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A PERIOD MAPPING FOR CERTAIN SEMI-UNIVERSAL
DEFORMATIONS

Eduard Looijenga

Let (X, xo) be germ of a n-dimensional complex isolated hypersurface
singularity with Milnor number p and let p : X — S be a suitable represen-
tative of a semi-universal deformation of X,. Denote by 4 = S the
discriminant variety of p. In this paper we construct a kind of period
mapping from the universal cover of S\4 to C*. We prove that this
mapping is nonsingular if X, is quasi-homogeneous and 1 is not eigen-
value of its monodromy automorphism (actually, this last hypothesis
can be weakened). The proof hinges on an explicit description of the
Gauss-Manin connection for such deformations, which is due to
Brieskorn and Greuel.

Using this result we recover in the last section Brieskorns description
of the discriminant variety of a rational singularity.

1 wish to mention Brieskorns name once more to thank him for his
comments on an earlier draft of this paper, leading to corrections of
several mistakes.

1. Formulation of the main result

(1.1) Let (X,, x0) be a germ of a n-dimensional complex hypersurface
which has an isolated singularity at x,. Such a singularity admits a
semi-universal deformation. This is a cartesian diagram of holomorphic
mapgerms

(Xo, x0) = (X, x0)

D
{SO} = (Ss SO)
and characterized by certain properties (see for example [10]).
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300 E. Looijenga [2]

A representative of p can be obtained as follows. Suppose that x, is the
origin of C"* ! and that X, is defined by a holomorphic function f : V' — C,
where V is a neighborhood of 0eC"*!. Let ¢, "+, ¢, be monomials
which project onto a C-basis of the artinian ring

of aof

my, o/ <ﬂa—zo," > ('3fz,,> Oy,o
and define g:V xC'— C by g(z, u) = f(2)+u; ¢1(2)+ -+ +u,Py(z) and
F:V xC'> CxC!by F(z, u) = (g(z, u), u). Let X denote the critical set
of F. Choose a polycylindrical neighborhood 4, , x4, of (0,0)6 V xC*
such that

(i) (0dps1xd)n2Z =9

(i) (1% {0}) A Z = {(0, 0)}

(iii") F~(0, u) intersects 94, x 4, transversally for all ue 4,. Then
there is a disc 4, in C centered at 0 such that (iii') can be
strengthened to

(iii) Forall(t, u)e 4, x A;, F~(t, u) intersects 84, , X 4, transversally.

Put X =(d,., x4)nF~Y4,x4),S=4,x4,and let p: X — S be the
restriction of F. Note that the sets X and S obtained in this way form
neighborhood basis of (0,0)eC"*! x C' and (0, 0)e C x C' respectively.
Hence both X and S may be taken smaller if future operations make this
necessary. In such a case we will do this without further comment.

Since p|X is a proper map, it follows from Grauert’s theorem that
A:=p(2) is a subvariety of S. For a generic choice of ue4;, 4, x {u}
intersects 4 in

of af\
(1.1.1 — di [} [ —— e 2
(1.1.1) u = dimg Oy, of <62 SN 62,,) Oy, o

1]
distinct simple points [ 3]. Hence 4 may be defined by an element h e I'((s)
of the form h(t, u) = t"+a (u)t* "'+ -+ +a,(u).

The ideal (0g/0z,, " - -, 0g/0z,) defines X as a smooth subvariety of X,
and since p*(h) vanishes on X there exist &y, -, £, € '(Ox) such that

s =Y e
(1.12) P =T iy

We also introduce §' := S\4, X' := p~ (') and let p' : X’ —> S’ denote
the restriction of p. p’ defines a C*-fibrebundle, and it is known that
a typical fibre X, := p~!(s) (s€ ) has the homotopy type of a wedge of
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u n-spheres; in particular H,(X,, Z) is a free Z-module of rank p[7].
7,(S', s) acts on H(X,, Z). Let 1 :5' - §’ denote the regular covering of
S’ which is associated to the kernel of this representation of m,(S’, s).
We so obtain a Cartesian diagram

-~

X i=X'x¢§—X cX

—r 58 S

Bt

’

Al ——

Let we I'(Q% 'Y and a e I'(Q%*") and assume that o vanishes nowhere
on S. The ‘quotient’ of w and « defines a family of n-forms on X (seS’)
as follows. Let U be a neighborhood of s in $’ such that p~!U admits a
retraction r:p~'U — X, coming from a trivialisation. Then there is a
unique n-form w(s) on X such that w = p*(a) A r*(cw(s)) on p~*U.

