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HOMOTOPY CLASSIFICATION OF REGULAR SECTIONS

Andrew du Plessis

0. Introduction

Let E(N) % N be a smooth bundle over an n-manifold N; let

E'(N)
E(N)——N

be the bundle of r-jets of local sections of E(N).

If ¢ is a smooth section N — E(N), then its r-jet j'o is a section
N — E'(N). Conversely, if 7 is a section N — E"(N), then p" °t is a section

Clearly p"°(i"c) = o; however, j(p"°t) # 7 unless  is the r-jet of some
section N — E(N). In this case we say 7 is integrable.

Let Q be a subset of E'(N); in this context we shall call Q a regularity
condition.

A section 7: N — E'(N) is Q-regular if ©(N) = Q; and a section
N — E(N) is Q-regular if its r-jet is.

Let I',E(N), ' ,E"(N) be the spaces of Q-regular sections of E(N) and
E'(N), equipped respectively with the C" and compact-open topologies.

We shall say that a regularity condition Q is integrable over the
manifold N if

J i ToE(N) > I' ,E'(N)
is a weak homotopy equivalence (w.h.c.). (Note that if Q is integrable
over a compact manifold N, this weak homotopy equivalence is a genuine
homotopy equivalence, for in this case I',E(N), I',E"(N) are metrizable

and a theorem of Palais [15] may be applied.)
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302 A. du Plessis [2]

The terminology expresses the irrelevance (up to homotopy) of
integrability conditions on Q-regular sections of E'(N) in these
circumstances.

Hence, if Q is integrable over N, we have a homotopy classification of
Q-regular sections N — E(N). This may not be very illuminating;
however, in the cases we shall consider, Q will be a sub-bundle of E'(N),
so that the classification will be in terms of cross-sections of €. The use
we shall have for this notion of integrability is precisely this reduction
of a geometric problem to a well-understood algebraic one.

The regularity conditions we consider will be the natural ones; that is,
conditions arising naturally from the differentiable structure of the
n-manifold N. In the formulation of Wall [26], we shall require that E
is a C*-bundle defined over smooth n-manifolds, and that Q is a sub-
C>-bundle of the C*-bundle E'.

More explicitly, we require that for any n-manifold N, the bundle
E(N) has the following properties:

1. If U = N is open, then E(U) = E(N)|U.

2. For any diffeomorphism f: U — V of open sets in N, there is a
difffomorphism E(f): E(U) - E(V) covering f and depending continu-
ously on f sit.

a) E(g)c E(f) = E(ge f), where g:V — W is another local diffeo-
morphism of N.
b) E(1y) = 1y, where 1 is the identity on U, 1y, the identity on E(U).

This gives an action on E(N) by local diffeomorphisms of N; these
also act on sections of E(N) by

v—<L->v

f E(a)l Ja

E(U)-ELS E(1)

so that if f:U — V is a local difffomorphism of N, ¢ a local section
V — E(V),then we have alocal section %) = E(f) " 'co- f: U - E(U).

All this induces a similar local diffeomorphism action on E'(N); we
suppose that Q(N) is a sub-bundle invariant under this action.

We also suppose that Q is open in E', so that Q-regularity is a stable
condition on sections.

Henceforth, all the regularity conditions we consider will be both
natural and stable.

The point of all this is the following:
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THEOREM A
A (stable, natural) regularity condition is integrable over any open
manifold (i.e. a manifold N s.t. N—0N has no compact component).

This very powerful general result was proved by Gromov [7] in 1969.
To provide some insight we consider the following special case:

Let E(N) be the trivial bundle N x P; then E'(N) may be identified
with Hom (TN, T P). Take Q to be the set of homomorphisms with rank n
everywhere, so that Q-regular sections are immersions N — P. Suppose
N is an open manifold. Then Theorem A implies that a smooth map
f: N — P is homotopic to an immersion <> there is a monomorphism
TN — f*TP.

Now suppose that N = S', a closed 1-manifold; let P be the real line R.
Since TS! is trivial, there is a monomorphism 7S* —» f*TR =~ ' xR
for any map f:S! — R'. But S* cannot be immersed in R.

Thus regularity conditions are not in general integrable over closed
manifolds; nevertheless our purpose in this paper is to show that a large
class of regularity conditions are.

We will prove

THEOREM B

If Q c E'(r = 1) is an extensible regularity condition it is integrable
over any closed manifold (and, of course, over any open manifold, by
Theorem A).

Q < E" (r 2 1) is an extensible regularity condition if there exist
i) a C*-bundle E’ over (n+ 1)-manifolds
ii) a C®-bundle map over n-manifolds n: i*E' - E

(where iy: N = Nx0 < NxR)
iii) a (natural, stable) regularity condition ' < E" s.t.
n(i*Q) = Q
(where n": i*(E"™) — E" is the natural map induced by ).
We call Q' = E an extension for Q@ = E". Motivation for this definition
will be given in (1.5). However, some initial explanatory remarks, and
some examples, are in order.

Firstly, none of this machinery is redundant in general: as an example,
we consider
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Singularities of 1-forms

A 1-form w on a smooth n-manifold N has an exterior derivative dw,
whose rank at xe N we define to be the largest integer k s.t. (dw)* # 0
at x.

The requirement that the rank of a 1-form be nowhere less than some
integer ¢ gives a regularity condition Q° — E! (where E = T* is the
cotangent bundle for n-manifolds). This regularity condition is extensible
for 2¢ < n; the extension is given by E' = T* (still the cotangent bundle,
but this time for (n+ 1)-manifolds), Q' = Q°*! < (E')!, where

Ty i*T*(N x R) = T*(N)
is the natural projection

*T*(N x R) = T*(N) ® R - T*(N).

This result is best possible both for extensibility and for the integra-
bility result implied; for if 2¢ = n, no Q°regular form can exist on a
closed n-manifold N. (For suppose @ were such a form. Then
(dw)* = d(w A (dw)° 1) is an n-form without zeros on N. Hence it defines
an orientation on N; and [y(dw)® # 0. But [yd(w A(dw)™") =0 by
Stokes’ theorem. This contradiction shows that no such w can exist.)
Thus I',(T*(N)) = 0. However, it is easy to see that I',.((T*)')(N) has
the homotopy type of the space of almost-complex structures on N,
so need not be empty (e.g. S® has an almost-complex structure).

We now turn our attention to the case where E(N) = N x P is a trivial
C>-bundle, so that sections of E(N) may be identified with maps N — P.
In this case the situation may be rather simpler.

Let Q(N) = E"(N) = J'(N, P) be a natural, stable regularity condition
on maps N — P. We attempt to construct an extension as follows:
We define E(M) for (n+1)-manifolds M to be the trivial C*-bundle
M x P, and take n: i*E — E to be the identity on fibres. We can define
a natural stable regularity condition @(M) = J'(M, P) as follows: let F be
a germ of map R"*! — P near xe R"*!. Then j,Fe Q< jFkeQ for
any germ k of immersion R" — R"*1 near y e R" s.t. k(y) = x. It is easy
to see that 7'(i*@) « Q (and indeed that Q is the largest (natural, stable)
regularity condition in E" with this property); so for extensibility we need
only check in any particular case to see if 7'(i*Q) > Q. Of course, this
need not be the only way in which an extension for € might be con-
structed; it is, however, sufficient for the examples we give below.
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Maps transverse to a field of planes

Let P be a smooth manifold, and let # be a sub-bundle of TP. Let
y = TP/n, with natural projection n: TP — y. The regularity condition
Qformaps f: N — P transverse ton (sothatne Tf: TN — yis of maximal
rank everywhere) is extensible, hence integrable, if dim N < dim P—dim#.
(This result, and its generalisation to maps of foliations (see Note 3)
was first obtained by Gromov [7]; when # is the zero bundle, it gives
the classical result of Smale-Hirsch [12] on immersions of closed
manifolds).

