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A GENERALIZATION OF THE ENRIGHT-VARADARAJAN
MODULES

R. Parthasarathy

For a semisimple Lie group admitting discrete series Enright and
Varadarajan have constructed a class of modules, denoted Dp, (cf.
[3]). Their infinitesimal description based on the theory of Verma
modules parallels that of finite dimensional irreducible modules. The
introduction of the modules Dp, in [3] was primarily to give an
infinitesimal characterization of discrete series but we feel that [3]
may well be a starting point for a fresh approach towards dealing with
the problem of classification of irreducible representations of a
general semisimple Lie algebra.

In order to give more momentum to such an approach we first
construct modules which broadly generalize those in [3]. We briefly
describe them now.

Let g, be any real semisimple Lie algebra, g,= ko+ po a Cartan
decomposition and 6 the associated Cartan involution. Let g =k +p
be the complexification. Let U(g), U (k) be the enveloping algebras of
g, k respectively and let U* be the centralizer of k in U(g). For each
0 stable parabolic subalgebra g of g we associate in this paper a class
of irreducible k finite U(g) modules having the following property:
Like finite dimensional irreducible modules and like the Enright—
Varadarajan modules Dp,, any member of this class comes with a
special irreducible k-type occurring in it with multiplicity one, with an
explicit description of the action of U* on the corresponding isotypi-
cal k-type. We obtain these modules by extending the techniques in
[3].

To see in what way these modules are related to the 0 invariant
parabolic subalgebra g we refer the reader to §2.

When our parabolic subalgebra g is minimal in g and when rank of
g =rank of k, the class of U(g) modules which we associate to this g
coincides with the class of modules Dp, of [3] (with a slight difference
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54 R. Parthasarathy [2]

in parametrization). On the other hand when q = g is the maximal
parabolic subalgebra, the class we obtain is just the class of all finite
dimensional irreducible representations of g. If k has trivial center,
the trivial one dimensional U(g) module is not equivalent to any of
the modules Dp, of [3]. This gap is bridged by the introduction of our
class of U(g) modules for every intermediate 6 invariant parabolic
subalgebra q between g = g and q = a 6 invariant Borel subalgebra of
g.

We have to point out that the knowledge of [3] is a necessary
prerequisite to read this paper. If an argument or construction needed
at some stage of this paper is parallel to that in [3] then instead of
repeating them, we simply refer to [3].

§1. O-stable parabolic subalgebras

As in the introduction, g = k + p is the complexified Cartan decom-
position arising from a real one go= ko+ po. Let 6 be the Cartan
involution. Let b be the complexification of a fixed Cartan subalgebra
bo of ky. Then the centralizer of b in g is a 6 stable Cartan subalgebra
h of g. We can write

(1.1) h=b+a

where a=p Nh. Let ag=a Ngyand hy=h N g, Let A be the set of
roots of (g, h). For « in 4, denote by g* the corresponding rootspace.

(1.2) LEMMA: Let ri be a Borel subalgebra of k containing b. Let q
be a 0 stable parabolic subalgebra of g containing h and assume that
q contains r,. Then q contains a 0 stable Borel subalgebra r of g such
that (i) hCrand (ii) ,Cr.

PrOOF. Let u be the unipotent radical of q. Define a 6 invariant
element u of W (= Home (h, C)) by u(H) = trace (ad(H)|u). Let H},
in h be defined by A(H )= (A, u) for every A in h* (Here and in the
following the bilinear form is the nondegenerate one induced by the
Killing form of g). Then
(1.3) 6(H,)=H/ so H,Eb.

Let

(1.4) A(@Q)={a EAla(H,)=0}.
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Then one can see that

1.5
(-5 q=h+ 2 g°.

a€A(q)

Let Cy be the open Weyl chamber in ib, for (k, b) defined by the
Borel subalgebra r,. Since we assumed that r, C g, it follows from 1.5
that

(1.6) H,&€ Ci = the closure of C.

Let a be in A. If « is identically zero on b, it would follow that b is
not maximal abelian in k. Hence a is not identically zero on b. Let C;
be the open subset of C, got by deleting points of C, where some a
belonging to A vanishes. Then Cj} is the disjoint union

(1.7) Ci=Uj-1. .nCly

of its connected components and one has

(1.8) Ci=Uj-i.. . nCi.
Choose an index M between 1 and N such that
(1.9) H,€ Cim

Now choose an element X; in C}; and consider the weight space
decomposition of g with respect to ad(X;). We now define a Borel
subalgebra r' of g by,

(1.10) r' = the sum of the eigenspaces for ad(X;)
with nonnegative eigenvalues.

-

If we define
(1.1 P’ ={a € Ala(X;)> 0}
then clearly P’ is a positive system of rootsin A and r' = h + 32 cpr g*

Since X; belongs to k clearly both r’ and P’ are 6 stable. 1.9 implies
that for every a in P™, o (H)) is nonnegative. Hence from 1.4 and 1.5

(1.12) ™ Cq.
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Also since Xy belongs to Ci, (1.10) implies that

(1.13) rc is contained in r™. (q.e.d)

(1.14) CorOLLARY: Let r, be as in Lemma 1.2. Let r be a 0 stable
Borel subalgébra of g containing r.. Then r equals one of the N Borel
subalgebras r' of (1.10).