It is easily verified that w(s) doesn’t depend on a specific choice of r
and U, and that w(s) is holomorphic (in particular closed) on X,. This
family of n-forms pulls back to a family w(3)e I'(Q%,), 5€S'.

Now fix a 5,€3" and choose a basis (y;(3,)," ", 7.630)) of H(X5,, Z).
By the absence of monodromy over S, (y;(o):"" 7.(0)) displaces
canonically to basis (y(8), -, y,(8) of H(X5, Z) Se S’). Then the map
P, :§' — C* which calculates the periods of h*(n(3)) - Wy

(1.1.3) P3) := (f h"(n(§))-w(§),~*,f h"(n(§))'<"(§)>
y1(®) b4

is holomorphic.
If we suppose that X is quasi homogeneous, that is

n af
f —i;()cizi 871
for certain positive rational numbers ¢q, -, ¢,, then
0 0 0 0
[ = dime my o/(f,—f,---,—f = dime my.of (2L ) < e,
’ 0z¢ 0z, 7\ 0z 0z,

So dim¢ S’=p in that case. For convenience we abbreviate
r=co+ ' +c, and we define d, € Q by

09,
A
0z; (

d,p, = ZCiZi =11
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Our main result is

(1.2) THEOREM: Suppose (Xo, Xo) quasi homogeneous, w(xe) # 0 and
uk+r,dy+r,- -, di+rall different from 1. Then there exists a neighborhood
W of so in S such that Py n~ (W) is locally biholomorphic.

(1.3) ReMaARK: It is known that exp (2mir), exp 27i(d, +r) (A =1,---, 1)
are the eigen values of the monodromy transformation of f[3].

By iterated suspension of f (i.e. replacing f(z) by f(2)+ 22+ 1+ =" +ZFm
for some meN) we can always attain that r,d,+vr,- -, d;+r all
differ from 1. Suspension doesn’t change S and 4.

(1.4) The condition o = dt Aduy A+ -+ A du, doesn’t restrict the general-
ity of (1.2). We shall therefore assume this in the sequel.

2. The Gauss-Manin connection and some preliminaries

(2.1) For the moment we drop the assumption that (X, x,) is weighted
homogeneous and start with recalling the definition of the Gauss-Manin
connection in several sheaves, as it has been given by Greuel in his thesis
under more general conditions. Our main reference for this will be [6].

Over S’ we have a presheaf defined by U » H"(p~'U, C). The sheaf
H o of its local sections admits the canonical algebraic description as
the cohomology of a relative de Rham complex:

Ho = APy Lxrys)-
In this context, #, admits the canonical extension
H = A"(pxLx;s)

over S. For making explicit calculations two auxiliary sheaves of (Os-
modules are very useful:

H' 1= (pye 2%5)/d(ps 'QnX/-Sl
and
A= p T pr QT A d(p Q).

Clearly s# embeds in #'. Following Greuel, we define a ¢s-homomor-
phism ' — #" by &+ p*(a) A E. Tt follows from a generalized de Rham
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lemma that this map is injective. We shall consider this injection as an
inclusion, ¢, #' and S turn out to be coherent sheaves of rank y and
the last two are free as well. Using (1.1.2) one easily verifies that h#' < #
and ho#" < A#'. The presheaf U H"(p~ U, Z) determines an integral
lattice in J# . It is clear that there is then a unique integrable connection
Vo:#o— #o® Q% whose horizontal sections are generated by the
integral lattice. Vo may be characterized more intrinsically by the
following property. If £€#, and y is a local section of the presheaf
UwH,p~'U, 2), then d({,&) = [,V,¢.

An extension of V to a connection V in s can be obtained at the cost
of having the coefficients of V acquire simple poles along 4. Then V obeys
the following algebraic description. Let {ep, Q% represent [{]e#.
d[{] = Oimplies d{ = dg Aao+ Y =1 du; A, for certain og, - -+, 0, € py Q.
Let a, denote the projection of «; in #”. Then Greuel defines

da d 1
QL) VD =h %@L+ Lhu @ e A ® ok
A=1

and he verifies that with this definition of V, V is an extension of V,
indeed. The inclusions h#' < #, h#' < # and the Leibniz rule
allow us to extend V in a canonical way over #' and #".

