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A UNIFORMLY CONVEX BANACH SPACE WHICH
CONTAINS NO [,

T. Figiel and W. B. Johnson !

Abstract

There is a uniformly convex Banach space with unconditional basis
which contains no subspace isomorphic to any [, (1 < p < o). The space
may be chosen either to have a symmetric basis, or so that it contains
no subsymmetric basic sequence.

It is proved that a super-reflexive space with local unconditional
structure can be equivalently normed so that its modulus of convexity
is of power type.

1. Introduction

Recently Tsirelson [11] constructed an example of a reflexive Banach
space with unconditional basis which contains no super-reflexive
subspace and no subsymmetric basic sequence. This was the first example
of a Banach space which contains no subspace isomorphic to any I,
(1 £ p < ) or ¢,. In section 2 we construct the space, hereafter called
T, conjugate to that of Tsirelson’s and give another proof that T and T*
have the aforementioned properties. We present this alternate approach
to Tsirelson’s space for three reasons: (1) There is a simple analytical
description of the norm of T which allows a more elementary argument
than that used by Tsirelson and gives an analytical rather than geo-
metrical description of the example. (2) The ‘forcing method’ employed
by Tsirelson to construct his example is more clearly evident in the
analytic construction of the conjugate space. (3) In section 4 we apply a
convexity procedure to the norm of T to construct a uniformly convex
space. The proof that this space contains no subsymmetric basic sequence
makes use of some inequalities involving the norm on T.

At the end of section 2, we use a variation of the construction used in
[1] to show that there is a reflexive space with symmetric basis which
contains no super-reflexive subspace (and hence no isomorphic copy

1 The second named author was supported in part by NSF GP-33578.
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180 T. Figiel and W. B. Johnson 2]

of any l,). This symmetrization procedure is modified in section 4 to
yield a uniformly convex space with symmetric basis which contains no
I

In section 3 we show that if Y has an unconditionally monotone basis
which satisfies a lower [, estimate (1 < g < o0) and there is a p > 1 so
that the norm on Y is p-convex (cf. Section 3 for definitions) then Y is
uniformly convex and in fact the modulus of convexity for Y dominates
K,&**? for some positive constant K,. This result and a renorming
lemma yield the last result mentioned in the abstract.

Our notation is standard for Banach space theory. We recall only that

a basis (e,) is unconditionally monotone provided

1Y aweall < 113 Bueall  whenever |o,| < |-

A basis (e,) is: subsymmetric if it is equivalent to each of its subsequences;
symmetric if it is equivalent to each of its permutations. d(X, Y) denotes
the Banach-Mazur distance coefficient inf {||L|| - ||[L™ ||}, the inf over all
invertible linear operators from X onto Y. For 1 < p < o0, X is said
to contain [}’s uniformly for large n provided there exists a sequence
(X,) of linear manifolds in X with sup d(X,, [}) < co. If also there are
projections P, from X onto X, with sup ||P,|| < oo, then X is said to
contain uniformly complemented [}’s for large n.

Finally, ‘subspace’ means ‘infinite dimensional closed linear subspace.’

We would like to thank Professor W. J. Davis for several useful
discussions on the symmetrization procedure used in sections 2 and 4,
and Professor H. P. Rosenthal for drawing our attention to Proposition
34in [3].

2. The conjugate to Tsirelson’s example

We work with unconditionally monotone norms on X, the space of
scalar sequences which have only finitely many non-zero terms. Given
xe X and E a set of integers, Ex is the sequence which agrees with x
at coordinates in E and is zero in other coordinates. Thus ||Ex|| < ||x[|
for any unconditionally monotone norm ||-|| on X.

If E, F are finite sets of integers, we write E < F if max E < min F.
Given finite sets E,, E,,- -, E; of integers, we say (E;)%_, is admissible
provided the Ejs are increasing (in the sense that E; < E;,,), and
{k} < E;.

