. We denote by A(X, Y)
the spaces of all maps f: X —» Y satisfying

) fAx)=Af(x),AER, xEX

Gi) If(x +y) = fx) = fll = M(Ix]| + 1y, x, y € X
where M is a constant, independent of x and y. We denote by A(f)
the least constant M in (ii).

LeEMMA 3.2: For given X and Y, there exists r>0 and A < such
that forany fe A(X,Y) and x,,.. .. x, € X

"f 2:: z"l f(x;)" = AA(f){g "xi"’}”r

PRoOOF: There exists 0<p <1 such that Y may be given an
equivalent quasi-norm || satisfying

[yi+ ¥l =yl + [yl yi, €Y
and such that

Iyl=lyl=Clyl yeY
for some C <. Then
If G+ x2) = f(x1) = el = CA@N(xi| + [x2)) x1, 2 € X
= CA)(Ixl” + [x")"".

By induction we have for n =2,3...

143, =) - 3, 10| = can (i) 8

Indeed (*) is trivial for n =2. Now suppose it is known for n —1.
Then

,f(i Xs) - g..l f(xi)lp =

i=1
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o |r(Ex)-1(Ex) -

n p
S| x|
i=2

|f EZ: '2::2 f(xi)

=< C"A"(f)[g (= Dlxl +

< C"A"(f)[z i|x,~|"].
s
Now let r = p/2. For x,...x, € X with |x)| =|x,| ... =|x,],

If Z fo)|= CA(f)(Z tlxil")”p

n n 1/p
= cap(Z 3 Il
n ir
= can(Z 1)
By re-ordering, this inequality holds for all x; ... x,, and hence

=cun(3 le.-ll’)m

||f<2. x") - ; fx)

ProPOSITION 3.3: Let X and Y be complete quasi-normed spaces
and let X, be a dense subspace of X. Then the following conditions are
equivalent:

() (X, Y) splits;
(i) if f € A(Xy, Y) there exists a linear map h: Xo—> Y and L <o,

If(x) = h)|=L|x| x€ X,

(iii) there is a constant B <~ such that for any f € A(X,, Y) there
exists a linear map h: Xo— Y with

If(x) — k() = BA@)x]l. x € Xo

PrOOF: (i)=> (ii). Let f € A(X,, Y). Choose r> 0 sufficiently small
and a constant C < such that for x,,...,x, € X, y;,.. , Yy, €Y

\r
it -+ xal= (S Il



258 N.J. Kalton [16]

-4yl =c(Sior)
()-8 ol =c(z)”

(The existence of such r, C follows from LLemma 3.2 and the Aoki-
Rolewicz Theorem.) Let Zy= X,@ Y (as a vector space) and define
for (x,y)E Z,

m n 1r
I 9 = inf{ 3 sl + 3 i

where the infimum is taken over all m,n and x,...x, € Xo, y1...yn €
Y such that

X = ix;
i=1
and
= 2:1 flx)+ Z. yi

We observe:

m e+ X2, 31+ YU =< (xi, YOI + 162, ¥
xl’XZEXOa YIs )726 Y'

(2 0, i =lyl yeY.

If

n
2 %=
i=1

and
iz:f(xi)"’gl yi=y
then
Iyl" = C’(.an lydr + IZ"'I f(x,-)|| ')
but
|£ 0] = [ 10-10] < (S war)”
Hence

n m 1r
Il = €2( o+ 2 1)
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Thus

3) llo, )i = 7yl

We also have

) I, = C7lixl x€X,, yEY.
o) llx, FCNN = x]-

(1), (3) and (4) together imply that ||| is a quasi-norm on Z,. Let Z be
the completion of Z,. If we let P:Z,—> X, by P(x,y)=x, then P is
continuous by (4) and hence may be extended to an operator P:Z -
X. Condition (5) implies that P is open and hence P is open and
surjective.

Let N C Z, be the space {0} X Y'; by (2) and (3) N is isomorphic to
Y and hence is closed in Z. Suppose z € Z and Pz = 0; there exist
(Xu, Yu) € Zy such that (x,, y,) =z and x, = 0. Then (0, y, — f(x,)) =z so
that zE N. Hence ker P=N =Y.

