COMPOSITIO MATHEMATICA

K. SCHMIDT
A cylinder flow arising from irregularity of distribution

Compositio Mathematica, tome 36, n°3 (1978), p. 225-232
<http://www.numdam.org/item?id=CM_1978__36_3 225 0>

© Foundation Compositio Mathematica, 1978, tous droits réservés.

L’acces aux archives de la revue « Compositio Mathematica » (http:
/http://www.compositio.nl/) implique 1’accord avec les conditions géné-
rales d’utilisation (http://www.numdam.org/conditions). Toute utilisation
commerciale ou impression systématique est constitutive d’une infrac-
tion pénale. Toute copie ou impression de ce fichier doit contenir la
présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1978__36_3_225_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

COMPOSITIO MATHEMATICA, Vol. 36, Fasc. 3, 1978, pag. 225-232
Sijthoff & Noordhoff International Publishers — Alphen aan den Rijn
Printed in the Netherlands

A CYLINDER FLOW ARISING FROM
IRREGULARITY OF DISTRIBUTION

K. Schmidt

1. Introduction

In this paper we study skew product extensions of irrational
rotations on the circle by the group of integers. Such extensions are
determined by an integer valued Borel function on the circle. Even
though ‘most’ such functions define ergodic extensions (cf. [6,
Theorem 9.11]), it is in general difficult to check whether a particular
function gives rise to an ergodic extension.

Here we consider the integer extension of an irrational rotation of
the circle which is given by the function which takes values +1 and
—1 on complementary halves of the circle. The corresponding skew
product transformation is associated with the irregularity of dis-
tribution of the multiples of the irrational number (mod 1) defining the
rotation. Throughout the paper we shall write Z for the integers, R
for the real line, and [a, b) for an interval which is closed at a and
open at b.

2. A cylinder flow and its properties
Let X =[0,1)= R/Z denote the additive group of real numbers
modulo 1 and let u be the Lebesgue measure on X. By T we denote
the transformation of X given by
2.1 Tx =x+ ay(mod 1)

for every x € X, where

_V5-1
T

Qg
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Consider the function f: X — Z given by

_[+1 for0=x<1/2,
(2.2) f(x)—{_l for 12<x<1.

We write A for the Haar (= counting) measure on Z and put X =
X x Z and p = u X A. The function f defines a Z-extension S of T by
setting

2.3) S(x,n)=(Tx,n+ f(x)),(x,n)E X.

Clearly S is a measure preserving automorphism of the measure

space (X, p). Our aim is to show that S is ergodic. Let, for every
n=1,x€eX,

2.4 a(n, x)= ni f(T*x).
=0

If we put a(0,x)=0 and a(—n,x)=—-a(n, T™"x), n=1, xE X, we
obtain a map a:Z X X - Z which satisfies the cocycle equation

2.5) an, T"x)—a(n+m,x)+a(m,x)=0
for every m,n € Z, x € X, and we also have

(2.6) S*(x, n) = (T*x, n + a(k, x))

for every k€ Z, (x,n) € X.

PROPOSITION 2.1: Let E(a) be the set of all integers k which have the
following property: For every Borel set A C X of positive measure,

@.7) ,L( UANT"AN{x:a(n, x)= k}) >0.

nez
Then the following is true:
(1) E(a) is a subgroup of Z,
(2) S is ergodic if and only if E(a)= Z.

Proor: See Theorem 3.9 and Corollary 5.4 in [6].

The first step in our proof of the ergodicity of S will be to show
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that

2.8) 2€ E(a).

For every N =0 we consider the numbers {—na,+ t/2 (mod 1):0 =<
n <N, t =0, 1} and arrange them in increasing order: B§"’ = 0< g{V <
BN <. - < BN =1, say. Itis easy to see that B¢ = B{\N+1 — 1/2 for

every k = N. For every x € X and every N =0 we choose ky(x) such
that

(N) (N)
Bint =X < Bhyo+

and put

(2.9 1(x) = [Bito» Blgtos1)
and

(2.10) I7(x) = [Bitn-1 Bintn+)

whenever 1< ky(x)<2N. If kn(x) =0, we define I4(x) by (2.9) and
replace (2.10) by

(2.11) I3(x) =10, B UIBN, D).
For ky(x)=2N + 1, we define I}x) by (2.9) and set
(2.12) Ix)=[BN, HU[0, BM).