We define a sequence of norms on X as follows:

lIxllo = 11xllq

k
[1Xll,+ 1 = max [|[x]|,, + max { Y ||E;x||, : (E)s_, is admissible}].
i=1
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{I-1l, is an increasing sequence of monotonely unconditional norms on
X, so ||x|| = lim ||x||, is a monotonely unconditional norm on X. It can
be shown that the completion T of (X, ||-|]) is the conjugate to the space
constructed by Tsirelson. It is clear that ||-|| has the following property
(in fact, ||-|| is the unique norm on X with this property):

k
(*  Ixll = max (||xllc,, 3 max { ) [|E;x|| : (E)t=, is admissible}).
i=1
Suppose that (x)f-; = X with supp x; increasing, x| =1, and
supp x; < [k+1, o0). It follows from the definition of ||-|| that, for any
scalars

Ma—

(al)l b”ZaXH g%

1

Thus, (x;)*=, is 2-equivalent to the unit vector basis of I¥. From this it
follows that any normalized block basicsequence of the unit vector basis of
(X, || |]) has, for each k, subsequences of length k which are 2-equivalent to
the unit vector basis of I{. Thus, no subspace of the completion T of
(X, |I-1]) is super-reflexive, and T does not contain an isomorphic copy of
I, (1 < p < o) orcy. We have also that any subsymmetric basic sequence
in T must be equivalent to the unit vector basis of I;. Since T has an
unconditional basis, we can show that T is reflexive and contains no
subsymmetric basic sequence by proving that [, is not isomorphic to a
subspace of T.
To this end we prove the following

LEMMA 2.1: For every o> 1 there is a p <2 (in fact B <33+a™1)
so that if xq, X1, """, X,, are in X with

supp xo < [1, k] < supp x; < supp x, < ***

and m = ok, then

m
lxo+m™1 Y x| < B max ||x|.
i=1 0=<i<m

Once Lemma 2.1 has been proved, we complete the proof that T does
not contain any subspace isomorphic to I; as follows: By a result of
James’ [7],if T contains an isomorphic copy of [, , then there is a sequence
(z,) of unit vectors in T which js §-equivalent to the unit vector basis of
l;. By a standard gliding hump argument, we can assume that (z,) is
a block basic sequence of the unit vectors in X. If supp z;, = [1,--+, k],
we have from Lemma 2.1 that
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2k+1
2o +2K)~" Y zll = 7
i=2
and thus (z,) cannot be g-equivalent to the unit vector basis of [;.
We turn to the proof of Lemma 2.1. In view of (*) it is enough to show
that, whenever (E;)}-, is admissible,

1) Z IEfxo+m™* Z x| = 2/3 max HX.II

(1) is clear with any g = 1 when n = k, because then E;x, = 0 for each
1 £ j < n by admissibility of (E;). So assume that n < k and let

A = {i:||[E;xi| # 0 for at least 2 values of j}
B = {i:||[E;xi|| # O for at most 1 value of j}.

Of course, the cardinality of 4 is at most n— 1. Using this, the triangle
inequality, and (*), we have that

> IIE,(xo+m‘1_ZX)II< Z IE;xoll +m™ (3. Z IE;xil+ . Z |E;xl)

Jj= ied j=1 ieB j=1

< 2lxoll+m ™12 Y lIxill+ Y lIxill)
icA ieB
< 2lxoll+m™[2(n— 1)+ m—n+1] max ||x|

1<i<m

< 2lixoll+m™ (m—1+k) max x|

_l =m

£ (3+a™ ) max ||x;||(since m™ 'k < a).
0<ism

This completes the proof.

REMARK 2.1: A simple duality argument shows that every infinite
dimensional subspace of T* contains I, uniformly for large n, hence T*
also contains no subsymmetric basic sequence.

The rest of this section is devoted to the construction of a reflexive
space Y with symmetric basis which contains no [,. We use the factoriza-
tion technique of [1] and follow the notation used there.

