COMPOSITIO MATHEMATICA

NEAL KOBLITZ

p-adic variation of the zeta-function over families
of varieties defined over finite fields

Compositio Mathematica, tome 31, n°2 (1975), p. 119-218
<http://www.numdam.org/item?id=CM_1975__31_2 119 _0>

© Foundation Compositio Mathematica, 1975, tous droits réservés.

L’acces aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique 1’accord avec les conditions géné-
rales d’utilisation (http://www.numdam.org/conditions). Toute utilisation
commerciale ou impression systématique est constitutive d’une infrac-
tion pénale. Toute copie ou impression de ce fichier doit contenir la
présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1975__31_2_119_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

COMPOSITIO MATHEMATICA, Vol. 31, Fasc. 2, 1975, pag. 119-218
Noordhoff International Publishing
Printed in the Netherlands

P-ADIC VARIATION OF THE ZETA-FUNCTION OVER
FAMILIES OF VARIETIES DEFINED OVER FINITE FIELDS

Neal Koblitz

Table of contents

Introduction. . . . . . . . . . . . Lo
I. Generic Invertibility of the Hasse-Witt Matrix. . . . . . . . . . . . . .. 124
1. Hypersurface sections and their Hasse-Witt. . . . . . . . . . . . . . .. 124
2. Flatness and base-changing. . . . . . . . . . . . . . . . ... ... 126
3. Degree of a generically reduced projective scheme. . . . . . . . . . . . . 132
4. X-regular SeqUeNCes . . . . . . . . . ... a e e e
5. Asymptotic invertibility . . . . . . . . ..o
6. Invertibility for complete intersections. . . . . . . . . . . . . .. .. 142
7. Invertibility for curves of given genus . . . . . . . . . . . . . ... L.

I1. Invertibility Conjecture for Hypersurface Sections. . . . . . . . . . . . . 147
1. Algorithm for computing the Hasse-Witt matrix of a hypersurface . . . . . 147
2. Counterexample to the invertibility conjecture . . . . . . . . . . . . .. 148
3. Revised conjecture . . . . . . . . . ... ... 149
4. Example showing that the revised conjecture is false without the conditiond >0 152

III. A Conjecture on Hyperplane Sections of Lefschetz-Imbedded Surfaces . . . 153

IV. P-Rank Stratification of Principally Polarized Abelian Varieties. . . . . . . 161
1. Basicset-up . . . . . . . .. ... 161
2. Outline of proof of Theorem 7 . . . . . . . . . . . . . . ... .... 164
3. Deformations. . . . . . . . . . ... 166
4. Rigidity of Hhg - - . . o v v o o o 169
5. Alternating inner product on Hbg. . . . . . . . . . . . . . .. .. .. 176
6. The Gauss-Manin map and principally polarized deformations . . . . . . . 178
7. Action of Frobenius. . . . . . . . . . . .. ... 182
8. Isomorphism types of p-linear endomorphisms . . . . . . . . . . . . .. 186
9. Tangent space computations . . . . . . . . . . .. . . ... ... 187
10. Relation to Igusa’s theorem . . . . . . . . . . . . . . . ... .... 191
11. Thecase g =2 . . . . . . . . . . . . . . . o oo 193

V. Examples and Conjectures . . . . . . . . . . . . . . . . .. ... 194
1. Supersingular abelian varieties . . . . . . . . . .. . . . ... L. 194
2. Fermat hypersurfaces . . . . . . . . . . . . . . ... ... 198
3. Artin-Schreier curves . . . . . . . ... L Lo 204
4. Stratification by the full Newton polygon . . . . . . . . . . . . . . .. 209

References . . . . . . . . . . . . . . ... e



120 N. Koblitz 2]
Introduction

Let X be a scheme of finite type over a finite field F, with g = p*
elements. Let N, = # X(F,;) be the number of F .-rational points on X.
The p-adic study of the N, is the outgrowth of the classical results of
Warning and Ax on p-divisibility of the number of solutions of equations
over finite fields.

ProposiTioN (Warning [60]): Let F(X,,...,X,)eZ[X,...,X,] be a
polynomial of degree d < n. Then the number of solutions of

F(X,,..,X,)=0 (mod p)
is divisible by p.

PrOPOSITION (AXx [2]): Let F(Xy,..,X,)€eZ[X,,...,X,] be a poly-
nomial of degree d. Let u be the least nonnegative integer such that

n—d
T

v

u

Let N be the number of solutions of
FX.,...X,)=0
in (F,)". Then
N=0 (mod ¢*).

All the information about the N, = # X(F,) is contained in the
zeta-function

o0

Z(X[F,;t) = exp (Y, N, t%/s)

s=1

of X over [F,, which Dwork [10] proved to be a rational function. For
example:

PRrOPOSITION (AX [2]): Let X be a scheme of finite type over F,, and
let u be a positive integer. Then the following are equivalent:
(i) the reciprocal of every zero and pole of Z(X/F,;t) is of the form
q" (an algebraic integer);
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(ii) Ny = 0 (mod ¢g**) forall s = 1,
(iil) Z(X/F,; ) e Z[[q"t]].

Now suppose that X is proper and smooth, dim X = n. Given any
‘Weil cohomology’ H* in the sense of [29], the zeta-function is expressed
as an alternating product of the characteristic polynomials of the action
of the pth-power ‘Frobenius’ endomorphism F:

Z(X/[Fq, t) = l—[ det (1 — tFa|Hi(X))(— 1)i+ 1.

In the proper and smooth case, the zeta-function has certain basic
properties, which were conjectured by Weil in 1949 and proved in the
following form by Grothendieck (i), (ii), (iii) and Deligne (iv):

(i) For any prime / # p, we have

P(t)P5(1)... Ppu—4(t)

Z(X[F ;1) = Po(O)Po0). .. Poylt)

where
b;
P(t) =[] A —a;0) e L +1Z)[1].
j=1

(ii) If X is obtained by reduction from a proper smooth scheme
defined in characteristic 0, then b, = deg P; is the i-th topological Betti
number of X.

(iii) (Functional Equation)

1 .
Z <X/[Fq;‘ﬁ> = +t*q"™?Z(X/F,;t),  where x =Y (—1)b;

thus, if o;; is a reciprocal root or pole, then so is g"/o;;.
(iv) The P; in (i) are independent of I; P(t) € 1 +tZ[t], i.e., the a;; are
algebraic integers; and

(Riemann Hypothesis) [0;lcompiex = 472

Note that the functional equation implies that all the «;; are l-adic
units for all primes [ # p, because both a;; and ¢"/a;; are algebraic
integers. Thus, there remains the question of the p-adic ordinals of the
o;;. As mentioned above, in classical terms these p-adic ordinals corre-
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spond to p-divisibility properties of the N;.

In the cases considered in this paper there is only one ‘interesting’
polynomial P; in Z(X/F,; t). If X is a complete intersection this is the
polynomial P, corresponding to middle dimensional cohomology. If X
is an abelian variety it is P;, corresponding to H!(X). In such a case the
p-adic picture of the zeta-function is given by the ‘Newton polygon’ of
P, (resp. P,). The Newton polygon of a polynomial

P(t) = i a;t' e 1+1Z[t]

i=0

is defined as the convex hull of the points (i, v,(a;)), i = 0,..., b, where
v, is the p-adic valuation normalized so that v,(q) = 1.

The ‘unit root’ part of the Newton polygon is the segment with zero
slope. Its length equals the number of p-adic unit reciprocal roots of P.
In general, the horizontal length of a segment of slope a/b equals the
number of reciprocal roots of P having v, = a/b. In the case of the zeta-
function of a complete intersection or an abelian variety, the functional
equation imposes the following symmetry on the Newton polygon:
0 = a/b < n, and the segments of slope a/b and n—(a/b) have the same
length. Here is a typical Newton polygon (here n = 1, b = 6, i.e., X is a
curve of genus 3):

3 (6,3)

“,0

A second constraint on the Newton polygon is that its vertices are
integral lattice points, i.e., the number of roots with v, = ¢ is a multiple
of the denominator of ¢ (cf. Manin, [34], Theorem 4.1, or Katz, [27],
Theorem 2).

A third constraint is imposed by the following special case of a theorem
of Mazur [36] (the ‘Katz conjecture’):

ProposITION : Let X/F, be a projective smooth complete intersection of
dimension n. Then the Newton polygon of P, lies on or above the Newton

polygon of
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n PR
1—gity5""",  where k"~ = dimg. H" (X, Qip.)—8; pos-
q 0 Fq IFq ,
i=0

It turns out that the unit root part of P, is most easily studied, thanks
to the Katz congruence formula [21]:

Z(X/Fy; ) = [ det 1 —¢tFIHI(X, 0x) V""" (mod p),

i=0

where Hi(X, 0y) is the Cech cohomology of X with coefficients in the
structure sheaf (abbreviated H'(O) from now on), and F is the Frobenius,
the ‘p-linear’ vector space map induced by f + f” on the structure sheaf
(‘p-linear’ means F(af +bg) = a’F(f)+ b"F(g)). Thus, the unit root part
of the Newton polygon of P, corresponds to the ‘semisimple’ part of
the vector space H"((0x) under the action of the p-linear map F. (Recall
that two exact functors are defined on the category of pairs (V, F), where
V is a k-vector space, k a field of characteristic p, and F is a p-linear
endomorphism:

‘nilpotent part’:  V -wo V= | ker (F"|V),
1

n=

‘semisimple part’: V- V= () span of im (F"|V).

n=1

When k is a perfect field, we have V = V;;, ® V,, with F nilpotent on
Vaip and bijective on V¥, and dim (V) is called the ‘stable rank’ of F.)
The action of F on H*((y) is classically known as the Hasse-Witt matrix
(see, e.g., [32]). Thus, the number of p-adic unit reciprocal roots of P,
is equal to the stable rank n(X) of the Hasse-Witt matrix.

The following questions will be investigated in this paper:

(1) As X varies over certain families (hypersurfaces of given dimension
and degree, complete intersections of given dimension and multidegree,
curves of given genus), does r(X) generically attain the maximal possible
value py(X) = hJ" = dim H"(0x)?

(2) If X = P is fixed and H is a varying hypersurface of degree d,
then how does the generic value of n(X - H) compare with p(X - H),
especially as d — 00? When does X satisfy the ‘invertibility conjecture’
of Grothendieck-Miller, which asserts that generically /(X - H) = p (X - H)
ifd > 07

In answering questions (1) and (2), an essential role is played by the
convenient fact that the Katz congruence formula expresses the unit
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root part as a coherent cohomology phenomenon.

(3) How are various moduli spaces (principally polarized abelian’
varieties, genus g curves) stratified by the stable rank r?

(4) What can be said about the refinement of this stratification accord-
ing to the entire Newton polygon?

I wish to thank Professors B. Dwork, P. Deligne, B. Mazur, W. Messing,
D. Mumford, and A. Ogus for many valuable discussions, ideas, and
corrections. I am especially grateful to my adviser, Professor Nicholas
M. Katz, for suggesting the problem and giving me constant help
throughout my work on the subject.

L. Generic invertibility of the Hasse-Witt matrix

1. Hypersurface sections and their Hasse-Witt

Let X = Py, where k = F,, be an arbitrary n-dimensional closed sub-
scheme, corresponding to a homogeneous ideal I = k[ X,,..., X,]. Let
k be an algebraic closure of k, and let X = Xx,k, I = I ®,k, P¥ = P}.
Let S, ~ P’, where v=vy,=("5%—1, be the projective space of
hypersurfaces H of degree d in PV, Let S, have homogeneous coordinates
(Yo,.., X))

We are interested in hypersurfaces H whose equation # is not a zero
divisor in Oy, i.e.,for which no irreducible component of X has h vanishing
at all of its points. Such H are said to ‘intersect properly’ with X. In terms
of ideals, this means we want to eliminate from S, those h contained in
any of the associated primes P; of I (i.e., the minimal primes, corre-
sponding to maximal points of X; we have I = ﬂ P?). Take some
P e {P;} having homogeneous generators g, € k[ X, ..., Xy] of degrees
d,, respectively. We first replace {g,} by {h;}]- o, where the h; run through
all products of the g, with monomials of degree d — d,,, and we leave out a
g, if d, > d. Then he P if and only if there exist aq, .. ., a,, € k such that
h =)™ ,a;h;. That is, we want to eliminate from S, the image of the
morphism

Pm - Sd
given on closed points by
(ag, - a,) + hypersurface with equation ) a;h;.

This image is closed. Moreover, it does not contain all of S;: take a
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point xe X in the component corresponding to the prime ideal P,
and take the point in S,; corresponding to a hypersurface H which does
not contain x; then, since all the h; vanish at x, it follows that the equation
of H is not of the form )’ a;h;. Thus, let Y < S, be the nonempty Zariski
open set consisting of hypersurfaces which intersect properly with X.

Recall that the Hasse-Witt matrix of an n-dimensional variety X is
defined as the action of the Frobenius F on H"((®). However, when
considering high degree hypersurface sections X - H of a fixed variety X,
we modify the definition of the Hasse-Witt of the section as follows.
Under a mild assumption on X which we shall always make — namely,
the Cohen-Macaulay condition — it will follow that the restriction

Ox > Ug.5
induces

j* :H{(Og) 5 H(Og.5), i<n-—1
J* :H" " }(0g) o H" (0x.p).

So if F fails to act bijectively on H" !(0g), then it also fails to act
bijectively on H"~ }((g. z), which is the middle dimensional cohomology
of the (n—1)-dimensional variety X - H, for any H. Hence, if we are
to have any hope of generic invertibility for high degree sections, we must
consider only the ‘truly variable’ part of H*(0z. ;) and define the Hasse-
Witt of a hypersurface section of any fixed variety X as the action of F on

H" YO g)/i*(H" *(O%)).

Note that for high degree sections X - H the map
j¥ 1H""Y(0g) = H" (0x.p)

is far from surjective, since, as we shall see, dim H" (O %. ) grows with
order D - d"/n!, where D is the ‘degree’ of X (i.e., the number of intersection
points with the intersection of n hyperplanes in general position).

Katz [23] proved that, for a fixed Cohen-Macaulay variety X and for
generic H of degree d >> 0, the Hasse-Witt matrix of X - H has positive
stable rank, i.e.,

dimg (H"™ /(0. p)/j*H"™ ' (Ox))ss > 0
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— in other words, the action of F is not nilpotent — and he conjectured
that much stronger estimates are possible.

2. Flatness and base-changing

We first need a few lemmas. The first lemma asserts the flatness and
properness of the families of varieties that are the primary concern of
this chapter.

(1) Let ¥, = Y = S, be the moduli space of hypersurfaces in P¥
which intersect properly with a fixed variety X < P¥. Let

hek[Xos..» Xy, Yo,..0 Y]

be the ‘generic’ form of degree d in k[ X, ..., Xy] whose coefficient of
the i-th monomial term (i = 0, 1,..., (4% —1) is the corresponding Y;.
Now h defines a hypersurface H in PY x S; ~ PN x P, since it is homo-
geneous of degree d in the first set of variables and degree 1 in the second
set. Let M; = H- (X x Y;), and let M; — Y; be the morphism induced
by the projection of X x Y; onto the second factor.

(2) For any fixed multidegree (d;,....d,)eZ"%,r = 0, let

Yy = Sa45.. 00, © Say X Sa, X .. XSy,

be the nonempty Zariski open set of r-tuples of hypersurfaces H; = P¥
of degree d; which intersect properly, i.e., such that H,-H,---H, is a
complete intersection. This condition is equivalent to requiring that,
fori=1,2,...r, the equation of H; is not a zero divisor in Oy, .y, ..., _,
(= Opn if i = 1). For each fixed i =1,2,...,r, let v, = (*}%)—1, and
let h; be the form in

7 7 7 7 7
E[X07"'>XNa 105+ Ylvl’ 205 L2vp5 s LpQs e o )rvr]
13

which is the sum of the degree d; monomials in the X’s with coefficient
the corresponding Y;;, j = 1,...,v;. (The Y;; with i/ # i do not appear
in h) Let M' < P¥x S, xS;,% ... xS, be the closed subvariety
defined by the ideal (hy, ..., h,),let M, = M'-(P¥x Y,),and let M, — Y,
be the morphism induced by the projection of P¥ x Y, onto the second
factor.

Lemma 1: The families M; — Y,, i = 1,2, are proper and flat.

Proor: (1) M, - Y.
The morphism M; <, X x Y, is obtained by restriction of the closed
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immersion H <, PY¥ x P¥ and so is itself a closed immersion:

He—— PV x pY

/S

M,=H-(XxY,)=—— XxY,

The morphism M, — Y; is the composition of two closed immersions
and one projection:

M, > XxY,>P'xY, > Y,.

The third map PYx Y; — Y, is proper because P¥ is proper, over k.
Since all three morphisms are proper, M; — Y, is also proper.

As for flatness, by [3], ch. 2, §3, Proposition 15, it suffices to verify
that the localization B, of 0, at any closed point x € M is flat over the
localization A4, of Oy, at the closed point yeY;, where x - y. If B
denotes the localization of Ug.y, at xe M; = H- (X xY;)) c Xx Y,
then:

1. since Oz .y, is flat (in fact, free) over Oy,, it follows that B, is flat
over A4,;

2. we have the exact sequence

0->B. 5B, B >0,

where the first map is multiplication by the restriction of the equation
of H to B;.. Let k = A,/m, be the residue field at y. Tensoring with k gives

0 = Tor(B,, k) > Tor{(B,,k) > B.® k> B, ® k > B, ® k — 0.

But, by the definition of Y;, k is not a zero divisor in the structure sheaf
of the fibre over any closed point y € Y;. Thus, the map

B.QkS5B. ®k
is injective, and
Tor{ (B,, k) = 0.
This implies flatness of B, over A, by the ‘local criterion for flatness’

(cf. [48]): If R —'S is a local homomorphism of Noetherian local rings
and m is the maximal ideal of R, then S is flat over R if and only if
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Tor®X (S, R/m) = 0.
2 M;-Y,.
The morphism M, — Y, is the composition of the morphisms

M, - P'xY, > Y,

where the first is a closed immersion, and so M, — Y, is proper.

We prove flatness by induction on r. If r = 1, we have the special case
X = P of the first part of this lemma. Suppose that r > 1 and flatness
holds for r—1.

Let ¥ be the Y, for r— 1, i.e., the moduli space of complete intersections
of multidegree (d,, ... d,_,) in P". Let M be the closed subvariety of
P¥x S, x ... xS, defined by the ideal (hy,...,h,_;). Let M’ be the
closed subvariety of

N
PYx 8y x ... xS, ,

defined by theideal (h,, ..., h,_,). (Recall that h,, ..., h,_; do not involve
the coordinates Y,o,..., Y, of S, .) Let

M*=M-(P"x ¥'xS,) = [M'-(P¥x V)] x S,

The expressiod in brackets is the M, for r—1. Hence, the induction
assumption and the fact that flatness is preserved under change of base
imply flatness of the morphism

M*—)YXSJ,_

induced by the projection P¥x ¥ xS, — ¥xS,. The morphism
M* — ¥ x S, remains flat when restricted to the Zariski open set over
Y, = ¥ xS, . That is, the following morphism is flat:

M-(P"x Y,) - Y,.