In this case (M) may be identified as the bundle of 1-jets of germs
of maps M — P transverse to 7.

r'"-order non-degenerate immersions
Let P be a Riemannian manifold. Pohl [ 19] has shown that a symmetric
linear connection on P naturally induces a splitting of the exact sequence

0-T,_,P->TP->0TP-0

(a point of TP, (x € P) is a differential operator of order < r acting on
germs at x of functions on P) and hence a natural map =,: T.P — TP.

In the case where P = R? with the usual connection, and if f: N - R?
is an immersion, Im =, T, f, is exactly the osculating space of order r to
f at f(x) i.e. the image of the linear map

. Q& ®.. ®d1 TN®O*TN®...® TN - RP.

Thus Im =, T, f, for any immersion f: N — P, gives a natural generalisa-
tion of the notion of osculating space. The regularity condition we
consider here is that this osculating space is of maximal dimension;
and so we say an immersion f: N — P is r'*-order non-degenerate if the
composite «, T fis injective on fibres. This defines a regularity condition
Q" = J'(N, P), which is extensible if dim P is sufficiently large; it is an
interesting algebraic problem to determine exactly how large it need be.

We define v(n,r) = n+,,,¢,+ ... +,,,¢, (this is fibre dim T,N for
an n-manifold N). Then Q" = J'(N, P) is extensible if

wWdim N+1,r) £ dim P,

though this is by no means the complete answer. For example,
Q? = J¥(N, P) is extensible if

dim P > v(dim N +1, 2)— o(dim N +1).
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Here, the number o(n), for any integer n, is defined as follows: write n
in the form (2s+1)2***® where —1 < aand 1 £ b £ 4. Then

o(n) = 1+2°"1+8a.

(6(n) is in fact the maximum number of symmetric orthogonal nxn
matrices all of whose non-zero linear combinations are non-singular).
For example, the following are sufficient for extensibility of Q2:

dimN=1 and dimP =3

(The classification up to regular homotopy of curves of everywhere
non-vanishing curvature in Riemannian manifolds of dimension = 3
implied by this was first obtained by Feldman [4], [5].)

dimN=2 and dimP =38
dimN =3 and dimP =11

The values given for dim N = 1 or dim N even are best possible for
extensibility of Q2 via 2. However, they are by no means best possible
for integrability. Gromov and Eliashberg [9] have proved, by completely
different methods, that ©" is integrable whenever v(dim N, r) < dim P.

Immersions with non-vanishing mean curvature

Let P be a Riemannian manifold with given metric and let f: N - P
be an immersion with normal bundle Q. Then the second fundamental
form of f at xe N is the symmetric bilinear map TN, o TN, — Q_
which is the projection onto Q_ of the second derivative of f at x w.r.t.
any local metric coordinates.

The mean curvature vector of f at x is the trace of this map, calculated
on a basis in TN orthonormal w.r.t. the inner-product induced via f
by the metric on P.

The regularity condition for immersions N — P with nowhere-
vanishing mean curvature vector is extensible if dim N+1 < dim P.

(The classification of such immersions thus implied was first obtained
by Feldman in [6] by rather different means.)

Non-singular maps -

We consider smooth maps f: N* —» P? without certain types of
singularity.

Let I = (i, ..., i,) be a non-increasing sequence of r positive integers.
We define Q' < J'(N,P) to be the union of Boardman varieties
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(J{Z¥IK = I in lexicographic order}, so that a map f:N —P is
Q'-regular < 2*1---*(f) = @ for any sequence (k,, ..., k,) ‘greater’ than
I = (iy,-..1,). Q' is extensible, hence integrable, if i, > dim N —dim P—d';
here we define d' = ) 7_jo, where

{1 if ig—i,, >1
%= 0 otherwise.

For r = 1, this result was first obtained by Feit [3].

For r =2, n = p, the result is best possible; maps f: N — P s.t.
2*(f)v Z'(f) = 0 were considered by Eliashberg in [2], where an
example is given which shows that this regularity condition (2"°) is
not integrable. '

It is also of interest to consider maps f: N — P s.t. (jf) " 'Z7 is empty;
in the case r = 2, this regularity condition is always extensible if
dim N < dim P.

(Proofs of the assertions made here will be given in another paper.)

The main body of methods and ideas used in this paper results from
the accumulation of expertise of the many mathematicians who have
worked in this field. The author gratefully acknowledges the help he has
received from their papers; the extent of his debt is made clear in the
following brief account of previous work.

The first theorem on integrability was proved by Whitney [27], who
considered immersions of S! in R2. His results were extended to immer-
sions of S* in an arbitrary Riemannian manifold by Smale [22], who
went on to find ([23], [24]) similar theorems for immersions of first S>
in R? (p = 3)and then arbitrary $"in R? (p > n). Using the ideas developed
in these theorems, Hirsch [12] obtained the homotopy classification of
immersions implied by Theorem B (and (implicitly) that implied by
Theorem A).

The methodology of these results was at first unclear, but several
expositions (notably those of Thom [25], Hirsch-Palais (unpublished
seminar), Haefliger-Poenaru [11] and Poenaru [20]) clarified the
situation, and led Phillips to some other special cases of Theorem A
(submersions were treated in [16] and maps transverse to a foliation in
[17]).

The situation in regard to integrability over closed manifolds was less
clear, for the elegant final form of the classification theorem for immer-
sions made use of a special property — the existence of normal bundles
(see Phillips [16]). Perhaps as a result, when Gromov [7] proved
Theorem A, he found the extension to closed manifolds only for a very
restricted class of regularity conditions (which he called ‘injective’).
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Meanwhile, in [3] Feit considered the case of the so-called ‘k-mersions’
(smooth maps with differential of rank = k everywhere), which do not
have ‘normal’ bundles in any global sense (nor indeed is their regularity
condition injective in the sense of Gromov). She was therefore forced
to argue locally (with locally-defined ‘k-normal’ bundles) to obtain
Theorem B for this regularity condition. Although we shall use it rather
differently, it is this ‘localization’ which is the key to Theorem B.

The author records here his deep appreciation and gratitude for the
inspiration given him by Professor C. T. C. Wall of Liverpool University,
without whose valuable advice and patient encouragement this paper
would never have been written.

Notes

1. Theorems A and B are false in general if the requirement of stability
is relaxed. For example, Phillips [18] has shown that the regularity
condition for maps of constant rank k #+ dim N, dim P is integrable
only for N sufficiently highly co-connected.

2. Gromov has announced (in [8]; 3.A.2) the following, as yet un-
published theorem:

let Q be a (stable, natural) regularity condition on sections of the
C*-bundle E over n-manifolds. Let y: N, — N be a generic smooth map
of manifolds, where dim N, < dim N = n. Then this induces a map
Y YrET - (YYE).