Let W be the unit ball of [, considered as a subset of ¢,. Forn =1, 2,- - -,
let U, =2"W +27" Ball,, and let ||- ||, be the gauge of U,. Set

Y = {yeco : [l(Iyll)a=1ll < o},

where ||-|| is the norm in the space T. The remark after Lemma 1 in [1]
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yields that Yis reflexive and the unit vectors form an unconditional basis

for Y. Now if n is a permutation of the integers and x = (x(i)) is in W

(respectively, Ball, ), then (x(n(i))) is also in W (respectively, Ball ). From

this it follows easily that the unit vectors form a symmetric basis for Y.
Let

Z = (Z (CO’ “”n))T = {(X,,) C Xy €Cy and (“xn”n):o=1 € T}

Note that the map Y — Z defined by y — (y, y, y, - - -) is an isometry. So in
order to show that Y contains no isomorph of any [, it is sufficient to
prove that each reflexive subspace of Z contains a subspace which
embeds into T. Since ¢, has no reflexive subspaces, this is an immediate
consequence of the following known lemma:

LemmaA 2.2: Let (X,) be Banach spaces, let E be a space with normalized
unconditional basis, and suppose V is a subspace of (), X,)5. Assume that
for eachn, P, is strictly singular, where P, :(). X,)g — X, is the natural
projection. Then V has a subspace which embeds into E.

Proor : The hypothesis yields that the natural projections Q,, : (3, X,)g
— X, + -+ +X,, are strictly singular, hence for each m and & > 0 there
is v,, € V with |jv,|l| = 1 and ||Q,,v.l| < &. Thus by standard gliding hump
and stability arguments, there is an increasing sequence (n,) of positive
integers and vectors x,€ X, so that

ne+1—1

Zy = Z X

i=nk
are unit vectors and span (z,) is isomorphic to a subspace of V. But let
Vi = yi(i)) € E be defined by

() = lledl, ifm i< moy
¢ 0, otherwise.

It is clear that (z;) is equivalent to (y,). This completes the proof.

3. Renorming of super-reflexive spaces with unconditional bases

We digress from our study of Tsirelson-type examples and study
general spaces with unconditional bases. First we need some notation.
Throughout this section (E, ||-||) will be a space with monotonely un-
conditional basis (e,, e¥). The norm on E is p-convex (respectively,
p-concave) provided that ||y (bx/?+1yi?) el? < |1 x;el? + I y:ell”
(respectively, |3 (1x:?+ yilP)Ped[P Z |13 x;edl”+ [} y;e:ll”) for all scalars
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(x;) and (y;). ||-|| satisfies an upper |, estimate (respectively, lower I, estimate)
provided [lx+ [P < |Ix[IP+|Iyll" (respectively, [lx+ylI” Z [IxII”+I1yIIP)
whenever x and y are disjointly supported relative to (e;). It is clear that
if ||-|] is p-convex (respectively, p-concave), then it satisfies an upper
(respectively, lower) [, estimate.

The renorming lemma we prove is that if E is super-reflexive then E
admits an equivalent unconditionally monotone norm which is p-convex
and g-concave for some 1 < p, g < co. This result (which is a very easy
consequence of an important result of Rosenthal/Maurey [10], [9] and
an observation of Dubinsky, Pelczynski, and Rosenthal [3]) justifies the
main result of this section:

THEOREM 3.1: Assume that the norm on E is p-convex and satisfies a
lower 1, estimate (1 < p < q < o). Then E is uniformly convex and the
modulus of convexity for E satisfies dg(€) = Ke2*® for some positive
constant K = K(p).

In order to prove the renorming lemma, we need

LemMaA 3.1: Suppose (E, ||-||) does not contain I, uniformly for large n.
Then there is q < o0 so that E admits an equivalent unconditionally
monotone g-concave norm.

PrOOF: By Maurey’s extension [9] of Rosenthal’s theorem [10],
there is g < oo so that every operator from ¢, into E is g-absolutely
summing. The proof of Proposition 3.4 of [3] then yields that there is a
constant K so that

G-1) (X Il < KIL Y, (X lef(el®) el
i=1

i ji=1i=1

for every sequence
(x))7<4in E.
Define || on E by

Il = sup {( 3 IIxll9" : ef ()it = Y lef(x)l for each j}.
i=1 i=1
It is clear that |-| is unconditionally monotone (since ||-|| is), symmetric,
positive homogeneous, and, by (3.1), is equivalent to ||-||. The g-concavity
of |-| is also obvious. There are various ways of seeing that |-| satisfies
the triangle inequality. For example, let o/ be the set of all
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a = (a;) ?21;30:1
for which a;; 20 and )7, af, =1 for each j=1,2,--, and let

bda = (X 11 Y ajef(xefll)’e.
i=1 j=1
Clearly |x|, is a semi-norm and |x| = sup {|x|, :ae.o/}. This completes
the proof.
By duality (cf. the proof of Proposition 3.4 in [3]) we have

REMARK 3.1: Assume that E does not contain uniformly complemented
1’s for large n. Then by Lemma 3.1 there is an equivalent unconditionally
monotone norm on E which is p-convex for some p > 1.