Now we take up the situation of (1.2) again, and we define a Os-
homomorphism c:p, Ox — H#" by sending ¢ €p, Ox to the projection
of ¢pdz Adu in #”. We then have

(2.2) LemMa: ¢(1), c(¢4)," -, c(p)) form a Og, g -basis of #, 1.

PRrOOF: Since 7, is free, it suffices to show that ¢(1), - - -, ¢(¢;) map onto

a C-basis of H#'(sg).
Let ¢ e ker (¢). Then ¢dz Adue p*Q™ ' Ad(p, Q% 1), ie.

QdzAdu = (Wdgnduy A -+ Adu)A B

with e Ogand fed(p, Q5 ). It follows that ¢ € (0g/0zy, **,0g/0z,)p4 O -
So the natural projection

0g 0
D« (OX — Dk (OX/ << PR i +P*(ms,s0) Dx (OX
0z, 0z,

! For any sheaf # of Og-modules, % denotes the stalk of & at a point s€S and

F(8) = F;® @ , C the fibre of # over s.
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factorizes via ¢ over #"(so). Then the induced map

0 0
H'(50) = Py Oxf ((al o af ) +p*(oms, SO)) psOx
0 n

must be an isomorphism, since it is a surjective homomorphism of
C-vectorspaces, whose source and target have the same dimension p.
Since 1, ¢4, -, ¢, project onto a basis of this target, the lemma follows.

We let K denote the field of fractions of O, ,,, and we define for any
integer k an element g, € K as follows. Write

1
h—kVC(hk) = Wo ® dt+ Z (0F) ® dul
A=1

(with w,eK-#%) and w; =Y k—o ficc(¢y) (With f;, €K, and where

0.
we have put ¢,:=1 for notational convenience) We then pose

Qi - = det (fouo).

(2.3) ProposITION: If pk+r =+ 1, and d,+r # 1 for all A, then q,h is
a unit of Os, ,. We postpone the proof of (2.3) to Section 3 but we show
how (2.3) implies (1.2).

Since h- H#" < A", there exists a {ep, Q% such that ho = p*(a)A (.
The restriction of h~!{ to a non singular fibre X is just w(s) as defined
in (1.1). Since we have d([,{) = |, V{, Py is of maximal rank as a multi-
valued mapping on §’ if and only if

V(i 1) e # ® h*~2Q% ~ Hom (Q§* h*~2#")

defines a vector bundle isomorphism outside A. And this is the case if and
only if Vc(h¥)e Hom (3% K*~ ") defines a vectorbundle isomorphism
outside 4. Because g€ K describes the determinant of h™*Vc(h*) with
respect to the basis (0/0t, 0/0uy, - - -, 8/0u;) and (c(¢po), - * -, c(¢y)), proposi-
tion (2.3) implies (1.2) as stated.

3. Proof of proposition (2.3)

We first derive an explicit description of V. We will use abbreviations
like du for du; A--+ Adu; and dz; for dzg A+ Adzi—y Adzip i A+ Adz,,.

(3.1) LemMa: Let ¢ €I'(Ox). Then
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Ve(g) = c( Ty (‘95‘ o+ 64’))

Z;

oh 0Og

tEe <— "o,
_Z< zg 55 o9 09 0 ®_,1
6zau,1 (3 du, “ou, oz, h’

where we have abusively written h, (0h/0t) etc., instead of p*(h), p*(0h/ot).

Proor: It follows from (1.1.2) that we can write

odzadu = dgnduny, (— 1)+ "¢ hdz;.

We put { := Y i(—1)" "¢ hepdz;. By (1.1.2) { projects into #, and its
image is just h*c(¢) under the “inclusion’ # < #". In order to determine
Vh?c(¢) we compute

oh 9 )
dc=z(—1)"’( ho+ é,——gqs & "’)
+ Z(_l)nl+l< h¢ 61( % ﬁg‘) 4) él ¢> du,l/\dz .
A 6t6

(Here, as well as below, we use the chain rule:

0 oh 0h 0dg

— (p*h) = —

o, ot 5u,1>
The term

0z, oz. ¢ +e h
equals

< Z< ‘p+¢; ‘f))hdz.
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Since
hiz = ¥ &, %9 4
= —dz
: J JaZJ
. .09 -
I J A 6u,1

we can write d{ = dg A {o+ ) 1duy AL, with

( Oh 0&; i
(o = Z(—l)"HJ(‘f’a + 2 < “ o+&; ¢>>‘f Z;