Proor: Since r contains b, r contains a Cartan subalgebra of g
containing b. h is the unique Cartan subalgebra of g containing b.
Hence r contains h. In the proof of Lemma 1.2 take q = r. Then it is
seen r=r"

(q.e.d.)

Rather than starting with a Borel subalgebra r, of k containing b,
we want to start with an arbitrary 6 invariant parabolic subalgebra of
g and recover the set up in Lemma 1.2. For this we prove the
following lemma.

(1.15) LEMMA: Let q be an arbitrary 0 stable parabolic subalgebra
of g. Then q contains a Borel subalgebra of k.

PrROOF: Let Ad(g) be the adjoint group of ¢ and Q the parabolic
subgroup with Lie algebra q. Let G" be the compact form of Ad(g)
with Lie algebra ky+ ip,. Note that G* is @-stable. It is well known
that G" N Q is a compact form of a reductive Levi factor of Q (cf. [8,
§1.2]). But G*N Q is # stable since G* and Q are 0 stable. Thus,
going to the Lie algebra level, g has a reductive Levi supplement
which is 6 stable. In this reductive Levi supplement we can surely
find some 6 stable Cartan subalgebra h’ of g. Then, as in the proof of
Lemma 1.2, we can find an element H| in h' such that (H,)= H),
and such that g is the sum of the nonnegative eigenspaces of ad(H ).
Since H, lies in h' Nk, clearly it follows that q contains a Borel
subalgebra of k.

(q.e.d.)

(1.16) CorROLLARY: Let r by any 6 stable Borel subalgebra of g.
Then r Nk is a Borel subalgebra of k.
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§2. The objects r,r’, P, P’ and the choice of P" associated with a 6
stable parabolic subalgebra q

Now let g be a 6 stable parabolic subalgebra of g. By (1.15) we can
find a Borel subalgebra r, of k contained in q. We fix a Cartan
subalgebra b, of k, contained in r.. Let a, be the centralizer of b, in
po- Then hy=by+ay, is a 6 stable Cartan subalgebra of g, Let
h =b + a be its complexification. Note that h C q. By (1.2), we can
find a 6 stable Borel subalgebra r of g such that r, C r and r C gq. One
has then h C r. There is a unique Borel subalgebra r’ of g contained in
q such that

2.1 r N r'= h+ u, where u is the unipotent
radical of q.

Since 0(r') has the same property, we have 0(r')=r'. Let ri=r'Nk.
Then by (1.16), ri is a Borel subalgebra of k. We observe that r; is
the unique Borel subalgebra of k such that

2.2) r. N ri= b + u,, where u, is the unipotent
radical of q,(=q Nk).

We denote by W, the Weyl group of (k, b) and by W, the Weyl
group of (g, h). W, is naturally imbedded in W, as follows: if s
belongs to W, then s normalizes b, hence also normalizes the cen-
tralizer of b in g which is precisely h. Thus s belongs to W,.

We will now define two distinguished elements of the Weyl group
W.. Let t be the unique element of W, such that t(P,) = — P,. Next we
denote by 7 the unique element of the Weyl group W, such that
7(Py) = P, The class of U(g) modules associated to g will be
parametrized by some subsets of hX We now prepare to describe
these. Let A, be the set of roots for (k, b). Whenever possible we will
denote elements of A, by ¢ while elements of A (= the roots of (g, h))
will be denoted by a. For a root ¢ in 4, denote by X, a nonzero root
vector in k of weight ¢. For e in A, we denote by E, a nonzero root
vector in g of weight a. Let P and P’ be the sets of positive roots in
A defined respectively by r and r'. Next let P, and Pj be the sets of
positive roots in A, defined respectively by r, and r;. Let 8 and &’
denote half the sum of the roots in P and P’ respectively and let &
and 8§} denote half the sum of the roots in P, and Pj respectively.
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Let P” be a 6 stable positive system of roots in A such that if r” is
the corresponding 6 stable Borel subalgebra of g then

2.3) r" D riand
2.4) P"D>P'N-P.

(2.5) REMARK: If one takes P"= P’ then (2.3) and (2.4) are clearly
satisfied. If q is a Borel subalgebra, then P'= P and any P” which
satisfies (2.3) also satisfies (2.4). If q =g, then P'=—P; the only
candidate which satisfies (2.3) and (2.4) is P"= P'.

We can now describe the modules that we want to construct. As
usual for a« in P denote by H, the element of iby+ a, such that
AH,) =2(A, a)/(a, @) for every A in hX Similarly for ¢ in P;, denote
by H¥ the element of ib, such that A(HX) =2(A, ¢)/(¢, ¢) for every A
in bX (Note: The Killing form of g induces a nondegenerate bilinear
form on b which in turn induces one on b*)

Let F(P": g, r) be the set of all elements u in h* with the following
properties:

(2.6) w(H,) is a nonnegative integer for every a in P".

2.7 ,u(H,’;) is nonzero for every ¢ in P, and u(H,)
is nonzero for every a in PN —P’.

ExAMPLE: Suppose u belonging to h* is such that w(H,) is a
positive integer for every a in P”. Then one can show that u belongs
to F(P":q,r). The method of showing that w(HY) is nonzero for
every ¢ in P, can be found in the proof of (3.6).