REMARK 3.2: Suppose that E does not contain I, uniformly for large
n and E does not contain uniformly complemented 17’s for large n. Then
there is an equivalent unconditionally monotone norm on E which is
p-convex and g-concave for some 1 < p < q < 0.

Proor: By Remark 3.1 we may assume that ||-|| is p-convex. Let ¢ = p
so that (3.1) from Lemma 3.1 is satisfied for some constant K and renorm
E as in Lemma 3.1. We need only verify that || is p-convex. Suppose
x, y are in E and

a=(a)i,j=,
is in o/ (o/ as in the proof of Lemma 3.1). We have

LY 11X aifleF P +leF()I7) Pe 717

i=1 j=1

<) o]

= [‘;(H .Zlai,-e?‘(X)e,-Il" +I Y aief)ejlinr1e

= j=1
(by p-convexity of ||-||)

28]

Y aer(x)ell TP+ Y 11 Y, ajef(v)esl]? (since p < g).

I
j=1 i=1 j=1

<[y
i=1

This gives that [} (|e¥(x)|”+ |e}(y)I")!/Pe;ls < |x[5+|yl% for each a in o,
and hence || is p-convex. This completes the proof.
In preparation for the proof of Theorem 3.1, we make a simple observa-
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tion: given p > 1 there is a constant M = M(p) so that for all reals a
and b and A4 >0,

(32) |aP+bP =2,  la+bl > 20—A) imply la—b] < MAE.

Certainly it is enough to verify (3.2) for small 4" and for such A" the
hypothesis of (3.2) imply that ab > 0, so we may assume a > 1 > b > 0.
Write a = (1+B)'/?, b = (1— B)*/? for suitable (0, 1) and observe that
there are positive constants ¢, and ¢, so that (1+g)/?—(1—-B)'"? < ¢, B
and 2—[(14+ )7 +(1—-B)'""] = c, B>

Proor oF THEOREM 3.1: Let x,y be in E, ||x|| <1, |yl£1, and
[|x+y|| = 2(1—9). Let

u=7y defx+ylej, v =72 [HeFIF+leFy)")]" Pe;.
j=1 j=1
Clearly 0 = u = v and 16 = ||ul|, while ||v|| £ 1 by p-convexity of the
norm. Fix A, d <A <1 and let = {j:efu)> (1—-A)ef(v)}. A
simple calculation (cf. the argument for Lemma I11.7 of [8]) yields that
[ISv]| = 1—84""1, so that by the lower I, estimate

L2 |l 2 I(~ Syll+(1 -0 "1
Thus

l(~ SYx=y)ll = 2lI(~ Sl

S 21-(1=0A4"H]" £ 2AqdN TN < 4N

To estimate ||S(x— y)|| we use (3.2) to get that for j in S,
le¥(x)— el < MAHeF o),

so that

ISCe= )l £ MAH|Sol| = MA2.
Thus

lx—yll < ISCe= PN+~ SYx =yl £ MAE+4EA 1)1,

Setting A" = §2*2 we get the desired estimate. This completes the

proof.