Now, by assumption (i), there is a linear operator T:X —» Z such
that PT = idy. For x € Xy, P"{x}C Z, so that we may write Tx =
(x, h(x)) where h: X,— Y is linear. Then

lr(x) = fFOll = C(x, h(x)) = (x, fE)|
< C¥(|Tx|" + [|x[I)""
<sL|x] xex

where L = C¥(|T| + D"

(i1) = (iii). Let (e,: a € ) be a Hamel basis of X, and let Ay(X,, Y)
be the subspace of A(X, Y) of all f such that f(e,) =0, a € 4. Then
Ay(Xo, Y) is a vector space, under pointwise addition, and A is a
quasi-norm on Ay(X,, Y). If x € X,, then x = Z £,e, for some finitely
non-zero (£,), and hence for f € Ay(X,, Y)

1r
Ifeol = A(Z &lller) ¢

where r, A are chosen as in Lemma 3.2. Hence the evaluation maps
f—f(x) are A-continuous. If (f,) is a A-Cauchy sequence in Ay(X, Y),
then f(x) = lim .. f,(x) exists for all x € X, and it is easy to show that
A(f — f.)—>0. Hence (A, 4) is complete.
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We also define for f € A,
IfIl* = inf sup [f(x) = Ao

where the infimum is taken over all linear h. By assumption ||f|* <
for f € Ay, and it is clear that ||-|* is also a quasi-norm on A¢(X,, Y).
Clearly also A(f)= C|f||*, for some constant C (depending on the
modulus of concavity of the quasi-norm in Y).

We shall show that (A,,|-||*) is also complete. To do this it is
enough to show that if ||f,J* =27 then X f, converges. We observe
that there is a constant M such that if y, €Y and |y,]|<2™ (n=
1,2,...) then X y, converges and

=M,

|= 5

(cf. the proof of Theorem 2.7).
The series Z f, converges to some f in (A, 4). Choose linear maps
h, so that
[I£2(x) = Ba(O)| = 2'"|Ix]|  x € X,.
Then

ln(edl =2""e]l & € o

and hence X h, converges pointwise to a linear map h. Now

foo - 2. - b+ 3, hi(x)||

PRUEEYE)

i=n+

= M2,

and hence ||f -2, fi|*—0.

Now by the closed graph theorem, there is a constant B <« such
that ||f|* <3BA(f), f € A,. For general f € A(X, Y), define a linear
map

¢(Z &e) == &uten.
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Then f — g € A, so that there exists a linear h such that

If(x) — g(x) — h(x)| = BA(f — g)
= BA(f).

Since g + h is linear the result is proved.

(ii1) = (ii) Trivial.

(iii) > (i) Suppose Z is a complete quasi-normed space and S:Z —>
X is a surjective operator such that S7/(0)= Y. Let T:S7'(0)> Y be
an isomorphism.

Let p: X - Z be any, not necessarily continuous, linear map, such
that pS(x) = x, x € X. Since S is onto, there is a C < such that for
any x € X, there exists z € Z with Sz = x and |z|| = C|x|. Let o: X —>
Z be a map satisfying oS(x)=x, x€E X, o(Ax)=Ao(x), AER, xEX
and [lo(x)|| = C|jx|l. Now consider the map f: X — Y defined by

f(x) = T(o(x)— p(x)).
Then

If(x+y)=fxX)=fN = T(a(x + y)— a(x) = a(y)
= CKATIx + yll + lIxll + [yl
= 2CKY TdIxI+ Iyl

where k is the modulus of concavity of the norm on Y.
Thus there is a linear map h: Xyo— Y such that

If(x)— h(x)|=<L|x] x€E X,.
Now define R: Xo— Z by
Rx=p(x)+ T 'h(x)
R is clearly linear and

Rx = p(x) + T7'f(x) + T~ '(h(x) — f(x))

=o(x)+ T '(h(x) - f(x))
so that

IRx[| < k(o )| + [T~ 11 (x) = £l

Hence
IRx| < k(C + | T |L)|x|
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Thus R is continuous and extends to a map R:X —Z. Clearly
SR = idx so that Z splits.