We now use some definitions and notations from [3, §§2, 5] (cf. also
§83, 5 here). Let U* be the centralizer of k in U(g). Let u €
F(P":q,r). Our aim is to construct a k-finite irreducible U (g) module,
denoted Dp-.,{w) in which the irreducible k type with highest weight
—t(tn + 78 — 78, — &) (cf. 3.7) occurs with multiplicity one and such
that on the corresponding isotypical U (k) submodule, elements of U*
act by scalars given by the homomorphism xp_,_s (cf. §5).

(2.8) REMARK: Fix g and r. For any compatible choice of P” and
for any element u in F(P":q,r), we will show (cf. 3.6) that (i)
—u — 8(H,) is a nonnegative integer for every a in P N — P’ and (ii)
T+ 78 — 76 — 6k(H",f) is a nonnegative integer for every ¢ in P,. Now
define F(q, r) to consist of all u in h* satisfying (i) and (ii) above. In
general F(q,r) properly contains Up-F(P":q, r). Our constructions
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and proofs in §§3, 4, 5 go through perfectly well for any u in F(q, r)
and so we do have a k-finite irreducible U(g) module in which the
irreducible k type with highest weight — t(ru + 76 — 78, — 8;) occurs
with multiplicity one and such that on the corresponding isotypical
U (k) submodule elements of U* act by scalars given by xp_,-s. We have
restricted ourselves to the subsets F(P": q, r) rather than all of F(q, r)
only because condition (ii) is the definition of F(q,r) is quite in-
comprehensible.

§3

Choose and fix an element w in F(P":q,r) as in §2 (cf. (2.6) and
(2.7)). For facts about Verma modules that we will be using we refer
to [1,2,5,6].

Let M be any U(g) module. Let Q be a subset of A;. An element v
of M is said to be Q extreme if X, - v =0 for every ¢ in Q. For A in
b* v is called a weight vector of weight A with respect to b if
H - -v=A(H)-v forall H in b. By J(M) we denote the set of all A in
bX for which there exists a nonzero weight vector of weight A in M,
which is P, extreme where P, is the positive system of roots in A,
defined in §2. For ¢ in 4,, M is said to be X, free if X, - v = 0 implies
v = 0. For a subalgebra s of g, M is said to be s-finite if every vector
of M lies in a finite dimensional s submodule of M. For any % in m,
let m(7n) denote the subalgebra of g spanned by the elements X,, X_,
and Hﬁ. For the notion of U(k) module of ‘type P’ we refer to [3,
§2].

Let P, be a positive system of roots of A and let A € h* The Verma
module V,p,, of U(g) is defined as follows: It is the quotient of U(g)
by the left ideal generated by the elements H —A(H), (H € h) and
E.(ax € Py). The Verma modules of U(k) are defined similarly. We
will suppress g and write Vp,, for the Verma module V,p,,.

We have the inclusions h C r C g (cf. §2). Let 7 be the set of
simple roots for P. The parabolic subalgebras of g containing r are in
one to one correspondence with subsets of #. The subset of =
corresponding to q is got as follows: Let o in h*X be defined by
o(H) = trace(ad H)|u. Then

7(q) = {a € 7|(0, a) = 0}

From standard facts about parabolic subalgebras (cf. [8, §1.2]) we
know that elements of P N—P’ are of the form X m;a; where m; are
nonnegative integers and «; are in 7(q). For « in A the element s, of
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W, is the reflection corresponding to «. It is given by s,(A)=
A =2\, a)(a, @) - «. We now define a U(g) module W, by

(3.3) Wi=Vp s
considered as a U (k) module it has some nice properties.

(3.4) LEmMA: W, considered as a module for U(k) is a weight
module with respect to b i.e. W, is the sum of the weight spaces with
respect to b. Denoting also —u — 8 the restriction of —u — 8 to b, all
the weights are of the form —u — 8 — 2 nip; where ¢; are elements of P
and n; are positive integers. Finally the weight spaces are finite
dimensional and the weight space corresponding to —u — 8 is one
dimensional.

Proor: Since as a U(g) module W, is the sum of weight spaces
with respect to h = b + a, the first statement is clear. Since no root a
in A is identically zero on b, we can pick up an element H in b such
that for every a in P, a(H) is real and positive. As a U(g) module,
the weights of W, with respect to h are of the form —u — 8 — 2 me;
(a; € P, m; nonnegative integers). By considering the action of H it is
clear that weight spaces of W, with respect to b are finite dimensional
and the weight space of b with weight —u —§ is one dimensional.
Finally since P is 8 stable the restriction to b of the weights with
respect to h are of the form — u — 8 — 2 njp, where ¢; are in P and n;
nonnegative integers.

(q.e.d.)

(3.5) CoroLLARY: The U(k) submodule of W, generated by the
unique weight vector in W, of weight ~u — 8 is isomorphic to the
U(k) Verma module Vip,_,_5- W, is X_, free for every ¢ in Py.

Proor: Let v; be the nonzero weight vector in W, of weight
—uw — & - vy is killed by every element of [r, r] hence in particular by
every element of [r, r]. On the other hand let 7 be the unique Borel
subalgebra of g such that 7N r=h and let n(F) be the unipotent
radical of 7 If 7, = FN k, then 7 is the unique Borel subalgebra of k
such that 7o.Nr.=b. Let Un(7)) and U(n(#)) denote the cor-
responding enveloping algebras considered as subalgebras of U(g).
One knows that W, is U(n(r)) free, [2]. Hence in particular it is
U (n(#)) free. The corollary now follows from [2, 7.1.8].