GromovV’s assertion is that Y"Q is an integrable regularity condition
over N,,. In general, ¥"Q is neither natural nor stable; however, when ¥
is an immersion it is both, and then this result is a special case of
Theorem B.

3. Let R"x R* be endowed with the natural n-dimensional foliation
whose leaves are R" x x, for each x € R¥,

Let 9} be the pseudogroup of local homeomorphisms of R" x R¥ that
take n-dimensional leaves to n-dimensional leaves and restrict on each
leaf to a diffeomorphism depending continuously on the leaf. Then a
manifold with a @}-structure (in the sense of Wall [26]) is an (n, k)-
foliation i.e. an (n+ k)-manifold with a smooth n-dimensional foliation
(of codimension k).

We also have the concept of a Z}-bundle; in particular, if E is any
C*-bundle over n-manifolds, from it we may construct a Z;-bundle
E over (n, k)-foliations s.t. E(M)|L = E(L) for each leaf L of the foliation
on M.

We define j: TE(M) — T'E'(M) by 7(f)IL = j(f|L).
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Let Q be a sub — C®-bundle of E".

Let I'G(E(M)) = {f e TEM)|J'(f) € M)}

We shall say that Q is integrable over the (m, k)-foliation M if
j: T5E(M)) - TQ(M) is w.h.e.

From Theorem B and an abstract proposition of Gromov ([7]; 3.4.1)
follows for a stable, natural regularity condition Q:

TaeEOREM C
If Q is extensible, Q is integrable over any (n, k)-foliation.

1. Plan of proof

In this chapter we study the strategy of proof for Theorems A and B
together; for the proof of A both forms part of and motivates the extra
conditions required for the proof of B.

Our exposition for Theorem A follows closely that of Haefliger [10];
another, equally lucid, account is that of Poenaru [21].

(1.1) On a smooth n-manifold N there is a proper Morse function
f: N - [0, o) whose critical points a,, a,,... may be ordered so that
their critical values ¢, = f(a;) are increasing.

For each i, there is a neighbourhood U; of g; and local co-ordinates
(x;5...x,) in U, so that f has the form

— 2 2 2 2
f=¢—xi— ... =X X+ ... +X;

in U, (here k is the index of a,).

For each i, let N, = f7'[0,¢,+¢], where 0 < ¢, < ¢, ,—¢; and ¢
is small.

Let

N =N—{x=0xp...x)eUlxI+ ... +x} <15},

where 6, is a small positive number. Then N;_, is a manifold whose
boundary has an edge diffeomorphic to $¥~!x " *~!; we note that

Ni_;=M,_, UaNi_l{(x’ t)e ON;_, x [0, 1]jt < g(x)}

where g: ON,_, — (0, 1] is a continuous map. We say that N;_, is N,_,
plus a collarlike neighbourhood.

N, = N/_, U A,, where 4, is diffeomorphicto D*x D" *,and N;_, n 4,
is diffeomorphic to a collar neighbourhood B, of dD* x D"~*; we say that
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N, is N;_, plus a k-handle. (For proofs of all these assertions, see Milnor

[14])

In this way N may be represented as the union of an increasing sequence
N,c...cN,_;,cN,_,cN;c...
of compact manifolds with boundary.
(1.2) Let E be a C*-bundle over n-manifolds, and Q a (stable, natural)

regularity condition on sections of E.
For brevity, we shall write

{F o(N)  for T,E(N)
[(N)  for ,E(N) = F'AN).

In our proof we shall require the following propositions:
ProposITION 1: Q is integrable over the n-disc D".

PROPOSITION 2: Let N’ be N plus a collarlike neighbourhood. Then the
restriction maps

FQ(N/) ad F_Q(N)
I'(N") - I'(N)

are w.h.e. and Serre fibrations.
ProrosiTION 3: For any (manifold) pair (A, B), the restriction map
I'(A) -» I'(B)
is a Serre fibration.

PROPOSITION 4: Let A, = 2D*x D" ™% B, = S*~1 x[1,2] x D", where
k < n (Where we make the natural identification

S*=1 x [0, B] = BD*—aD* (B > o > 0)).
Then the restriction map
Pa: Tg(4,) = T'o(BY)

is a Serre fibration.
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PROPOSITION 5: Let A, =2D", B, = §"' x[1,2] and suppose Q is
extensible. Then the restriction map

pa:To(4,) > T'y(B,)
is a Serre fibration.

These results are proved in § 2; from them, the theorems are proved by
induction on handle-index, using the following

LEMMA : Suppose we have a commutative diagram

E—2>FE

B——F

where p,p’ are Serre fibrations and g is w.h.e. Then § is w.h.e. < its
restriction to each fibre of E is w.h.e.

Proor: Follows from the homotopy exact sequences of the fibrations
and the 5-lemma.

(1.3) First notice that when N is an open manifold, there is a proper
Morse function on N with all critical points of index < n. Hence by the
analysis of (1.1), N may be represented as a union of handles of index
< n (for a proof of this, see Phillips [16]).

Thus to prove theorem A (at least for compact manifolds) we need
only show that if a compact manifold N is a finite union of handles of
index < n, Q is integrable over N. To prove theorem B we must make
an extra induction step.

The argument in the two cases is similar, as follows:

Assume inductively that Q is integrable over compact manifolds N
which are unions of handles of index < k. (Proposition 1 starts this
induction). To make the induction step, we need to show that if Q is
integrable over N, it is integrable over N = N’ U A4,, where N' n 4, = B,,
and N’ is N plus a collarlike neighbourhood.

We have the commutative diagram

Io(A,) —£— I'(4,)

r,B,) —L—TI(B,).



312 A. du Plessis [12]

p is a Serre fibration by proposition 3; p, is a Serre fibration by
proposition 4 if k < n, otherwise by proposition 5, when we must assume
that Q is extensible. By propositionl, j*: I'p(4,) = I'(4,) is w.h.e. and
so also is j*: I'y(B) — I'(B), by the induction hypothesis (B, is 0-handle
plus (k— 1)-handle).

So the lemma implies j" is w.h.e. on each fibre.

Consider now the commutative diagram

I'(N)—— I'(N)

1“, j 2)

T o(N') —— T(N).

Restriction to A and B maps diagram (2) to diagram (1), and the
vertical maps of (2) are pull-backs of the fibrations p,,, p in (1). Hence
they are also Serre fibrations, and of course j" restricted to each fibre is
w.h.e. So by the induction hypothesis and proposition 2,j": I'o(N") = I'(N’)
is w.h.e. Applying the lemma again j*: I',(N) » I'(N) is w.h.e.; that is,
Q is integrable over N.

(1.4) This proves Theorem B; to obtain Theorem A for (non-compact)
manifolds which are not a union of finitely many handles, we note that

I'o(N) = lir_n T'((N), I'(N) = li£1 I'(N,)
and apply the following

LemMa: (Phillips [16])
Suppose we have a commutative diagram

R PRIV
11"‘ lj.
..>B,—»....> B

where all the horizontal maps are Serre fibrations, and the j;, are w.h.e.
Then lim j;:lim A; - lim B; is w.h.e.