Now M, = M'- (P¥x Y,) is the closed subvariety of M- (P"x Y,)
given by the equation k,. We are hence in the same situation as in part (1)
of this lemma. Namely, we must prove flatness of a morphism whose
local ring B, at any point is the quotient of multiplication by k, in a
flat local ring B.:

;b

0-B,-B,—->B,—0.
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The rest of the proof is identical to the proof of the first part of the
lemma. QED

LeMMA 2: Suppose that for some positive integer d
H{(X,04(—d)=0 fori<n.

Then the cohomology along the fibers of the structure sheaf of the
family of properly intersecting hypersurface sections parametrized by
Y, = S, is locally free on Y;, and its formation commutes with change of
base. That is, the cohomology of the hypersurface section corresponding
to a point y € Y, is naturally isomorphic to the restriction to the fibre of
the cohomology of the family.

Proor: Let f denote the morphism M; —» Y;. Let &# = Oy,. By
Lemma 1, we may apply the base-changing theorems in Mumford, [42],
p- 50-51, which give the following information:

(a) For each i = 0, the function Y; — Z given by

y o dimg,y H(M, , 7,)
is upper semicontinuous on Y;.
(b) The function Y; — Z given by
ye X(gy) = Z (_ l)l dimi(y) Hi(Mlya eg7_v)
i=0

is constant on Y;.
(c) If, for some i = 0,

ye dimE(y) Hi(Mly, egTy)

is a constant function, then the direct image sheaf R'r (%) is a locally
free sheaf on Y;, and for all y € Y; the natural map

¢ @ k(y) > H(M,,, #,)

Oy,

is an isomorphism.
If y is a closed point in Y;, then

F,=F @Ky) =0z,
(9Y1
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corresponds to taking specific values in k for the coefficients of h to
obtain a hypersurface H, < P".
Suppose that X and d are such that
H(X,O0x(—d) =0 for i <n.
For example, this is true for
{X a complete intersection, any d > 0},
or

{X a Cohen-Macaulay scheme, all d > 0}

(cf. [14], XII, § 1.4). Then

H{(X, Og(—d)) = H(X, Ox(—d)) @ k=0  for i <n.
3

Now for y a closed point in Y; the sequence
0- (Og(—d)-h—y) (9}? - @X‘Hy—)o
is exact. The resulting long exact cohomology sequence gives

Hi(O%) H(Ox.y) for i <n—1.

Hence the function Y; — Z given by
yedimgy, H(M,,, ), i<n—1,

is constant on closed points of Y;, and hence, by (a), is constant on Y;.
By (b), the function

y b dimgy, H' XM, ,, #,)

is also constant on Y;. Hence we have the conclusion in (c) for all i,
and Lemma 2 is proved.

Lemma 3: Let F:V -V be a p-linear endomorphism of an m-
dimensional vector space V over a perfect field of characteristic p. Then

V,

Ss

= F"V.
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Proor: Since V = V@ V,;,, we immediately reduce to the case
V = Vap- But then, if F'V # (0), i = 0, we have

F*1V = F(F'V) Z F'V.
Thus, dim F'V < m—i,i=0,1,...,m, and F"V = (0). QED
For any closed point yeY;, consider the semisimple part of
V = H" Y0%. ) under the action of the Frobenius F. Let m = dim ¥V,
and let my, = dim V. Let Y° = Spec A4 be an affine open neighborhood

of y over which & = R""!£ (%) is free (for example, without loss of
generality we may take

4= E[)II/YOa YZ/YO’ O] Yv/Y0:|g5 where ge E[YI/YO’ LR Y;/YO])
That is,
A"~ 8lye.
(For any A-module we let the tilde denote the associated sheaf over
Spec A4.)
We claim that for closed points y’ in some (perhaps smaller) neighbor-
hood Y’ of y, we have

diml? Hn_l((gx"ﬂy:)ss z Mg . (*)

Now the action of F™ on &|y°® ~ A™ is given by an m x m matrix with
entries in 4. Consider the map
Fmooo A\mss gm _, [\ mss gm

Mss

induced by F™ on the m_-th exterior product. By Lemmas 1 and 2, the
left side of (*) equals

dim (im (F™|g ®oye k().
For any point )’ € Y° this dimension is > m if and only if
Fr ® k() +0.
The set

Y ={yeYIF, ®ky)+# 0}
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is open because F, , being an endomorphism of a free finitely generated
A-module, is given by a matrix with entries in 4, so that Y®—Y" is the
set of common zeros of all these entries. Since Y’s y, Y’ is a neighborhood
of y in which (*) holds.

Finally, because

j* :H" Y0x) = H""'(Ox.g,)
is injective, it follows that the stable and nilpotent ranks of
H""Y(Ox. g, )[i*H"'(O%)

under the Frobenius — that is, of the Hasse-Witt — differ by constants
independent of H, from the stable and nilpotent ranks of H"~ H0o%. H,)
Hence we have proved:

LemMA 4: If X < PY is a projective Cohen-Macaulay scheme (resp.
a complete intersection) and if for some hypersurface Hy, = P} of degree
d > 0 (resp. d > 0) which intersects properly with X = X x .k the
nilpotent rank of the Hasse-Witt matrix (the ‘defect’) of X - H, is given by
e(X, H,), then for general H (i.e., for all H in a nonempty Zariski open
set of the space S, of hypersurfaces of degree d in PY) the defect of X - H
is £ e(X, Hy).

3. Degree of a generically reduced projective scheme

We next discuss how to assign a degree D to an arbitrary n-dimensional
projective scheme X < P¥ all of whose n-dimensional irreducible
components are reduced, and how to bound dimgz H"(O%) in terms of n
and D.

Let X° be the union in X of all n-dimensional components of X.
Then the closed immersion i:X° <, X gives an exact sequence of
sheaves on X

05 K-> 0z—>i,0x —0,

where the kernel K has support of dimension < n. Then the resulting
long exact cohomology sequence gives

0 = HY(K) — H"(Og) - H"(iy Ox0) = 0,

so that lower dimensional components may be ignored in estimating
dim; H "((9 ;“()
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If X is reduced and irreducible, then from Safarevi¢ ([51], ch. 1, §6.5)
we know how to define deg X. Namely, let P* be the dual projective
space of hyperplanes in P". Let

S « P xrtltimes y Dk ¥

be the closed subvariety defined by the incidence relation: a closed point
(is.. o lhr1,x)eSifand only if [;(x) = ... =1, ;(x) = 0. Let

7 1S — P* xnt1times o px

be the projection. Then =(S) turns out to have codimension one in
P* x n+ Ltimes  P* and so is given by a reduced polynomial homogeneous
of some fixed degree D in each of n+1 sets of N+ 1 variables. By defini-
tion, deg X = D.

If we choose hyperplanes (H,, ..., H,) in the nonempty Zariski open
subset of P* x "imes x P* in which H; intersects properly with

X_'.HI.HZ"'HL'—I (z)?ifi:l) fOI‘i=1,2...,n,

then X- H, ... H, consists of < D points, and consists of precisely D
reduced points for (H,,..., H,) in a nonempty Zariski open subset of
P* x mtimes i P* (cf. [51]).

If X < PV is an arbitrary n-dimensional projective scheme all of whose
n-dimensional irreducible components X, ..., X,, are reduced, then we
define

deg X = ) deg X;.
i=1

13

Equivalently, we may define deg X as the number of points of intersection
of X with the intersection of n general hyperplanes, since the intersection
of n general hyperplanes misses both the lower dimensional components
of X and also all intersections X;-X; of different n-dimensional
irreducible components. Thus

deg X = deg X°.

We further note that

deg X-H,...H,=deg X
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for r < n general hyperplanes H,, ..., H,.

Finally, we shall need a slight generalization of the method for deter-
mining deg X by intersection with general hyperplanes. Namely, let
P = PY be a linear subspace disjoint from X, and let P* < P* be the
linear subspace of P* whose points correspond to hyperplanes con-
taining P. The exact same reasoning as for (H,, ..., H,) € P* x "times x p*
will show that the intersection of general (H,, ..., H,) € P* x "!imes x p*
meets X in D reduced points. We are now ready for

LEMMA 5: If X < P¥ (X < PY, X = X x k) is an arbitrary n-dimen-
sional projective scheme all of whose n-dimensional irreducible components
are reduced, and if D = deg X, then

dim, HY(Ox) = dimg H"(Og) < (331).

ProOF: As mentioned above, we may assume that X is an equidimen-
sional projective variety of dimension n. We use the following

Fact: There exists a finite birational morphism
0:X->X,

where X' < P"*! is a hypersurface of degree D.

This fact is essentially proved in Mumford, [44], p. 373-378, using
a projection ¢ from a subspace P disjoint from X. The only new assertion
here is that deg X' = deg X. But, as noted above, the hyperplanes used
to determine deg X may be chosen generically from among those con-
taining P. In addition, the n general hyperplanesin P"* ! used to determine
deg X' may be chosen so that their intersection misses the closed sub-
variety of X’ where the birational morphism ¢ is not an isomorphism.
Thus, deg X' = deg X.

Solet ¢ : X — X' be as in the above fact. We have the short exact sheaf
sequence

0-0x > 9,0z >Q—0,

where the quotient sheaf Q has support of dimension < n—1, since ¢
is birational. Then we have exactness of

H"(Ox) » H"(¢4O0x) = H'(Q) = 0,

so that
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dim, H"(Oy) = dimg H(Ox) = dimg H"(¢, O%) (since X — X' is finite)
< dimg H'(Ox) = dimg H"" {(Opn+(—= D)) = (351

(cf. Serre, [54], p. 258). QED

4. X-regular sequences

Let X — PY be a projective scheme, with k any field for the duration of
this section. If H,, H,, ..., H; are hypersurfaces in PY with equations
hy,...,hy, we say that H,,...,H, is an X-regular sequence if in any
affine open set Spec R of X, forany i; < i, <...<ij,j 2 1, multiplica-
tion by h;, is injective in R/(h;,, ... h;,_,) (= R if j = 1). The definition
of an X-regular sequence may be restated: for any i; < i, <... <1,
H;, intersects properly with X - H; - H;,...H;,_ (= X if j = 1).

Lemma 6: If X is an arbitrary projective scheme, then there exists a
constant C depending only on X such that for any sequence of hyperplanes
H,,H,,... H; which is X-regular:

dim H(Ox .4, .5,--.5) S C  forall i,d 2 0.

ProOF: We prove by induction on d that for all i = 0 and all j = 0
there exists a constant C,; ; independent of the hyperplanes H,,...,H,
such that

(*) dim Hi(X'Hl‘Hz"'Hd, (OX'Her"'Hd(_j)) é Cd,i,j'

Since H(Ox.g,...g,) = 0 if i > dim X —d, there are only finitely many
pairs (d, i) for which C, ; o # 0, so this claim implies the lemma.

If d = 0, there are no H’s and (*) is trivial. Suppose d = 1 and (*)
holds for d—1. If H,, ..., H; is an X-regular sequence of hyperplanes,
then for any j = 0 the sequence of sheaves

0 s @X'Hl'--Hd_l(_j—I)M@X~H1H~Hd_l(—j)_) (9X'H1‘~~Hd(_j)_> 0
is exact. Then we have for alli = 0

Hi(X' H,---H;_q, (DX-Hl-“Hd_:(_j))
- Hi(X' H---Hy, @X~H1-~~Hd(_j))
SHYNX Hy o Hy_y, Ox.gy.g(—j—1))
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Hence

dim H(X-H, " Hy, Ox.p,...50(=)) £ Ca—1,1,;+Caz1,i41,j+15
so we need only set Cy; j = Cyoy,i,j+Ca—1,i41,j+1- QED

LeMMA 7: Let X < PY¥ be any n-dimensional projective scheme, and let
H,,... H,be an X-regular sequence of hypersurfaces. Then the sequence
of sheaves

ag ay a2
0-0x. @m0 ... ona ™ @ (QX-HiI - @ (9)(-11,~x-11i2 —>...
i

i1 <iz
[
.."—)l @ @X'H

. . “H;, >0
i1<...<ipn n

[

is exact. Here ay is restriction and o, on Oy. Hy - Hy has image in
- H; -H, (by convention, iy = 0, i,,, = d+1),
-

where it is defined on the s-th term as (— 1) ~° restriction.

Proor: The map « is clearly a differential. We must prove acyclicity.
Let Spec A be any affine open set in X, let h; € A be the equation of H;
in Spec 4, i = 1,...,d, and let (*) denote the restriction to Spec A of the
sheaf sequence in the lemma. We must prove that (*) is exact.

We let Z[X] = Z[X,,..., X4], and we make A4 into a Z[ X ]-algebra
by the map ¢ :Z[X] — A sending X+ h;. Then (*) is the sequence
obtained by applying 4 ®zx, to the sequence of Z[ X J-modules

0 Z[X|/(X, X, X)) B © Z[X]/(X) 4 @ Z[X]/(X,, X) 5.
(*) LBZIXX . Xg) = O,
where o is made up of the canonical surjections

Z[XY(X X, - Xg) = Z[X]/(X5)
and o, takes Z[ X ]/(X;,,..., X;) to

® @ Z[XVX,,...X,,X)

$=0 ig<j<issi

by (—1)"7* restriction. We prove the lemma in three steps.
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Step 1. (*') is exact. Because o is made up of + restriction mappings,
it follows that (*') is the direct sum of sequences over Z corresponding
to each monomial m = [[ X}/ e Z[X]:

* ag aj aj ag—
Co) 0o zmB@zms @ Zm3 .. 2 @ Zm-o.
irel i1 <iy i1<...<i;.
iy, iz2el i1,...5In€

where I = {1,...,d} is the set of indices of X;’s not appearing in m.
(If mis divisible by X X, - -+ X,,1.e.,I = 0, then (*,,) is the zero sequence.)
Without loss of generality, it suffices to take I = {1,...,d}, i.e, m = 1,
and show exactness of (*,).

We define the free abelian groups

/\r= @ ZdXil/\dXiz/\"‘/\dXir’

i1<...<i.=d

give them the usual structure of exterior multiplication, and define the
sequence

*" 05 ZB3NTEN2E | 5iNd L
by letting each o} be exterior multiplication by
dX,+dX,+ ... +dX,e \.
Then, because of the way the «; were defined, the complex (*}) is iso-

morphic to (*”). In turn, the integral unimodular transformation of /\ !
given by

Xm HXm‘—dXz—dX3_ RIS _‘dXd
dXinXi, i=2,3,...,d

induces an isomorphism of (*”') with the sequence
(**) 0-ZBABAE PN,

where now the f; are defined by exterior multiplication by dX, .\But (**)
is clearly exact, since forr = 1,...,d

ker 8, = @ ZdX,AdXjA...AdX; =imB,_,.

1<iz<...<i,

This concludes the proof of Step 1.
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Step 2. Exactness of (*') implies exactness of (*) if we have
Tor’™Mz[X]/(X;,,.. X, ), A) =0, j>0,all iy,...i.

i1

This is a standard fact about change of rings whose proof is easy and
will be omitted.

Step 3. We have:
Torf™Z[X/(X,,,... X;), A) =0, j>0, all iy,...i,.
We use induction on r. For r = 0 we trivially have
Tor?™(z[X],A) =0, j>0.

Suppose r =2 1,and T;;,,.. ;._, = Oforj>0,alli,...i_,.Given any
iy,...1,, consider the short exact sequence of Z[ X |-modules

VI 27X, X, )
- Z[X]/(Xil, e Xi,) -0,

0-Z[X]/(Xi5- X

i1

which leads to the long exact sequence of Tors

S Tiayoivoy = Ty iy ™ Tiiy, . i &

S Afh,s . by )5 Af, . ki) = Afhy,, .. ki) = 0.

i1

The first map in the bottom row is injective precisely by the definition
of an X-regular sequence. By the induction assumption T,;, ~ ; , =0
for j > 0. Hence Tj,;,, .. ; = 0forj > 0. This proves Step 3, and by the
same token Lemma 7. QED

5. Asymptotic invertibility

Again let k = F,. If X = P} is a reduced equidimensional projective
scheme of dimension n and degree D, we let T, = P* x "!imes x P* be the
nonempty Zariski open set of n-tuples of hyperplanes H,..., H, for
which X H, -+ H, consists of D reduced points. For d > n, we define
T; = P* x 4times x P* a5 follows:

7:1= ﬂ Hi].l..,-,,(ﬂ.),
<...<i

iy in
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where IT; ; is the map from P*x?imesx P* onto P* x "imes x P*
given by projection onto the i,-th, i,-th, .. ., i,-th terms. For d < n, we let

’Td = pd(’I;l)a
where
pg i PE x ntimes o Dk, [k o diimes o [px

is the projection onto the first d terms. Then ford > Oany(H,,..., H) e T,
is an X-regular sequence.

THEOREM 1: Let X < PN (X = X x k) be a reduced equidimensional
projective scheme of dimension n and degree D. Then there exists a hyper-
surface H in PN of any degree d > 0 such that the defect

eX,H) < cd 1,

where c¢ is a constant depending only on n and D. The stable rank of
the Hasse-Witt matrix of X-H then has the same leading term as
dim; H* Y(Ox. ), namely Dd"/n!.

Proor: We choose any hyperplanes (H,,..., H;)eT,. Let
H =H,u...u H;. We claim that this H satisfies the theorem.
By Lemma 7, we have an exact sequence

ag ap a
0-0g.p— G')(O}—(-Hi - @ @}THi “Hy, 2.
iy 1 i1 <in 1 2
an-1
i1 < <iy ‘1 tn

We break this up into short exact sequences, by defining
Ki = KCI‘ Otn_i, i= 1,2,‘..,n—1 (Kn—l = (OXH).

We obtain:

0-Ki»> @& O0Oz.gq

i1<...<ip—3

-H - @ @)_('H - H; —*0,

) n-1 <., <i,

i1<...<ip-j

il""Hi_thjnl—)O’ j=2,3,...,n—1.

(Note: we do not assume that d = n; if d < n, some terms vanish and
the arguments still hold.)
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The first sequence gives the exact cohomology sequence

0> HYK,) » (—B HO%0x. Hy, - H; _1)—1 ('B(HO(@)?-Hh'“Hi")

i1<...<ip-1 iy <

SH'K)~> @® H'Oxp,..n, )—0
i< o <ip-1
The Frobenius acts bijectively on the second and third terms in the first
row, because those intersection schemes are all reduced. Hence F also
acts bijectively on the first term. Since passing to the nilpotent part is
an exact functor, we have

dim Hl(Kl)nilp = Z dim Hl(@iﬂil - Hp 1)nup < G2 (P2Y)

i1<...<ipn-1

by Lemma 5 applied to each scheme X - H; --- H; . This same exact
sequence also gives us

dim H'(K,)— Z dim H(Ox. g, ... n, )| = |dim H'(K;)— D" ;)

i1<...<ip

é Z [dlm Hl((Q)‘(.Hil...Hin_l)'Fdim HO(@Y'Hil'“Hin—l)]

< G2 H+D]

(Note that X - H;, --- H; _, is not necessarily connected, but it has at
most D connected components.)