(g-e.d.)
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There is an ascending chain of U(k) Verma modules containing
Vip-u-s- This chain will give rise to a chain of U(g) modules, which
is fundamental in the work [3].

Recall the two distinguished elements ¢ and 7 of W, from §2. The
highest weight of the special irreducible representation of k which the
U (g) module Dp-.,(u) will contain is described in the corollary to the
lemma below.

(3.6) LEmMA: (1) —un — 6(H,,) is a nonnegative integer for every a in
PN—P’' and (ii) mn + 76 — 18, — 8,(HY) is a nonnegative integer for
every ¢ in P;.

Proor: By (2.4), (2.7) and (2.8), one sees that — w(H,) is a positive
integer for every a in P N ~P’. The elements of P N —P’ are non-
negative integral linear combinations of elements of w(q). Since
8(H,) =1 for every a in m(q) it now follows that —u —8§(H,) is a
nonnegative integer for every @ in P N —P’.

To prove (ii) first suppose ¢ lies in PN P,. We will show that
T — 8 (HY) and 76 — 78, (HY) are both nonnegative integers. For this it
is enough to show that 7w (HY) is a positive integer for every ¢ in P;
and that 78(HY) is a positive integer for every ¢ in 7P,. By (2.6) there
exists a finite dimensional representation of g having a weight vector
v of weight u with respect to the Cartan subalgebra h and such that v
is annihilated by [r”, r"] (cf. (2.3)). Since ri;C r", v is in particular
annihilated by [r}, ri]. It is clear from this that u(HY) is a nonnegative
integer for every ¢ in P}. In view of (2.7), w(HY) is then a positive
integer for every ¢ in Pj. Note that 7P;= P,. Hence ru(H}) is a
positive integer for every ¢ in P,. It remains to show that 78(H}) is a
positive integer for every ¢ in 7P,. For this consider the represen-
tation p of g having a weight vector v of weight § with respect to the
Cartan subalgebra h and annihilated by [r, r]. Clearly then v is
annihilated by [r, ], hence 8(H{) is a nonnegative integer for every
¢ in P. To show that 8(HY) is nonzero we give the following reason:
one can easily see that the stabilizer of v in g is exactly r. If 8(HY) is
zero for some ¢ in Py, then X_, would stabilize v. But X_, does not
belong to r. Hence 8(HY) is a positive integer for every ¢ in Py, so
that 8(HY) is a positive integer for every ¢ in 7P;.

Now suppose ¢ lies in P, N — P}. Let r(q) be the maximal reductive
subalgebra of g defined by r(q) =h +Z,cpn-p(g*+g ). By (i) —un —
8(H,) is a nonnegative integer for every a in P N—P’. Hence, if
Ny = Zaepn-p &%, there exists a finite dimensional representation of
r(q) and a weight vector for h of weight —u — 8 annihilated by all of
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nyq, hence in particular by k N n,,. Observe that P, N — P is pre-
cisely the set of roots in P,, whose corresponding root spaces span
kN n,g. Thus there exists a finite dimensional representation of
b+2,epn-p(C-X,+C-X_,) with a weight vector for b of weight
—p — & annihilated by X, for every ¢ in P,N—P;. Hence we
conclude that —u —8(HY) is a nonnegative integer for every ¢ in
P.N—Pj. Since —7(P,N—P))=P,N—P}, (u+8)(HY is a non-
negative integer for every ¢ in P, N — P On the other hand 76, =
8 = half the sum of the roots in P}, while §, + 8;(H";) =0 for every ¢
in P, N—Pj}. Thus 7u + 18 — 78, — 8,(HY) is a nonnegative integer for
every ¢ in P, N —P;.

This completes the proof of (3.6). (q.e.d.)

(3.7) COROLLARY: —t(tpn + 76 — 78 — 8k)(H",‘,) is a nonnegative in-
teger for every ¢ in P;.

ProoF: Clear since —tP; = P,. (q.e.d.)

Let o, be the set of simple roots of P,. For ¢ in Py, let s, be the
reflection s,(A) = A — A(H,)¢ of b*. If ¢ lies in m,, s, is called a simple
reflection. For w in W,, the length N(w) of w is the smallest integer
N such that w is a product of N simple reflexions. A reduced word
for w is an expression of w as a product of N(w) simple reflections.
Choose any reduced word for the element 7t of W,. Following the
notation in [5, §4.15], we write it as

(38) Tt =8182...5n
where s, =5s,, 7 =@, ¢; €m. For A in b* and w in W, write
w'(A) = w(A + §) — 8. Having chosen the element u in F(P":q,r),

we now define elements u; of bX as follows:

Mm+1 = —t(tw + 76 — 78, — &) and
i = (SiSis1 ... Sm) imsr ((=1,...,m)
(3.9) Note that u;=(7t)m+1=—p —86 and that u,; and pm4 are

independent of the reduced expression (3.8). We now define the
positive integers e¢; by

(3.10) € = Wi+ + 8k(H£(,,) . (i = 1, eey m).
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With u; defined as above, the following inclusion relations between
Verma modules are well known [2, 6]:

(3.11) Vkka‘m C Vipu ©-- - C Vk‘Pk‘I-lm+l'

Define elements vy, vy, ..., Ups1 Of Vip,., as follows: v,,; is the
unique nonzero weight vector of Vip.. ., of weight u,.,.. For i=
1,2,...,m, v;= X% - v;;;. Then one knows that v; is of weight u; and
that Vip, . = U(k)v.. Associated to the reduced word (3.8) and n
in F(P":q,r) is a fundamental chain of U(g) modules:
W, CW,C:--C W, It will turn out that W, and W, are in-
dependent of the reduced expression (3.8). They are defined as
follows: W, is defined to be Vp_,_s as in (3.3). Then W, ., is given by
the following lemma.