Let (u;: i € I), with I some index set, be an unconditional Schauder
basis of a quasi-normed space X. We shall say that (y;:i €1) is
p-concave if there is a constant C <, such that whenever I,,..., I,
are disjoint subsets of I, then

(2

j=1

z t,~u,

fer;

l/P
< CI

55w

for all (¢;: i € I). The best constant C in this equation will be called
the degree (of p-concavity) of (u;: i € I).

LEMMA 3.4: Let Y be a locally r-convex quasi-normed space and
let A < be a constant such that

lyr+ -« -+ yall = Adlyill + - - - + lyallD""

for yi,.. . v€Y. If p<r, and X is a quasi-normed space with a
p-concave basis (u;) with degree C, then forf€ A(X, Y)

(g ) B o] =scan(3(2))'

i€l i€l

3l

i€l
for (t;: i €1) finitely non-zero.

ProoFr: For y € Y define
. n r n
iyl =ing{ (S lr) "+ 3 = y.nen]

Then |y| <]yl = Aly|, and |y|" is an r-norm on Y. We shall establish
first that if dim X =m <o and fEA(X, Y)

1(Z ) - 3 | =can[§ (3) ']

for all (t;: i € I); of course in this case |I| =
Equation (1) is trivial for m =1; we complete the proof by in-
duction. Suppose the result proved for 1=m <n, and suppose

>t

i€l

, (M
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dim X = n. Suppose f € A(X, Y) and x € X, where

X = 2 tiu;

i€l
then

ColxlP = 3 &7 lluiP.
i€l
Hence for some j, k € I, since |I| = n,

2C° x|l
Pl + el <212,

Now consider the subspace X, spanned by {u;: i# j, k} and tju; + tyu;.
Then dim X,=n—1 and X, has p-concave basis, {u;i#j, k}U
{tju; + te}. Hence

$09- 3, s~ s+ )| < can(E (2))

i#],

However

[F(tiu; + taa) — tf () — tif ()| < ||f (G + tan) — tf () — tif (o]
< ANl + llterell)
< A (ItllP + x>

< cag(2) "I

=it (S (27 +(3))

Hence

|f(x) -3 tf(w)

and (1) is proved.
Hence if dim X =n

-2 ] =can(3, () b

and the lemma follows trivially, since if dim X = =, then each X tu;
with (¢;: i € I) finitely non-zero belongs to the subspace spanned by
(u,-: t# 0)
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THEOREM 3.5: Let X be a locally bounded F-space with a p-
concave unconditional basis, and let Y be a locally r-convex locally
bounded F-space. Then (X, Y) splits, provided p <r<1.

In particular (€,, Y) splits for any locally r-convex locally bounded
F-space Y, where r > p.

PrOOF: Combine Proposition 3.3 and Lemma 3.4.
Let F be an Orlicz function on [0,%) i.e. a continuous, non-

decreasing function such that F(0)=0 and F(x)>0 for x>0. F is
said to satisfy the A,-condition at 0 (respectively at ) if

F(2x)
os<l:£l F(x) <

(respectively sup FI}(Z:)) < oo).
I=sx<ow

The Orlicz sequence space ¢ is the space of all sequences x = (x,)
such that T F(|tx,[) < for some t > 0. This is an F-space with a base
of neighbourhoods of 0 of the form rBg(€), r >0, € >0 where

Br(e) = {x: 2 F(x,) = e}

Similarly Lr = Lg(0, 1) is the space of measurable functions x = x(s) on
(0, 1) such that

Il F(|tx(s)Dds <
0

for some t >0 with a base of neighbourhoods of the form rBg(e),
r>0, € >0, where

Br(€) = {x: J;l F(x(s))ds = e}.
Let

- i F(tx) }
aF S"p{p =0: sup Fe) <%

o _ . t’F(x) }
a? =sup{p =0: sup <o
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_ . t°F(x) }

Br 1nf{p =0: ozggl Flix) < oo
® _ - . F(tx) }

g =int{p=0: sup gl <e

Then 0<ar=Br<x and 0<afF=pBF=x. ¢ is locally bounded if
and only if ar >0 and Lr is locally bounded if and only if a7>0; F
satisfies the 4,-condition at 0 (respectively at «) if and only if Br <
(respectively BF < ®) (see [6], [11] and [13]).