Zi

and
oh oh dg 0o\ -
— _ 1yl ti hi d
;( 1) ( ho + 5;( t 5 >¢+€, au) z;
Oh oEi ¢ 0g -
. _1 nl+j T 7‘1 .
ZJ:( ) ( ;< i azi>> 515'41 &
Then
oh 0¢&;
(3.1.1)  dgadunly = (qb-a; Z(aé d+E& ¢>> hdz A du
and
0
(3.12) dgnduni, =< o+ 2
au,l
0¢; dg 061 0¢ 09))
- —¢— —& — =) ) hdz Adu.
* Z<aul aZ 4) d) lazi aul Zndu
Substitution of
o0& dg _ oh oh dg o%g
~0u, 0z; Ou, Ot ou, 5 0z;0u,

in the righthand side of (3.1.2) yields

4> oh 0Og
+ oo
ot Ou,

0%g 6(]5 dg
Z <5. 92,00, o+ (f) % ('?z 8ul>> hdz A du

(3.1.3) (2 e+
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Following the discussion in Section 2, dg A du A, projects onto the
coefficient of du; (dt if 1 = 0) in Vh?c(¢). Then the lemma follows from
(3.1.1), (3.1.3) and the Leibniz formula.

(3.2) LeMMA: The &s in (1.1.2) can be chosen such that
&i—cizighm e (uy, o, w)0y.

PROOF: Let (&p, -+, &) e l(Ox)"* ! satisfy (1.1.2). Then
)
Y E—aimg )<L el u)ly.

Since {0g/0zo," ", 09/0z,, uy," -, u;} forms a set of parameters of Ox ,,,
there exists a skew symmetric matrix (4;;) with coefficients in Oy ,,
such that for all i

, - dg
G—cizigh ™+ E Aj; o2 €(ug, -, w)0x, x-
j Zj

Then
n ag n
&=+ Ai'}
{ ,Z:o ]521* i=1

are as required.

From now on, we suppose that the £;’s are as in (3.2).
Let L denote the line in S defined by (uq,- -, u;). We can use t as a
coordinate for L.

(3.3) LEMMA: Suppose that uk+r #+ 1 and d;+r #+ 1 for all A. Then the
restriction of h- gy to L is holomorphic and hq(se) # 0.

Proor: We first list some congruences

oh
p* (E) = pg" ' mod (ug, -, w)Ox «

0¢;
. aé = (r+p—1)g"" ' mod (uy, -, w)0x,  (from (3.2)
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o%g

———=d;$,9" " mod (uy, -, u)0x,x  (from (3.2))
aziaul

¢
Since the tangent cone of 4 at s, is defined by dt [11], we also have

oh
p* (a) €(ug, -, )0y, .
2

Define ¢ e I'(Ox) by @ = ¢dz A du. By the Leibniz rule we have
-k k dh
h™*Ve(ph®) = V(@) — ke(d) @ o

Then a simple computation using (3.1) and the congruences above shows
that ‘the coefficient of dt/h in h~*Vc(¢ph¥) equals

o((r—1—pk)pg" ") mod (uy, - - -, w)H s+ pylorex, )G~ H s,
and the coefficient of du,/h in h™*Vc(¢ph*) equals
c(—d,—r+1)pg" ™ ;) mod (uy, - - -, w)H s, + pylonx, x)Pg" ™ P, H s,

Ay is in a natural way a p,Ox-module, and as such z; (i=0, -, n)
acts in a nilpotent manner on the fibre

0 0
H'(so) ~ Clzo, ", Za}/ (E)zf(, EEES 85) .

Hence, if we write h™*Vc(ph*) = Y ; froc(¢2) ® dt+) 1 « faxc(P,) ® du,,
with f;, in the quotient field of O ,, then

uk—1+r
—dy—r+1 -
() = GO~ R TN

—d—r+1

where N is a matrix with coefficients in ¢ o and nilpotent for ¢t = 0.
It follows that g, h|], = t* det (f;.) is holomorphic in 54, where it takes the
nonzero value ¢(0)(uk—1+7)[ [a=1(—d,—r+1).

Since 71(S’, s) acts via +id on A*H,(X, Z), 6 := det? ([, c(¢;)) will
be a holomorphic and univalued function on §'. It follows from the
regularity theorem [5] that é extends meromorphically over X. In fact
we have
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(3.4) ProPOSITION : div (6) = (n—1)A.