(3.12) LEMMA: There exists a U(g) module W, = U(g) " Ums1
such that (a) W, is a U(g) submodule of W,,,, (b) v, belongs to
U(K)Um+1, (€) U1 is a Py extreme weight vector (with respect to b) of
weight pm+1, (d) Wiy is X_, free for all ¢ in P, and (€) W, is a sum
of U(k) submodules of type P;.

PRrROOF: Start with the inclusion of Vp, ., in W; given by Corollary 3.5
and the inclusion of Vi p, ., in Vip, ..., givenby 3.11. By 3.5 we know that
W, is X_, free for every ¢ in Pr. Now [3, Lemma 4] gives us the module
W,.+1 with the properties required in the lemma. (One easily sees that the
results of [3, §2] do not depend on the assumption there that rank of
g =rank of k). (q.e.d.)

(3.13) REMARK: If V and V are Verma modules for, say, U(k)
then the space of U (k) homomorphisms of V into V has dimension
equal to zero or one. Thus the inclusion of Vyp, ., into Vip,,.., given
by (3.11) is independent of the reduced expression (3.8) for 7t. Hence
also the U(g) module W,,,, and the inclusion of W, in W,,,; with the
properties listed in Lemma 3.12 can be chosen to be independent of
the reduced expression (3.8).

Having defined W, and W, as above, now for any given reduced
word for ¢ such as (3.8), we define submodules W,, W, ..., W,, of
Wi by

(3.14) W= U(g)vi

where v; are the elements of W, defined after (3.11). We have
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W, C W,C---C W, because v; belongs to U(k)vi,1, i=1,..., m).
The properties of this chain of U(g) modules are summarized below
from the work of [3, §3]:

(3.15) W;= Vp_,_s and each W, is the sum of its weight spaces with
respect to b. Moreover as a U(k) module W; is the sum of
U (k) submodules of type P,.

(3.16) Each W; is a cyclic U(g) module with a cyclic vector v,
which is a P, extreme weight vector of weight u; with respect
tob,i=1,...,m+1.

(3.17) The P, extreme vectors of weight u; in W, are scalar multiples
of v;; for i=1,...,m+1, the vector v; does not belong to
Wi

(3.18) Each W, is X_, free for every ¢ in P, and W /W, is m(n;)
finite (i=1,..., m).

(3.19) vi=Xvia (i=1,....,m).

(320) Let w be in W,. Let i=1,..., m. Suppose w'(u.+1) belongs
to J(W;). Then N(w) equals at least m +1— 1.

We will not prove the properties (3.15) to (3.20) here since they are
essentially proved in [3, Lemma 5]. Though (3.20) has the same form
as [3, Lemma 5, vi] its proof is different in our case. It is important to
first know the case i =1 of (3.20) to carry over the inductive ar-
guments of [3, §3] to our situation. To this end we prove the following
lemma. Before that we make the following remark.

(3.21) REmARK: Let H/ be the element of h defined by (H,, H) =
trace (ad H|u), for every H belonging to h, where u is the unipotent
radical of gq. Since q and h are 6 invariant 6(H,) = H,; hence H|
belongs to b. One can easily prove the following: For every « in
PN—-P’, a(H)) equals zero; for every « in PNP', a(H}) is a
positive real number; and for every ¢ in P, N — P}, ¢(H ) equals zero
while for every ¢ in P,N P}, ¢(H]) is a positive real number.
(Observe that any ¢ in P, N — P} is the restriction to b of some a in
PN—-P’).

Now we come to the lemma which is basic to carry over the
inductive arguments of [3, §3].
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(3.22) LEMMA: Let w be in W,. Suppose w'(un+,) belongs to J(W)).
Then N(w) is greater than or equal to m.

ProoF: Since w'(u,+1) belongs to J(W)) it is in particular a weight
of W, of for b. Hence by (3.4), w'(um+1) is of the form u,— = na;|b,
where n; are nonnegative integers and «; are in P. That is w(gm,. +
&)~ 8 = w1 — 2 niai|b = 7t (st + &) — 8 — = nib. Thus,

TH et + k) = W(tmet + &) = = ma; |b.
Write w1 = —twne. Hence
(3.23) =Tt + 8) + W st + 8) = 2, mai|b

where n; are nonnegative integers and «; are in P. The left side of the
equality in (3.23) is the sum of wt(p iy + 6;) — (s + 8) and (i +
&) — T(p i1 + 8). We claim that (3.23) implies

(3.249) P, N —wt P, is contained in P, N — 7P,

To see this enumerate the elements of P, N —wt P, in a sequence
(€1, €2, .. ., €) such that €, is a simple root of P, and €;,; is a simple
root of s....5,Pc (i=1,..,k—1). Then wt=s,...s, (cf. (5,
4.15.10] and [7, 8.9.13]). By induction on i one can show that (u .+
8k) — S« - - S¢ (ms1+ 8) can be written as E;;l d;;€; where d;; are
positive integers. Thus (w1 + &) — wt( i1 + 8;) can be written as
die,+ dyer+ - - -+ dve, where d; are positive integers. Similarly
(1 + 8) — 7( 1 + 8) can be written as diej+dres+- - -+ dej,
where d} are positive integers and (ei, ..., €}) is an enumeration of
P, N —7P,. With these observations we can write