Similarly, the j-th short exact sequence above (j = 2, 3,...,n—1) gives
the cohomology sequence

@ N HJ_I((OXH - H:

i1<.. <in-j 31 In—

j) - Hj_l(Kj—1)

SHK)> ® H(0gg,

e
i1<...<in-j n—j

since it is clear (for example, arguing inductively) that HYK;) = 0 for

q > j. We have

dim HY(K ))yp —dim H ™MK )ity = z dim Hi(Oy. -,

i1<...<ipn-j

= (n ]) (]+1

)

l"J

Since K,_; = Ox.y4, we have
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dlm Hn_ I(COX-H)nilp = dlm HI(Kl)nilp

n—1

+ Z [dim H i(Ki)nilb_dim H™Y(K;_ l)nilp]
i=2

i=

n—1
< Y 6L
i=1
< ed
where ¢ depends only on n and D. But then

e(X, H) = dim (H"™ (O g)/7*H" ™ (O%))aitp
< dim Hnul((pl_bH)nilp Scdh
The final assertion of the theorem is proved as follows:
|dim H"~*(Og.5)—D()| < |dim H'(K )~ D()

n—1

+ 3 |dim H(K))—dim H~}(K;_ )| £ (,2)D+(°3")
ji=2

n—1
+ Z Z [dlm Hj((pi'Hif"Hi";J)_i_dim Hj_l(@X'Hil"'H

Jj=2 i1<...<ip-j

)]

in-j

n—1
é (nfl)(D—l—(D;l))"i— Z 2C(n‘1j)’

ji=2

where C is the constant from Lemma 6 (which, we recall, may depend
on X, not only on deg X). Hence for some constants C; and C,

Idim H"~Y(Ox. g)— Dd"/n!| < C,d"~ '+ C,d""2,

where C, depends only on deg X and C, depends only on X. QED
Combining Theorem 1 and Lemma 4, we have

THEOREM 2: Let X = PN (X = X x, k) be an equidimensional projec-
tive variety of dimension n and degree D which is Cohen-Macaulay
(resp. is a complete intersection). Then there exists an integer d, such that
for d = d, (resp. for d > 0) the general hypersurface H of degree d in
P¥ has defect

eX,d) < cdt,

where c is a constant depending only on n and D (but dy, may depend on X).
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6. Invertibility for complete intersections
One of L. Miller’s results in [40] is a proof of the invertibility of the
Hasse-Witt matrix for general hypersurfaces of any degree. That is,

ePr,dy=0 for d > 0.

In particular, the invertibility conjecture (that (X, d) = 0 for d > 0)
holds for X = Pj. Using the technique in the proof of Theorem 1,
we have a simple proof of a slight generalization of this.

Namely, let (d,,d,,....d)eZ", r =0, be any fixed multidegree.
Recall that

Sasdz..ndy © Say X Say X ... XSy,

is the nonempty Zariski open set of r-tuples of hypersurfaces H; = PY
of degree d; which intersect properly, ie., such that H,-H,--- H, is a
complete intersection. By ‘the general complete intersection of multi-
.degree (d;,d;,...,d,) we mean ‘any complete intersection in some
nonempty Zariski open subset of Sy, 4, . 4.

THEOREM 3: The general complete intersection of multidegree
(dy,d,,...,d,)in PN has invertible Hasse-Witt matrix.

PrOOF: By the second part of Lemma 1, we are dealing with a flat and
proper family of varieties. Then the same argument that was used to
prove Lemma 4 shows that it is sufficient to find a single example of a
complete intersection of given multidegree with invertible Hasse-Witt.
We show:

Coam: If Hy,Hy5, ..o Hyy, Hyyy. ., Hyy,, ..., Hyy is a sequence of
d,+d,+ ... +d, hyperplanes in general position (ie, a P -regular
sequence; all possible intersections must have the ‘right’ dimension)
and if

d;
H; = U Hij>
j=1

J

then the complete intersection
Hl . H2 e H'

has invertible Hasse-Witt.
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We prove the claim by induction on r. The claim is trivial if r = 0.
Suppose r > 0 and the claim holds for r—1 (for all dimensions
N 2 r—1 of the ambient projective space). Let {H;;} be an P"-regular
sequence of hyperplanes with H; = U‘};lHij, as in the claim. Let

X=H1'H2"'Hr_1.

(Let X =PVifr =1)Let n = dim X.

We apply Lemma 7 to the variety X and the hyperplanes
H,,H,,,...,H, . As in the proof of Theorem 1, we break up the
resulting exact sequence into short exact sequences (K,_; = Ox.p =

Ou, . n,---8):

0_’K1—) (“D (OXAHN.I...H. d @ @XH

i1<...<ipn-1 - i1 <

i1<...<ip-j

“H.: _*Kj_1—>0, j=2,3,...,n—1.

riy i,

The first sequence gives the exact cohomology sequence

O_’HO(KI)_) @< H ((QX Hnl“'Hrin—l)
; @ H (%, ---n,)
—a’Hl(Kl)" @ H'(0x. Hy - Hy _1)—’0-

i1<...<ip-1

The Frobenius acts bijectively on the second and third terms in the first
row. Moreover, by the induction assumption applied to the complete
intersection

Yil ri,. 1
in the projective space
H, - H,,_, P,
the Frobenius acts bijectively on
® H'(0.g, ..n, )
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Hence F acts bijectively on H'(K,).
Similarly, the j-th short exact sheaf sequence above (j = 2,3,...,n—1)
gives the exact cohomology sequence

0> H™YK;_) 5> HIK)» @ HiOx.u

i1<...<ip-j

iyt .Hl‘in—j) i 0.
(Here we use the fact that a j-dimensional complete intersection has
vanishing (j—1)-st cohomology, j = 2.) By the induction assumption
applied to the complete intersection

X- H"il L. Hri,,fj
in the projective space H,;, - H,;,_;, the Frobenius acts bijectively on
the third term. Suppose F acts bijectively on H'~*(K;_;). Then it acts
bijectively on H/(K ). Hence, it follows by induction that F acts bijectively
on HYK), j=1,2,..,n—1. In particular, it acts bijectively on
H" YK,_,) = H" Y04, .g,...n,), and we are done. QED

COROLLARY : Let

PrePtlc...cP¥
(0 =r = N) be fixed imbeddings as successive hyperplanes. Let

*
St ey S Sayda. . a,

denote the Zariski open set of complete intersections X = PN of multi-
degree (dy,d,, ..., d,) for which:

(a) X intersects properly with each P',i=r,r+1,.. ,N—1;

(b) the X - P! all have invertible Hasse-Witt matrices,

i=rr+l,..,N—1.

Then S}, 4,. ... 4, is nonempty.
THEOREM 4: The general complete intersection X of multidegree
dy,d,,...,d,) in PV has the property that e(X,d)=0 for d > 0. In

particular, the invertibility conjecture holds for such general X.

Proor: We prove that X e §§ 4, .., implies e(X, d) = 0 for d > 0.
The proof is by induction on N. The implication is trivial if N = r.
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Suppose that N > r and that e(X’,d) = 0 for d > 0 for any X’ in the
S¥ &....a:n—-1 corresponding to P¥"!. By Lemma 4, for our
4.8 We need only exhibit one HeS,; which intersects
properly with X and for which e(X, H) = 0.

We now use induction on d. First, e(X, 1) = 0 because X - P¥~! has
invertible Hasse-Witt. Suppose e(X,d—1)=0. Let H < PV be a
hypersurface of degree d—1 intersecting properly with X such that:

(@) e(X, H) = 0;

(b) H’ intersects properly with X - P¥~1;

(c) eX-PN"L,H-P"" Y =0
Such H' need only be in the intersection of three nonempty Zariski open
sets in S,_;. (Property (c)) is fulfilled for a nonempty Zariski open set
in S;_; because of the induction assumption on N and the fact that

.PN-1 £
X-P €S8 4. asN-1")

Let H = H' U PV~1. Since H’, P! form an X-regular sequence of
hypersurfaces, the following sequence is exact by Lemma 7:

0- @X-H_’ (9X~H’ (‘B@XAFN~1' d @X.@N’l H' - 0.

The resulting exact cohomology sequence is

0- HN_r_Z((OX-PN_l w) 4 HN—'—I((OX‘H)
- HY""" Y (0x. ) @ HY "~ Y(Ox.pN-1) - 0.

By construction, the Frobenius acts bijectively on the first and third
terms. Hence F acts bijectively on H¥ "~ Y0y p). QED

7. Invertibility for curves of given genus

In [39] Miller proves by explicitly computing an example that the
generic curve of genus g (in the sense of Deligne-Mumford [6]) has
invertible Hasse-Witt matrix. Here is a simpler, more geometrical
construction of an example:

THEOREM 5: The generic curve of genus g has invertible Hasse-Witt
matrix.

Proor: Let Ey, E,,.. ., E, be any elliptic plane curves with nonzero
Hasse invariant. Imbed them in various planes in P* so that for
1fi<j=<yg:
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it L

E.-E — one reduced point if j = i+1
- 0 otherwise.
Let

C=E1U...UE9.

Then C is a ‘stable curve’ in the sense of [6]. The theorem is proved
if we show that
(1) genus C = g;
(2) C has invertible Hasse-Witt.
We prove this by induction on g. The claim is trivial for g = 1. Suppose
it holds for g—1. Let
C, =E1 U...UEg_l.
We have the short exact sheaf sequence
0-50c-0c @ @Eg - (90'~E9 -0,
coming locally from the short exact sequence of ideals
00— IC_) Icr G‘) IEg i IC'+IEQ - 0.
The sheaf sequence gives the following exact cohomology sequence:
0 H%Oc) » H%O¢) ® H(Og,) > H(Oc .g,)
5 H'(0c) > H'(Oc) ® H'(Ox,) 0.
The top row is isomorphic to

O-k->k®dk-k,

so that the last map here is surjective, i.e., @ = 0. Hence the second row
gives

HY(0c) > H'(Oc) ® H'(Ug,).

Therefore:

(1) genus C = genus C'+genus E, = (g—1)+1 = g;

(2) the Frobenius is bijective on H'(O,) (by the induction assumption)
and on H'(0;,) = it is bijective on H'(0c). QED
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COROLLARY OF PROOF : Given integers g and r, 0 < r < g, there exist
stable curves of genus g with diagonal Hasse-Witt matrix of rank r.

Namely, let E,,;, E,.,,..., E, be supersingular in the above con-
struction.

REMARK: To show generic invertibility in the case of triangular genera
g = (d—1)d—2)/2, we see by the proof of Theorem 3 that it suffices
to take a stable plane curve, namely the union of d lines in P2 in general
position.

II. Invertibility conjecture for hypersurface sections
1. Algorithm for computing the Hasse-Witt matrix of a hypersurface
(see Dwork, [11], § 7.10 and Katz, [21], Corollary 6.1.13).
Let H « P"*! be a hypersurface of degree d defined by an equation
heK[Xo, X1, Xnsil.

We have

0 — Opn+i(—d) ——> Opns1 —> Oy — 0

1},}7 -IF lF 1}"
0 —— Opnss(—d) —2— Opnss —— 0 —> 0.
In the resulting long exact cohomology sequence the coboundary gives
H"(H, Op) > H" (P, Opnsi(—d)),

) thaj the Frobenius F on H"((y) corresponds to the map on
H" " {(P"*1, Opn+(—d)) induced by

(Q@nn(—d)‘p‘um (9@"”('—pd)il—’(0@"“(_d)-
We write
Wt =Y 4, X7

explicitly in terms of monomials X* = []X} in k[X,,..., X,4,]
Now H"*Y(P"*! Opn.i(—d)) has basis elements 1/X*, where
w = (W, ..., W,4 1) runs through (n+ 2)-tuples of strictly positive integers
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for which wy+ ... +w,,; = d. We index these basis elements by w.
Then the (w, v)-entry in the Hasse-Witt matrix of H is given by:
A

pw—uv*

The following lemma allows us to use this algorithm to compute
e(X, d) if X is a hypersurface.

LemMA 8: If X < Pp*! is a nypersurface, then for any hypersurface
H < P"*! intersecting properly with X we have:

e(X, H) = e(P"*', X U H)—e(P"*!, X).

For example, if X has invertible Hasse-Witt, then X - H has invertible
Hasse-Witt if and only if X U H has invertible Hasse-Witt.

Proor: From Lemma 7 we have the exact sheaf sequence
0-0z,4—> 0z ® Og— Og.5— 0.

This gives
00— H"_l(@)?.ﬂ) ‘?" Hn(w)'(uH) - Hn((p)'() @ H”((QH) - 0’

from which the lemma follows immediately.

2. Counterexample to the invertibility conjecture

Recall that the invertibility conjecture of Grothendieck-Miller [40]
asserts that e(X, d) = 0 for d > 0. We show that this is false in general,
even for hypersurfaces X.

Let X = P¢!! be the hypersurface with equation

X0+X2+ ... +XxP

i.e., X is the ‘cone’ over the Fermat hypersurface in P"™* with ‘vertex’
consisting of the P* at infinity (having homogeneous coordinates
Xpest+1s Xuost25- - Xut1) Suppose that p < D, p¥ D. Then:

CLamM: e(X,d) > 0 for all d > n+1—D; and, in fact,

eX, d) ~ d¥/s! for d > 0.

ProoF: Let H be any hypersurface of degree d > n+1—D which
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intersects properly with X. In the Hasse-Witt matrix of X u H there

are
<d+D—n—2+s>
N

rows corresponding to we Z%*?2 for which wo = w; = ... =w,_, = L.
For such a w, the first n—s+1 components of the vector pw—v are all
<p—1<D for all v. Let )’ A; X* be the equation of X U H raised
to the (p—1)-st power:

YA X* =X+ X0+ ...+ XD )L
Since (X§+XT+ ... +XP_) divides Y A;X* it follows that

Ay, = 0 if the first n—s+1 components of pw—v are all < D. Thus,
the Hasse-Witt matrix of X U H has at least

<d+D—n-—2+s>
S

e(X,H)=e(P"*, X U H)—e(P"*!, X)
- (d+D—n—2+s

zero rows. By Lemma 8§,

) —const ~ d*/s! for d > o. QED
s

3. Revised conjecture

It seems that the amount of singularity of the fixed variety X has a
bearing on the asymptotic order of growth of the defect of hypersurface
sections.

REVISED INVERTIBILITY CONJECTURE: Let X be an equidimensional
projective Cohen-Macaulay scheme of dimension # and degree D whose
singular locus has dimension s, where n > 1, —1 < s < n. Then there
exists an integer d,, such that

eX,d) £ cd® for d = d,,

where c is a constant depending only on n, s and D (but d, may depend
on X). In particular, if X is smooth (i.e., s = —1), then X satisfies the
Grothendieck-Miller invertibility conjecture:

eX,d)=0 for d > 0.
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ReMARKS: (a) If s = n, i.e., if X has a non-reduced component, then the
conjecture only has meaning if we extend the definition of ‘degree’
to such X, and then it is trivial, since

dim H" Y(Og.5) ~ Dd"/n!.

(b) The revised conjecture is true for s = n—1 by Theorem 2.
(c) If s = 0, we may equally well define ¢(X, H) as

dim H"~ 1((91? . H)nilp
instead of

dim (H" " Y(Og. g)/i*H" " (O 2))nitp-

The revised conjecture is unaffected by the constant difference between
these two nilpotent ranks if s = 0. However, if s = 0 the new constant
¢ may now depend on X as well as n, s, and D.

(d) The counterexample in § 2 above shows that this revised conjecture
is the best possible general result we can hope for.

THEOREM 6: If the revised conjecture holds for some s—1 = 0 (for all
n = s), then it holds for s. However, if s—1 = 0, then the constant c in
the conjecture may depend on X as well as n, s, and D.

Proor: Let X be as in the revised conjecture. Choose a hyperplane P
such that X-P is an equidimensional projective Cohen-Macaulay
scheme of degree D and dimension n— 1 whose singular locus has dimen-
sion s—1. By hypothesis, the revised conjecture applies to X - P. We
choose d, large enough so that Lemma 4 applies to X for d = d, and
so that the revised conjecture applies to X - P for d = d,,. :

Now ford = d,+ 1 let H' be a hypersurface of degree d — 1 intersecting
properly with X and with X - P such that:

(a) e(X, H) = e(X,d—1);
(b) e(X-P,H) < c(d—1)y"L

Let H = H' U P. By Lemma 7 we have the exact sequence

OA@X-H_)(O)_('P@(OX'H'_)(QX'P'H"—)0’
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which gives
H" XOg.p.w)> H' '(Og.0) > H" (03.2) ® H" "}(0x.5) 0.
Then we obtain

e(X, d) < e(X, H) < dim H" ™ (Ox. paisp
é dlm Hn_z((OXAP.H')nﬂp‘i‘dim Hn_ 1((9;71:)+d1m Hn_ 1((9}?-H’)ni1p
<e(X P,H)+c,+c,+eX, H)+cs,
where ¢;, c,, c; are constants, of which ¢; and c¢; may depend on X
as well as on n and D. Let ¢, = ¢;+¢,+c¢5. Then
eX,d) < eX P,H)+c,+e(X, H)
S od—1F" +e te(X,d—1)
Sced ey teX,d-1).

Using the same inequality with d—1 in place of d and iterating this
process until we reach d,, we find

eX,d) < cd ' +e(d—1P " +2- cute(X,d—2)

<

d

¢ P e d+e(X, dy)

i=1
cd® if s—1>0

<

T (c+cy)d if s—1=0.

IIA

This inequality holds for d = d;,, where d, is taken large enough
(depending on X) to take care of the constant e(X, d,) and, if s—1 > 0,
the linear term. Note that if s—1 = 0, then we have a new constant
coefficient of d*, namely c+c,, which may depend on X as well as n,
s, and D. QED

We are left with the following

Open questions. (a) If X is a projective Cohen-Macaulay variety with
point singularities, is the defect e(X, d) bounded as d - o0 ?

(b) If X is a smooth projective variety, does e(X, d) = 0 for d > 0?
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4. Example showing that the revised conjecture is false without the
condition d > 0

Let X be the Fermat hypersurface of degree n+1 and dimension n
defined over F,:

X = {xe[P’E:llx'(')“+ s xR =0}
Note that X is smooth if p 4 n+1.

Cramv: If p < in+1 (resp. if p = 2), then e(X,d) > 0 for d < n+3
(resp. for d < 1n2-1).

Proor: Since H"(0x) =0, X trivially has invertible Hasse-Witt.
Hence, by Lemma 8, for any properly intersecting hypersurface H

e(X,H) = ¢(P"*1, X U H).

We use the algorithm to show that, if d £ n+3 (resp. d < $n*—1) and
p < in+1 (resp. p = 2), then the Hasse-Witt of X U H has a zero row
corresponding to any we Z""? whose components w;, i = 0,... n+1,
are most nearly equal to each other (i.e., all equal to either

[nj—Z] [nj-2:| th

where [ ] is the ‘greatest integer’ function). In fact, for such w all the
components of the vector pw—v are bounded by

d n+3
in+1: ﬁ‘l—i—l —1<@n+1 ——I +in=n+1
case p < zn+ p([n+2j ) < (zn )[n+2j h =n+

2 d 1) o1 <221 4y
cas = /L _— —1 5 < n.
©p p n+2 - n+2 "

But the polynomial ) 4, X* in the algorithm is divisible by

(X814 . 4 XD,

In particular, 4,,_, # 0 is only possible if some component of pw—v
is at least n+ 1. Thus, the Hasse-Witt of X U H has at least one zero row.
The claim is proved.