PrOOF: We restrict 6 to the line L, and prove that d|[, vanishes of order
wn—1) at s,. This suffices, since L intersects 4 with multiplicity u at s,.
It follows from (3.1) that

<V ;) c(¢o) = (r—Dyc(go)t ™",

and
0
(V ar)C((i)l) = (r—1+d1)c(¢l)t*1.

Since |, Vo = df, o, it follows that

J APl = aot™ ™,
Y

and
.[ c(d)l)lL = akltr_l-'—dl (/1 = ]-’. " l)a
Ve

where the a,,;’s are constants.

So up to a constant factor S| (t) equals 2*~DFdit - +d) Gince §
does not vanish outside 4, this constant must be nonzero. In the appendix
it is proved that 2(u(r—1)+dy+ - +d;) = u(n — 1), and this will com-
plete the proof.

(3.5) Let s; be a simple point of 4. Then X, has only one singular
point, x; say, and x, is an ordinary double point. Let us choose
neighborhoods X; of x;€X and S; of s;€8; and zp," -, z,€I'(Oy,),
o, ", 1€ I'(0s,) such that the following conditions are satisfied.

(1) pX, =Sy and (X, S,) satisfies the conditions (1.1), ii, iii.

(i) {vo, -, vy} is a set of coordinates for S,

(i) {zb, ", z, p*vy,- -, p*u} is a set of coordinates for X, and it
maps X, onto a subset of C"*! x C' which contains the poly-
cylinder {|z'|> < 1, [p*(wy)|*+ -+ +Ip*ul* £ 1}

(iv) o|S; = dvg A~ Ady,.

(V) p*ve = Z?=OZ§2-

Let 4, denote the open unit ball of C' and define a mapping
o :[07 1)XAI_)S1 by O-(Ts W) = (‘57 Wy, o, Wl)‘
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(3.6) LEMMA: Let {I'(t, w)€ H\(X gz, wy» Z) : (z, w)€(0, 1) x 4} be a con-
tinuous family of cycles, and put

I(t,w) := f w(a(t, w)).
I'(t,w)

Then
(a) I is bounded ifn>1and I =0(—logt),7—-0if n=1
(b) oI/éw, = 0(—log 1), 7 -0
(©) /ot =0z 1), 10
(d) If I'(t, w) ‘vanishes as ©— 0, then I is of the form J(t, w)t*®~ 1),
where J extends to a real analytic function on [0, 1) x 4,.

Proor: Suppose first that I'(t, w) doesn’t intersect the vanishing cycle
in H (X ;. ), Z) which corresponds to x; € X, . Then it is easily seen that
{I'(z, w)} is homologous to a family of cycles which extends over [0, 1) x 4,
and avoids 2. We continue to denote this family by {I'(z, w)}. Since w(s)
is a well-defined n-form on X s\Z for all s, the first three clauses of (3.6)
follow immediately in this case.

Now let Y denote the subset of X, defined by |Z|? <1 and
Ip*v >+ - +|p*v)* < 1. We put z; = x;+1iy;. Then the vanishing cycle
in Hy(X ;. w,Z) can be represented by the oriented n-sphere d(t, w)
defined by |x|> = 7,y = 0Oand w, = p*v, (A = 1,- -, I). Its dual, generating
H,(Y; w)> 0Ys.,wy; Z) can be represented by the (suitably oriented) n-disc
&(r, w) which is defined by x§=|y|*+7, x;=0 for j>0, y,=0,
W? <(1—7)/2 and w; = p*v, (A= 1,--, ).

Let m be the intersection number of I'(t, w) and d(t, w). Then we may
assume that the restriction of I'(z, w) to Ya(r, w) equals me(z, w). The same
argument used for the case m=0 proves that the function

to consider the integral I'(t, w) := [, . @(o(z, w)). To this end we observe
that '

pXa)Avg 'Y (= 1YzZdz; = +2dvy A+ Aduydz.
J

Hence w(v)|Y n X" is of the form (v, -+, v, Z')vg 'Y (— 1)z;dz}, where
Y is some holomorphic function on Y. If we use {y,, - -, y,} as coordinates
for &(r, w), then the restriction of w(a(z, w)) to &(t, w) becomes

‘Cilwl(r’ W, V1,7 Yn)(yf‘F +yr%+‘[)‘%dy1 AN /\dyn.