If ér or Lr is locally bounded, we may define the quasi-norm
x—|x|| so that
» F(l"—"') =1

= Al

Jy #(Cas =

THEOREM 3.6: Let F be an Orlicz function and let Y be an r-
Banach space. Then

() if 0<ar=Br<r, (s Y) splits;

(i) if 0<ar=Br<r, (LgY) splits.

or

PRroOF: (i) Select p so that B¢ < p < r. The unit vectors (e,) form a
basis of € (this follows from the A,-conditions at 0). We show the
basis is p-concave. We clearly have that there exists a constant A <o
so that

t’F(x)=AF(tx) 0=t=1
0=F(x)=1.

Now suppose u;...u € ¢ have disjoint support and that v =
uy+ -+ -+ u. Then if w; = (ui(j))i=,

éllu, 1P = llollP 2 2 (ItIIu(JH)I)
=l 3,3 F(44Y)

i=1j=1

=< AlolP.

(ii) Select p so that B% < p < r; then there is a constant A <o such
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that
F(tx)=At’F(x) 1=st<w
1= F(x)<co.

Now suppose u,. .., i are functions with disjoint support in Lg, and

let v=u+---+u. Let K={s: F(|o[|"|v(s))=1}. For each i let
M; = K Nsupp u; and M= ((0, 1)\K) Nsupp u;. Then

=] f(lll‘,‘(s")l)d o F("I‘I(S")')d

<A [, 0]

where u is a Lebesgue measure on (0, 1). Thus

Sl = Al [ [, (UM as+1]

2 f FOgias - [ PO <1

k
> lulP =2A]of.

but

Hence

For each n=1,2,..., let E, be the 2"-dimensional subspace of Lg
spanned by the characteristic function % of the interval ((k —1)27",
k.27")for k=1,2,...,2" Let E =UE,; then E is dense in L (this
follows from the 4,-condition at ). Suppose f € A(E, Y). As each E,
has a p-concave basis of degree (2A)"7, there is a constant C <« such
that for each n, there exists a linear map h,: E,—> Y with

| F(x) = ha(x)]| < Cllx].

We shall show that lim,.. h,(x) exists for xEE. As Y is locally
r-convex there is a constant B < such that

lys+ -« -+ yall = BAlydll" + - - - +llyal)""

for y,...y. €Y.
Consider x% € E,, and suppose €= m = n. Then x* splits into 2™™"
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disjoint characteristic functions of sets of measure 27" in Ej. For
each such set K,

F(lxxl™ =2"

and hence 2" <||xx||”a, where F(a)=1.

Hence
Ixxll =< a'?27m".
Now
1A (xx) = he(xx)ll = 2" BCllx«ll
<27l "BC.
Hence

"hm(X:) _ h((Xﬁ)" < BZCa 1p . 2[(m+1)lr]~m/0

-0 as m > »,

Thus lim,_. h,(x) exists for x € UE, and so there exists a linear h on
UE, such that

1) — h()ll = Cllx]l.

It follows that (Lg, Y) splits.

4. The three-space problem and X-spaces
As an immediate application of the results of §3, we have

THEOREM 4.1: Let Z be an F-space with a closed subspace Y, such
that Y and Z|Y are locally bounded; suppose Z|Y is locally p-convex
and Y is locally r-convex where p <r=<1. Then Z is a p-Banach
space.