(1.5) We now describe the idea behind our condition of extensibility.
As the argument above shows, all we require of it is that it ensures that

Pa:To(A4,) = I'g(B,)

is a Serre fibration; that is, that p, has PCHP (see (2.1)).
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Consider the following situation: E' is a C® bundle over (n+1)-
manifolds, and €' an r'! order regularity condition on its sections.
Suppose that there are natural maps

To(E(N x[—1,1]) & To(E(N) st pyiy = 1;

so that we have a method of constructing Q'-regular sections of E’
from Q-regular sections of E.
Then a lifting problem

Q—¢—r,2D"
11 x0 lpn (Q a compact polyhedron)
OxI—S>T (5" 1x[1,2])

gives a lifting problem
0—% r,2D"x[-1,1])

Ll X0 11)0'

OxI—E—T (" x[1,2]x[-1,1)).

Since n < n+ 1, proposition 4 shows that p,,. is a Serre fibration, so that
a lift G for (iG, iG,) may be constructed. Then pG is a lift for (G, G,);
SO pg, is also a Serre fibration.
(1.6) As an example, we note that from a second-order non-degenerate
immersion f: S' — R3 (i.e. df and d?f are linearly independent) we may
‘functorially’ construct a surface F: S* x R —» R?® of everywhere non-zero
curvature s.t. F|S'x0 = f (this construction was first suggested by
Little).
However, no such ‘functorial’ construction is possible if we replace
R3 by an arbitrary Riemannian 3-manifold. Nevertheless, we will show
that it is only necessary for such constructions to be possible ‘locally’;
here ‘locally’ means both locally in N and in I,
We show how our notion of extensibility exhibits these properties;
first, recall that a regularity condition Q < E" is extensible if there is
i) a C*-bundle E’ over (n+ 1)-manifolds
ii) a C*-bundle map over n-manifolds n: i*E' — E
(where iy: N = Nx0 = NxR)

iii) a regularity condition Q' < E" s.t. n'(i*Q2") = Q
(where 7":i*(E") —> E" is the natural map induced by =; ie.
Ty Utx, 0)f) = Ji(my fiy), where f is any local section of E'(N x R) at
(x,0)).
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Hence, for any smooth n-manifold N we may define a natural map
Ty To(E (N xR)) = T'(E(N)) by 7y(f) = 7y fins
this is well-defined since
Jix,0f € = (nfi)en*Q = Q

for any local section f of E'(N x R) at (x, 0).
We make precise in the following lemma the sense in which this map
has ‘local’ left-inverses:

(1.7) LemMmaA: Let Q@ < E" be an extensible regularity condition on
n-manifolds; and let & < E' be an extension.
Then, for any n-manifold N, any point x€ N, and any f €I o(N),
there exists
i) an open neighbourhood W of x in N
ii) an open neighbourhood V of f(W) in E(W)
iii) a number ¢ > 0
s.t., for any sub-n-manifold Z of W, there exists a continuous map
p, H, > TE(ZxR)

(where H, = {ge TE(Z)lg(Z) < V})

S.t.
i)m-pyh)-i=h forall heH,
ii) p,(hZ") = p,(W|Z' xR for any sub-n-manifold Z' of Z and any
heH,
i) pf1Z)|Z x [ —¢, €] is Q'-regular.

Proof: Let p~*: E" — E* (s < r) be the natural map ‘forgetting’ partial
derivatives of order greater than s. This map is the projection of a locally
trivial fibre bundle and is therefore an open map. In particular,
PR (s £ r) is an open sub-bundle of E°.

Notice also that the diagram

i*(E") —XE"
li*(p!r,s) lpr,s (S é r)

i*(E)—"— E°

is commutative, so that, since Q' < E is an extension of 2 = E’, we have
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p"Q2 = (i (p" Q).

In particular, p"°Q = n(i*(p °Q’)) < E, so that
) i*(p'™ OQ:) - poQ

is surjective. Indeed, this map is also a submersion on fibres (and so
a fortiori a submersion), which is what we prove now.
For any n-manifold N, let

e ep™ (N xR)N x0;

and let e = my(e’), x = p(e), so that p'(¢’) = x x 0. For a sufficiently small
neighbourhood U of x in N, and a sufficiently small real number ¢ > 0,
3 trivialisations

E(NxR)Ux(—¢,8) = Ux(—¢8xF (where F' = E'(NxR),,)
E(N)JU = UxF (where F = E(N),)

(and w.r.t. these trivialisations, m;, becomes a level-preserving smooth
map Ux F' - U x F).

We may therefore consider germs of section (N x R, x X 0) — (E', €') as
germs of map (U x(—¢,¢),xx0)— (F,¢); and germs of section
(N, x) - (E, e) as germs of map (N, x) — (F, e), w.r.t. these trivialisations;
and we may also, of course identify E'(U), as J'(U, F), , and hence as
Hom (TU,, TF,) via the correspondence j'f, < df,.

Now define W, = {ve TF Jvelma for some oep”'Qu),}; since
p~'Q is an open sub-bundle in E', p"~!Q(u), is identified as an open
subset in Hom (T'U,, TF ). It follows easily that W, is open in TF,.

Now recall that p~1Q = nl(i*(p™ 1)), so that

PIQU), = nl(p" QU x (—&,8)),)

(recall m(e’) = e) ie. for any ¢ ep™°Q, and any Q-regular germ
f:(U,x) —> (F,e),3 an Q'-regular germ f':(U x(—¢g,¢),xx0) - (F,¢)
st jif. = ji=f "), ie. df, = d(n), df. ., i, (Where n_= 7|{x}x F’).

In particular, then, Im d(n,),. > Im df,.

But for each o € p”'Q(U),, 3 an Q-regular germ f s.t. j'f, = a; so that
Imd(rn,), o Ima for all aep”'Q(U), and hence Imd(n,), > W,. But
d(rn.),: TF, — TF, is a linear map; so, since its image contains the
open subset W, of TF,, it must be surjective. Hence, since this is true
for any e €p™°Q(N), nyl:p" (N xR)N x0— p”°Q(N) is a sub-
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mersion on fibres.
Hence, for any points ee p”°Q(N), ¢ e ny'e, we may choose local
co-ordinates

{x;,...x,} in a neighbourhood X of p(e)
{Xy>++ X V155 y,) in a neighbourhood X x Y of e
{Xys-- Xy 235 - 2.} in a neighbourhood X x Z of ¢’

(where p = fibre dim E, q = fibre dim E’, so q = p)

s.t.
TUX s e Xy Zysnens zq) = (X5 e e Xy Zgs e e 05 Zp)
Thus we may define a local left-inverse k to @ by

k(xi, Xy Vise-o yp) = (Xpseen Xy Vi e e o Vp 0,...,0),

s.t. k(e) = €.

Now let fel',(N), and let xe N. @Q is extensible, so there exists
T€Q, o st. 't =] f Choose local co-ordinates X, X x ¥, X xZ as
above, near x, f(x), p” %t respectively, and let k be the local left-inverse
to 7 s.t. kf(x) = p”°t.

Let P be the r'-order polynomial representative of t—j(kf x0)_,,
(w.r.t. the chosen local co-ordinates), so that zPi = 0.

Then there is a neighbourhood B of xx0 in U xR s.t. P+kf x0 is
'-regular in B. Indeed we may choose B = W x [ —¢, ¢] for some open
neighbourhood W of x in N, and some ¢ > 0.