We have to integrate this form over the ball yi+ --- +y2 < (1—1)/2.
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Hence we have

3(1-17)

36.1) I'(r,w) = J dr J T

0

where S, denotes the sphere of radius r in (yy, -, y,)-space and do its
volume-form.
It follows from (3.6.1) that I'(z, w) has the form

NETEED)
(3.6.2) I'(t,w) = J (2 +1) 73" o, wydr,

0

where y, is some real-analytic function on [0, 1)x 4,. For n = 2, the
righthand side of (3.6.2) is clearly bounded. This proves the first part of (a).
Clause (b) follows from

or ! .
— =0 (r*+1)"%r | = 0(—log 1), T — 0,
0

awi

and the last part of (a) is proved in the same way. (c) follows from

or ! 1 a [t ,
= 0<J (r2+r)_7dr> +0<J (r2+‘c)'2dr)
517 0 d‘f 0

= 0(—log7)+0(z™") = 0(r" 1), t - 0.

To prove (d), we note that the restriction of w(a(z, w)) to d(t, w) equals
Y(w, x)t 1Y o(— 1)x;dx;. So
I(t, w) = J Yw, x) 1Y (= 1Yx;dx;
Ix|2=1 j=0
= 70" V) = 0(c" "), ¢ - 0.

For notational convenience we shall now write u, instead of ¢, and
we put

gi(s) := det? <h”"(s) ai J h"(s)w(s)) X
ya(s)

K

Since m,(S’, s)acts via +id on A*H (X, 7Z), & is a holomorphic univalued
function on §'.
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(3.7) PROPOSITION : ¢, extends meromorphically over S and
div (g,) = (n—3)4.

ProoF: The meromorphy property follows from the regularity theorem
[5]- Now let s, be any simpie point of 4 and choose ¢ :[0, 1) x4, —> S
as in (3.6) above. Let {(yy(t, w)," ", 7z, w) : (1, w)€(0, 1) x 4;} denote
a continuous family of basis of H,(X,, ), Z) induced by the multi-
valued basis (y,(s)," -, y/(s)). For calculating ¢,, we may assume that
y1(t, w) = (1, w). Up to an invertible real analytic function h(o(z, w))
equals 7. It then follows from (3.6) that

—t"Itogr 17! !

—1 Vi og T —logt —~logt
g, w) = det? 0 - .

— "D og ¢ —logt —log t

= 0(t" " I(log 7)**), T - 0.

This implies that lim,_, ot~ gz, w) = 0. Since & is meromorphic along
4, it follows that div (g,) = (n— 3)4.

ProOF OF (2.3). Consider the equality &, = gZ6. It follows from (3.4)
and (3.7) that div (g,) = — 4. Hence g, h is holomorphic at s, and following

(3.3), qih(so) # 0.

4. Rational singularities

In this section we assume that (X, x,) is a rational singularity [1]
and we take n = 2 and k = 0. Then g becomes quasi-homogeneous and
so we may take X = C3*x C' and § = C x C'. Brieskorn has shown how
(S, 4) can be described in terms of the action of 7, (', s) on H,(X,, C) [4].
We will show that this can also be derived from the preceding.

(4.1) First note that we actually constructed multivalued mappings
P, from §’ to H"(X,, C), rather than to C* (for in the last case we
needed a specific basis of H, (X, Z)). An alternative way of making
P, univalued is passing to a quotient of its target: Put VV := H"(X,, C)and
G :=Im(n,(S, s) > Aut V). We so obtain a univalued mapping

P.:S - V/G.

Since (X§,, xo) is rational, (V; G) is a finite Weyl group. Before pro-
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ceeding, we first recall a few properties of such groups.

(1) There exist algebraically independent G-invariant polynomials
oy, ", o, on V such that oy, -, o, generate all G-invariant polynomials
on V. In particular (ay,- -, o) : V — C* realizes V — V/G.

(ii) The number of reflections among the elements of G equals Cu/2,
where C denotes the Coxeter number of G.

(iii) Let 4’ denote the discriminant of the natural projection V — V/G
and let D be a polynomial on V that defines the union of hyperplanes
fixed by any reflection in G. Then D? is G-invariant and if J € C[oy, -, @, ]
is such that

Dz(v) = J(OCl(U), Y a‘l(v))ﬂ

then J defines A’ as a reduced hypersurface in C*.