Furthermore we define

(2.13) I3x)= TN(IMT x))

and

(2.14) IX(x)= TN AT Vx)).
LEMMA 2.2:

(2.15) limy sup §2}3%;:(%< 6/7

PROOF: Let (p,/qn, n = —2) be the sequence of best approximations
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of the irrational number 2a, = (V5 — 1)/2. It is given by q_, = p-1=0,
p>=q-1=1, and g, = gn-2+ qn-1, Pn = P2+ pn—y for n = 0. For any
v € R we write ((y)) for the distance of y from the nearest integer. A
classical result (see [3, p. 13]) states that

lim, inf n{((2nae)) = lim g.{(2g.a)) =5 "

Consider now, for every n, the numbers {2ka,(mod 1): k =1,.. ., g.}.
We arrange them again in increasing order and denote this arrange-
ment by y{” <y’ <. - <y{. Finally we put y{" =0 and y{%, = 1. It
is easy to see that

= max 7‘1’1 ¥ = 2(2gna0)) + 1/Gn.
i=0,.

Hence we have, for all sufficiently large n,
ra<(1+4V5)/q, <3/qn

In order to estimate w(IA(x))/u(I3(x)) we first note that, for every N,

: N
min (B, —BY) =3 min ({3,
0<k<2N+2 0=i=q,

(n) )y — «Z(Inao»
—yi)= Ty

and

max (B — B =3 max ({7 — v{") <3/2qn,

0=k=<2N+2 0=<i=gq,

where n is chosen so that g, <N = q,,,. For every x € X we thus
have

p U Mx)) - Blitor = BkN(x) Bl — Bl
I-"(Ilz\l(x)) (IN(x)) BkN(x)-H ﬁ%in + ((2(1,,(10))
< M2 _ 617

3/2q, + 1/4gn
for all sufficiently large N. The lemma is proved.
LEMMA 2.3:

. p(X(x))
(2.16) limy sup ilélg w (T x ))<6/7
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ProoF: This is clear from Lemma 2.2.

LeEMMA 2.4: Let AC X be a Borel set with w(A)>0. Then there
exists an integer n such that

(2.17) w(ANT"AN{x:|a(n,x)|=2}) > 0.

Proor: For every x € A, consider the sequences of intervals

If(x),k=1,...,4, N = 1,2,....Byawell known theorem of Lebesgue
we have, for every k=1,.. 4,

 uTh)NA)_
lim = Tk !

for pw-a.e.x € A. We can thus choose a subset A;C A of positive
measure and an integer N, >0 with

px(x)NA)

PITES) B e

forevery x€E Ag, k=1,...,4, N = N,. Since [ a(1, x) du(x) = 0, there
exists an integer m = N, such that

w(AgNT ™A N{x:a(m,x)=0}H>0

(cf. [1] or [6, Theorem 11.4]). Let B=A,NT "A,N{x:a(m, x) =0}.
Since m = N,, we have, for every x€EB, k=1, 2,

If(x)NA
(2.18) %T)> 29/30,
and
(2.19) w(T"UE(x)NA) I-L(Ifn+2(me)ﬂA)>29/30.

w(T"In(x) ~  pdWA(T™x)
(2.15), (2.16), (2.18) and (2.19) together imply the following:
s (AN m(x)) NA) > pA(x)) - 29/30 — w1 m(x))

p (N n(x)) p(In(x)) = (I m(x))

_ (u (I 2(x)) — (I 1(x))) - 29/30 — p(I 2(x))/30
p2(x) = p( n(x))

(U () = p L n(3))) - 29/30 — (T 2(x)) = w T (/5 _
g p(I2(x)) — p( n(x)) 23/30,
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provided that N, (and hence m) is sufficiently large. Similarly one
proves that

p(T 2N (X)) NT"A)

3 > 23/30.
MOEEVEED) /
This implies that, for every x € B,

(2.20) p (T2 LX) NANT ™A)> 0.

Having established (2.20), let us take a look at the function a(m, -).
Obviously a(m,-) is discontinuous exactly at the points B¢, k =
0,...,2m + 1, and at each of these points we have

lirﬁ la(m, B+ x)—a(m, By — x)| = 2.
x—0

Moreover, C,, ={x:a(m, x) =0} is a union of disjoint right half-open
intervals of the form [BY™, B%?)), and none of the points B lies in
the interior of C,,. It follows immediately that for every x € C,, and
for every y € I2(x)\I o(x), |a(m, y)| = 2. (2.20) implies now (2.17), and
the proof is complete.