Now let Z be any sub-n-manifold of W, and let

H, = {gelE(Z)g(Z) =« Wx Y};

define
pz:H, = I'(E(Z x R))

by
p,(h) = P+khxO0.

Then W,V = W x Y, ¢, p, have the required properties.
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2. Details of proof

This chapter is devoted to the details of the proofs outlined in §1;
here propositions 1-5 of (1.2) are proved.
We note the following:

i) A map f: X — Y is a weak homotopy equivalence

= f:[2.X]~[Q. Y]

is a bijection for any compact polyhedron Q.

ii) Amap p: A — Bisa Serre fibration <> it has the polyhedral covering
homotopy property (PCHP) i.e. from any commutative diagram of the
following kind:

0—4

jl x0 11’ (Q a compact polyhedron)
oxI < 5B

(a lifting problem) there may be constructed a map G:Q xI — A4 s.t.
pG = G and G (q) = G(g, 0) for each g € Q; that is the following diagram
commutes

Q—>—

OxI —¢- B

We say that G is a lift for (G, G,).

We note further that the PCHP is equivalent to the local PCHP
(that is, for each be B there is a neighbourhood U of b in B s.t.
plp"*U:p U - U has the PCHP). Hence a map is a Serre fibration
<> it has the local PCHP (for a proof see Dold ([1]; 4.8)).

(2.1) PROPOSITION 1: € is integrable over the n-disc D".

Proor: Since D" is contractible, E(D") is a product bundle D"x F
whose sections will be identified with maps D" — F. The fibre of E"(D")
at 0 € D" may then be identified with Ji(D", F).

Now the restriction map

p:I'(D" - I'(0)
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(where I'(0) is the fibre of Q(D") at 0 € D") is a homotopy equivalence,
so it will be sufficient to prove that p o j*: I',(D") — I'(0) is w.h.e.

Consider F as a closed submanifold of some R", and let n: W —» F
be a smooth retraction of a tubular neighbourhood.

Let f:Q — I'(0) = Jy(D", F) < Ji(D", R") be any map (where Q is a
compact polyhedron).

Replacing each jet in J5(D", R") by its polynomial representative of
degree r, we obtain a map F: Q x D" — R so that for each g € Q the map
F,:D"— RY defined by F (x) = F(g,x) is smooth, j'F, is continuous
w.r.t. g, and jF (0) = f(qg).

Let V be a neighbourhood of 0 in D" s.t. F(QxV) < W, and let
F, = nF V.

Since 2(D") is an open sub-bundle, there is a neighbourhood U of 0
in Vst Fj|[UelyU).

Now let h be an embedding of D" in U which is the identity on a
neighbourhood of 0.

Then hE(F o) = 9(q) defines a map g: Q — I'o(D") whose r-jet at 0 is f.

Thus (p o j),: [Q, T'o(D")] = [Q, I'(0)] is surjective.

Now let f,, f,:Q — I'p(D") be continuous maps, and suppose there
exists a map k: Q x I - I'(0) = J(D", R") s.t.

k(g, 0) = jo(fo@), kg, 1) = jo(f1(@) (g€ Q).
Replacing each jet in J5(D% RY) by its polynomial representative,
we obtain a map K:(Q x I)x D" — R" s.t. j7(K(g, 1)) = k(g ©).
Let K:(Q x I)x D" — R" be defined by

(1—31) fo(q)(x) + 3tK(g, 0)(x) 0=t=<3
Kig, 0(x) ={ K(g,3t—1)(x) G=t=3

GBt=2)f,((x)+(B3-3)K(g, I)x) G=<t=<1)
for all ge Q, xe D".

(regarding f(q), f,(g) as maps D" — RY).
Now let V' be a neighbourhood of 0 in D", and v > 0 a number s.t.

RO x([0,v]u[l=v1])xD"uQxIxV)c W
Let
K =K@ ([0,v]u[l—v,1])xD"u Q@ xIxV.

Since Q(D") is an open sub-bundle there is a neighbourhood U of 0
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in V and a number u € (0, v] s.t.
RIQx ([0, 1] U [1—p 1) x D" U @xIx U

is Q-regular. Now let h be an isotopy of embeddings of D" in itself s.t.
hy = h, = 1,, and h(D") = U for p <t < 1—p. Then we may define
a homotopy K:Q x I — I'p(D") s.t.

K(g,0) = fola), K(g,1) = fi(q) (4€ Q)

by K(q, 1) = hf(K'(g, 1)).

Thus (pej,),: [0, To(D"] — [, T(0)] is (1—1).
So poj"is w.he.

(2.2) ProposITION 2: Let N’ be N plus a collarlike neighbourhood.
Then the restriction maps

Pq: FQ(NI) - FQ(N)
p:I'(N")— I'(N)

are w.h.e. and Serre fibrations.

PROOF: Let G: Q — I',(N) be a Q-family of Q-regular sections (Q a
compact polyhedron); we may extend G to obtain a Q-family G’ of
sections over a neighbourhood of N in N'. Since Q-regularity is an open
condition, there is a neighbourhood U of N in N’ over which G’ is
Q-regular.

Let h be an embedding of N’ in U, which is the identity on a
neighbourhood of N. Then hE(G’) is an Q-regular family extending G.

So [Q, T'o(N')] = [Q, I'o(N)] is surjective.

Now let

Gy, G:Q - I'y(N)
be continuous maps, and let
K:QxI—TyN)
be a homotopy s.t. K(g,0) = G,(q)IN, K(g,1) = G,(q)|N foz each ge Q.
Let: Q x I x N' = N’ be the obvious projection, and let E = n*E(N’).

Then k, f,, f; together give a section of E|QxIxNuU Qx{0,1} x N'.
This section may be extended to a section of
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EIQxIx UL Qx{[0,1] U [1-4 11} x N,

for some neighbourhood U of N in N’ and some pe€ (0, 1]. Indeed,
since Q-regularity is an open condition we may suppose (by restricting
to smaller U, u) that the maps

G,: Qx[0,u] » T'E(N')
G,:Qx[1—p 1] > T'E(N)
K:QxI-TEU)

this section defines are in fact Q-regular.

Now let h be an isotopy of embeddings of N" toitself, s.t. hy = h; = 1.,
and h(N’) c U for p < t < 1—p. Define a homotopy K: Q x I — I'p(N')
between G, and G, by

hEGo(g. 1) (0=t =p)
K(g.t) = { hi(R(g.t) (uSt=<1-p)  (q€Q)
hfGlg1)  (1—pSt=20)

Thus [Q, I'o(N)] = [Q, To(N)] is (1—1).
Hence I'o(N') — I'p(N) is w.h.e.
Now suppose we have a lifting problem

Q— TN

11 0 kn

O xI —S—T,(N).

Extend the Q x I-family of sections of E(N) to a neighbourhood of
N in N, the extension agreeing with the Q-family G, on this neighbour-
hood. Since Q2-regularity is an open condition, there is a neighbourhood
U of N in N’ over which this extended Q x I-family G’ is Q-regular.

Let G":Q x I — I'(E(N")) be a Q x I-family of sections s.t.