These properties can be found in [2, Ch. V]. Property (iv) below was
already noted in [9] and can be proved by checking cases.

iv) C=@F—-1""1

It follows from (i) that V/G admits a complex structure making
V - V/G holomorphic and V/G =~ C*. Hence P,:S — V/G is holo-
morphic as well.

(4.2) LemMa: P, extends holomorphically over S.

Proor: Let s; be a simple point of 4 and let S; be a neighborhood of
sy in Sasin (3.5). Let {y(s)e H,(X,, Z) : se S;\4} be a multivalued section.
Since the automorphism of H,(X, Z') induced by a generator of 7,(S1\4, s)
is a reflection (given by the Picard-Lefschetz formula), (jy(s)w(s))2 isa
univalued function on S;\4. The regularity theorem asserts that it
extends meromorphically over S,. It follows from (3.6(a)) that this
extension is in fact holomorphic. Hence P, admits a holomorphic
extension along the simple point-set of 4. Since the singular part of 4
is of codimension =2 in S, P, extends holomorphically over all of S.

(4.3) THEOREM: P, is an isomorphism which maps A’ onto A.
We prove this via the following lemma.

(4.4) LemMA: Let L denote the line in S defined by (uy, -, u;). Then
Po(t, 0,7+, 0) = (¢, "1, ¢,t" ") on L with (¢, -, ¢,) € C*{0}.

ProOF: Let (py(t), - -, p,(t)) denote the restriction of P, to L. It then
follows from (3.5) that p, satisfies a differential equation



314 E. Looijenga [16]

dp,

e I )

This obviously proves that p, = c,t" ! for some c,e C. Since P, is local
isomorphism on L\{0}, the ¢,’s cannot all vanish.

ProOOF OF (4.3). It follows from (4.1)-iii and (4.4) above that the multi-
plicity of Pg(4’) at s, will be at most (r—1)-2 {reflections in G}. By
(4.1)i, iv this equals (r—1)2. C,/2 = u. The multiplicity of 4 at s, equals
w. It follows from (3.6)~(d)) and (4.1-iii) that P, maps 4 into A’. Since
both 4 and A" are weighted homogeneous, we then must have that
Py 1(4') defines 4 as a reduced variety.

Since r > 1, theorem (1.2) applies, and it follows that the branch locus
B of P, is a union of components of A4'. If B + @, P }(4’) does not define
A as a reduced variety. Hence B = @) and the theorem follows.

Appendix
In this appendix we shall prove that
(A.1) Aur—1)+d+ - +d) = un—1).

We first make some observations.

Since ¢, - -, ¢, are positive rational numbers, we can write ¢; = w;/N
with w;, Ne N. Since [ = ) ;¢;z{d f/0z;), f must be a C-linear combina-
tion of monomials z{ - - - zj» with ) ;w;j; = N.

By putting deg z; = w; we make C[zo, ", z,] into a graded C-algebra.
Note that with this grading d, = N~ ! deg (¢;).

For any graded C-module o/ = Z;‘,‘;O&/n, one has the Poincaré series
of A [2,Ch. V, §5],

PAT) = 3. dim (/,)T" € Z[[T]]

n

These series have the obvious property that they multiply with respect
to tensor products.

Let % denote the C-module C-1+C¢, + --- +C¢,, equipped with
its natural grading. Then it is clear that

dPy
N(d1+ +dl) = ﬁ(l) and H = P‘g(l)
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Hence (A.1) may be written as

are |
(A2) M“)_ AN o
Py T TN L

Proof of (A.2). Since {1, ¢o," "+, ¢;} projects onto a basis of

0
C[zoa Zn]/ ( 0 o azf> >

it follows from the Weierstrass preparation theorem that {1, ¢, -, ¢}

generates C[zo, ", z,] freely as a C[0f/0z," -, 0 f/0z,]-module. So we
have

Clzo,"" Z]N‘K®C[af : af]

0z k 0z,

as graded C-modules, which can also be written as

of of
coc]eecli]

Clzo] ® - ® C[z,]

I

It follows that

n 1_']"N—wl
PAT) = <*)
€ il=—10 1—T

The right hand side of this formula equals

n 14T+ TN ™
i )

I+T+ +T" !

and if we take the logarithmic derivative of this and evaluate at T = 1,
we obtain the desired result.
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