(3.25) = T+ B+ W+ B)
= (di€i+ -+ dieh) — (dye +- - + dies)

where di,...,d;, di, ..., d, are positive integers. Let H, be the
element of h defined by (H,, H)=trace(ad H|u), where u is the
unipotent radical of q. Then H/ belongs to b. We can apply remark
(3.21) to (3.25) and conclude that [— 7(w ey + 8k) + WE (o msr + 8)1(H )
is a strictly negative real number unless (3.24) holds. But by looking at
the right hand side of (3.23) and applying remark (3.21), we see that
[ 7 st + 8) + Wt (i1 + 8)I(H ) is a nonnegative real number.
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Thus we have proved the validity of (3.24). Now (3.24) implies that
N(wt) is less than or equal to N(7). But note that N(wt)=
N(t)— N(w), while N(7)= N(t)— N(1t) = N(t)— m. Hence N(w) is
greater than or equal to m.

(g.e.d.)

(3.22) enables us to carry over the inductive arguments in (3, §3]
without any further change and obtain the properties (3.15) to (3.20).

§4. The k-finite quotient U(g) module of W,,

The difference between the special situation in [3] and our more
general situation becomes more apparent in this section which paral-
lels [3, §4].

Start with an arbitrary reduced word (3.8) for 7t and let
W, C W,C---C W,. be a fundamental chain of U(g) modules
satisfying (3.15) through (3.20). Recall W, = V,_,_s. Recall the subset
w(q) C 7 corresponding to the parabolic subalgebra q. For a in 7 and
A in h* define sX(A) = s.(A +8)— 8. By Lemma 3.6, — u — 8(H,) is a
nonnegative integer for every a in P N—P’, hence in particular for
every a in w(q). Thus one has the inclusion of the Verma modules
Vesic-u-5)C Vp—u—s for every a in w(q). We now define a U(g)
submodule

4.1) Wo= > Vesicus of Wi

aE€Em(q)

As is well known the Verma modules have unique proper maximal
submodules. Let I be the proper maximal U(g) submodule of Vp_,_s.
Then each Vp x5 (@ € w(q)) is contained in I. Hence

4.2) v, does not belong to W,

Now fix some i, (i = 1,...,m). Define a U(g) submodule (relative
to some reduced word (3.8) for 7t) W; of W,,., as follows: Let W, be
the U(g) submodule of all vectors in W,,, that are m(m;) finite
mod W_;; once W,,..., W,,_, are defined, W, is the U(g) sub-
module of all vectors in W,., that are m(n.,) finite mod W,,_,,
p=1,2,...,m—i We have W;oC -+ - C W,,._. We then define W, =
W, m-i. Define

(4.3) W=W,+W+W+---+W,.
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Thus for each reduced expression (3.8) for 7¢, we have defined a U(g)
submodule W of W,.,,.

(4.4) PrRoOPOSITION: For any reduced word (3.8) for tt, define the
U(g) submodule W of W,,., as above. Then v,,,, does not belong to
w. If A € b¥is such that W,,., has a nonzero P, extreme weight vector
(with respect to b) of weight A which is nonzero mod W, then (tt)A is
a P, extreme weight of W,[|W,.

Proor: We refer to the proof of [3, Lemma 9].

Since we do not have a full chain of U(g) modules corresponding
to a reduced word for ¢t as in [3] but only a shorter chain cor-
responding to a reduced word for 7t, we have to work more to obtain a
k-finite quotient U(g) module of W,..,. We now define

4.5 WwW,=2 W, the summation being over all reduced expressions
(3.8) for t.

(4.6) LEMMA: v, does not belong to Wy. Let A € b* be such that
there is a P, extreme vector in W,., of weight A which is nonzero
mod W,. Then (st)A(HY) is a nonnegative integer for every ¢ in
P.N-Pj.

PROOF: v,,4, is a P, extreme weight vector in W, of weight ;.
From (3.7) and the definition of ., we know that w, . (HY) is a
nonnegative integer for every ¢ in P,. Now suppose v, belongs to
W. Since W, =X W, W, is a quotient of the abstract direct sum @ W,
the summation being over all reduced words (3.8) for 7t. We can then
apply [3, Lemma 7] and conclude that for some reduced word (3.8)
for +t, the corresponding W has a nonzero P, extreme vector of
weight w,,.;. This vector has to be a nonzero scalar multiple of v, in
view of (3.17). Hence v,.., belongs to that W. But this contradicts
(4.4). This proves the first assertion in (4.6).

Next let A be as in the lemma. Let ¢ be the reductive component of
q defined by ¢ =h+Z,cpn-p(g*+g™%). We claim that W,[W, is
c-finite. For this it is enough to show that the image 7, in W,/ W, of v,
is c-finite. For any a in w(q) the submodule V,p;x.,, of W, coincides
with U(@)X*#* . v, (cf. [2, 7.1.15]). Thus we have W,=
Saen@ U(g)X*H2*1 . 4, Hence the annihilator in U(g) of #, contains
U(g)X* ! for every a in w(q). This suffices in view of [2, 7.2.5] to
conclude that o, is c-finite. Thus W,/W, is c-finite.
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Let ¢, = ¢ Nk. Then in particular W,/W, is c¢.-finite. But note that
¢ =b+Z2 ,epnpC-X,+C-X_,).