ProoF: That Z is locally bounded is Proposition 1. Since Z|Y is
locally p-convex there is a surjection S:¢,(I)—> Z|Y for some index
set I Since (¢,(I), Y) splits there is a lifting §:t’,,(l )= Z such that
w8 = S where w:Z - Z|Y is the quotient map. Let U be the unit ball
of ¢,(I) and V a bounded absolutely r-convex neighbourhood of 0 in
Z. Then S(U)+ V is absolutely p-convex and bounded in Z. If z€ Z
there exists m such that #z € mS(U), and hence z€ mS(U)+ Y
thus there exists n = m such that z € n(S(U)+ V). The set S(U)+ V
is therefore also absorbing and its closure is a bounded absolutely
p-convex neighbourhood of 0 in Z.
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REMARKS: Compare Theorem 2.6. We will show by example that
the theorem is false if p = r=1.

In [7] an F-space X for which (X,R) splits is called a ¥ -space.A
X,-space is defined as a p-Banach space X for which every short
exact sequence 0>R > Z —> X -0 of p-Banach spaces splits. From
Theorem 4.1, we have immediately:

THEOREM 4.2: If p <1, a p-Banach space is a ¥,-space if and only
if it is a ¥-space.

Thus for p <1, the notion of a ¥,-space is redundant. For p =1, it
is of course trivial — every Banach space is a ¥ -space.

THEOREM 4.3: The following are ¥-spaces:

(i) €r, where F is an Orlicz function satisfying 0 < ar < Br <1;
(ii) Lg, where F is an Orlicz function satisfying 0< aF=<Br<1;
(iii) any B-convex Banach space;
(iv) Ly and w.

These results follow from Theorem 2.6, Theorem 3.6 and the
remarks at the beginning of §3. In particular the spaces ¢,, L, (p <1)
are JX-spaces, and (see [7]) any quotient of such a space by a
subspace with the Hahn-Banach Extension Property (HBEP).

Our main result in this section is that the space ¢, is not a #-space.
Let (e,) be the usual basis of ¢ and let E,=lin(e,,..., e, and
E =lin(e,, ..., €, ...)=UE,. For x=(x,)€E, with x,=0 for all n
define

f(x)= 2:,‘ %, logn

where (%,) is the decreasing re-arrangement of (x,). We then extend f
to E by

fx)=f(x)—f(x7)
where x} = max(x,, 0), x, = max(—x,, 0).
LEMMA 4.4: If x=0, y =0 then

fO)+fY)=f(x+y)=f(x)+ f(y)+log 2(|x]| + ly])
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Proor: For x=0

f(x) = min i x, log o(n)
o n=1

where o runs through all permutations of N. Hence

fx+y)= 2:,1 (X + ya) log o(n)

for some o, and hence

fx+y)= Zl x, log o(n) + 2:,1 ya log o(n)

= f(x)+ f(y).

For the opposite inequality consider first the case when x and y
have disjoint supports. For each n €N, there clearly exists X, y € E,
which maximize f(x + y)— f(x) — f(y) subject to

@) lIxll+ iyl =1

(b) x, y have disjoint support.

Let z=X%+3; we may assume without loss of generality that
Z1=z,=- - - 2 z,. Thus there are sets M, and M, such that M\ M, =
6, M{UM,={1,2,...,n}and

.f,‘ =2 i€ M|
=0 ieEM,
Let M, ={m(1)... w(k)}, My={p(1)... p(n — k)} where (1)< = (2) <

«--<m(k) and p(1)<p(Q)<: - <p(n—k).
Clearly z solves the linear programme:

n k

n—k
Maximize: Zn uelog € — ;: U e log w(€) — ;1 U ) log p(€)

subject to Wm=u=zzu, =0

and
u,-+--~+u,,=l.