Note that this example does not preclude good a priori estimates for
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d, in the revised conjecture for low dimensions n. The next chapter
offers a conjecture along these lines in the case n = 2.

III. A conjecture on hyperplane sections of Lefschetz-imbedded surfaces

Let I, ,, be the set of smooth n-dimensional projective varieties
imbedded in P¥ (k = F,) for some m for which the generic hypersurface
section of any degree = d, has invertible Hasse-Witt matrix:

Xel, 4, =eX,d)=0 for d = d,.

The revised invertibility conjecture asserts that all smooth varieties
belong to some I, 4. If n = 2, let I, = I, 4, . In this case there is some
evidence for the following more precise conjecture.

An imbedding

i X o P?
of a smooth, proper, irreducible variety is said to be Lefschetz if there
exists a Lefschetz pencil of hyperplanes in the dual projective space P*.

Except in the special case when dim X is odd and X is defined over a
field of characteristic 2, this is equivalent to: the map

o :P(N) - P*

is either not everywhere ramified or else has image of codimension > 2
(see Katz, [25]). Here P(N) is the subvariety of X x P* consisting of
pairs (x, H) such that H is tangent to X at x, and ¢ is induced by the
projection

X x P* - P*
For example, if X is a hypersurface with homogeneous equation

F(Xo,...,X,), then P(N) @ X and ¢ : X — P* is given in homogeneous
coordinates by the ‘Gauss map’

_<6F oF
?=\ox, "ox,)

CONJECTURE: Let

i X < Pm
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be a smooth, proper, irreducible surface. Then
X eI, < iis Lefschetz.

In particular, X always belongs to I, (since its second and higher Segre
imbeddings are always Lefschetz, cf. Katz, [25]).

EviDENCE: 1°. If X is a Lefschetz-imbedded cubic surface in P3, then
Xel,.
2°. If X is the Fermat cubic surface

X3+ X3+ X3+X3 =

defined over F, ~ here X is not Lefschetz —then X ¢ 1, but Xel,.
3°. Suppose X is the Fermat surface

X+ X4+ X4+X4=0
defined over F,, p 4 d. Since the Gauss map in this case is
(Xoseen X @XE1, ..., dXE7Y),
it follows that X is Lefschetz if and only if p ¥ d—1. Then first of all:
pld—1)=X¢I,.
4°. In the situation of 3°,
p¥d-1)=Xel, for d < 6.

Note that in 1° and 4° we have X € I, if X has a plane section with
invertible Hasse-Witt; this is a special case of

LemMA 9: If X is a 2-dimensional complete intersection and H, and H,
are hypersurfaces of degrees d, and d, which intersect properly with X
and for which

eX,H,)=eX,H, =0,

then for any positive integers i and j

e(X, ld1 +_]d2) = 0
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ProOOF: Since generic degree d; and degree d, sections have zero
defect by Lemma 4, page 132, we may choose hypersurfaces

Hy,Hys,...Hy,Hy ,Hyy, ..., Hy;
which have degrees
degH,, = d,, r=1,2,
which form an M-regular sequence with respect to X, and for which
eX,H,)=0.

LetH = | | H,,. Thendeg H = id, +jd,. By Lemma 7, page 136, we have
the exact sheaf sequence

0—’@XH“')®@XHrS_) @ (OX.H'_S.H'_,S,—’O,
r,s ) F(r',s")

which implies the exact cohomology sequence
0 H°(Ox.p) > ® H(Ox.g,) = ® H(Ox.5,,.5,..)

5 H'Og.5) > @ H'(Og.5,) > 0.
Since we know that the Frobenius F acts bijectively on all terms except

perhaps for HY(Og.p), it follows that F must act bijectively there too.
Hence

eX,H) =0,
and the lemma follows by Lemma 4. QED

PROOF OF 1°: Let P < P* be any Lefschetz pencil (here P* is the set
of planes in P3). Then the hyperplane section X - H is a genus one stable
curve if H € P. In fact, the moduli space M, of genus one curves consists
of the j-line of elliptic curves completed at infinity by a point corre-
sponding to a rational cubic with an ordinary double point. Thus,
we have a morphism

l/,:I’_)Mla

which is not constant, since the image includes both singular and
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nonsingular cubics. Hence i is surjective, and so y/(P) is not contained
in the set of supersingular cubics. QED

ALTERNATE PROOF OF 1°: Since i : X <, P3 is Lefschetz, there exists a
hyperplane H tangent to X such that the only singularity of X - H is one
ordinary double point. That is, X - H is the nodal cubic, which is non-
supersingular. QED

Proor ofF 2°: Here X is the Fermat cubic surface in characteristic 2.
The assertion X ¢ I, is a special case of the example on page 152 above
(wheren=2,p=2,d=1<1in*-1).

By Lemma 9, X € I, follows if we find quadric and cubic sections H,
and H; of X for which X - H, and X - H; have invertible Hasse-Witt.
Since X has zero H? and so trivially e(P3, X) = 0, it follows by Lemma 8,
page 148, that X - H, and X - H, have invertible Hasse-Witt if and only if
X U H, and X U H; have invertible Hasse-Witt.

First, let H, have equation

XoX,+X,X,

By the algorithm for computing the Hasse-Witt of a hypersurface,
we must find the coefficient of X2*~? in

X3+X3+X3+X3) (X0 X, +X,X5).

The following table gives these (w, v)-entries in the Hasse-Witt matrix
of X U H,:

N (1,1,1,2) (1,1,2,1) (1,2,1,1) 2,1,1,1)
(1,1,1,2) 0 1 0 0
(1,1,2,1) 1 0 0 0
(1,2,1,1) 0 0 0 1
2,1,1,1 0 0 1 0

This is obviously an invertible matrix.
Next, let H; have equation
X3 +aX3+BX3+Xo X X0+ Xo X X3+ Xo X, X3+ X, X, X5,

where o and f are variable coefficients. Then X U H; has a Hasse-Witt
matrix (see next page) whose determinant has the following leading
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term in (x, B): (o + B)a?B% Hence, this Hasse-Witt matrix is invertible
for some a, B in some algebraic extension of F,. This establishes 2°.

Hasse-Witt Matrix of X U H,

Y 1113 1131 1311 3111 1122 1212 2112 1221 2121 2211
w

1113 1 0 0 0 1 1 1 0 0 0
1131 0 1 0 0 1 0 0 1 1 0
1311 O 0 1 0 0 1 0 1 0 1
3111 O 0 0 1 0 0 1 0 1 1
1122 1 1 0 0 0 0 0 0 0 a+p
1212 1 0 1 0 0 0 0 0 1+8 0
2112 1 0 0 1 0 0 0 B 0 0
1221 0 1 1 0 0 0 14a O 0 0
2121 O 1 0 1 0 o 0 0 0 0
2211 O 0 1 1 1 1 0 0 0 0

Proor oF 3°: Let d = tp+1. Suppose X - H is a hyperplane section
with invertible Hasse-Witt. Without loss of generality we may assume
that the plane H has equation of the form

XO = aX1+bX2+CX3.
Then the equation f of X - H is
X{+ X4+ X4+ (X, +bX,+cX5),

and we are interested in the X7~ coefficient (w,ve Z3,) w; = ) v; = d)
of

fPl = [XPH 4 XpH X!
. +(aX,+ bX2 + cX3)(aPX11’ + b”X’2’ + cPXg)t]p— 1
Let

T, = X%+l i=1,2,3
T4 = aX1+bX2+CX3
Ty = (@X7+b7 X5+ X3,
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so that
fr = (M B+ T+ Ty TP~
—-1)!
— z (p ) Tln Ter T3r3H4 T5r4
ritratrstra=p—1711 Irylrslr,!
= Y (term with no X,) T7* T3> T3 T X X9 X%,

ritratratra=p-—-1
sytsaxtsz=ryg

In the Hasse-Witt matrix choose any v-column for which the sum of
the least positive residues mod p of —v; (which we denote {—v;}) is at
least p. This is clearly possible (e.g., v = (1, 1, d—2)). Let v, be such a v.
If a term in the above summation with indices r,, r,, 73, 74, S1, S3, S3

contributes to the coefficient of X7 ™% for any w, then we must have
the mod p relations

—v; = 1;+s;, i=1,23.

But then
3 3 a
Z {_”i} = Z(ri+si) = Z r,=p—1,
i=1 i=1 i=1

a contradiction. Hence the v,-column is identically zero. This proves 3°.

PrOOF OF 4°: 4° is trivial for d = 1,2 and is a special case of 1° for
d=3.
Suppose d = 4. If p = 1 (mod 4), then the Fermat curve

Xt+X5+X5=0

has invertible Hasse-Witt, so we need only take the plane section X, = 0
to show X €l,. Suppose p = 4t+3, te Z, (by assumption p # 2, 3).

Consider the section given by X, = aX;+bX,+cX5. This section
has Hasse-Witt matrix with (w,v)-entry (w,ve€Z3, > w; =Y, v; = 4)
equal to the coefficient of X?*~" in

7= (X X34 X34+ (aX, + X+ cX )P

We first make a table of the vectors pw—v as w, v run over the triples
(1,1,2),(1,2,1), (2,1, 1):
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1,1,2) 1,2,1) 2,1,1)

N’
1,1,2) (4r+2,4t+2,8t+4) (4t+2,4t+1,8t+5) (4t+1,4t+2,8t+5)
1,2,1) (4t+2,8t+5,4t+1) (4t+2,8t+4,4t4+2) (4t+1,8t+5,4t+2)
2,1,1) (8t+5,4t+2,4t+1) (8t+5,4t+1,4t+2) (8t+4,4t+2,4t+2)

Considering the coefficient of X”* ™" as a polynomial in a, b, ¢, we take
only the monomial in each entry with the least total degree in q, b, c:

S (L1 1,2, 1) 2 1,1)
(p— 1) (01! (p—1)!
1,1,2) P27 gz BT ppppe P g
LL2 e % e+ 00 ey P
—1! —1)! —1)!
1,21 =Dt 1242 =Dt 6a2c? =Dl 12abc?
e+ )l e+ 1)t e+ D!
—1! —1)! —1)!
ey 2D e @D e 7D g
t+1D)!ele! (t+1)tle! (t+1)ele!

The determinant of the Hasse-Witt matrix, as a polynomial in a, b, c,
then has lowest degree term equal to

a*b*ct (____(p— D!

3 1 2 2 3
—1!
- 1'> 6det 2 1 2 o PTDY e
tlel(t+1)! 2 9 1

15+ 1)1

which is nonzero because p = 7. Hence the determinant is generically
nonzero.

Suppose d = 5. If p = 1 (mod 5), we may take the coordinate plane
section X, = 0 as before. Suppose p = 5t+2, te Z, (by assumption
p # 2,5). As before, we consider the pw—v coefficient in

[Pl = (XTI + X3+ X5+ (X +bX,+cX )P !

as polynomials in a, b, ¢ and we isolate the lowest degree term.
We index the w, v as follows:

w) = o = (1, 1, 3);
w® = = (1,3, 1);

w® =3 = (3,1,1);

w® =0 = (1,2,2);
w® =™ =(2,1,2);

w® =0 = (2,2,1).
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We first find the (w, v)-entries which have a constant term (i.e., with
no a, b, ¢). It is evident from the equation of f?~! that the (w, v)-entry
has a constant term if and only if

W, v');
pw—v = 0 (mod 5) < v = 2w (mod 5) < (w,v) = (W2, v);
(W, @),

That is, these constant terms — which turn out to equal

G-,
t1t!(3t+1)!

—are located on the upper half of the antidiagonal of the 6 x 6 Hasse-Witt
matrix. Hence, to show the non-vanishing of the first coefficient in the
determinant it suffices to consider the first coefficient in the determinant
of the lower-left hand 3 x 3 sub-matrix. The lowest degree term in a, b, ¢
in the determinant of this 3 x 3 matrix is easily computed. It equals

110
-1 !3 —1 !3
203 (p ) asbscs detll1 0 1= —-2- 203 (p ) a5b505
3 6
(132! 011 (Pt

which is nonzero because p = 7.
The computations are analogous if d =5 and p = 3 or 4 (mod 5).
In the case p = 4 (mod 5) there are no (w, v)-entries with constant term,
so the whole 6 x 6 matrix must be considered. We omit the details.
Finally, let d = 6. The case p = 1 (mod 6) can be handled, as always,
by taking a coordinate plane section X, = 0. Since p # 2, 3, 5 by assump-
tion, this leaves the case p = 6t+5, te Z, . Since there are no (w, v)-
entries with constant teym, we must consider an entire 10 x 10 matrix
of terms of total degree 6in a, b, c. (10 = genus = 3(6—1)(6—2).) We find
that this determinant can be immediately factored into the product of
a term which is nonzero when p ¥ d, p ¥ (d—1) (this term is
p— 1 !10
t1122t +1)1°(Bt +2)1%(4e + 3)1°

10a20b20620)

and the following determinant:
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0 6 6 0 3 012 3 12 4|

6 0 6 3 012 0 12 3 4

6 6 0 12 12 3 3 0 0 4

0 3 12 3 6 4 12 12 18 12

3012 6 3 12 4 18 12 12| 4 3 e
det| g 2 3 412 318 6 1212|7237

2 0 3 12 418 3 12 6 12

312 0 12 18 6 12 3 4 12

12 3 018 12 12 6 4 3 12

4 4 4 12 12 12 12 12 12 18

This determinant is also nonzero for p = 6t+5,te Z , . Hence the Hasse-
Witt matrix is generically invertible in this case as well, and 4° is proved.

IV. prRank stratification of principally polarized abelian varieties

1. Basic set-up

Let (A4, 1) be a g-dimensional principally polarized abelian variety
defined over an algebraically closed field k of characteristic p > 0,
where

-~

AA A

is the polarization, which identifies 4 with its dual 4. Following Oort
[50], we define the p-rank r, of A to be the stable rank of the Hasse-Witt
matrix of A:

r(4) = dim H'(0 ,),, = dim im F"|[gY,, n> 0,

where F is the Frobenius. We define the rank r of A to be the rank of the
Hasse-Witt matrix:

r(A4) = dim im FIg(@ ,)-

We are interested in the stratification of the 3g(g+ 1)-dimensional
moduli space M, of g-dimensional principally polarized abelian varieties
over k according to the p-rank r,. More precisely, for N = 3 prime to p,
we consider principally polarized abelian varieties 4 together with a
‘level N’ structure, i.e., an isomorphism

n:(Z/NZ)*® = yA,
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where yA is the group of points of order N on A4, such that
det ((n(6;), A0 7m(07))) = 1,

where the §; = (0,...,0,1,0,...,0) are canonical generators of (Z/NZ)*,
and (, ) is the ey-pairing on yA x yA. By Mumford, [43], Theorem 7.9,
the functor of principally polarized abelian schemes over k-schemes with
a level N structure is representable by a fine moduli scheme M{™ over k.
(In [43], the proof is for N > 6%/g!, and it is remarked that the fine
moduli scheme exists for N > 3.) We further claim that M{" is smooth
over k. In fact, since this is a local question and M{" (p ¥ N) is étale over
the moduli stack M, of principally polarized abelian varieties over
k-schemes (without level), it is sufficient to show that M, is smooth.
But M, is smooth because the functor of principally polarized abelian
schemes is formally smooth (cf. Oort, [49], p. 244-246).

Thus, let f: Ay - M{" be the universal family of g-dimensional
principally polarized abelian varieties over k with level N structure.
Since f is flat and proper, and dim; H'(AY), O 4) is constant at all
closed points y e M{", it follows by the base-changing theorems (cf. [42],
p. 51) that R'(f, 0 4v) is a locally free sheaf & on M{" and that for all
yeMP

E® (9M§N) k(y) = HI(A(yIYJ)” (9A§If’§:)'

Let m and n be any positive integers, and let F be the p-linear Frobenius
endomorphism on & = R'(f, 0 ,g). Let F, ,, be the (p"-linear) endo-
morphism induced by F* on /\"¢ (‘matrix of minors’). If we choose an
affine open set Spec B < M{" over which

~

& ~ B?

is free, then F, , can be given by a matrix with entries in B. In particular,
the condition F,, =0 (identically) defines a closed subscheme of
Spec B. Thus, let S™), be the closed subscheme of M{" defined by the
condition F, ,, = 0.

We first describe in terms of the S{Y), the set of abelian varieties (i.e.,
closed points Ae M{™) for which r(A4) <r,. Suppose r,<g. Let
V = H(0 ). Notice that dim im F',, is strictly decreasing asi = 1,2, ...
until this dimension reaches r(A4) (cf. proof of Lemma 3, p. 131).
Since dim im F}, < g—1, this means that
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r{A) < ry<>dimim F97"|, < r,
< FI7"| art1y, = 0

<> A € Sg_rs’rs+1

Thus, the abelian varieties A€ MY for which r(A4) < r, are the closed
points of

Mgvzs (S(N)rs rs+ l)red

We similarly describe the set of abelian varieties A€ M™ for which
r{4) = r; and r(4) < r. The condition r(A) < r is clearly equivalent to

N
AeST. ..

If n(4) <r, then r(A) <r, if and only ifdimim F'~"*!}, <r,, ie,
if and only if

N
Ae S£—)rs+ 1,rs+1-

Thus, the abelian varieties 4 € M{" for which 14) < r and r(4) < r,
are the closed points of

(N — (N
Mg r)'s,r _f (S1,3'+1 red N (Sr rst1,rs+ l)red‘
de

For later use, we further classify Ae M%) = according to the least

i=0,1,...,r—r,such that dim im F'*'|, < r,. That is, we write M%),
in terms of a disjoint union:

M‘g,vzs r (S(lh,’l+ l)red @ [(Sl rs+ l)red U Ur T ﬂ)x rs+1— 1 rs+ l)red]

disj disj

The goal of this chapter is to prove:

THEOREM 7: Let M{Y (N Z 3,p / N) be the fine moduli scheme of
g-dimensional principally polarized abelian varieties with level N structure
over an algebraically closed field of characteristic p > 0. For 0 < r, < g,
let M(Y), be the closed subset of M®™ of abelian varieties of p-rank < rs.
Then:

(1) Each component of M) has codimension g—r, in M®™.

Q) If ry < g, then the locally closed set of abelian varieties in M%),
whose Hasse-Witt matrix has rank g—1 is Zariski dense in M® .
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(3) M), is smooth at those abelian varieties whose Hasse-Witt matrix
has stable rank < r; and rank equal to g—1.

( REMARK: It seems reasonable to conjecture that part (3) of Theorem 7
&1 | is precise in the sense that M) is singular at abelian varieties whose
* L Hasse-Witt matrix has rank < g—2.

2. Outline of proof of Theorem 7

A key element in the proof is the upper bound for the codimension
of the set M{)_that is provided by the following result of Oort (cf. [50],
Lemma 1.6): Let S be an irreducible algebraic k-scheme, and let X — S
be an abelian scheme over S; let f be the p-rank of the generic fibre;
and let W be the closed subset of S over which the fibre has p-rank at
most f—1. Then either W is empty or each component of W has
codimension one in S.