G'(g,t)(x) xeinanhd. V of Nin U

e ) = {G(,(q)(x) x¢U

and G'(¢,0) = Gq).
Then, since Q-regularity is an open condition, there is pe(0,1] s.t.
G"(g, t) is Q-regular for t < pu.
Let h(t€[0,1]) be an isotopy of N’ to itself s.t. h, is the identity,
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h, is fixed on a neighbourhood of N, and h,(N') < V.
Define G: Q x I —» I',(N') by

~ o Jm(Gg. ) (=
“a.0 = {hf(G'(q, 0 (2.

This is the required lift for (G, G,).
So I'y(N’) = I'p(N) is a Serre fibration. The proofs for I'(N') — I'(N)
may be made similarly (or more simply!)

(2.3) PROPOSITION 3: For any (manifold) pair (4, B), the restriction map
I'(A) % r(B)
is a Serre fibration.
Proor: Suppose we have a lifting problem
Q—=—TI(4)
ll 0 l” (Q a compact polyhedron)
OxI —<$—-r(B)

We may rearrange this as follows

OxIxBuUQx0xA4 525, 04)

l l projection

OxIxA4—221 A

(A) - A is a locally trivial bundle, and hence has the polyhedral
covering homotopy extension property (PCHEP) (see Hu [14]; pp 62
and 65). In particular it has PCHEP for the pair (Q x A4, Q x B). The lift
which this provides gives the required lift G for (G, G,,).

Hence I'(A) —» I'(B) is a Serre fibration.

(2.4) PROPOSITION 4: Let A, = 2D*xD""% B, = S*"' x[1,2]x D",
where k < n. Then the restriction map

Pa:To(Ay) = T'o(By)

is a Serre fibration.
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Proor: Suppose we have a lifting problem
1Y) T Q(Ak)
11 x 0 lpn (Q a compact polyhedron)
0 xI1—>TB)

We construct a lift G in three stages:

1) Extend the Q x I-family G of sections of E(B,) to a neighbourhood
of B, in A,, the extension agreeing with the Q-family G, on this
neighbourhood. Since Q-regularity is an open condition, there is a
neighbourhood of B, in A4, over which this extended Q x I-family G’
is Q-regular. In particular G’ is regular over $*~!x[a,2]x D" * for
some o < 1.

2) For each s€[0, 1] we construct maps

g Qx[s, 1] - I'E(U)
(where U is a neighbourhood of $¥~! x [a, 2] x D" %) s.t.

G'(g,t)(x,y) (t =s; or x lies in a nhd. of S¥"! x[1,2])

t y = . . -
Kda, (. ¥) {G’(q, s)(x,y) (x lies in a nhd. of §*~! x ).

Indeed these constructions may be made uniformly w.r.t. s.

Since Q-regularity is an open condition, u(gq, t) is Q-regular for |t —s|
sufficiently small. [0, 1] is compact, so there is an increasing sequence
0=1t,<...<ty=1st plqt)(= p(q1t)is Qregular fort, <t < t; ;.

3) We construct a lift G, on Q x[0,¢,] by

o2, 1)(x,y) (xeS* ! x[a,2])

Gy(g, )x,y) = {GO(Q)(X’ y)  (otherwise).

This is Q-regular since u,, G, are.
Now suppose inductively that we have constructed a lift

G,:0x[0,t,] - I',(4)
s.t. G, = G’ on a neighbourhood of ¥~ x [$,2] x D" ¥, wherea < B < 1.

Then we have the following situation:
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tn+ 1 : :'u'n(g_’ t) :
mia.) = Glg.0) nat)  Gr)
G, (g, =G'(g,1) ! G,l(g1)
0 ' x §k~1x pn=k
2 1 B o

We hope to construct the extension by defining G, ,(¢,t) = G,(g, t,)
for t, <t <t,,, and xeyD* for some y > B. But y, is not constant
w.r.t. t at y so using p, and this G,,, will not be continuous. But y, is
constant w.r.t. ¢ on a neighbourhood of $¥~!xax0; we shall find
deformations fi,, G, off a neighbourhood of B s.t. fi, is constant w.r.t.
t on a nhd. of S*"! xyx 0, and so that ji, = G, on a neighbourhood of
S¥"1x[B,2]x0at¢t =1t,

To do this, we require the following:

let U = A be a neighbourhood of $¥~* x [«, ] x 0 on which p, and
G’ are both defined, and s.t. U n B = 0.

Since k < n, there is an isotopy 4,{0 <t < t,} of 4 s.t.

1) 4, is the identity outside U and on a nhd. of S*"! x fx0; and 4,
is the identity for t < 3t,.
2) 4,(S,x0)=S§,x0, for some ys.t. B <y <1

Let C = (2D*x0) U B, and let V be a small neighbourhood of C in A.
Define g, ,: Q0 x[0,¢,,,] = I',(V) by

n+ 1
¢ A:i(.u'n(q’ l)) ] gn+ 1(q7 tn)
xQ 45(G'(g, 1)) G4, 1)
0 X Sk’l X Dn—k
2 1 ? i

(the neighbourhood V is determined by the requirements
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A(B,y) = (B,yVt  for (B,y)eV

4, (y,y) = nhd. of $*"'xa in which pu,(q,t) = pg,t,) for (y,y)eV)
that is, by

G, (g, t)(x, y) (xll=B0=t=t,)
A7G(g)x,y)  B=2Ix=20=1=71,)
AF((g, )X, y) G226, St=51t,,,)
In+1(a )%, y) Ixl € pt, St Sty )

Gn+1(q, (%, y) =

Now let h, be an isotopy of embeddings of A into itself s.t. h is the
identity, h, is the identity on a neighbourhood of B in A4, and h(4) < V
for t > 1t,.

Then a lift G,, ,: Q x[0,t,,,] > I'y(A) is defined by

Gpr1(9:1) = hi(g, (9 1))
(2.5) ProrosITION 5: If Q is extensible, the restriction map
Po:To2D") - I'(S"" 1 x[1,2])
is a Serre fibration.
Proor: We will show that p,, has the local PCHP. Let
fely(s"1x[1,2)),

and let f’ be an Q-regular extension of f on S"~ ! x[1—a, 2], for some
ae(0,1) (such an extension exists because Q-regularity is an open
condition).

Let ' < E™ be an extension of Q. Then, by lemma (1.7), for each point
x€ 8"~ ! there exist open neighbourhoods W of x in §" ' x[1—a,2],
V of f(W) in E(W) and a number ¢ > O s.t., for any sub-n-manifold
Z < W, there is a map

pz H, - I'(E(Z xR))
(where H, = {ge I'(E(Z))|g(Z) = V}) s.t.
i) po(HZ') = ph)|Z' xR for any sub-n-manifold Z' of Z and any

heH,.
i) p,(f'|Z)|Z x [ —¢, €] is 2'-regular.
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We may take Z to be of the form N x [1—c, 1+c], where N is an open
neighbourhood of x in $"~* and ce (0, a]. S"~* is compact, so there is a
finite covering {N;} of $"~! by such neighbourhoods. Let ¢ = min {c,},
¢ = min {g,}.