The extreme points of the feasible set are of the form u; = 1/m,
l<i=m, u;=0, m <i, where m <n.
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At such a point

n k n—k l
> uelog £~ 3 o log (€)= 3, upolog p(€) = -log ()
=1 =1 =1 m r

where r=|M;N{1,2... m}|. Hence

FE+5)~ (5~ £(5) = max —-1og(")
I=r=m

=<log?2

since (7)<2™ forallr,1<r=m.
Hence for x, y € E,, disjoint

f(x+y)—f(x) = f(y) =< (log 2)(Ix]| + ly])-

as n is arbitrary we have the result for x, y with disjoint support.
For general x,y =0, we proceed by induction on [M| where M =
{i: x;y;# 0}. We have proved the result if |[M|=0. Now assume the
result proved for |[M|=m — 1, and suppose that for given x and y,
[M| = m. Select j € M and choose k such that x; = y, = 0. Now define

x¥=x; i#j,k
x¥=0
XF=x;
Then by the inductive hypothesis
fx*+y) < f(x*)+ f(y) + log 2(|x[| + [IyIl)
= f(x) + f(y) + log 2(|x[| + [yl
Let 4 and v be the decreasing rearrangements of x+y and x*+y.
Suppose x;+ y; = u., and that x; = v, and y; = vy where we assume

without loss of generality that n < N. Clearly € <n, and

v = U I=i<é¢
Vi= Uiy €=<i=n
Vi = U; n+l<is<N

Ui = Ui N <.
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Hence

@

Ev; logi—z u;log i
i=1 i=1

n

= 2 ui(log(i — 1) —log i)+ x;log n + y; log N — (x; + y;) log €
£+1
+ 2 u;(log(i + 1) —log i)
N
n < i—1
=(x;+ y;) log VAl >, (xi+y) log(—.-)
€+l i
=0.
Hence f(x +y) =< f(x* +y) =< f(x)+ f(y) + log 2(| x| + [ly[D
LeEMMA 4.5: Forany x,y €EE
If(x + y) = f(x) = f(y)| < 4 log 2(|x[| + |l yl).
Proor: First we observe that if x+y =0, x =0 and y =0 then
[f(x) = f(x+ y)— f(=y)| <log 2(|x + y[| + [lyl)
= (log 2)||x|
so that
[f(x + y) = f(x) = f(y)] = log 2(|x|| + |yl
Now suppose in general z = x + y. We break N up into six regions:
M ={i:x;=0, y;=0}, M,={i:x;=0, y;<0, z,=0}, M;={i:x; =0,
yi<0, 2 <0}, My={i: x; <0, 5 =0, z; =0}, Ms={i: x; <0, y; =0, z; <
0}, and Mg={i: x; <0, y; <0}. For u = x, y or z let u; be the restriction
of u to M;. Hence
f(2)=f(z1+ 23+ zg) + f(z3+ 25+ 2¢)
by the definition of f and
If(z1+ 22+ za) — f(z1) ~ f(22) — f(24)| = 2 1og 2(| zo|| + || 22| + || z4l})

f(z3+ 25+ 26) = f(23) — f(25) = f(26)| = 2 10g 2(||z3]| + [lzs]| + l|zel)-
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Thus
6
If(z)— 23. f(z)| =21og 2(|z]).
Similarly
6
f(x) - ; f(x)] =2 log 2||x]|
6
If(y)— Z:. fOl=21og 2|yl
However
[f(z:) = f(x;) — f(y)| < log 2(||x:]| + llyill),
and hence

If(2) = £(x) = f ()| = 2 log 2(|z|l + lIx]| + lly Il + log 2(|x]| + Iy}
=4log 2(|x[| + lIl)-

THEOREM 4.6: (£, R) does not split, i.e. €, is not a X-space.

Proor: Consider f: E—>R. By Lemma 4.5 f € A(E,R). Moreover
if h:E—-R is linear and

lh(x) = fColl = Bllx|

then |h(e;)| < B, so that |h(x)| =< B|x|, x € E. However
f(l(e.+- --+e ))=llogn'—>oo
n " n o

and we have a contradiction.

REMARK: Of course if 0 >R - Z — ¢,— 0 is an exact sequence then
Z is locally p-convex for every p <1 (Theorem 4.1).

THEOREM 4.7: Let X be a Banach space, containing a sequence X,
of finite-dimensional subspaces such that
(i) dim X, = m(n)—> x;
(ii) there are linear isomorphisms S, : X, - ¢7™ with ||S,|<1 and
sup||S;'fl < oo
(iii) there are projections P,:X — X, with |P,|= o(log m(n)). Then
X is not a X-space.