We first note that the product of g supersingular elliptic curves has
p-rank zero, so that all the sets M) are nonempty. Fix r, < g. Let C,,
be any irreducible component of MY") . Let C,_,; = C,, be the unique
irreducible component of M) ., which contains C,,. Note that a priori
C,.+1 could equal C, . In this manner weobtain C,, = C, +, &... € C,.
For ¥ = r, ry+1,...,9—1, Oort’s result tells us that, if the p-rank of
the generic fibre of C,. ., is strictly greater than the p-rank of the generic
fibre of C,., i.e., if C,. #+ C,. ., then it follows that C,. has codimension
one in C, . ,. This implies that the codimension of C,,in M is < g—r,.

To obtain the opposite inequality we prove two lemmas:

Lemma 10: If Ae MYV, r(4) <g, HA) =g—1, and r{4A) <+ <y,
then the Zariski tangent space to M) at A has codimension = g—r
in the tangent space to MY at A.

LemMma 11: Let Ae M{", r(4) = g—h, h > 1, and r, = r(A). Suppose
that A is in the set S = S, .1 0 (S¥y ,.+1— SN+ ,) in the expression
for M) ., onp.163 (where if i =0 we take S ., =0). Then the
Zariski tangent space to S at A has codimension > g—r, in the tangent
space to MY at A.

Theorem 7 is easily proved using Lemmas 10 and 11 and Oort’s upper
bound on the codimensions. In fact, by Lemma 11 and the smoothness
of MM, it follows that M{\)..,_ , is a union of sets all having codimension
> g—r'. Hence, if we define

Cr',g—l = Cr’—(Cr’ N M(N) )’

gir';g—2
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then C, ,_, is Zariski dense in C,. Let AeC, ,_,. By Lemma 10,
locally at A4 the set C,. has codimension = g—r'. But then Oort’s result
implies that C, has codimension = g—r'. This proves parts (1) and (2)
of Theorem 7. Part (3) now follows because at A € C,. ,_, the codimension
of the Zariski tangent space to C, in the tangent space to the smooth
scheme M is the same as the codimension of C,. in M{".

Since we shall henceforth be dealing exclusively with local questions,
we shall suppress the level N structure, writing My, M., , M., .., S, m
in place of MM, M®M , M®).,, S&),. This is permissible because the
functor of infinitesimal deformations of 4 € M"Y as principally polarized
abelian variety with level N structure is canonically isomorphic to the
functor of deformations of A as principally polarized abelian variety
without level.

Moreover, we know by a theorem of Grothendieck and Mumford
(cf. Oort, [49], p. 244-246) that this deformation functor is effectively
pro-representable by

kL[m:, symm]1] = kLt 5= T/t = t))-

That is, there exists an abelian scheme over k[[m, s,mm]] such that for
any artinian local k-algebra R with an isomorphism k = R/mg, an
element

f € Hom (k[[mt,Symm]]’ R)
corresponds to the deformation 4, = A4, Otqim, symmll 7 R of A over R.

Ay — 4,
Spec R— SpCC k[[mt,Symm]]
In particular, the expression we shall derive for the Hasse-Witt matrix
of a deformation of 4 over the dual numbers k[¢]/e? will also give us
the Hasse-Witt matrix of 4, modulo the square of the maximal ideal

'nt, Symm Of k[[mt, Symm]]'
The basic tool needed to prove Lemmas 10 and 11 is

LemMma 12: (1) The functor of deformations of A as principally
polarized abelian variety over artinian local rings is formally smooth and
effectively pro-representable by
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k[[Symm Hom (H(Q}), H'(0 0)]]-

Here ‘Symm Hom’ means that if we choose dual bases w;, n; of H(QY),
H*(0O ), respectively, with respect to the polarization form given by

HY(O )~ tg4'~ tg, = Hom (H(Q), k)

(‘tg° means tangent space at the origin), then ‘Symm Hom’ corresponds to
symmetric matrices in these bases. Thus, the t;; in k[[{t;}]1/({t;;—1;})
may be identified with the map from H%QY) to HY(O,) taking
w; P, 0p >0 T #

(2) The deformation over k[¢]/¢* corresponding to the homomorphism
t;j & u;;€ has Hasse-Witt matrix

H,= H—¢UB,

where H and B are g x g matrices, H is the Hasse-Witt matrix of A and
U = {u,-j}.
(3) The 2g x g matrix (8) has rank g.

Sections 3-7 below are devoted to proving Lemma 12. In sections
8-9 we prove Lemmas 10 and 11. Sections 10-11 discuss two further
applications of Lemma 12.

The idea of using a deformation theoretic approach to prove Theorem
7 is due to P. Deligne.

3. Deformations

Let (4,4),4: A = A, be a fixed principally polarized abelian variety.
We want to know how A deforms (1) as abelian variety, and (2) as
principally polarized abelian variety.

Let &, be the category of artinian local k-algebras R together with an
isomorphism k ~ R/mg. Define a functor D, from &, to Sets by

isomorphism classes of pairs (4, @), where A’ }

5AV(R) = {

is an abelian scheme over R, and ¢, : A" ® gk 3 A

Let %, be the full subcategory of %, whose objects R have m} = 0.
We note that

R o my

gives an equivalence of categories between €, and the category of finite
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dimensional k-vector spaces (with linear homomorphisms). Let
D,y : %, - Sets be the restriction of the functor D, to %,.

A theorem of Grothendieck (cf. Oort, [49], p. 231) tells us that the
functor D,y is pro-representable by k[[{t;;}¢ ;=1]]. It then follows that,
if m, is the ideal generated by the t;;, and

k[m,] = k[{t:;}¢ 1=11

then D, is representable by k[m,]/m?.
We recall the explicit construction of the isomorphism

D ,4(R) - Hom (k[mr]/mtz , R)
for R in %, . Let m, denote the dual vector space of m,. Then canonically
Hom (k[m,]/m?, R) ~ Hom,., (m,, mg) & m, ® mg.

Let (4', o) € D 4p(R).

A —4

|

Spec R —— Speck
Consider an open affine covering {U;} of 4, U; = Spec B;. Let
B;; = BilUij = Bjlu,;» U;=U;nUj,.

Then A’ has an affine open covering by U; x~ Spec B;[mg]/m%. Then on
U;; = U; n Uj we have patching isomorphisms

Pij :Bij[mR]/mIz( 3 Bij[mR]/mlzt

such that ¢;; ®gk = 1. Hence ¢;; induces a map y;; = (Q’ij—l)lB,-j
of B;;:

(4’;‘;‘1) :Bij — Mg,

where v;; € Dery (B;;, B;;) ® mg, ie., ¢;; determines a section of 0, ® mg
over U;;. It is easy to see that the @;; determine a 1-cocycle, which is
uniquely determined by the deformation modulo 1-coboundaries. Hence,
the deformations in D ,,(R) are given by elements in
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H'(4,0, ® mg) ~ H'(4, 0,) ® m.

Now the Kodaira-Spencer map from H(4, 0,) x H°(Q}) to HY(O,)
is defined by taking a 1-cocycle {y;;} representing a class in H'(4, 0,4
and an element w € H(QY) to the class in H'(0,) of the 1-cocycle { f;;},
where f;; = {y;;, @) is obtained by evaluating the differential w (restricted

to U;;) at the derivation y;;. This Kodaira-Spencer map then gives a
canonical isomorphism

H'(4, 6,) ~ Hom (HYQY), H'(O ).
Then the map
D 4(R) » Hom (k[m,]/m?, R) ~ m, ® my
is given by assigning to any deformation the corresponding class in

H'(4, 0,) ® mg ~ Hom (H(Q)), H'(0,) ® mg
~ Hom (ctg,, tg1) ® mg
~(tga ® tgs) ® mg,

where ‘tg’ (resp. ‘ctg’) denotes tangent space (resp. cotangent space)
at the origin. That is, the vector space m, in the above assertion is identi-
fied as the dual of the g2-dimensional vector space tg, ® tgy:
m =~ (tg, ®tga) = ctg, ® ctgy.
Since the polarization A induces dA: tg, = tg4;, we may take
m, =194 @ tg4;
m, = ctgy @ ctgy.

We define the functor Dppy : %) ~w-r Sets by

isomorphism classes of (4’, ', @), where (A4', 1)
Dpp4y(R) = {is a principally polarized abelian scheme over R,
and where @ : (4, 1) ®r k 3 (4, A)

Let Dpp 4y : 6, —w- Sets be the restriction of Dpp,y to %
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4. ‘Rigidity’ of Hpg.
Let R be an object of ,, and let A’ € D 4, (R). The i-th De Rham
cohomology along the fibres of the family
A ——— A

|

Spec R —— Speck
has a canonical integrable connection V ., the Gauss-Manin connection:
V4 Hpp(4') - Q}z/k ® Hpr(4).

Thus, V4 gives an action of any d € Der, (R, R) on Hig(A'). Following
Katz (unpublished notes), we use this structure to give an elementary
proof of freeness, base-changing, and degeneration of the Hodge =
De Rham spectral sequence for Hig(A') over a ‘small enough’ artinian
local ring (cf. Sublemma 7), and to construct a projection operator
P e End, Hig(A") which will explicitly give us a convenient basis of
H}g(A)) for computing the infinitesimal behavior of the Frobenius F
on Hig(4).

SuBLEMMA 1: Let R, be any ring of characteristic p, let
R, = Ro[Ty,..., LITY,..., T}),
and let M be an R, -module with a (not necessarily integrable) connection
V : Derg(R,, R,) = Endg M.
If M/T,,..., T,)M is flat over R, then M is flat over R,.
Proor: We first prove the sublemma for n=1, ie, T =T,
R = R, = R,[T]/T". By [13], Exp. IV, Corollary 5.5, M is flat over R

if and only if M/TM is flat over R, and TorX (M, R,) = 0. Now R,
has a free resolution as R-module

JERELRE RS R, 0.

Hence:

Tor® (M, R,) = Ker (M 33 M)/T?~ M.



170 N. Koblitz [52]

Let Tm = 0, me M. We must show that me TP ' M. Since

0
ﬁ € DCI'RO (R, R),

we have

0
\% <6T> € Endz, M

Let my = m, and let

0
m,:f V(@T)(m' s r=12,..,p—1.

We prove by induction that m = (1/r!)T"m,. This is trivial for r = 0.
Suppose

1 r—1
Te—1y M

Then T'm,_; = (r—1)!Tm = 0, so that

1V(‘?><T' 1)
1 TV(@) -
-y (mr 1)+( _1)' mr—l

1
= ——T'm+m,
r!

as claimed. Letting r = p—1 concludes the proof of the sublemma for
.n=1.

We now use induction on n. Suppose the sublemma holds for
1,2,...,n—1. Note that Derg (R,, R,) is the free R,-module

R 0
" OT

™M=

i
and thus that we have a natural inclusion

Deng (Rn— 1 Rn— 1) S DerRo (Rn’ Rn)
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Thus, V induces a connection on M as R, _;-module. Moreover, for any
i=12,...,n—1 and for any me M we have

(o) - (i)
< 8’1: (nm)_ n ﬁ(m)s

since 0T,/0T; = 0. Hence, for all deDerg (R,-;,R,-;) the endo-
morphism V(d) respects the .ideal T,M, and so factors through
Endg, (M/T,M). Thus, M/T,M has a connection, and the induction
assumption applies. It follows that M/T, M is flat over R,_,. Since
R, = R,_4[T,]/T?, and since V restricted to R,(0/0T,) gives an R,_,-
connection on M, we are now in the situation of the sublemma forn = 1,
with R,_; in place of R,. We conclude that M is flat over R,. QED

In our application, R, = k,
R, =KT,,.., TJ(TE,..., TP,
A e D (R,), M = Hix(A4), V = V. First note that, since k is a field,

the assumptions of Sublemma 1 all hold, and M is flat over R,. For any
change of base R, — S we have

HE)R(A’ R® S) ~ Hi)R(AI) 1(:9 S

This follows because of the flatness of the De Rham complex and the
flatness of its cohomology groups Hip(A’). Thus:

SuBLEmMA 2: If A'€ D 4(R,), where R, = k[T,,..., T,J(TZ,..., TP,
then for arbitrary change of base R, — S

br(4’ ® 5) ~ HpR(4) ® 5.

In particular, letting S = k, we have
Hjr(4) ® Hpg(A(Ty, . .., T, Hpr(4).
SuBLEMMA 3: Let Ry, R,, M be as in Sublemma 1, with M/(T,, ..., T)M

flat over R,,. Suppose that in the following diagram P is an R-linear map
such that mo P = identity.
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M/T,,..,T)yM 22— M
M/T,,.... T)M

Then the map

P®id:MAT,,...TIM®R, » M
Ro

is an isomorphism. If M/(T,,...,T,)M is free over R, then M is free
over R,,.

PrOOF: Let N = M/(T,,..., T,)M ®g, R,, and let I be the nilpotent
ideal (T3,..., T,) in R,. Then

P® id(modI): N/IN ~ M/IM.

In
C-Ker—> N->M,

the last arrow is surjective because, if m e M, then Ine N such that
P®id(n) = m+t,my, tiel

by the surjectivity of P ® id (mod I); repeating this step for my,...,
we find a sequence n, ny, n,,...,n, such that

Pidn—t,n,— ... —t,n)=m+t,, Mt €'t

Since I is nilpotent, it follows that P ® id is surjective. Now, since M
is flat over R,, applying ®g, R, to

0-Ker> N->-M->0
gives
0 = Tor®(M, R,) — Ker/I- Ker - N/IN - M/IM — 0.

Hence Ker = I- Ker = I?Ker = ... = 0 because [ is nilpotent. QED
In our case, when M = Hip(A'), we want to find a map

P : Hpg(A) — Hpr(4)
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which allows us explicitly to ‘trivialize’ Hig(A'). We actually find a map
P e End, (H5x(4") such that Ker P = (Ty, ..., T,)H%z(A’) which induces
P on Hyg(A)(Ty, - .., T)Hpr(A') ~ Hig(A). This map is constructed by
‘exponentiating’ the Gauss-Manin connection V., using a ‘divided
power structure’ y on the ring R, and the ideal (T3, ..., T,).

Namely, back in the general case with M as in Sublemma 1, there
exists a divided power structure on the ring R, and the ideal (T, ..., T,)
(for the definition, see for example [38], p. 77) such that for
t=T,,T,,..., T, we have

t'/i! fori=1,2,..,p—1
1) =‘{
0

for i = p.

We then define P e Endg, M by
ol n n ) wi
P=3(=D"T]n(DII |V at))
w i=1 i=1 i
where the w = (wy, ..., w,) run through Z%,, |w| = ) w;, and

a wi __ 6 6 w; times a
(V<an>> £fv<an) V(ﬁ) V<6T.~>‘

Note that this is a finite sum. We also define an R,-linear endomorphism
of R,, which will also be denoted P, by

n n a Wi
P = -0 T T () s
w i=1 i=1 i
for feR,.
SUBLEMMA 4: If f €R,, me M, then P(fm) = P(f)P(m).

PrOOF : We first claim that foru,ve Z, ,and for t e (T, .. ., T,) we have
u+v
*) ( ’ ) Yur o) = PuO)P,0)-

In fact, if u+v < p, then this becomes

u+v\ ot
v J(u+v)!  u! vl
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Ifeither u or v > p, then both sides of (¥) are zero. If u+v = pbutu,v < p,
then the left side is zero, and the right side is (¢*/u!)(t’/v!) = O because

P =0.
Now

= _ 1w - ) T (v i"f
rom =g, 3 {1 CGS o

GG

by repeated application of Liebnitz’s rule. By the change of indices
u = w—v we obtain

P(fm) =Y (1Ml {[ I1 (ui; vi) vui+vi(7})]

i=1 i

10,Ga) Joo L (G oot

" nof 8\
= Y (= 1)l {[.Ellvu,«(Ti)vm(E)] ' [IJI <5T> ](f )

LA (G ot

= P(f)P(m). QED

COROLLARY : If f,g€R,, then P(fg) = P(f)P(g).
(Apply Sublemma 4 to M = R, with the ‘obvious’ connection V(J/0T;)
= 0/0T;.)

SuBLEMMA 5: P|R_ is a projection onto R, with kernel (T, ..., T)R,.

Proor: If re Ry, then, since all (3/0T;)r = 0, obviously P(r) = r. For
t =Y r,T, in the ideal (Ty,..., T,), to show P(t) = 0 it suffices by the
corollary to show that P(T;) = 0, i = 1,...,n. But, since (6/0T)T; = J;,
we have

0
CoroOLLARY : Ker PlM = (Ty, ..., T,)M;

P(mod (T}, ... T)M) : M/T, ..., T)M —» M/(T,..., T)M
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is the identity, and P> = P on M.
In fact, the formula for P shows that

Pm)em+(T,,..., T)M,
which, together with Sublemma 5, immediately gives the corollary.
SUBLEMMA 6: P(mj M) = miz M.
ProoF: We show that each term []y,(T) [] (V(6/0T))** in P takes

mj M to itself. It suffices to show that for all r and s (say r # s; the
verification is analogous if r = )

o\
® ENC) (EANCE RS

If w, > 1, then (6/0T)*(T, T) = 0. If w, > 1, then (0/0T)"(T,T;) = 0.
If w; > 0 for i # r,s, then (6/0T)*(T,T,) = 0. This reduces (*) to the
following assertions:

These are all obvious. QED
SuBLEMMA 7: Let R, = k[Ti,..., T,JATE,..., TP), let A €D 4 (R,),
let R,— S be a morphism in €,, and let As= A’ ®pg, S. Then the
Hodge = De Rham spectral sequence
E}? = H%(As, Q%) = HpR(As)
degenerates at E,, and so we have an exact sequence

(*) 0 » H%Q),) - Hpr(As) > H'(O4,) - 0

of modules which are freeover S and whose formation commutes with
arbitrary change of base S — S'.
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ProoF: The degeneration of the Hodge = De Rham spectral sequence
in the case S = k is proved, for example, in Oda, [47], Proposition 5.1.

In general, since all the E?»? are S-modules of finite length, and hence
finite dimensional k-vector spaces, we have

(** E degenerates at E; < dim, E?4 = Y dim, Hjx%(As).

p.q rtq

We always have = in (**). We must show <.
By Sublemma 3, H3£4A4') ~ H%%%A) ® R,, so that, by Sublemma 2,
Hb}4(Ag) ~ HRRYA) ®, S. Hence, the right hand side of (**) equals

dimy S ), dim, H)%(A).

pta
Now by ‘semi-continuity’ (cf. Deligne, [5], Theorem 3.3)
(##%) dim, H(Ag, @4) < dim, S dim, HY(A, Q%).
Hence,

Y dim EZ? < dlmkSZdlmkH (4, Q)
p.q
= dim, S Z dim, HY +‘-’(A)
rtaq
because we know (**) for S = k. But this is equal to the right hand side
of (**).

Furthermore, we now know that equality holds in (***). Hence,
by the same Theorem 3.3 of [5], it follows that the H4 Ay, Q4 ) are all
free over S and thus their formation commutes with change of base.
In addition, the H%)g(Ag) are free, and their formation commutes with
change of base. QED

5. Alternating inner product on Hhg

We note that Sublemma 7 holds for a principally polarized abelian
scheme over any base scheme S, not just over an R,-algebra. In fact, it
suffices to show this for the universal family f: A™ — M®™.In that case,
since dim; Hpr(4)) and dim, HY(AYY), Q4cv) are constant at all closed
points ye M{", which is reduced, we may apply the base-changing
theorems for coherent cohomology to conclude that the De Rham
cohomology and the Hodge cohomology are locally free sheaves on

M® whose formation commutes with arbitrary change of base. It then
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follows by standard arguments that the Hodge = De Rham spectral
sequence degenerates at E, if it degenerates at E, at all closed points
ye M. But the case of an abelian variety over a field is proved, e.g,
in [47], Proposition 5.1.

