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In this paper a concept called boundary covering dimension is defined.
Boundary covering dimension is proven to be equivalent to covering
dimension for normal spaces. Also included is a definition of complete
boundary covering dimension. Complete boundary covering dimension
is proven to be equivalent to complete covering dimension for para-
compact T2-spaces (complete covering dimension is equivalent to cover-
ing dimension for paracompact T2-spaces).

NOTATIONS : If X is a space and V~X, then B( V ) denotes the boundary
of E If X is a space, M c X, and H c M, then B(M, H) denotes the
boundary in the subspace M of H.

DEFINITIONS : The collection G of subsets of the space X is discrete

means every point of X is contained in an open set that intersects at most
one element of G. 

Covering dimension is denoted by dim. dim X ~ n means if G is a

finite open cover of X, then there exists an open cover R of X such that
R refines G and ord R ~ n + 1.
Boundary covering dimension is denoted by bcd. For n ~ 1, bcd X ~ n

means if H is a closed set, W is an open set, H c W, and G is a finite open
cover of X, then there are an open set V and discrete collections G1, G2,
..., Gn of closed sets such that H c V ce lS§  refines G, and

B(V) = U ( Gj). Now bcd X = n means bcd X ~ n and bcd X 
n-1.

Complete covering dimension is denoted by complete dim. Complete
dim X ~ n means if G is an open cover of X, then there exists an open
cover R of X such that R refines G and ord R ~ n + 1.

Complete boundary covering dimension is denoted by complete bcd.
For n ~ 1, complete bcd X ~ n means if H is a closed set, W is an open
set, H ~ W, and G is an open cover of X, then there exist an open set V
and discrete collections G1, G2, " ’, Gn of closed sets such that H c V ~
W,  refines G, and B(V) = U (Ui= 1 Gj).

1 The work for that paper was done while the author was on a Cottrell College Science
Grant for Research Corporation.
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REMARK : What is meant by bcd X ~ 0 ? Let us note that the definition
for bcd can be written another way. bcd X ~ n means if H is a closed

set, W is an open set, H ~ W, and G is a finite open cover of X, then
there are an open set V and a collection T of at most n elements such
that H c V c W, each element of T is a discrete collection of closed sets,
U T refines G, and B(V) = U (U T). So when n = 0, T = 0 and B(V) = 0.
Thus, bcd X ~ 0 means Ind X ~ 0. In our proofs we will not be con-
sidering the case where n = 0 since it will be evident what the proof would
be for n = 0.

LEMMA 1: If X is a topological space, bcd X ~ n, and M is a closed sub-
set of X, then bcd M ~ n. (The proof is straight-forward and will not be
given.)

LEMMA 2 : If X is a topological space and bcd X ~ n, then if H is a closed
set, W is an open set, H ~ W, and G is a finite open cover of X, then there
are an open set V and finite discrete collections G1, G2, ···, Gn of closed
sets such that H c V c W, ni=1 Gi refines G, and B(V) = U (Ui= 1 Gi).
(The proof is straight-forward and will not be given.)

LEMMA 3 : If each of G1, G2, ..., Gn is a finite open cover of the topolog-
ical space X, then there is a finite open cover G of X such that for every
i ~ { 1, ..., nl, G refines Gi .

PROOF : For every p E X, let T(p) = {g|i ~{1,···, nl such that g E Gi
and p~g}. Let G = {~ T(p)|p~X}. G is a finite open cover of X such that
for every i ~{1, ···, nl. G refines Gi.

LEMMA 4: If X is a paracompact T2-space, M c X, M is closed, n is a
positive integer, G is a collection of open sets of X covering M, and no point
of M belongs to n + 1 elements of G, then there exist discrete collections
G1, G2,···, Gn of closed sets such that Ui= 1 Gj refines G and U (Uj= 1 Gj)
=M.

PROOF: Since every paracompact T2-space is collectionwise normal,
Theorem 2 of [1] can be applied to prove the Lemma.

LEMMA 5 : I, f X is a normal topological space, M c X, M is closed, n is a
positive integer, G is a finite collection of open sets of X covering M, and
no point of M belongs to n + 1 elements of , then there exist discrete col-
lections G1, G2,···, Gn of closed sets such that Ui= 1 Gj refines G and
U (~nj=1 Gj) = M.

PROOF : The proof is similar to the proofs of Theorem 1 and Theorem 2
of [1]. Only normality is needed instead of collectionwise normality
since the open cover G is finite.
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THEOREM 1: If X is a normal topological space, then bcd X = dim X.