Let 4 be a neighbourhood of f in I'y(S"~* x[1,2]) s.t., for any ge %

i) g(N;x[1,1+c]) < V, so that

gIN,; x [1’1+C]EHN,-X[1,1+c]

For each i.
i) Py, x1,14g@IN; X [L 1+ c]IN, X [L,1+c] x[—¢, €]
is Q'-regular
Now suppose we have a lifting problem
Q - pg'Y
11 x 0 lpg (Q a compact polyhedron)
ox1—S—> ¢

Local PCHP will be established if we construct a lift for (G, G,).
Since Q is compact, there exists a b e (0,4c] s.t., for each g€ Q

i) Go(@)(N; x [1—2b,1+c]) = V, so that

Go(@IN; x [1-2b,1+c] = Hy, 1 - 25,14

For each i.
i1) Py, 1 - 26, 1+ Go(@IN; x [1=2b, 1 +c])|

N,x[1-2b,14+c]x[—¢,¢] is Q-regular

Define

Glg, t)(x) (xeS" 'x[1,2])

G'(g, )(x) = {Go(q)(x) (x € (1—-b)D").

For convenience, we write
X =8""'x{[1-2b,1-b]uU[L,1+c]}
Y = 8" 1 x[1-2b,1+c].

It remains to lift (G'|X, G,|Y).
Let K be a triangulation of S"~! each of whose (n— 1)-simplexes |A|
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lies in one of the neighbourhoods N, say N ,.

Then for each simplex C€ K, |C| = N, for each (n—1)-simplex 4 s.t.
C<A.

For some open neighbourhood N(C) of |C|x[1—2b,1+c] in Y we
define

{"Hﬁ :Q - T'o(N(C)x[—¢,¢]) by “HS(q) = pyie(Go(@)
AHC:QxI - To(N(C) N X x[—ee]) by “HUG 1) = pyic).x(G'(4: 1))

for each simplex C and each (n—1)-simplex 4 s.t. C < A.

Let K' be the I-skeleton of K, and suppose inductively that we have
constructed the following:

N(C) is a neighbourhood of |C|x[1—2b,1+c] in N(C) for each
(j—1)-simplex C.

N(K?™1) = X ug N(C) is {a neighbourhood of |[K/~!|x [1—2b,1+c]
inY}uX.

Gl Q x I - T'y(N(K'™Y) lifts (G, G,|N(K™1))
AHC: Q x I — I, (N(C)x [ —¢, ¢]) lifts (*H|N(C) n X, *HS|IN(C))

ntH%g, )i = G’ (g, 1)
st “Hq, 1) = “H (g, 1) on (N(C) n N(C)x [—¢,e],
where C, C’ are (j— 1) simplexes facing A

for each (j— 1)-simplex C and each (n—1)-simplex 4 s.t. C < A.

(This induction ‘starts’ with j = 0, K~ ! = ¢).

Let N'(K‘~1) be a neighbourhood of X u |K/™!|x[1=2b,1+c] in
N(K’71), and for each j-simplex E let N(E) be a neighbourhood of
Ex[1-2b,14c] in N(E) s.t.

N(E) n N'(K'™Y) < U {N(C)|C a (j—1)-simplex facing E}
and s.t. there is a difffomorphism

(N(E), N(E) n N'(K?™ 1)) = 2D+t x D"~1=1, §i x [1,2] x D"~ 1)

Then for each E we have a (j+ 1)-handle lifting problem

0 —— I (N(E)

llxo 19

0x1 =L (N(E) n N(KI~1))
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and, for each E and each (n—1)-simplex A4 s.t. E < A, a (j+ 1)-handle
lifting problem

0 —AI@—WQ,(N(E) x[—¢¢])

ll x0 lﬂn'

Qx I 8% I'o(N(E) 0 N'(Ki ) x [ —¢, ¢])

(where 4HE(g, t) = “H (g, t) in N(C) x[ —¢,¢])
s.t. t*HE(q)i = G,(q) and n*H (g, t)i = G~ (g, t)|.
In order to make the induction step, we distinguish two cases:

1) j+1 < n; use Proposition 6 (see (2.6) below) to find lifts “HE for
(“HE, 4HE)) s.t. n*H (g, t)i = n*' H®(q, t)i for (n—1)-simplexes 4, A’ faced
by E.

Then define G’ on N(K’) = X u} N(E) by

n4H%(q, t)i(x) on N(E)

Ga. ) = {Gf“‘(q, B(x) on N(KI1)

2) j+1 = n; use Proposition 4 to find lifts “H* for (*H4, “Hg)).
Then define G"~! on N(K"™') = X UY{ N(4) = Y by

niH4(g, t)i(x) on N(A)

o000 = o on R

G" ! is the required lift for (G'|X, G,|Y).

(2.6) PROPOSITION 6: Let A =2D*xD"* B = S*"'x[1,2]xD"%
J =[—-1,1], where k < n.
Suppose we have a lifting problem

Q=T 4)
Qx I ——TB)

and lifting problems
0—M I (AxJ)

ll ‘o l,,,,, (for j=1,...7)

OxI —H.,T,(BxJ)
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nHi(q)i = Gy(q) for all qe Q and each j=1,...,r
" |nH¥(q, )i = G(g,t) forall (q,t)eQx1I and each j=1,...,r.

Then there is a lift G of (G,G,) and lifts H of (H’,H}) s.t.
nHi(q, t)i = G(q,t) for all (g,t)e Q xI and each j = 1,...,r.

Proor: The method follows closely that of Proposition 4.

1) Extend the Q x I-family G of sections of p™ °Q(A4)|B to a neighbour-
hood U of Bin 4, the extension G’ agreeing with G, in U; and then extend
the Q x I-families H’ of sections of p™ °Q'(A4 x J)|B x J to a neighbourhood
U’ of Bx J in U x J, the extensions H agreeing with the Q-families HJ
in U, and being s.t. tH"i = G'.

(These extensions H" are obtained as follows: first extend each i*H/,
considered as a Q x I-family of partial sections over G'(B) of

) 1 1G(U) A i*(p™ °Q(A x J)) - G(U),

to G'(U), where U is some neighbourhood of B in U, the extensions H’
agreeing with i*H.. on G'(U). (z| may not be quite a fibration, but it is
a surjective submersion on fibres (by the Lemma (1.7)) so that partial
sections over neighbourhood retracts do have local extensions). Now
extend each H’ U HY, considered as a section of

pro(AxJ)BxJ v Ux{0},

to some neighbourhood U’ of Bx J in U x J, the extensions H'/ agreeing
with HJ on U’).

Since Q'-regularity is an open condition, there is a neighbourhood of*
B x Jin A x J over which these extended Q x I-families H' are Q'-regular;
in particular they are Q'-regular over S*~ ! x[a, 2] x D" *x J, for some
ae(0,1). Of course, since G' = nH"i,G' is then Q-regular over
St x[a, 2] x D" X

2) Let V be a neighbourhood of $¥ ! x [a, 2] x D" *st. V' xJ < U'".

For each s€[0, 1], find a suitably close approximation G” to G’ s.t.
the restriction of the Q-family

G'(g, ):VxI—>p°QV)xI (g€ Q)

to S¥7 ' x [$420,2+1a] x D""*x I is smooth; and s.t. G"(q, ) is equal
to G'(g, ) on V x {s} and in a neighbourhood of
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S ix({oa} U, 2])yx D" *x1.

It is clear that such approximations may be found uniformly w.r.t. s.
Now find suitably close approximations H"/ to H" s.t. the restrictions
of the Q-families

Hg, ):VxIxI-pm°QVxJ)xI (geQ)

to ¥ x [+20,2+ 1] x D"*x J x I are smooth, and s.t. H"(g, ) is
equal to H'(g, ) on V x J x {s} and near

Six({a} U1, 2])x D"k x I x I,
and s.t.

nH"(q, )i = G"(q,M(q, ) € Q x ).