REMARK : Actually, this result is true for an abelian scheme over any
base, without requiring principal polarization. Messing proves this in

the ‘Addendum’ to [37], to appear.

Thus, for any base scheme S and any principally polarized abelian
scheme Ag — S we have

0 —» H%Q4,) - Hpr(4y) > H'(O45) > 0.
Using the principal polarization g : Ag ~ Ay, we may identify
HY(O4) ~ 194"~ tg4, ~ Hom (HO@},), 05),
and thereby obtain a bilinear polarization form
> T HOQy ) x HY(O 45) — Os.

We claim that {, > can be induced from a certain canonical alternating
inner product on Hpg(As) by passing to the associated graded

HQ},) ® H'(4).

The following construction, and the proof of its compatibility with the
polarization form, are due to P. Berthelot and W. Messing (unpublished
notes).

Consider the product Ay x Ag with the two projections

Agx Ag
Ag As.

Now Agx Ag has a canonical ‘Poincaré line bundle’ % such that the
restriction .#, to the fibre of a closed point x € Ay is the line bundle on
Ag corresponding to x. (Recall that, by definition, Ag parametrizes the
line bundles on Ay algebraically equivalent to zero.) Then the class
o(¥)e HY (Ag x As, %is x 45) Of the line bundle .& gives rise to the Chern
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class cpg € H3g(Ag x As). We consider the map

754 © (cup product with cpg) o ¥
on H3% (As). We have

n}  Hpg '(As) = Hp% '(As x 4y),

U cpr - HE% H(As x As) > Hpl H(As x Ag) ~ Hy, 1(Asx A)
by Poincaré duality;
Ty tHopp- 1(4s % I‘Ts) - H,,_ 1(1"1\s) ~ HiR(A\S)
again by Poincaré duality. Hence we have a canonical map
‘Ucepr Hpk Y(As) = H II)R(;{S)a

which can be shown to be an isomorphism. But H3% (4s) is dual to
H}z(Ag). Hence we have a perfect pairing

H ll)R(AS) x H ll)R(’Z{S) - Os.

Since Ag has a principal polarization Ag, we have Hjp(Ag) & Hhr(As),
and so a pairing

Hpr(As) x Hpg(As) = Os.

It can be shown that this inner product is alternating; that the induced
bilinear form on the associated graded

HO(Q}is) @ Hl((OAs)

has the properties: H(Q4,)* = H%(QL,), H'(0 )" = H'(0,4,); and that
the induced map

HO(Q}{S) X Hl((OAs) - Uy
is the same as our earlier {, ).

6. The Gauss-Manin map and principally polarized deformations
Let R be in %, ie, R = k[mg]/mi, mg = (T,..., Ty), and let
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A’ € Dpp 4 (R). We have an inclusion
i : End; (mg) < Der, (R, R)

given by f i the derivation d:R — R such that dlg =0, dly, = f.
(If p > 2, this inclusion is a bijection.) Hence V 4. induces a canonical map

VAl oi: Endk (mR) - Endk (Hll)R(Al)).

Because the functor Dpp,y is formally smooth and effectively pro-
representable, it follows that 4’ can be realized by change of base from
some Ag, € Dpp,y(R,). Hence, applying Sublemma 7 to Ag, and the
change of base R, — R gives

0 — HO(Q)) — Hpp(A) > H'(O 1) - 0.
Thus, V. o i gives a canonical map
V. : Endy(mg) - Hom, (H°(QL.), H}(O 4.)).
Let d € End, (mg). For any me mg, w € HY(Q}/), we have

V i (d)(mw) = mV ((d)(w)+ dm)w
=V (md(w), since w0 in HY(O,)
=0, since md = 0.
Hence V ,.(d) kills mz H(QL,). We easily see that, in addition, the image
of V(d) is in mg HY(O ).

But, by the last assertion of Sublemma 7 applied to the change of base
S =R -k,

HO(Q})/mg H(Q}) ~ HY(Q));
Hl((OA’)/mR Hl((oA') ~ H'(0,).
In addition, if we tensor
O->mg—>R—-k—>0

with H(0 ), which is flat over R, we obtain
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mgHY(0 4) ~ mg (1? HY0O,).

Hence

mg HY(O 1) = mg (1? H'Y(04)
~ mg (:) (HY O 4)/mg H (O 4)y = mg ? HY(0,).

Thus, V4. induces a map
End, (mg) » Hom (H(Q}), H'(0 1) ® mg.

By the ‘Gauss-Manin map’, which will be denoted p,., we mean the
image of the identity of End, (mg) in Hom (H(QY), H'(O ) ® mg.

SuBLEmMMA 8 (cf. Katz, [20], Proposition 1.4.1.7): p,. is the element in
(tg4 ® tg4) ® mg ~ Hom (H(Q}), H'(0 ) ® mg
corresponding to the deformation A’ € Dpp41/(R).
SUBLEMMA 9: p . € Symm Hom (H(QY), HY(0,) ® mg.

ProOF: Let wj, ] be a basis of Hjp(4') such that w;e H(Q}) and
w;, n; are dual with respect to the alternating inner product in section 5:

{w;, ’1§> = 5ij
(@l wjy =0
{ni, > = 0.

Let
d = V4(1) e Hom, (H*(Q}), H(04)).
def

Let ¢;; e Hom (H°(Q2}), H'(0,)) be the basis element w; & 7;, ;. -0 if
i’ # i (where w; = 0 ®g k and ij; is the image of 7} @ k in H'(0O 4)).
If we write

Pa = Zmijtij’ m;; € mg,
i,j
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then the m;; are given by:

do}; = Y m;;n(mod HY(QL)).
;

Because the cup-product construction of ¢, ) is horizontal with respect
to the Gauss-Manin connection, we always have

d{a,b> = (da,b>+{a,db>  for a,be Hbg(A).

Hence, since {wj, w}) = 0, we have

0 = d{w}, 0 = {dw;, v} +{w;, do})
=< Z My, @5 + W}, z M)
K X

= =L@}, Y, mu My +Lw, Y muniy = —my+my,
k k

so that p, gives a symmetric element. QED

ProOF OF LEMMA 12 (1): According to a theorem of Grothendieck and
Mumford (cf. Oort, [49], p. 242-246), the functor Dpp 4y is a formally
smooth subfunctor of D, and the t; ;in Grothendieck’s theorem on the
pro-representability of D, can be chosen in such a way that Dpp,y is
effectively pro-representable by

kL[t = J1/ (=t =)

It then follows that the functor Dpp 4, is representable by

k [mt,Symm]/ mtz. Symm »

where m, s, is defined as the quotient of the vector space generated
by the t;; by the vector space generated by the t;;—t;;.

But by Sublemma 9 the functor Dpp 4y is a subfunctor of the subfunctor
of D, represented by the vector space of symmetric elements. Since
Dpp,y is represented by a vector space of the same dimension as this
vector space of symmetric elements, we may conclude that the symmetric
basis elements may be taken as the t;; in the Grothendieck-Mumford
theorem. This proves part (1) of Lemma 12.
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7. Action of Frobenius
Let Rn = k[’Tl PR E]/(Tlp’ R ’1:1’)), Ae DPPAV(Rn)a M = HII)R(A/), and
let P € End; M be as in section 4.

SUBLEMMA 10: PF(m) = F(m).

ProoF: We show that, for any m e M, F(m) is horizontal with respect
to V =V, so that all terms of P with w # (0,0,...,0) vanish on F(m).
In general, any change of base

S8,

/]

R, > R,

induces a map a : Q¢ g, > 45, and then a connection V® on M@ =
M ®p, S as follows:

v
M M g() Q}Q,./Ro ﬁQ"‘_) M IC:<) Qé/So
jid@s V(a) b2
" Ve
MO =M@S----me oo 3 (M ®S)® s,
n R, S

Now for me M, se S we define V¥(m ® s) as
V(m)s + mds.

It is easy to see that V@ is well-defined, and that V composed with the
map on M induced by the base change is V®.
In our case, S = R,, Sy = Ry = k, and the map

R, ok

/o

R, ok

is the Frobenius F. Since F kills differentials, the map « is zero. Hence,
for any me M, V®(m ® 1) = 0. Because F as linear map M®) - M is a
horizontal map from (M®, V) to (M, V), it follows that F : M - M
as p-linear map satisfies
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V(F(m)) = 0

for all me M. QED

Now let {77;} be an arbitrary basis of H'(0 ), and let {w;} be the dual
basis of H(QY) with respect to the polarization form. Consider the w;
as elements of Hbg(A4) and choose any ;€ H}g(A) lifting 7;.

SUBLEMMA 11: There exists a basis w;, n; of Hpr(A') lifting w;, n;
and such that w;e H(Q}) and P(n) = 7.

ProOOF: Because
Hpg(A') = Hpr(A) ® R, and HO(Q}) ~ HY(Q)) @, R,,

the basis w;, n; can be lifted to a basis wj, #; of Hpgr(A) such that
;e H°(QL). In fact, any elements in a free module M which reduce to
a basis in M/IM, I a nilpotent ideal, must themselves be a basis of M
(see proof of Sublemma 3). Let n; = P(ff;). Since P is the identity modulo
(T;, ..., T,)Hpg(A4), it follows that w;, n; still lift w;, #; and so are a basis of
Hpg(A") adopted to the Hodge filtration. Moreover, since P> = P,
we have P(n}) = nj. QED

Since F kills differentials, the matrix of F on Hpg(A) with respect to
the basis w;, 7; is of the form

(o #)
0 H)’

and the matrix of F on Hg(A') with respect to the basis w}, 1 is of the
form (§ £). In addition, F on H}g(A) has the property (cf. Oda, [47],
Proposition 5.4):

Ker FIgL(4) = H%(QY).

Hence the 2g x g matrix () has rank g.
Now the Hasse-Witt matrix H' = {h;;} of A" is given by

F(nj) = ). hijn} (mod H(Q4),

ie.,

*) F(i) = ¥ (byyeoi+ i),
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Applying P to (*) gives

(**) F() = PF(r;) = ). (P(biy)P(w0) + P(hi;)ni)
= Z (b P(wi) + hjmy),
since bj;, hj; reduce in R,/(Ty, ..., T,) = k to the matrix of the action of

F on HDR(A WTy,..., TYHbR(A) ~ Hhgr(A), namely b;;, h;;.

Now let mg_denote theideal (T;, ..., T,),let S = R,/mk, = k[mg ]/m%,,
and let Ag = A' ®g,S € Dppay(S). Then V. induces V,, on Hpg(Ay).
Let of = w; ®g,S; ’1]S' =1; ®r, S-

By Sublemma 6, P induces an endomorphism Pg on

Hpr(4s) ~ Hpp(A') ®S~ Hpg(A4')/mi, Hpp(4).

SUBLEMMA 12: Pg = 1— Y, V,(T(6/0T)).

Proor: First note that all terms in P with |w| = 2 map all of H)g(4')
to mi Hpgr(A). Next, since T(0/0T;) is a derivation of §, it follows by
the functoriality of the Gauss-Manin connection that

T,V g =V 6
Y\oT; . aT
induces
(7.2)<Eag, 13
Vas \Ti 6‘7}/ € End, Hpg(As)-

Hence

G
Pg = I—ZVAS( aT> QED

PROOF OF LEMMA *12 (2): The Hasse-Witt matrix H® = {hJ;} of Ay is
given by

Fir}) = Z (b3 0f + him?).
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Reducing the equation (**) above modulo mi Hpr(A4') gives

F(nj) = Z (bs; Ps(co?) + hym?)

= 3 [bu(= V() ot imod 1)

Notice that Y., V 4(T(9/0T,)) is the image of the identity endomorphism
of (T, ..., T,) under the map V, defined in section 6.

We now specify a choice for S, Ag, R,, A’. Let mg be the quotient of
the vector space with basis {T;;}¢ ;—, by the vector space generated by
the T;;—T;;. Let S = k[mg]/m3. Let R, = k[ms]/({m"}ems), 1., here

n = dim mg = 3g(g+1).

Let Ase Dppyy(S) be the ‘generic square zero deformation’, i.e., the
deformation corresponding to the element in

Hom ((CtgA ® CtgA) Symm > mS)

given by #; ® #; = T;;. Since Ag can be realized by change of base from
some A’ € Dpp 4y(R,), it follows that the construction in the last paragraph
applies. As remarked there, Y, V,(T; (9/0T,)) is the image of 1 € End, mg
under V.. But, by Sublemma 8, V (1) induces the element in

Symm Hom (ctg,, tg,) ® ms,

namely p,,, which corresponds to Ag. That is,
6 S S 001
Z Vas| T 1) = =Y. Tynj (mod H(QL,)).
J
(Recall that w;, 77; were chosen to be dual bases.) Thus,

Ff) = L= X T bigs (mod HO(@1,),

ie.,

HS = H-TB,

where T is the generic symmetric matrix {T;;}. Thus, the deformation
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over k[¢]/e* corresponding to the homomorphism T;; - u;;¢ has Hasse-
Witt matrix H, = H—¢UB, and Lemma 12 is proved.

8. Isomorphism types of p-linear endomorphisms

We now discuss how to normalize H(A) in a convenient way by a
suitable choice of basis for H(0 ). :

Let H be the matrix of a p-linear endomorphism F with respect to a
basis vy,...,v, of a g-dimensional k-vector space V' on which F acts.
First, vy,. .., v, (r; = stable rank of H) may be chosen to be fixed by F
(cf. Katz, [21], Proposition 1.1). Then, just as in the linear case, we easily
see that, for suitable choice of v, 44, ..., v,, the p-linear action of F on
Vairp has matrix

N, O ... 0

0 N, ... 0
N:

0 0 N

gn

where N, is the g; x g; nilpotent rank g;— 1 matrix of the form

0
0

Hence, there is a one-to-one correspondence between isomorphism
types of p-linear endomorphisms of V and partitions P = (r', g1, 95, .- -, gn)
of g such that

ﬁ\
(\%
L
=
\
Q
(]
v
v
S
v
Jﬂ

r+Ygi=g

given by

(rlagla'-"gh)HHz '. )
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where I, is the ' x r’ identity matrix.
If Ae M, and the Hasse-Witt matrix H(A) is of type P,

P = (r”glﬂ . "gh)’
then clearly

rd4) =r';
r(A) = g—h.
9. Tangent space computations

By [44], p. 331-332, the Zariski tangent space to the scheme S, ,,
at A is given by the set of morphisms

Spec k[e]/e? > S, . = M,

whose restrictions to Spec k have image point A. Since M, represents
the deformation functor, this tangent space is given in Spec k[m,]/m?
by the condition that the morphism k[m,]/m? — k[e]/e,

tij Huijﬁ (uijek, uij = Jl)

corresponds to a deformation A, whose Hasse-Witt matrix H, satisfies
the equations of S, ,:

all m x m minors of H,H? ... H?"™") vanish,

where the superscript (p’) denotes raising all entries to the p'-th power.
We saw that

H, = H—¢UB,

where U is the matrix {u;;} and where (g ) is the matrix of F|g1 ().
We may assume that a basis of Hpg(A) is chosen so that H is normalized
as in section 8 above. Then, since ¢2 = 0 and H has all entries 0 or 1,
we have
- H“ISIE}” . HP™D = (H—e¢UB)H® — P UPB®) |
N . = (H—eUB)H" !
‘ = H"—¢UBH"" .,
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Proor oF LEmma 10: Here AeM,, r(A) <g, 1n4)=g—1, and
r{A) < v < g. The Zariski tangent space to S,_, , ., at A, which
contains the tangent space to M, , = (S;-, , 1 1)red> 1S given by the
condition:

all (" +1) x (¥ +1) minors in H*~" —eUBH?* " ~! vanish.

If we again take H(A) in the normalized form of section 8, which in this
case is (i= ,%g_r ), then clearly

1 g-—r—1 r—rst+1

, —
HI™ " = 0...01
01
1
0 0 0
0 0 0

and H?™" is the same type of matrix with ‘g—7 — 1" replaced by ‘g—r"
(i.e., one more zero column) and with ‘¥ —r;+ 1" replaced by ‘r' —r/
(i.e., one fewer column on the right with a one). It follows that the possibly
nonzero (¥ +1) x (+ + 1) minors in H*~" —¢UBH? " "1 are obtained by
multiplying the 7 ones in HY"" and then taking a term in the
(#'+ 1)-th, (¥ +2)-th, ..., or g-th row and in the (r;+ 1)-th, (r,+2)-th, ...,
or (g—7+ry)-th column of eUBH?Y "~ !. But all of these columns of
¢UBH?""~! except for the (g—r +r)-th vanish, while the i-th term
a; in the (g —r' +ry)-th column is equal to

Ezuijbj,rs+1~
3

Since the (r;+1)-th column of B is nonzero (or else we would have
fr,+1 € Ker FIH1L (4)), it follows that the a; give nonzero linearly indepen-
dent forms in the u;;. Hence the vanishing of all possible (+'+ 1) x (¥ + 1)
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minors is equivalent to the g—# independent conditions:
Qpy1 = Gpyp=...=a,=0. QED

PROOF OF LEMMA 11: Here Ae M, r(A) = g—h, h > 1, and r, = r(A).
Suppose H = H(A) is of isomorphism type P = (ry,g1,..., g,)- Since
Lemma 11 suppose A€ S;4 1 ,.+1—3S; ,,+1, this means g, = i+1. Since

S4i—1,r.+1 is a closed subscheme of S, , ., not containing A4, the claim

of Lemma 11 becomes: the Zariski tangent space to Sy ,_p+1 N Sy, .41
at A has codimension > g—r;. Let T; denote the tangent space to
Si,4-n+1 at A, and let T, denote the tangent space to S,, , .+, at A.
We must show that

codim (T; N T5) > g—r,.
Now T; is given by the condition:
all (g—h+1)x(g—h+1) minors in H—¢UB vanish.
This condition implies that an entry in UB vanishes if it is in the
(rs+g1)-th, (ry+9,+9g5)th,.., or g-th
row of UB and in the
(re+1-th,  (ry+g,+1)»-th,..., or (r,+gy+ ... +gy_,+1)-th

column. Since by assumption k > 1, we have at least the following two
relations:

g

(BUy,) 2 bjrtgit1th g, =0
j=1
(*q)
g
(BUOZ) z bj,rs+y1+1urs+gx+y2,j =0
j=1
Next, T, is given by the condition:

all (ry+ 1) x (r,+ 1) minors in H% —e¢UBH? ~! vanish.

But the possibly nonzero minors are precisely equal to the entries in
the lower-right (g—r,) x (g—r,) brock of eUBH? ~!. Note that H% !
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has at least one entry 1 in its lower-right (g —r,) x (g —r,) block (it has more
ifg, =g1):

Let UBH* ™! = {¢;;}. We set the following entries equal to zero:

crs+1,rs+2a crs+2,r,+2,---9cg,rs+2'

We obtain:

g9
(*2) (BUI) bj,rs+1urs+i,j = 05 l = 13 25' . "g_rs'
j=1

J

It suffices to show that, among the g—r,+2 linear forms BU,,,
BUy,, BU,, BU,,...,BU,_,, in (*;) and (*,), there are at least g—r,+1
independent forms. We must keep in mind that u;; = uj;, but that other-
wise the u;; are linearly independent.