PROOF : 

Part 7: Show dim X ~ bcd X . Assume n is a positive integer and
bcd X ~ n. Assume G is a finite open cover of X. Let G = {gi,···, gm}.
Let H 1 = g1-(mj=2gj) = X - mj=2 gj. Now g 1 is an open set contain-
ing the closed set H1. Since bcd X ~ n, by Lemma 2, there exist an open
set V1, and finite discrete collections Li, L2,···, Ln of closed sets such
that H1 ~ V1 c gl, nj=1 Lj refines G, and B(V1) = U(Unj=1 Lj). For
every j~{1,···, nl, let S(1, j) = Lj. Let X1 = X.
Assume k is a positive integer such that 1 ~ k ~ m and for every

i~{1,···,k},

in X) 
(d) ~j~{1,···, n}, S(i, j) is a finite discrete collection of closed sets and

S(i, j) refines G, and

Now let Xk+1 = X - Ukj=1 Vk=Xk-Vk and let Hk+1 = Xk+1 - Umj=k+2gi
Now Hk + 1 ~ gk+1. For every j~{1, ···, n}, let 

and  be finite discrete collections of open sets

such that F j refines G, Vw E S(k, j) w ~ e( j, w) ce e( j, w) ~ f ( j, w) and
f ( j, w) intersects only one element of S(k, j), and let T = {f(j, w) n X k + 1|
w~S(k,j)}~{[g-(UEj)] ~ Xk+1|g~G}. By Lemma 3, there is a finite
cover T of Xk+1 such that each element of T is open in Xk+1, and for

every j ~ {1,···, n}, T refines Tj. By Lemma 1, bcd Xk+1 ~ n so by Lemma
2 there exist a set Vk+1, open in Xk+1, and finite discrete collections
G1, G2,···, Gn of closed sets such that Hk + 1 c Vk+11 c gk + 1, Unj=1 Gj
refines T, and B(Xk+1, Vk+1) = U ( U; =1 G j). ~j~{1,···,n}, ~w~S(k,j),
let b(j, w) - {w}~{h|h~Gj and h~ f(j,w)}. ~j~{1, ···, n}, let M j =
{h|h~Gj and ~w~S(k, j), h~b(j, w)l and let S(k + 1, j) = {U b( j, w)1 
w~S(k,j)} ~ M j . ~j~{1,···, nl, S(k + 1, j) is a finite collection of closed
sets and S(k + 1, j) refines G.

Assume j ~{1,···, nl. It will now be shown that S(k + 1, j) is discrete.
Since S(k + 1, j) is finite, we need only to show that no two elements of
S(k + 1, j) intersect. It should be clear that no two elements of M j inter-
sect and no two elements of { intersect. Assume
3wo E S(k, j) and ho E M j such that U b( j, wo) intersects ho.
Case 1 : ~h1 E G j such that h 1 c: f(j, wo) and h 1 intersects ho. Since no

two elements of G j intersect, h0=h1. b’w E S(k, j), h0~b(j, w) since
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h0~Mj. But ho, which is hl, is an element of b(j, wo). Contradiction.

Case 2 : ho intersects wo. Since Gj refines T which refines 1), there is an
element go of T such that ho c= go. Thus go intersects wo, and wo c UEj.
No element of {[g-(UEj)] ~ Xk+1|g~G} intersects Ej so go E

Xk+1. This means ho c f ( j, w1). So ho E b( j, w1). Since ho E Mj, we know
that ~w~S(k,j), h0~b(j,w). This means h0~b(j,w1), but h0~b(j,w1).
Contradiction. Therefore, no two elements of S(k + 1, j) intersect.

It follows that U(Unj=1 S(k+1,j)) = Uk+1j=1 B(Xj, Vj). We have now
completed our inductive definition. Thus each of S(m, 1), S(m, 2), ..’,
S(m, n) is a finite discrete collection of closed sets that refines G. ~j~
{1,···, nl, let Zj be a finite discrete collection of open sets such that
S(m, j) refines Zj and Zj refines G. ~i~{1,···, ml, let V’i = Vi - [ U (Uj= 1 Zj)].
Now {V’1, V2 , ’ ’ ’, V.l is a finite collection of mutually exclusive closed
sets such that ~i~{1,···, m}, V’i ~ gi. Let Zn + 1 = {a1,···, am} be a finite
discrete collection of open sets such that ~i~{1,···, m}, V’i c ai c gi.
Let Z = Un+1k=1 Zj. Z is an open cover of X such that Z refines G and
ord Z ~ n+1. Thus dim X ~ n.