We now indicate how the results of this section can be extended to
spaces with local unconditional structure (lL.u.st.). Recall that a Banach
space Y has lLust. if Y = U E, where the E/s are finite dimensional,
directed by inclusion, and E, has a basis (ef);= ; so that sup, {unconditional
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constant of (ef)} < co. Assume that (Y, ||-||) has Lu.st. given by (E,) and
Y is super-reflexive; in particular, there is a k so that for any o, d(F, [¥) = 2
if F is any supspace of E, or of E¥. By the Rosenthal-Maurey theorem,
there are p < oo and a constant K (p and K depend on k but not on «)
so that ,(T) < K||T|| for any operator T from c, into any E, or E}.
(m,(T) is the p-absolutely summing norm of T) Thus by the proof of
Theorem 3.1, there are 1 < g < oo, positive constants ¢, and ¢,, and
norms | |, on E, for each a so that ||y|| < |y, £ cilyll (yeE,), and
04(€) = ¢, 8%, 0¥(e) = c, &%, where J, (respectively, 6F) is the modulus of
convexity of (E,, | |.) (respectively, (E¥, | |,)). By passing to a subnet of
(' |.) we may assume that |y| = lim, |y|, exists for each ye Y. Clearly |-| is
equivalent to the original norm on Y and the modulus of convexity of
(Y, |-]) and (Y*, |-]) both dominate c, &% We have thus proved:

THEOREM 3.3: If Y is super-reflexive and has l.u.st. then there is an
equivalent norm || on Y so that the moduli of convexity of (Y, |'|) and
(Y*, |']) both dominate ce? for some ¢ > 0 and p < 0.

ReMark 3.3: If Y has Lu.st., Y does not contain %, for large n, and Y
does not contain uniformly complemented [1’s for large n, then Y is
super-reflexive by the results of [8]. We do not see how to derive this
from the techniques of this section. However, if Y has an unconditional
basis, this result follows from the results of this section. Also, if ¥ has
Lu.st. and does not contain [ uniformly for large n, then the proof of
Theorem 3.3 shows that Y is super-reflexive.

ReMARK 3.4: Enflo [4] proved that every super-reflexive space Y
admits an equivalent uniformly convex norm. Theorem 3.3 shows that
if Y has Lu.st., the equivalent norm can be chosen so that its modulus of
convexity dominates a power function. We do not know whether this is
true if Y does not have Lu.st.

4. Uniformly convex examples of Tsirelson type

Let ||-|| be the Tsirelson norm on X constructed in Section 2. We recall
that ||-|| satisfies

*  lxll = max [lixlle,, sup {3 Y IlE;x]| : (E)i-; is admissible}].

i=1
Let (e;) denote the unit vectors in X. Fix 1 < p, r < co and define, for
x =(x;) in X,

lIxlly = 11 ) leX()IPeld| .

Let ||-||, be the dual norm to ||*||; (considered still as a norm on X)
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and let [||x||| = [I>lef(x)I"e||3"" for x in X. Observe that || ||; is p-convex,
hence || ||, is g-concave for

1 1

-+-=1,

P 4
(cf., e.g. the proof of Proposition 3.4 of [3]). A trivial computation yields
that |||-||| is rq concave and, of course, ||| ||| is r-convex. Thus by Theorem

3.1, the completion Z of (X, |||-]||) is uniformly convex.
In order to see that Z contains no copy of any [, we trace what happens
to (*) and the inequality of Lemma 1 in this convexification of ||-]|.
Suppose (E;)-; is admissible. Then for every x in X we have from (¥)
and the definition of ||-||; that

(X NEx|)!? = 27|Ix]l,

i=1

Hence by duality we have for every x in X

n
lixll, < 2Y7( Y [|E:x|I9)"
i=1
whence for every x in X
n

(4.1) llIxlll = 2””’(.21|IIEiXI||”’)””‘-

From (4.1) and the rq concavity of |||- ||| we have that any subsymmetric
basic sequence in Z is equivalent to the unit vector basis of /.