Suppose that the g—r,+1 forms BU,,, BU,, BU,,..., BU
linearly dependent:

g—r, ATE

g—rs
(*3) agBUy + z a;BU; = 0, a;ek

i=1

First note that for some i, # 0, g, we must have a;, # 0; otherwise the
two forms

ij,rs+gl+1“rs+gl,j’

Z bj.rs+ 1 urs+91,j

would be linearly dependent, which is impossible because the (r,+ 1)-th
and (ry+g, + 1)-th columns of B are linearly independent.

Since a;, # 0, looking at the coefficient of u,_,; ; in (*;) for any
j=1,...,r,gives
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(*4) bj,rs+1=0 forj=19---’rs
(because for such j no other BU; contains u, 4 ;, ; = U; , +i,)-

Looking at the coefficient of u, ., , +i, in (*3) (this variable only
occurs in BU, ), we see that

brs+io,rs+1 =0.

Now for any i; # 0, g, the coefficient of u, .;, ,,+, in (*3) is
Aiobroviy, ror 1+ by tig et 1 = Qigby vy rr1-
Since this coefficient is zero, while g;, #+ 0, we have
(*s) b +iyr+1=0, forall i, =1,2,...,01,...,9—Ts

Now suppose that the g—r,+1 forms BU,,, BU,, BU,,..., BU,_,,
are linearly dependent. In exactly the same way this would imply that

Brsiirer =0, forall iy = 1,2,...G1485..ag—Ts.
By (*,) and (*;), this means
bi,.+1=0 forall i=1,2,...,9.

But the (r,+ 1)-th column of B can not vanish.

Hence, we must have g—r.+1 linearly independent forms, so that the
codimension of T; N T, is strictly greater than g —r,. This proves Lemma
11, and completes the proof of Theorem 7. QED

10. Relation to Igusa’s theorem

Suppose that the Hasse-Witt matrix H(A) is identically zero. Then,
by Lemma 12, rank B = g. B can be regarded as the matrix of a bijective
p-linear homomorphism from H(0,) to H%QL) ~ Hom (HY(0 ), k).

LeMMA 13: Let V be a g-dimensional vector space over a separably
closed field k of characteristic.p. Let V be the dual vector space. Let
@ :V -V be a bijective g-linear homomorphism, q = p®. Then there
exists a basis e of V whose image under ¢ is the dual basis é of V, i.e.,

<ei’ (P(e])> = 5”.
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PROOF: Let e be any basis of ¥, and write
o) = B&,  BeGL(g k).

Let F :GL(g, k) » GL(g, k) be the map ‘raising all entries to the g-th
power.” First, for Ce GL(g, k), note that @ = C'""¢ (‘¢ denotes
transpose). In fact,

(Ce;, C'7'6) = (e, C'C" '8y = e, ) = &y
J J J J

Hence, the basis Ce satisfies the lemma if and only if

PN

C'"'¢ = (Ce) = p(Ce) = F(C)Be,

i.e., if and only if
F(C)BC' = 1.

The rest of the proof is identical to the proof of Proposition 1.1 in [21],
p. 4-5. QED

COROLLARY OF LEMMAS 12 aND 13: If H(A) = 0, and if H, denotes
the Hasse-Witt matrix of the universal principally polarized deformation
A, (see p. 165), then

Ht =-T (mOd rn'tz, Symm)’
where T = {t;} is the generic symmetric matrix.

In fact, the corollary follows by lifting the expression for H, in Lemma
12, namely

H,=H—¢UB = —¢UB

from the deformation over k[¢]/e* to the deformation A, over
k[[m, symml], and noting that, by Lemma 13, we may choose suitable
. bases w;, 7j; of H(Q}), H'(0 ,), respectively, which are dual to each other,
such that B is the g x g identity matrix.

This corollary is a higher dimensional analogy of Igusa’s theorem
that the Hasse invariant of an elliptic curve has simple zeros. In the case
g = 1, the corollary gives an independent proof of that theorem. In fact,
it was Deligne’s proof of Igusa’s theorem by deformation theoretic
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methods that made it clear that these methods could be used to study
the behavior of the Hasse-Witt matrix near any principally polarized
abelian variety. (Compare: Deligne and Rapoport, [63], p. 138-139.)

11. The case g = 2
Here dim M, = 3. There are four isomorphism types of Hasse-Witt,
represented by:

(1) H(A) =(?) ((A4) = r(4) = 2);
(2) H(A) = (59) ((4) = rf4) = 1);
(3) H(A4) = (Go) ((4) = 1,r{(d) = 0);
@) H(A) = (©3) ((A4) = r(4) = 0).

Theorem 7 gives a picture of the stratification except at those 4 whose
Hasse-Witt matrix is identically zero (type 4).

In that case, we can use the above corollary of Lemmas 12 and 13
to compute the leading term of the determinant of H, (resp. compute
the leading terms of the entries of H, H") in order to determine what
kind of singularity M,_, (resp. M,,,) has at an abelian variety of type 4.
The results of these computations are as follows:

(1) M,,, is a (2-dimensional) divisor which is smooth at all points A
for which H(A) is of type 2 or 3 and which has isolated singularities at
points A for which H(A) is of type 4. These singularities are of the form:

tiita—ti, = 0.
(2) M,,, is a curve which is smooth at all points 4 for which H(A)

is of type 3 and which is singular at points 4 for which H(A) is of type 4.
These singularities are ordinary (p+ 1)-points of the form:

tip = Ctyy,

2
try = E7t11,s

where £ is any (p+ 1)-th root of —1.
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V. Examples and conjectures

1. Supersingular abelian varieties

DEFINITIONS (cf. Oort, [50]): An abelian variety (or curve) is called
ver); special if it has p-rank zero, i.e., if it has nilpotent Hasse-Witt matrix.
It is called supersingular if the Newton polygon of its zeta-function (as
defined on p. 122) has all slopes 1.

COROLLARY OF THEOREM 7: The set of very special principally polarized
abelian varieties has pure codimension g in M,. The set of supersingular
principally polarized abelian varieties has codimension = g, with strict
inequality holding if and only if every supersingular principally polarized
abelian variety is a specialization of a very special but not supersingular
principally polarized abelian scheme.

ConJECTURE ': In each irreducible component of the set of super-
singular principally polarized abelian varieties, only a proper closed
subset of the component is a specialization of a very special but not
supersingular principally polarized abelian scheme. Equivalently, the set
of supersingular principally polarized abelian varieties has pure codimen-
sion g in M,.

The first case when the conjecture has content —i.e., not all very special
abelian varieties are supersingular — occurs when g = 3. In this case
every 3-dimensional principally polarized abelian variety can be realized
as the jacobian of a genus 3 curve. Here dim M5 = ig(g+1) =6
(also = 3g—3, the formula for the number of moduli of curves).

When g = 3, there are 5 possible Newton polygons, with the last two
types corresponding to the very special case ry = 0:

Type 1

! However, Professor Qort has recently disproved this conjecture. He has shown
that there are no 3-dimensional families of supersingular principally polarized 3-dimen-
sional abelian varieties. (But Oort and Oda have proved that in any characteristic there
exist 2-dimensional supersingular families in the moduli space. See their paper ‘Super-
singular Abelian Varieties’, to appear.) In particular, Oort has thereby called into serious
question the conjectured transversality of the hyperelliptic locus to the Newton polygon
stratification. It now seems likely (though not yet proved) that an entire component of
the two-dimensional set of supersingular genus 3 curves is hyperelliptic.
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Type 2 Type 3

| —1

Type 4 Type 5

Let S; be the set of genus 3 curves whose zeta-function has Newton
polygon of type i, i = 1,2, 3,4,5. We have

dimS; =6
dimS; =4
dimS, =3
. = 3 if the conjecture holds
dim S5 .
< 2 otherwise.

(Actually, dim S5 = 3 does not strictly imply the conjecture as stated,
because of the possibility that S5 has some 3-dimensional and also some
lower dimensional components, i.e., that it is not of pure codimension 3;
but evidence that dim S5 = 3 will support the conjecture.) All of these
relations follow from Theorem 7, except for the equality dimS, = 3
(Theorem 7 only gives dim (S, U S5) = 3), which follows from a speciali-
zation theorem of Grothendieck and a result of Tate and Honda, which
will be discussed later.

We tested the conjecture experimentally on the IBM 360 computer,
which examined genus 3 hyperelliptic curves of the following form:

V2 =f(x) = x"+a; x5 +a,x*+azx*+a,x*+asx*+agx+a,,

where f has distinct roots, g;€ F,, and:
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lfpsé77 then a1=0,a2=1,1§a3§%(p_1);

if p=7, then a;, =1,a,=0,0=< a3 <6.

This is a convenient family of curves defined over the prime field which
are easily seen to be pairwise non-isomorphic.

The computer first found the Hasse-Witt matrix {h;;}, using the
formula

h;; = coefficient of x?'~/ in [ f(x)]**~V

To distinguish between types 4 and 5, the computer then had to count
the number of [F,;-rational points on the curve. A very special genus
3 curve is supersingular (of type 5) if and only if the number of [F -
rational points is = 1 (mod p3).

The number of curves in each type in this family of hyperelliptic curves
was determined for p = 3,5,7, 11, 13:

P Type 1 Type 2 Type 3 Type 4 Type 5
3 39 8 3 1 1
5 802 148 38
7 12320 1773 277 14 22

11 60205 5759 526 40 25

13 145548 11703 836 66 31

This table seems to support the conjecture, since the drop from type 4
to type 5 —if any — is never as sharp as in the other cases, when the dimen-
sion drop is clearly evident. This point can be made more visually with
the help of logarithmic graph paper (see next page), which converts
constant-ratio sequences to linear sequences. Note that all five graphs
have a fair degree of linearity until the transition from type 4 to type 5,
indicated by the vertical dotted line on the graph.

REMARK: An implicit assumption has been that there is no loss of
generality in looking only at hyperelliptic genus 3 curves, which form a
5-dimensional subset in the 6-dimensional moduli space of all stable
genus 3 curves. In fact, the transversality of the condition of hyper-
ellipticity to the stratification is supported by the graph on p. 197, which
shows that the dimension drop in Theorem 7 seems to be preserved
under restriction to hyperelliptic curves.
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2. Fermat hypersurfaces
Let F,,;, < Pg ' denote the n-dimensional ‘Fermat hypersurface’

Foap= 100, Xur 1) €PEI XG4+ ... +x54+1 = O}
If p ¥ d, then F, 4 , is smooth. We suppose in what follows that n = 1,
dz2pkd

Algorithm for computing p-adic ordinals of the reciprocal roots of

Z(F, 4 ,/F,;t) (cf. Weil [61] and Katz [26]). Let I = {1,2,...,d—1},
and let

W ={w=Wp,...W,+1)€I""? Y w; =0 (mod d)}.
Let || : W — Z ., be defined by

wl =) w,.
Let
Wy = {we W|wl = d}.
Let{}:Z—- {0,1,...,d—1} be defined by
{z} = z (mod d).

Then, the group (Z/dZ)* acts on W by

w = ({zwo}s . » {zWp+1}), any ze(Z/dZ)".

In particular, p t d acts on W, Let o(z) denote the order of z in the multi-
plicative group (Z/dZ)*. Then:

(1) W, is in one-to-one correspondence with a basis of H"(0f, , )
in such a way that the Hasse-Witt matrix H = {h, ,,},. wew, 1S given by

J a nonzero element of F, if w = pv

h =
»* 7|0 otherwise.
It follows that H has the form of a permutation matrix, and that

o(p)

MFnap) = # () W)
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i.e., the stable rank of H equals the number of w € W, whose orbits in W
under the action of p remain in W,. For example, F, , , has invertible
Hasse-Witt if p = 1 (mod d). Conversely, suppose W, #+ 0,1i.e.,d = n+2,
and suppose p # 1 (mod d). Then, if

e[ 5]

([ ] is the ‘greatest integer’ function), it is easy to see that

pm,m, .. .md—(n+1)m)¢ W,,

so that H is not invertible.

(2) W is in one-to-one correspondence with the reciprocal roots «,,
of the numerator of Z(F, , ,/F,;t) in such a way that the p-adic ordinals
are given by

o(p)

Y. Ip'w|

i=1

o(p)d

vp(aw) = -
In particular,

(@) For fixed n, d and w and variable p, v,(x,) only depends on the
cyclic subgroup of (Z/dZ)* generated by p. -

(b) If p is a root of —1 modulo d, ie., p**® = —1 (mod d), then

vo(a,) =3n  forall we W
DEFINITION: An n-dimensional complete intersection is supersingular
if its Newton polygon (see p. 122) consists of one line of slope in. (In the
case of a smooth curve, this definition agrees with the earlier definition

of supersingularity of its jacobian.)

ConsecTURE (I): The converse of (b) is true, ie., if F,; , is super-
singular, then p**® = —1 (mod d).

LEMMA 14: The following two variants of Conjecture (I) are equivalent
to it: '

Consecturk (II): For me {1,2,...,d—1}, let S,, denote the average
of the numbers {p'm}, i = 1,2,..., o(p). Then

all the S,, = 1d = p is a root of —1 modulo d.
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ConsectUre (III): Conjecture (I) holds when n = 1.
PrROOF: Obviously I = II1.

III = II. Supposeall the S,, = 3d. The p-adic ordinals of the reciprocal
roots of Z(F, , ,/F,;t) are given by

1 @ . .
v(a,) = ;@ i;({l’lWo} +{p'wi}+{p'wr})—1
1
= o) (Swo0(p)+ S, 0(p)+S,,,0(p) — 1
1

s BN =1 =%

Hence, by Conjecture III, p**® = —1 (mod d).

II = 1. Suppose p is not a root of —1 modulo d. By Conjecture II,
there exists an m such that S, # 3d. Let m; be any number in
{1,2,...,d—1} such that S, is minimal among all the S,. Let
m, = d—m,. Clearly S,, =d—S,, is maximal among all the S,.
Obviously, S,,, < 3d. Consider three cases:

(i) For some such choice of m; for which S, is minimal, we have:

(n+1)m, % 0 (mod d).

Then let m' = d—{(n+1)m,}, and let

n+1

prm——— a—
w = (ml,...,ml,m/).

Now

o(p)

Y. Ip'wl

o(p)d

1n+1

=-Y%s, -1
d 25

vp(aw) =

1
== [((n+1)S,,+S.]—1
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1
< E [(n+ I)Sm1+SMz]_1
. 1(S +d)—1
= —\h —_
a ™
_nS
am
< in.

(i) n = 3, and for all such choices of m,
(n+1)m,; = 0 (mod d).
Choose any m’,m" € {1,2,...,d—1} such that
nmy+m' +m” = 0 (mod d).

Let

n

——
w=(my,..,m,m,m’).

Then

n+1

1
v,(a,) = p Y S,,—1
j=o

1
= E (nSm1 + Sm’ + Sm”)_ 1

since n = 3.
(iii) n = 1 or 2, and for all such choices of m,

(n+1)r.n1 = 0 (mod d).

If n=1, then m; = 3d, and S, = 3d, a contradiction. Hence n = 2.
Then m, = 4d or 2d. We have p = 1 (mod 3), since if p = 2 (mod 3) we
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would have S,, = 3d. Thus, m; = 3d, and m, = 3d. Since p # 1 (mod d),
this means d = 6, so that m; = 2. Let

w = (ml,ml,l,ml—l).

Notice that in case iii with n = 2 the only possible choice for the pair
(my, m,) is (3d,%d). That is, for m # 3d, 3d, we have S, < S,, < S,,,.
Hence

12 1
Vo) = yS,,—1= TS, 81+ 80, -1) =1
j=0
1 1
< 3(25,,,1+S,,,2+S,,,2)—1 = g(Zd)-—l =1=1in

In all three cases F, , , is not supersingular. QED

PARTIAL CONVERSE OF PROPERTY 2(b), p. 199: (1) If o(p) is odd, then
F, 4 ,is not supersingular. (2) If o(p) = 2 (mod 4) and p**® # —1 (mod d),

then F, , , is not supersingular.

Proor: (1) If d is a power of 2, then o(p) odd = p = 1 (mod d) and
(1) is trivial. So let b be an odd number such that d = bc. If F were
supersingular, by the proof of Lemma 14 we would have

n,d, p

olp) d b
3 (e} = o, = o)y = “2

Since ¢ divides the sum on the left, it follows that 2|o(p)b. But o(p) and b
are both odd.

(2) Let d be the least degree for which the assertion is false. d can not
be an odd prime power or twice an odd prime power, since then (Z/dZ)*
would be a cyclic group and

o(p) even = p**® = —1 (mod d).

If d = 2" is a power of 2, then o(p) = 2, and so p = 2"~ ' +1 (mod 2"),
r > 2. But then

o(p)

. d
{py=2"1 or 2771424 o(p)i.
=1

13
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Hence, there exist relatively prime numbers b,, b, > 2 such that
d=byb,. Let j=1 or 2. Since for all me{1,2,...,b;—1} we have

o(p) . d 0(p)
P {” ’"F} 24

J

it follows that

But the summand on the left is the least residue of p'm in Z/b;Z. Since
the order o, (p) of p in (Z/b;Z)* divides o(p), we have

op (p) : .
L {p'mdfb;} 0y (p) ‘& {p'md/b;}
i§1 df bj B o(p) i;1 d/bj

Obj@)
= Tbj.

By the proof of Lemma 14, F, , , is supersingular. But by part (1) and
the induction assumption, it follows that o, (p) is even and p**,/” = —1
(mod b)). Hence p*® = —1 (mod b)), j=1,2. Since d = b, b, with
by, b, relatively prime, we have p**® = —1 (mod d), a contradiction.

QED

REMARKS: (1) Note that the remaining case 4|o(p) but p*°® % —1
(mod d) implies that d must either be divisible by 16 or else a multiple
atleast three times a prime of the form4m+1,e.g.,d = 15,16, 20, 30, 32,....
The conjecture was verified by computer for all d < 500.

(2) We can prove the conjecture if o(p) = 4, but the proof is longer,
and will be omitted.

(3) The Fermat hypersurfaces with p**® = — 1 (mod d) occur naturally
as an example of supersingularity because they have even more
automorphisms than other Fermat hypersurfaces. For example, if
d = p*®+1, then over the field F,ow the hypersurface F, , , is taken
to itself by the projective transformations x; + )" a;; x,, where {a;} is
a unitary matrix with respect to the conjugation a + a? Holo) (cf. Tate, [57],
p. 101-102, where these hypersurfaces are cited in a slightly different
context).