LEMMA 2.5: For every Borel set A C X with w(A) >0 there exists an
integer m such that

2.21) n(ANT™AN{x:a(m,x)=2}>0.
In other words, 2 € E(a).

Proor: Using (2.17) we can find an integer mo with w(A NT ™A N
{x:la(me, x)|=2H>0. If pw(ANT™AN{x:a(myx)=2})>0, the
lemma is proved. Otherwise we put B =
ANT ™A N{x:a(my, x) =—2}, and see that w(B)>0. For every y €
T™B we have T ™y € A, and a(—my, y) = —a(m,, T ™y)=2. This
shows that T™B=ANT™AN{x:a(—my, x)=2} has positive
measure and proves the lemma.

Having proved (2.8) we now proceed to show that E(a) also
contains 1. To do this we consider the group Z, of integers mod 2 and
the map d: Z X X - Z, given by a(n, x) = a(n, x) (mod 2). As before
we define an extension S of T which now acts on Y = X X Z:
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2.22)  S(x, k)= (Tx, k + a1, x)) = (Tx, k + a(1, x) (mod 2))

for every (x, k) € Y. If X denotes the measure on Z, which assigns to
each point mass 1/2, we see that S is an isomorphism of Y which
preserves the measure g =pu X A. It is very easy to check that S is
ergodic. This implies

THEOREM 2.6: Let X =[0,1)= R/Z be the group of real numbers
modulo 1, and let n be the Lebesgue measure on X. If A denotes the
counting measure on Z, consider the measure space (X X Z, u X \)
and the measure preserving automorphism S of (X X Z, uw X A) given
by

S(x,n)=(x+ ayg(mod 1), n + f(x)),
where

_V5-1
4

Qg
and

fy = {+1 for0=x<1/2
-1 for12=x<1.

Then S is ergodic.

PrRoOF: We have already shown that E(a) contains 2 (cf. Lemma
2.6). If E(a) # Z, it must be equal to 2Z ={2n:n € Z}. Lemma 3.10 in
[6] (or a simple direct proof) shows that this would force the
automorphism S in (2.22) to be nonergodic, which is absurd. Hence
E(a)=Z, and S is ergodic by Proposition 2.1. The theorem is proved.

3. Concluding remarks

One of the main problems in the theory of uniform distribution is
the question how well a sequence of the form (na (mod1), n=
1,2,...), a irrational, is distributed in the unit interval X. To measure
the regularity of distribution one defines the discrepancy Dy of the
sequence by

N
Dy= sup % 2. (Xefka (mod 1)~ (b - a)

0=a<b<1
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for every N = 1, where x5 denotes the characteristic function of the
interval [a, b). This immediately leads to an investigation of the
functions cg:Z X X = R given by

n—1
‘(E_O(X[()‘B)(x +ka (mod1))—B8 forn=1,

0 for n =0,
—cg(—n, x + na (mod 1)) for n <-—1.

cg(n, x)=

Such functions satisfy the cocycle equation (2.5) for the irrational
rotation Tx = x + a (mod 1). From [5] it follows that the sequence
(cg(n,x), n=1,2,...) is unbounded for every irrational «, every
x € X, and for every B which is not of the form B = ma (mod 1) for
some m. Theorem 2.6 in this note gives a more precise result
concerning the irregularity with which the numbers nay, n =1,2, ...,
fall into the two halves [0, 1/2) and [1/2, 1) of the unit interval. An
equivalent formulation of Theorem 2.6 is the following statement:

For every pair of sets A, B of positive measure in the unit interval X
and for every integer k we can find an integer n and a point x € A such
that

(1) x+ nay(mod 1) € B,

(2) cih(n, x) = k2.
The property of a, which was used in the proof of Theorem 2.6 was
that lim, inf n{{na,)) > 0, and the proof will work for any irrational «
with this property. Since this paper was written, the result of
Theorem 2.6 has been extended to all irrational numbers « (cf. [4] and
[6, Theorem 12.8]). Further results in this direction have been
achieved in [2].
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