Now choose some reduced word (3.8) for 7¢ and relative to it define
W as in (4.3). Note that W C Wy. For A as in the lemma, choose a P;
extreme weight vector v in W,,.; which is nonzero mod Wy and is of
weight A. Then v is in particular nonzero mod W. Hence from (4.4),
(rt)A is a P, extreme weight of W,/W,. Since W,/W, is c-finite, it
now follows that (7t)’A(HY is a nonnegative integer for every ¢ in
P, N—Pj.

(q.e.d.)

For our proof of the k-finiteness of W,,.;/W,, we need one more
lemma.

(4.7) LEMMA: Letn beinb*. Suppose n(H}) is nonnegative for every
@ in Py. Let s bein W,. Suppose (tts)n(H %) is nonnegative for every ¢ in
Py N —P,. Then N(rt) = N(7ts)+ N(s™").

PROOF: (7ts)'n = rts(n + &) — &. Since m(HY) is nonnegative for
every ¢ in Py, tts(n + 8,)(HY) is negative for every ¢ in —7ts P,. Also
—8(HY) is negative for every ¢ in P,. Hence (rts)n(HY) is negative
for every ¢ in (—7ts P,) N P,. Hence the assumption implies

4.8) P, N —71ts P, C complement of P, N — P in P,.

Note that tP;, = — P, and 7P; = P}. So, — P} = 7tP,. So, the complement
of P, N— P4 in P is P, N— 7tP,. Hence from (4.8) we have

4.9) P, N (—1tsPy) C P N (—1tPy).

Let (€, €, . . ., €}, €11, . . ., €,) be an enumeration of the elements of
(—7tP,) N P, such that ¢, is a simple root of Py, €, is a simple root of
Se;Pi, ..., €ix1 is a simple root of s.se_,...s¢,Px (i=1,...,m—1).

Because of (4.9) we can further assume (e, . . ., €;) is an enumeration of
(_ ’TtSPk) N Pk. Let

PI1=S¢---Se (&) (i=1...,m) (¢i=¢€).

Then ¢’ belongs to m. One can show that 7t = s, ... s., and a reduced
word for 7t is

(410) Tt = SoiSps e Sop
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(cf. [5, 4.15.10] and [7, 8.9.13]). Similarly rts =s., ... s, and a reduced
word for ts is

4.11) TES = Sgp ... Sy

I

Note that N(rt) = m and N(7ts) =j. Now from (4.10) and (4.11) it is

clear that s '=s,. ...s,, is a reduced word for s~'. These ob-

m

servations substantially prove the lemma.
(q.e.d.)

(4.12) REMARK: With the data assumed in Lemma 4.7 we have
actually proved more than what is asserted in (4.7): There exists a
reduced word Tt =S, ...S.8., ... S, for 7t such that s'=

N N

Y I

The following proposition gives the k-finite U(g) module quotient
of Wm+|.

(4.13) ProposITION: The U(g) module W, .| Wy is k-finite.

Proor: Let 0,4 be the image of v, in W, /W, Since
U(g)ms1 = Wyl Wy, it suffices to prove that U(k) - 0,,4; has finite
dimension over C. For this again, by well known facts [2, 7.2.5] it
suffices to prove that the annihilator of ., in U(k) contains X* for
every ¢ in m, where e((p)zu,,,H(H",‘,)Jrl (observe that in view of
(3.7), mm+:(HY) is a nonnegative integer for every ¢ in ). Thus it
suffices to show that for every ¢ in my,

(4.14) X9 . p,., belongs to W.

Suppose (4.14) is not true. Choose a ¢ in m, such that X¢¥'v,,., does
not belong to W,. Then X*v,., is a P, extreme vector of weight
Seolm+1) in W, which is nonzero mod W,. Hence by (4.6),
(1t5,) mm+1(HE) is a nonnegative integer for every ¢’ in P, N — P}. We

can now apply (4.7) and (4.12) and conclude that there exists a
reduced word

4.15) TE= S4,iSph- - - SopiSen (@1 € )
for 7t such that

(4.16) Om= @
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Take the reduced word (4.15) for ¢t in (3.8) and consider the cor-
responding modules W,, and W. By definition W,, C W. But in the
fundamental chain W, C - - - C W,, C W, associated to the reduced
word (4.15) for ¢, the module W,, is simply U(g) - X*“v,,+;. This is
clear from the definitions (cf. (3.14) and the definition of v; after
(3.11)) and (4.16). Thus it follows that X*“v,,., € W C W4. But this is
a contradiction to the hypothesis. Thus (4.14) is true and proved and
with that also the k-finiteness of W,,.,/ Wk.

(q.e.d.)

§5

Let b be a Cartan subalgebra of k and h its centralizer in g, so that
h is a 6 stable Cartan subalgebra of g. Let P be a system of positive
roots for (g, h) such that 6(P)= P. Let

n+:2ga

aEP

and

n=> g™

aEP

The following fact is standard if b = h, but it remains true in our
general case.