PRrOOF: Identify €7 with E ., C €, and consider f,(x) = f(S,P,x)
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for x € X. Then f € A(X,R) and
A(fy) =41og 2|P.|.

If X is a H-space, there is a constant L <o such that for each n,
there is a linear map h,: X -»R with

[7n(x) = faCo)l = L|Pa]l |1 x]|.
Now consider h¥: E ,u,— R defined by

h¥(x) = h.(S7'x).
Then
[hE(x) = f(x)] = |ha(S7'x) — fa(S2'x)|
= LIPS Ix]l.

For the unit vectors e, 1 <k <m(n) f(e,) =0 and hence

[ ¥(e] = LIP.| 1S3

Hence
|h¥(er+ - - - + emu| < LIPA|| |IS7 Im(n)
but
fler++ -+ emm) = log m(n)!
Thus

log m(n)! < 2L||P,|||S~|m(n).
By Stirling’s formula

logn! _
n->=n log n ’

and hence

-1
2L lim ing 1EallS=1 - |
n—>w log m (n)

which contradicts our assumptions.

ExaMPLE: £(£{") is not a ¥-space. This space is reflexive, so that
not every reflexive Banach space is a #-space.

Stiles [12] asks whether if X is a subspace of ¢, with p <1 such
that ¢,/ X is locally convex, does X have the Hahn-Banach Extension
Property. The above examples resolve this question negatively, for
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from results in [7], X has HBEP if and only if ¢,/X is a ¥-space.
Thus we have

THEOREM 4.8: (i) If p <1 and ¢,/X = ¢, then X does not have the
HBEP;

(ii) if p <1, and ¢,/ X is a B-convex Banach space, X does have the
HBEP.

We also note:

THEOREM 4.9: ¢, (0<p <) and Lp (0<p <w) are ¥-spaces if
and only if p# 1.

ProOOF: L, (p > 1) and ¢, (p > 1) are B-convex.

The following theorem is a modification of a result of S. Dierolf ([3]
Satz 2.4.1). Note that we do not assume X to be locally bounded.

THEOREM 4.10: If X is an F-space with a closed locally convex
subspace L such that X/L is a locally convex ¥-space, then X is
locally convex.

ProoOF: By Theorem 5.2 of [7], L has the HBEP. Hence, if u
denotes the Mackey topology on X, then on L, u agrees with the
original topology. If x,€ X and x,—>0(x) then q(x,)—0 (where
q:X = X/L is the quotient map) since X/L is locally convex. Hence
X, = U, +v,, Wwhere u,—>0 and v, € L. Thus v,->0(u) and hence
v, =0, so that x, -0, Thus p agrees with the original topology.

Note that the above theorem applies when X/L is a B-convex
Banach space, which extends Theorem 2.6.

5. Open problems

We collect in this section some questions which arose in the course
of the paper.

ProBLEM 1: If X is a locally bounded F-space for which a, =
O(n'?), is X locally p-convex (p < 1) (cf. Proposition 2.2)?

PrRoOBLEM 2: Is there a non-locally convex locally bounded F-space
whose containing Banach space is ¢, or £.?
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PROBLEM 3: In general, give a necessary and sufficient condition
for a Banach space to be a containing Banach space of a non-locally
convex locally bounded F-space.

PROBLEM 4: Is ¢, or ¢. a H-space?

PROBLEM 5: Give a necessary and sufficient condition for a Banach
space to be a #-space.

PRrROBLEM 6: Is H, (0<p <1) a H-space?

PROBLEM 7: Does (€, £,) (p <1) split? This seems unlikely, but the
author does not have a counter example. (Added in proof: the author
and N.T. Peck have shown that the answer is no).

ProBLEM 8: Does there exist an F-space X and a subspace Y of
dimension one such that X/Y = ¢, and such that the quotient map is
strictly singular? This is not true in our example.

NoTe: We are grateful to the referee for the information that
Theorem 4.6 has independently been obtained by M. Ribe [9]. (Added
in proof: a similar example has been found by J.W. Roberts).
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