Part II: Show bcd X ~ dim X. Assume n is a positive integer and
dim X ~ n. Assume H is a closed set, W is an open set H c W, and G is a
finite open cover of X. Let F be a finite open cover of X such that F

refines G and every element of F that intersects H is a subset of W. Let

T = {ti|i = 1, ..., kl be a finite open cover of X such that T refines F,
ord T ~ n+1, and if i =1= j, then ti =1= tj. Let R = {ri|i = 1, ..’, k} be an
open cover of X such that ~i~{1,···, k}, ri c ti’ Let = U {ri|i~{1,···,k}
and ri intersects H}. Assume p E B(V) and n + 1 elements of R contain p.
There exist positive integers j1j2···jn+1 ~ k such that ~i~

{1,···,n+1}, p~rji. Since R is finite, ~jn+2~{1,···,k} such that

p~B(rjn+2). ~i~{1,···,n+2}, p~tji since rji c tj,. Thus, n + 2 elements
of T contain p, which is a contradiction. Therefore no point of B(V) is
contained by n + 1 elements of R. By Lemma 5, there exist discrete collec-
tions G1, G2, ’ ’ ’, Gn of closed sets such that Ui= 1 Gj refines G and
B(V) = U (Unj=1 Gj). So bcd X  n.
THEOREM 2: If X is a paracompact T2-space, then bcd X = dim X =

complete bcd X = complete dim X.

PROOF: Assume X is a paracompact T2-space. Theorem II.6 page 22
of [2] makes it clear dim X = complete dim X, Theorem 1 gives us
bcd X = dim X. It is trivial that bcd X ~ complete bcd X. It will now
be shown that complete bcd X ~ bcd X. Assume n is positive integer
and bcd X ~ n. Thus dim X ~ n, and hence complete dim X ~ n.



227

Assume H is a closed set, W is an open set, H c W, and G is an open cover
of X. Let F be an open cover of X such that F refines G and every element

of F that intersects H is a subset of W. Let T = {tb|b E B} be a locally finite
open cover of X such that T refines F, ord T ~ n + 1, and if b 1 , b2 E B
and b 1 ~ b2 then tb1 ~ tb2 (Theorem 3 of [1] assures the existence of such
a T). Let R = {rb|b~B} be an open cover of X such that ~b~B, rb c tb .
Let V = U{rb|b~B and rb intersects HI. Assume p~B(V) and n+1
elements of R contain p. There exist n + 1 elements b 1, b2,···2, bn + 1 of B
such that ~i~{1,···, n+1}. p c- rbi - Since R is locally finite, there exists
bn+2~B such that p~B(rbn+2). ~i~{1,···,n+2}, pEtbn since rbi c tbi.
Thus n + 2 elements of R contain p, which is a contradiction. Therefore,
no point of B(V) is contained by n + 1 elements of R. By Lemma 4, there
exist discrete collections G 1, G2,···, Gn of closed sets such that Ui=l Gj
refines G and B(V) = U (Unj=1 Gj). Thus complete bcd X ~ n. Therefore
bcd X = dim X = complete bcd X = complete dim X.

COROLLARY : Assume X is a normal topological space. Then dim X ~ n
if and only iffor all mutually exclusive closed sets H and K, for every finite
(the yvord ‘finite’ can be deleted, for X a paracompact T2-space) open cover
G of X, there exist mutually exclusive open sets DH and DK and a collection
T of at most n elements such that H c DH, K C DK, every element of T
is a discrete collection of closed sets, U T refines G, and X - (DH ~ DK) =
U (U T).
PROOF: The proof follows from Theorem 1 (If X is T2-paracompact

and the open cover G is not necessarily finite, then the proof follows
from Theorem 2).

REMARK: Note the similarity between the above Corollary and the
following familiar theorem on large inductive dimension (denoted Ind):
For X normal, Ind X ~ n if and only if for all mutually exclusive open
sets H and K, there exist mutually exclusive open sets DH and DK and a
closed set T such that N ~ DH, K c DK, Ind T ~g n - 1, and X - (DH u DK)
= T. The similarity of the Corollary and this theorem on Ind enable one
to pattern some dim proofs after some Ind proofs.
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