To prove that [, does not embed into 4, we need to analyze the
inequality in Lemma 2.1 in the context of ||| |||. Assuming d, k, m, and B
are as in Lemma 2.1, we have for (x;)~, as in Lemma 2.1 that

m
lIxo+m=1'" Z xilly £ pUP max [|x|; .
O<is=m

i=1

A simple duality argument then yields for (x;)~, as in Lemma 2.1 that

m m
||x0”2+m_1/p Z lIxill, = ﬁl/p” Z Xill5 .
i=1 i=0

Interpreting this in terms of ||| ||| we have for (x;)/~, as in Lemma 2.1 that
m m
4.2 xolll" +m= 12 3 lllxlll” < A7 Y. xdlII”
i=1 i=0

From an argument of James’ [7] (cf. Lemma 2.2 of [5] for an explicit
statement and proof) we have that if Z contains a subspace isomorphic
to [, then for every & > O there is a sequence (z,) of vectors in X with
with [||z,]|| = 1 and
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(4.3) A+ lowl™) > [I1Y e zall™

Clearly (z,) my be taken with supp z, < supp z,,,. Choose k with
supp zo < [1, k], set & = 2, choose m = ak, and let § =3(3+27") as in
Lemma 2.1. Set x, = zo, X; = m~}/"z;. Substitution into (4.2) and (4.3)
leads to a contradiction when (1+¢&p~! <2871

Our next goal is the construction of a uniformly convex space with
symmetric basis which contains no [,. To accomplish this we modify the
the construction at the end of Section 2.

Fix p, g, r in (1, o0) with p < g and let X, = (I, [|-||,) where

lixlln = inf {(IIyll;, +lzll;)"" : 2"y +27"z = x}.

We will prove that if E has a normalized unconditionally monotone basis,
then the diagonal subspace V = {(x,)e(}.X,)s : X, = x, for all n} satisfies
the hypothesis of Lemma 2. Letting E be the space Z constructed above,
we will thus have that V contains no copy of any /,. The argument at the
end of Section 2 shows that V has a symmetric basis. Also, V is uniformly
convex. To see this, observe that the unit ball of X, is the image of the
unit ball of F = (I,® [,), under the linear operator Q, : F — [, defined by
0.(y, z) = 2"y + 27"z, hence the modulus of convexity of X, (and inciden-
tally also of X) is not worse than that of F. Thus by [2] or [6], (), X,),
is uniformly convex. (Alternatively, one can check directly that Theorem
3.1 can be applied to (}_ X,)z.) Let j be the projection of V onto the first
coordinate; jv = x for v = (x, x, x, - - -) in V. Since all the norms || ||, are
equivalent to || ||, it is sufficient to show that j is strictly singular when
considered as an operator into I,. Suppose to the contrary that there is
an infinite dimensional subspace U of V and a constant ¢ so that
clljoll, = llvlly for all v in V. It is convenient for us to identify the element
v=(x,x, ) of V with ju = x in [, and write |||x||| for ||z, and [|x|| for
lIx]l;,- We thus have for xejV that dl|x|| < |||x||l, where d = Ilill~*, and
for xejU that |||x||| = c||x]I-

Now fix positive integers n and N. A standard gliding hump argument
yields a sequence (x;) in jU and mutually disjoint finite sets (E;) of integers
so that

lIxdll = 2¢ b= Exxdll < 2N)™'d.

We have
2ed™ 2 Il 2 IExill 2 lxill—llxei— Exill 2 2—dYilx— Exilll 2 1.
Consider a decomposition
2N

Y E;x; = 2"w4+27"2 wel, zel).

i=1
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Since E;x; = 2"E;w+27"E,z, we have 1 < ||E;x;|| < 2"||E;wll+27"||E,;z||,
and thus one of the events ||E;w|| = 27" ! or ||E;z|| = 2"~ ' must occur at
least N times, so by disjointness of the E;’s we have that

(Iwlly, +llzll,)'" = min (N*/P27"71, NTa2"~ 1),

From the definition of ||-||, and the fact that p < q it thus follows that if
N is large relative to n, then

2N
I Y Eixill, = 2" N4
i=1

i=

On the other hand, for all N

4.3)

IA

2N 2N 2N 2N
1Y Exilla S 1Y, Exxdll < Y xilll+ Y Hlx;— Esxilll
i i=1 i=1 i=1

i=1

2N 2N 2N
Sl Y xill+d < el Y Exill+c Y llxi— Exill +d
i=1 i=1 i=1

IIA

c(2N)4(2cd ™)+ c+d.

Of course, this estimate on ||Y ¥, E; x|, is incompatible with (4.3) if n
is large enough relative to ¢ and d~'. This completes the proof that j
is strictly singular.
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