(The argument showing that construction of H'" is possible is similar
to 1); again the key is that n| x 1, is ‘nearly’ a fibration; so that a family
of sections over G"(V x I) (which each H" provides, since .G” is close
(hence homotopic) to G') may be arbitrarily closely approximated by
a family of smooth sections).

Again it is clear that the approximations H'’/ may be constructed
uniformly w.r.t. s.

Now let p:(0,2] — [0, 1] be a smooth function s.t. p(0,3+2«] = {0},
p[3+32, 2] = {1}, and define

vi:Ox[s,1]>TE(VxJ) (j=1,..,r;5€[0,1])
by

vig, O((p, u), y, ) = H"(g, s+(t—s)p)(p, u), y, 7)
(for (g, )e Q@ x I, (p,u),y,r)e(S* 1 x(0,2] x D" *x J) n (V x J) so that

H'¥(g, t)(x, y,7)(t = s; or x near S*"1x[1,2])

l)‘i 9 b b = .
1@ 00 y.1) {H "(q, s)(x, y, )(x near S¥"1 x )

v;' is, of course, constructed uniformly w.r.t. s.
Now, since @'-regularity is an open condition, v/(q, ) is €'-regular for
|t — s| sufficiently small. So, since I is compact, there exists an increasing
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sequence 0 =t, <...<t, =1 st vi(g,1) =v](g1) is Q-regular for
t,Stst,,andeachj=1,..,r
Define maps p,: Q X [t,,t,,,] = ['o(U) by

wla, ©) = mvi(g, 1)
3) Now construct lifts H for (H’, Hj) on Q x[0,¢,] by

vi(a, Ox, y,1)  (xe ST x[0,2])

Hj s s Vs = i
(g, )(x, y, 7) { Hi) (Q)(x, v, 7) (otherwise).

Then G, defined by G,(q,t) = nHi(g,t)i is a lift for (G, G,) over
0x[0,1,].

Now construct a lift for (G, G,) over Q x I using the inductive method
of Proposition 4. The deformations 4,, h, used, in conjunction with the y,,
for each inductive step provide deformations 4, x 1,, h, x 1, which may be
used, in conjunction with the v/, to construct lifts for (H’, H). These lifts,

composed with 7 and i, will be the lift already constructed for G.

Appendix

Let E(N) be the trivial bundle N x P, so that its sections may be
identified with maps N — P, and E"(N) may be identified with J'(N, P).

Let Q, be a natural, stable regularity condition on smooth maps of
an n-manifold into P (so that Q,(N) is an open sub —C®-bundle of
J'(N, P) > N). Let W be an (open) submanifold of P; then we denote
by Q,, the regularity condition defined by Q,,(N) = J'(N, W) N Q,(N).
This condition is natural (because the local diffeomorphism action is
trivial) and stable, and it is extensible if 2, is. We may exploit these facts
to prove the following.

APPROXIMATION THEOREM : Let Q be an extensible regularity condition
on smooth maps N — P, and suppose there is an Q-regular section
6:N — J(N, P) covering the map fN — P (ie. f = p"°). Then f
may be fine C°-approximated by Q-regular maps whose r-jets are homotopic
to o as sections of Q(N).

ProoF: Let p be any smooth metric on P, and let a: N — (0, o0) be
any smooth function. We shall show that there exists an Q-regular map
g: N - Ps.t.j"gis Q-regularly homotopic to ¢ (i.c. 0 and j'g are homotopic
as sections of Q(N)) and s.t. p(f(x), g(x)) < a(x) for each x e N (we say g
is an a-approximation to f).

For each x € N, let W_ be an open convex co-ordinate neighbourhood
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of f(x) contained in {p € P|p(f(x),p) < to(x)}, and let
U, = {ye Nluy) > Ja(x)} n f1W.

The sets {U_} form an open covering of N. Choose a C*-triangulation
of N so fine that each n-simplex |A]| lies in one of the open sets U, say U .

Suppose inductively that we have constructed a neighbourhood N;_,
of the (j— 1)-skeleton in N, and an Q-regular map g;_;:N;_, — P s.t.
J'g;- is Q-regularly homotopictoo|N;_, ands.t.g;_,(N;,_; n U, = W,
for each n-simplex A (these constructions may clearly be made forj = 1).

Now let N;_, be a neighbourhood of the (j— 1)-skeleton in N -1
and for each j-simplex E let N(E) be a neighbourhood of |E| in
Wy = n {W,|E < A} s.t. the N(E)— N/,_, are disjoint and

(N(E), N(E) " N';_;) = 2D/ x D", S x [1,2] x D" ™)

Consider the following commutative diagram

CZ(N(E), W) ——&—— Jo(N(E), W,)

lﬂg ‘l”
CH(N(E) N\ N',_ |, Wp) = J(N(E) " N';_ |, W)

whose vertical maps are fibrations (by propositions 3, 4, 5) and whose
horizontal maps are w.h.e. by Theorem A. jig;,_,IN(E)n N;_, is
Q-regularly homotopic to o|N(E) N N_,, and so there is a section t
in the fibre over j’g;_,|IN(E) n N’;_, Q-regularly homotopic to ¢|N(E);
and there is an Q-regular map g :N(E) - W, in the fibre over
g;—1IN(E)n N';_, (using the lemma of (1.2)) st. jig, is Q-regularly
homotopic to T and hence o.

Define N; = gN(E), and g;: N; > P by g,(x) = gg(x) for xe N(E).
This completes the induction step.

Hence we may construct, by this method, an Q-regular map g: N —» P
s.t. j'g is Q-regularly homotopic to ¢ and s.t. g(U,) = W, for each
n-simplex A. This map g is in fact the required a-approximation to f,
as we can see by the following argument:

suppose ye U ,, and that U, was originally defined with reference
to the point x,. f(y), g(y) € W,, and so

P 9) < p(f ), f(x )+ pg0), f(x ) < Fodx ) +5(x,) = Salx,).

But ye U, so ay) > Jalx ).
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Thus p(f(y), 9(¥)) < ().
This completes the proof.

REMARKS:

1. The requirement that Q is extensible is necessary even for open
manifolds N ; for this result adds detail to the classifications of Theorems
A and B by the remark that the homotopy class of an Q-regular section
of J'(N, P) covering a proper map may be represented by the jet of an
Q-regular proper map.

Hence it is essentially the non-extensibility of the regularity condition
for submersions that makes the construction of foliations with compact
leaves so difficult (the inverse images of points by a submersion gives
a foliation of the source manifold).

2. A more general theorem may be proved: consider smooth maps
from an (n, k)-foliation M into P; such a map is Q-regular if its restriction
to each leaf is Q-regular (see § 1, note 3).

Suppose f: M — P is a map s.t. for each leaf L, f|L is a smooth map
covered by an Q-regular section g, : L — J'(L, P) depending continuously
on the leaf. Then f may be fine C°-approximated by Q-regular maps
M — Pwhoserestrictions to each leaf L have r-jets Q-regularly homotopic
to o,.

The proof of this is exactly as above; to show that the diagram corre-
sponding to (1) has the required properties, we use the abstract proposi-
tion 3.4.1 of Gromov’s paper [7].
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