The tables on the next page give the slopes of the Newton polygons
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Table of Newton Polygons for F, , ,, d < 20, all p
Note:
1. The Newton polygon only depends on cyclic sub gp of p in (Z/dZ)*.
2. Because of the symmetry, horizontal lengths of the segments are only listed for slopes
m/n £ %; the slope 1 —mj/n has same length.
3. The trivial subgp {1} is omitted; it has g slopes 0 and g slopes 1.
4. Any subgp containing — 1 is omitted; it has all slopes 4.

hori- hori-
degree cyclic zontal degree cyclic zontal
d subgp slope length d subgp slope length
7 2,4,1 0 6 16 3,9, 0 24
1 9 11,1 1 48
3 66
8 3,1 0 12
1 18 16 5,9, 0 9
13,1 1 43
8 51 0 9 1 96
3 24
16 7,1 0 48
9 4,7,1 0 1 1 114
1 27
16 9,1 0 57
11 3,9,5, 1 15 i 96
4,1 2 30
18 7,13, 1 0 28
12 5,1 0 27 3 108
1 56
19 4,16, 7, 1 45
12 7,1 0 28 9,17, 11, a 108
i 54 6,5, 1
13 3,9,1 0 21 19 7,11, 1 0 45
1 45 1 108
14 9,11,1 0 6 20 3,9,7,1 0 48
3 72 i 48
1 150
15 2,4,8,1 0 36
L 36 20 9,1 0 75
3 38 3 192
15 4,1 0 55 20 11, 1 0 96
1 72 1 150
15 7,4,13,1 0 1 20 13,19, 0 3
1 36 17,1 1 48
4 108 3 240
15 11,1 0 36
1 110

ofall F, ; ,for d < 20 as a function of p—more precisely, as a function
of the cyclic subgroups of (Z/dZ)*.

3. Artin-Schreier curves
Let C be the Artin-Schreier.curve which is the nonsingular model of



[87] p-adic variation of the zeta-function 205

Vv =x-x, g¢q=p% p>2

defined over k = F,. Then its zeta-function Z(C/F,; t) is given by

(1 _(_ 1)%(:1— l)th)%(q— 1)
(-1 —q1)

Z(ClF;0) =

PrOOF: The assertion is that the reciprocal roots 4;, j=1,...,2g
(g = Hg—1) = genus of C), of the numerator of Z(C/F,; t) are given by

A; = i#a=Y /g, i=1..,9=+-1)

Aj=—ita Y Jq,  j=g+1,...,2.

If N; is the number of F-rational points on C, then

2g ]
Ny=1+¢"— Y 25 and Z(C/F;t) = exp (), N,t¥/s),

j=1 s=1

so that our assertion is equivalent to:

N, = 1+g'—Hg— i g —Yg— 1)~ 1yita~ Vg

3 {l-l-q‘, if s is odd
T g — (=1 (g—1),  if s = 25 is even.

We first note that for s = 1,2,3,... the nonsingular model C has
exactly one F .-rational point over the point at infinity on the plane curve
given by y? = x?—x. Hence, we are reduced to computing N, = N,—1
for the nonsingular affine plane curve y? = x7—x.

Case (1): s iss odd. Then x = 0 gives the one point x = y = 0. If x # 0,
we let x run through a set of (¢° — 1)/(q — 1) multiplicative coset representa-
tives of Fjs/F;. We claim that there are exactly g—1 solutions (y, ax),
yelF,, aeF;, for each coset representative. For the one coset with
x e F;, we have the g—1 solutions (0, ax), ae F;. For the other coset
representatives x, we have x?—x # 0, and (ax)?—ax = a(x?—x) is a
square in F if and only if either both a and (x?—x) are squares in F,
or neither one is. Thus, regardless of whether or not x?—x is a square,
there are precisely 3(q — 1) values of a € F} for which (ax)? — ax is a square,
since

a is a square in F <> ais a square in [,.
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(Here is where we use the fact that s is odd.) Each of these 3(q— 1) values

of ax gives 2 solutions (+y, ax).
We conclude that N equals:

1
1+ (q 1>(q—1)=qs.

Case (2):s = 25 is even. Let F' = [Fj = Fs, i€, Fio/F' is a quadratic
extension. Let ue F' be a nonsquare in F’, so that F, = F'(a) where
a® = u. Next, let  be a square root of —1 in F,, (which exists because
s is even). Then

B¢ F <5 is odd and 4(g—1) is odd.
(We recall that —1 is a square in a finite field if and only if the number of
elements in the field is = 1 (mod 4).)

If we let x = x;+x,0, y=y;+y,a, x;,y;€F, then the equation

y? = x7—x becomes

*) Wi +upd) +2y1y,0 = (6] —x) +(xut4 ™D —x )

Since’t is a nonsquare in F, it follows that 4*@” -V = —1, Hence the
additive homomorphism ¢ : F' —» F’ given by

X, b xqut@ b _x,
is bijective, since if x, # 0 were in its kernel we would have
e’ - — (u%(q—l))(q"—l)/(q—l) — (xz/x%)(q”—l)/(q—l) — l/x%"—l = 1.
Therefore, each solution x,, y,, y, € F' to
(**) yituy: = x{—x,
gives precisely one solution to (*) by setting
X, = @712y, ¥2).

Thus N, is the number of solutions to (**) in F'.
We consider two sub-cases.

Case (2a): € F'. Replacing y, by By, transforms (**) to
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(***) xi—x, = y2—uy? = N[Fqs/F 1 +y,9),

where N[Fq designates the norm from F,. to F'. Now

s/Fr
x{—x; =0ex,el,,
so that x{—x; = 0 corresponds to g solution sets (x,,0,0), x, €F,.

Suppose x§{ —x; # 0. Let y = x{ —x;. Hence, if N7(y) is the number
of solutions of

Nﬂ:qs/F'(y) =7 ye IFqS
and if Nj = Nj(y) is independent of y € F'*, it follows that
Ny = q+(q" —q)Ny.

But N[Fqs 15 a multiplicative homomorphism from F}, to F**. Moreover,
it is surjective, since the set

v {—wil = i u{wl} (since peF)

runs through all elements of F'*. Thus, for y € F'* we have

7" qs_]' s’
N{@y) =——=¢+1,
g —1
and
N, =1+N;,

=1+g+(¢" —g)Ny
= 14+q+(¢"—q)g" +1)
=14+¢"—q°(g—1).

Case (2b): f ¢ F'. We may take u = —1, i.e, « = B. Then (**) becomes
1 +y2)y1—y2) = x{ —x;.

The nonsingular linear transformation

Vi=yi+y2
V2=Y1—Y2
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allows us to replace this equation with the equation

Y1Ya = x{—x;.
For each x, € F' such that x{ —x, # 0, this equation has ¢* — 1 solutions

(1, %), one for each y; e F™*. If x4 —x, = 0, it has 2¢* —1 solutions
©, y2), (1,0). Hence

N, = (¢ = 1)g" +q*(# of x; e F' such that x4 —x,; = 0)
= (@ -Dg" +4" g,
and
Ny=1+N,=14+¢"+q"(q—1).
In both cases (2a) and (2b) we have
N, = 1+¢— (=134 Dg (g - 1). QED

COROLLARY : For any odd prime p and for g = (p®—1), there exists a
nonsingular supersingular curve of genus g in characteristic p.

ReMARK : If the same curve C with equation y? = x?—x is considered
as defined over the prime field F,, then the same technique shows that

[T =[(=1)2a=vp2 21 },%"(,{)p“ 12+t

jla’

(1= —=p)Z(C/F,; 1) =
1—(—1)*a- Dp2rp2r+t

where g = p®; a = 2'd’, 2 ¥ d'; and p is the Mobius function:

) 0 if n has a square factor
n) = .
K (__ 1) # of prime faclors, otherwise.

ExampLe: If C is the genus 4 hyperelliptic curve y? = x°—x in
characteristic 3, then

(1-9¢%)*

Z(C/[FQQt)=m
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Z(C/Fs; ¢ _ -9y
(C/Fs; )_(1—t)(1—3t)‘

C is an example of a nonsingular supersingular genus 4 curve in char-
acteristic 3.

4. Stratification by the full Newton polygon

In this paper we have systematically studied only the unit root part
of the Newton polygon, i.e., the mod p zeta-function. For this reason
we have only needed mod p data, namely the Hasse-Witt matrix. A new
set of finer (and more difficult) questions arises if we concern ourselves
with the entire Newton polygon.

The simplest cases show that the Hasse-Witt matrix is the wrong
invariant for answering such questions.

ExampLE: Consider the following three nonsingular genus 3 curves
define over F;:

C, is the Fermat plane curve X$+ X4+ X% = 0;
C, is the nonsingular model of Y2 = f,(X) = X" +1;
C, is the nonsingular model of Y2 = f3(X) = X' — X +1.

All have nilpotent Hasse-Witt. C, and C, are supersingular: C, by
section 2 above, C, by direct computation of the zeta-function. C; is
Manin’s example in [34] of a curve with slopes 4, 2. On the one hand,
C, has Hasse-Witt identically zero by section 2, while C, and C; both
have Hasse-Witt of rank 2 (i.e., isomorphism type P = (0, 3)). In fact,
the Hasse-Witt {h; ; .} of C,, m = 2,3, is given by: h; ;,, equals the
coefficient of X3~/ in f,(X). Thus:

00 1 0 -1 1
Hcy)=|lo o o), Hcy)={0o o o
010 0 1 0

Thus, two curves can have the same Hasse-Witt and different Newton
polygons, or the same Newton polygon and different Hasse-Witt
matrices (i.e., Hasse-Witt matrices of different isomorphism types).

NOTATION : Let
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be a sequence of fractions in lowest terms (if m; = 0 we take n; = 1);
letr;,>0,i=1,..,h—1,r, = 0; and let i

h—1
g = Z r,-ni-l-rh.

i=1

Let NP()'_ r{m;,n;)) denote the Newton polygon with segments of
slope m;/n; and 1 —(m;/n;) each having horizontal length r;n;,i = 1,..., h.
Thus, any Newton polygon can be uniquely written as a ‘sum’ ), r;N;
of ‘simple’ Newton polygons N;. Here if m; = 0, then r, is the length
of the unit root part.

ReMARK: When we talk of a “Newton polygon’, we mean, of course,
a convex polygonal line connecting (0,0) with (2g,g) and having the
required symmetry. We note that Tate [58] and Honda [17] proved a
conjecture of Manin that any Newton polygon actually occurs as the
Newton polygon of the zeta-function of an abelian variety. According
to Oort and H. W. Lenstra, Jr. [64], any Newton polygon except for the
supersingular Newton polygon occurs as the Newton polygon of a
simple abelian variety; in [50], Oort proves that an abelian variety is
supersingular if and only if it is isogenous to a product of supersingular
elliptic curves.

Further, let S(NP) = M, denote the set of g-dimensional principally
polarized abelian varieties whose zeta-function has Newton polygon
NP. Let S(NP) denote the Zariski closure of S(NP) in M 4- (Recall that
these sets are actually in the fine moduli scheme of principally polarized
abelian varieties with level N structure, but we shall omit mention of the
level N structure in what follows.) Let CD(NP) denote the codimension
of (a highest dimensional irreducible component of) the set S(NP).
For example, for elliptic curves we have

S((0, 1)) = the whole j-line; CD((0, 1)) = 0
S((1,2)) = a finite set of points; CD((1,2)) = 1.

i

REMARKS: (1) The conjecture in section 1, p. 194, is the following special
case of this conjecture:

CONJECT[IRE: CD(Z?: 1 ri(m,-, n,)) = ?= 1 ri CD((mi, ni)).

CD(g(1,2)) = g.
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(In our notation NP(g(1,2)) is the supersingular Newton polygon.)

(2) In the case of the ‘Hodge polygon’ NP(g(0, 1)), this conjecture is
the well-known generic invertibility of the Hasse-Witt matrix of
principally polarized abelian varieties.

(3) Theorem 7 of Chapter IV implies the conjecture if the unit root
part is at least g—2 (ie, m; =0, ry = g—2), since then the Newton
polygon is determined by the unit root part (p-rank).

In addition to the codimensions of the sets S(NP), it would be
interesting to know how they intersect — that is, what sequences of
Newton polygons can be obtained by successive specializations in the
moduli space.

DEFINITION: A partial ordering on the set of Newton polygons is
introduced by:

NP, < NP, < all points on NP, are on or below NP,.

A theorem of Grothendieck (cf. [7], p. 91) says that specialization from
NP, to NP, is only possible if NP, < NP,, ie.,

S(NP,) n S(NP,) #(p= NP, < NP,.
Conversely, it may be asked whether all totally ordered sequences of
Newton polygons can be realized by successive specializations of princi-

pally polarized abelian varieties.

ConiecTuri: If NP, < NP, < ... < NP,, then

S(NP,) ~ S(NP) A S(NP3) ... A S(NP,) # .

(The bar denotes Zariski closure.) In particular, the relation ‘NP,
specializes to NP, is transitive (which is far from a priori obvious).
Note that the intersection in the conjecture can only be nonempty
if dim S(NP;) = h—1.
This conjecture seems to be unknown even in the simplest case when

NP;
\
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it does not follow from the p-rank (unit root part) stratification, namely:
g =3, NP, = NP((1,3)), NP, = NP(3(1,2)). In this case, whereas the
conjecture on p. 194 claimed that not all points of S(NP,) are specializa-
tions from S(NP,), this latest conjecture claims that some points of
S(NP,) are such specializations.

Remark: This ‘first nontrivial case’ of the conjecture follows in
characteristic p = 3 by computations of Manin (cf. [34], p. 77-78).
Namely, the family of hyperelliptic curves

Y2 =X"4+1X+1

parametrized by A has nilpotent Hasse-Witt matrix. Since Manin’s
example (A = —1) has Newton polygon NP; = NP((1, 3)), it follows by
the Grothendieck specialization theorem that the generic point of the
family has Newton polygon NP, . But the specialization 4 = 0 is super-
singular. Hence the specialization from NP, to NP, occurs in char-
acteristic 3.

LeEMMA 15: The length of any maximal totally ordered sequence of
Newton polygons of genus g is equal to

1+Zg: i+1]  (ig°+39+1 if g is even
Sl 2 1 Bg+12+1  if gisodd.

PROOF: Let
R, ={@abeZ0<a=<g, 0<b<ia};

Ry ={(abeZg<a=<2ga-g<b<id

g

R>

)

2g

Define the isomorphism (g, b) - (a, b) from R; to R, by

(a,b) = (2g—a,g—a+Db).
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Define a map @ from Newton polygons to subsets of R; and a map ¢
from Newton polygons to Z, by

@ : NP v {points in R; strictly below NP}
@ : NP b # (B(NP)).

Note that @ and ¢ are strictly order-preserving, i.e.,
NP, < NP, = ®(NP,) & ®(NP,) and ¢@(NP,;) < ¢(NP,),

because a Newton polygon is determined by the points in Z> through
which it passes, so that at least one of the lattice points on NP, must be
strictly below NP,. Since

¢ (Hodge polygon) = 0

. g li+1
¢ (supersingular Newton polygon) = # R; =) | —|,

the lemma follows if we show that, if NP, < NP,, then
iANP; with NP, < NP; < NP, < @(NP,)—@(NP,) > 1.

= This follows immediately from the fact that ¢ is strictly order
preserving.

< Let x;, x, be two lattice points in ®(NP,)— P(NP,). Forj = 1,2,
let NP; ; be the convex hull of NP, and the two points x;, x}. Clearly,
NP, ;is an admissible Newton polygon, i.e., it has the required symmetry.
Moreover, N3 ; < NP,.In addition, NP; ; 2 NP,,since NP, is convex
and passes on or below x;, x; and all points of NP,. We must show that
this inequality is strict for j=1 or 2. It suffices to show that
NP3, #+ NP3 ,. If NP; ; = NP; ,, then x; is on a segment joining
x, either to x, or to a vertex of NP,, and x, is on a segment joining
x, either to xj or to a vertex of NP,. In all possible cases, x; and x,

hY

7
/ /2
Z W SRS *

are both on some segment joining two vertices of NP, . By the convexity
of NP,, x, and x, can not be strictly below NP,, a contradiction. QED
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CoROLLARY : The analogous conjecture for the (3g—3)-dimensional
moduli space of stable curves is false.

In fact, if g = 9, then the length of a maximal totally ordered sequence
of Newton polygons is greater than (3g—3)+ 1, so there are not enough
dimensions in the moduli space for the intersection in the conjecture to be
nonempty. That is, there must be other criteria besides the Grothendieck
specialization theorem for the possibility of sequences of specializations
of stable curves.

Note that Lemma 15 does not contradict the conjecture for principally
polarized abelian varieties, which have enough moduli, namely 3g(g + 1).
In general, the question of stratification for stable curves is probably
much more complicated than for principally polarized abelian varieties.
One preliminary step might be to extend the Grothendieck specialization
theorem to all (not necessarily smooth) stable curves.

The first problem in doing this is that even the degree of the numerator
of Z(C;t) drops when the genus g curve develops singularities. For
example, as remarked. on p. 147, the simplest example of curves of tri-
angular genera g = H(d—1)(d—2) with invertible Hasse-Witt matrix is
the union C = L, U ... U L, of d lines in general position in P2 But
consider its actual zeta-function, which is easily computed by the ‘ex-
clusion-inclusion principle’:

Z(C;t) = I_I Z(L;; v)/ n Z(L; n L;; 1),

where the zeta-functions are computed over a common field of definition
F, ofall the L;s. Thus

(1—2p

Z(C/Llcq; t) = m .

On the one hand, the mod p zeta-function looks like the mod p zeta-
function of any nonsingular genus g curve; in fact, the base-changing
theorem for coherent cohomology, applied in Chapter I, shows that no
mod p ‘discontinuity’ can be expected at singular curves. On the other
hand, the definition of P,(C;t) on p. 122 as the numerator of Z(C;1t)
must be modified if we want to attach the genus g Hodge polygon to
this curve.

In this way, for a possibly singular stable curve C, considerations of
reciprocity (i.., the roots permute under t - g/t) force us to make the
following definition of P,(C; t):



[97] p-adic variation of the zeta-function 215
PI(C; t) — Z(C; t)(l _ t)(l _ qt)l + # of singular points

It is easy to see that this is the correct definition. In fact, suppose C is a
stable curve with r irredaeible components C,, .. ., C, and with s singular
points. Let N,,..., N, be normalizations of C,,..,C,, respectively.
Then clearly

g = genus (C) = ) genus (N)+s+1—r.

i=1

On the other hand,
Z(C[Fy;1) = (1=t [T Z(Ni/Fg5 1)

i=1
and

Z(C/Fg; (1 —)(1 —gt)* ™

— TTEZ(NYF 3 01— (1 q0)] - [(1— 61 — ge)] o~ Z5ems
i=1

is a polynomial of degree 2g with the right reciprocity. Y

I

CoNJECTURE : With this definition of the Newton polygon of P,(C; 1)

for a stable curve C, the Grothendieck specialization theorem applies
to the moduli space of stable curves of genus g.

One further question is the extent to which the Newton polygon

stratification depends on the characteristic p. The ‘geometrical’ as

opposed to ‘arithmetic’ nature of the techniques and results in this

paper support the following

CoNJECTURE: In the set M, of g-dimensional principally polarized
abelian varieties, the dimensions of the sets S(NP) and of any set

S(NP,) ~ S(INP,) ~ S(NP3) A ... S(NP,)

is independent of p. (The analogous conjecture for stable curves also
seems reasonable.)

However, certain other properties of the stratification clearly depend
on p: (1) the number of components in an S(NP) (that this depends
on p is already clear from the fact that the number of supersingular
elliptic curves depends on p); (2) the nature of the singularities of an
S(NP) (that this depends on p was apparent in the computations in
section 11 of Chapter IV of the singularities of M,,,, which is a curve
in M, with (p+ 1)-crossings).
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