(5.1) LEMMA: Let U® be the centralizer of b in U(g). If the set P of
positive roots satisfies 0P = P, we have a unique homomorphism

(5.2) Br:U"— U(h)
such that for any y in U®
(5.3) y = Br(y)(mod U(g)n").
PrOOF: We have
(5.4) U(@)=U(n" +h)® Ulg)n"
and this decomposition is stable under ad H for every H in h, i.e.

ad HUn +h)CUn +h)and ad HU(g)n*)C U(g)n*. For y in
U’ let y = y,+ y, be its decomposition with respect to (5.4). Define
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Br(y) = yo. We claim Bp(y) belongs to the subalgebra U (h) of U(n™ +
h). Since y is in U®, yo and y, are also in U®. Let S(n™+ h) and S(h)
denote the symmetric algebras and A the symmetrizer map of S(n™+
h) onto U(n™+ h). Then for H in b, A '(y,) is annihilated by ad H
(extended as a derivation to S(n”+ h)). It is enough to show that
A 7'(yo) belongs to S(h). Using (1.14), one can show that there exists
an element Xp in b such that a(Xp) is a nonzero real number for
every a in A (=the roots of (g, h)) and such that P consists of
precisely those a in A such that a(Xp) is positive. It is then clear that
in S(n~+h), the null space for adXp is just S(h). Since
ad X(A7'(y0)) = 0 for every X in b, in particular ad Xp(A~'(yo)) = 0.
Hence A~'(yo) belongs to S(h), so that Bp(y) belongs to U(h).

Now suppose y and y’ are in U®. Let y = yo+ y, and y’ = y,+ y} be
their decomposition with respect to (5.4), so that Bp(y)=y, and
Br(y') = yo. Then yy'=yoyo+ yoyi+ y1yo+ yiyi. Clearly y,yi belongs
to U(h) and yeyi+yyi belongs to U(g)n*. Also yyi€
U(g)n*- Uh)C U(g)U(h)n*. Thus yyys is the component of yy’ in
U(n™ + h) with respect to (5.4). We already know that this component
is in U(h). Thus Bp is a homomorphism of algebras. (qe.d)

The centralizer U* of k in U(g) is contained in U”. As usual
interpret elements of S(h) as polynomials on h* For any ¢ in A%
define a homomorphism xp, of U* into C as follows:

(5.5) xro(¥)=Br(y)(¢) (y€U".

The main results of the previous sections can now be formulated.

Let by be a Cartan subalgebra of k, and b its complexification. Let
q be a 0 stable parabolic subalgebra of g containing b. The centralizer
h of b in g is a Cartan subalgebra of g and g contains h. Let r be a 6
stable Borel subalgebra of g contained in g (cf. (1.15) and (1.2)). Let P
be the set of positive roots for (g, h) corresponding to r. Define the 6
stable Borel subalgebra r' C q by (2.1). Choose a 6 stable positive
system P” of roots of (g, k) having properties (2.3) and (2.4). Denote
by F(P":q,r) the set of all elements w in h* having properties (2.6)
and (2.7). Now choose a u in F(P”":q,r) and recall the objects
associated to it in §§3, 4.

We can now state

(5.6) THEOREM: Let q be a 0 stable parabolic subalgebra. Let
wEFP":q,r). Let Wpr. o= W, /Wy (cf. (3.12) and (4.5)). Then
Wpr.oAw) is a k finite U(g) module having the following properties:
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(1) Wprgl) = U(g)0m+1, where 0., is the image of the vector vy,
of Wy1. The irreducible finite dimensional representation of k
with highest weight —t(tu + 786 — 18, — &) occurs with mul-
tiplicity one in Wpn.4,(i). The corresponding isotypical U (k)
submodule of Wpr.,, is U(k)0,+1; on this space elements of U*
act by scalars given by the homomorphism xp_, 5.

(1) If 7, is an irreducible finite dimensional representation of k with
highest weight A with respect to P, then the multiplicity of T, in
Wpn. (@) is finite; it is zero if A is not of the form (tr)(— u
— 8 —3 ,epm,@)|b where m, are nonnegative integers.

ProoF: By (4.13), we know that Wy, ,(u) is nonzero and k-finite.
By (4.6) the vector v,,4+; of W, does not belong to W,. The image of
Umer in Wpe g () is P, extreme of weight (f7)(—p —8)=
—t(tn + 76 — 78, — 8;) (which is dominant by (3.7)) and this image
generates an irreducible k-module with highest weight —t(ru + 76 +
78 — &) with respect to P,.

Based on the preceding sections one can complete the proof of the
theorem in the same way as [3, Theorem 1].

It is easy to conclude from (5.6) that Wp.., (n) has a unique proper
maximal U(g) submodule and hence Wp.., () has a unique nonzero
quotient U(g) module which is irreducible. We denote this U(g)
module by Dp+.,,(n). The following theorem is now immediate from
(5.6).

(5.7) THEOREM: Let uw € F(P":q,r). Up to equivalence there exists
a unique k-finite irreducible U (g) module Dp., () having the follow-
ing property: The finite dimensional irreducible U (k) module with
highest weight — t(tu + 76 — 6, — &) (with respect to P,) occurs with
multiplicity one in Dp.., () and the action of U* on the cor-
responding isotypical U (k) submodule is given by the homomorphism
XP—u—8

The uniqueness follows from the well known theorem of Harish
Chandra [4]: An irreducible k-finite U(g) module M is completely
determined by a nonzero isotypical U (k) submodule of M and the
action of U* on it.
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