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TRANSCENDENCE MEASURES OF CERTAIN NUMBERS WHOSE
TRANSCENDENCY WAS PROVED BY A. BAKER

P. L. Cijsouw

1. Introduction

In the subsequent paper we continue the investigation of transcen-
dence measures of certain transcendental numbers o, i.e. positive lower
bounds for |P(¢)| in terms of the degree N and height H of P, where P
is an arbitrary polynomial with integral coefficients. For more informa-
tion about transcendence measures and the type of transcendence mea-
sures we will look for, see the earlier paper [4]; see also the authors thesis
[3], which includes the results of the present paper.

Leta,, - - -, o, be non-zero algebraic numbers such that, for any (fixed)
values of the logarithms, log «,, - * -, log «, are linearly independent over
Q. In this paper, transcendence measures are derived for numbers which
can be written in one of the following ways:

(i) B, loga;+ - -+ +B,loga, with n = 2, where B, - - -, B, are alge-
braic numbers, not all zero
(i) efoaft - - - ofn with n = 1 and
afi — eﬁilos ag
where By, By, * -, B, are algebraic numbers such that at least one of
Bi,s * -+, B, is irrational. We prove the transcendence measure

exp {__ C1 Nn2+n+ss(1 +10g S)n+l +8}
for numbers of the form (1), and the transcendence measure
exp {_ C2 Nn2+2n+2+asn+l +z}

for numbers of the form (2). Here S = N+log H, ¢ is an arbitrary posi:
tive number and C; and C, are effectively computable numbers, depend-
ing on g, n, the «’s and their logarithms and the f's.

We remark, that these transcendence measures are the first explicit
ones to be published for these numbers in which both the dependence
on H and N is expressed. If one is interested merery in the height H,
better results can be given. For numbers of the form (i), N. I. FEL'DMAN
[6] proved the transcendence measure exp { — CS}, where C is a positive
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180 P. L. Cijsouw 2]

number, depending on N, the «’s and their logarithms and the f’s. For
numbers of the form (ii), a recent result of A. BAKER [2] implies the
transcendence measure exp { —C log H log log H} for H = 4, where C
again is a positive number depending on N, the o’s and their logarithms
and the f’s. An earlier result for the special case of numbers of the form
é#ooft can be found in [7].

The method of proof of our transcendence measures is A. BAKER’s one
with some improvements introduced by N. I. FEL'DMAN. In the proof
we firstly derive a measure for the approximability of numbers of the
types (i) and (ii); after that, the transcendence measures are given.

The transcendence of numbers of the form (i) follows immediately
from e.g. Theorem 1 of A. BAKER’s paper [1]. The transcendence of
numbers of the form (ii) was proved by A. BAKER, distinguishing the
cases B, = 0 and B, # 0; see the same paper.

2. Lemmas

We shall use the same notations (especially for the degree; height and
size) as in [4]. For shortness, we use without reformulation the lemmas
3, 6,7, 8 and 9 of [4]. Further, we need the following lemmas:

LEMMA 1: Let ay, - - -, o, be non-zero algebraic numbers such that, for
any fixed values of the logarithms, log o, - * -, log a, are linearly indepen-
dent over Q. Let ¢ be positive and let d be a positive integer. Then there
exists an effectively computable positive number

O(e, d) = 0(s, d, log o, - * -, log t,,)

such that

(1) 1Bo+Bylogay+ - +B,loga,| > (e, d) exp {—(log k)" **}

Sfor all algebraic numbers B, B, - - -, B, not all zero, of degrees at most
d and of heights at most h.

PrOOF: See Theorem 1 of [5].

LEMMA 2: Let o and f§ be algebraic numbers, B # 0. Then
@) s(@B™") < 2d(x)d(B)+d(x)s(B)+d(B)s(x).

ProOF: From Lemma 3 of [5] it follows that

h(ap™") £ 2@ Ph(a)(d(@) + DY P{R(B)A(B) + 1)}
Using d(«)+1 < ¢*® and d(B)+1 < @ we get
s(@p™') = d(ap™!)+log h(ap™?)
< d(@)d(B)(1+1og 2)+d(B)s(x) +d(x)s(8)

from which (2) follows.
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LEMMA 3: Let B be an algebraic number, and let k and { be integers. Then
3) h(k+¢B) < h(B)I2ke|"®.
ProoF: If a,z"+ - - - +a,z+a, is the minimal polynomial of §, then
a(z—ky'+ -+ +a " Y(z—k)+a, "

is a constant multiple of the minimal polynomial of k+#B. Thus, the
coefficient of z* (i = 0, 1, - - -, n) of this minimal polynomial is in absolute
value at most

an (':) (—k)y"'+a,_ ¢ (n;l) (—ky e +ai[n—i'
<ok () + (V7)o )

From the obvious inequality (7) < 2™~ for all positive integers m, it

follows that
()« ()¢ vsm

by which the proof is completed.

3. Thecase 8, log oy + ... +f,log a,

First we give a measure for the approximability for numbers of the
form (i), in the special case in which g, = —1.

THEOREM 1: Let, for n=2,a,, -, a, and y,, ", yu—1 be non-
zero algebraic numbers such that, for any fixed values of the loga-
rithms, log ay, - - -, log a, are linearly independent over Q. Let ¢ be a
positive number. Then there exists an effectively computable number
Sy = Sy(e, logoay, -, loga,, 1, ", Yu—y) Such that
(4) lyilogas+ -+ +y,_ loga,_, —loga,—n|

> exp {_Nn2+n+es(log S)n+1+e}

Jor all algebraic numbers n of degree N and size S = S, .
PROOF: Put § = (2n* +4n*+3n+7) e. For abbreviation, put

6=y, loga;+ - +y,_;loga,_;—loga,
and

U= Nn2+n+(2n3+4n2+2n+1)6S(10g S)n+1+(2n1+3n+7)6

It is sufficient to prove that
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lo—n| > exp {-U}
if $ = S,. In this proof we may restrict ourselves to the case in which
& is rather small. By ¢;, ¢,, -+ we denote positive numbers which

depend only on n, log oy, -+, 1og o, 715" " %5 Vu—1-
Suppose that

(%) lo—n| < exp {-U}

for some algebraic number # of degree N and size S. We prove that this
leads to a contradiction if S is sufficiently large.
Choose the following integers:

K = [Nn+(n2—1)6(log S)l +(2n+1)6]’

M = [Nn+(n2+n)6s(log S)l+(2n+3)5],

C = 2[_%_ exp {Nn+(n2+n)6S(log S)2+(2n+4)5}]’
T = [Nn+1+(n2+n)6(log S)l +(2n+3)6]’

P = [S(log S)!*?7],

R = [{lé—l +2n? +n:|,

T’ = [27%T] and
P = [Nn2—1+(n3—n)ﬁs(log S)n+(2n2+n+1)6].

Put
K-1 M—-1N-1

F(z) Z Z Z Z Ck1 knmvnvzm

=0 m=0 v=0

n—1
xexp {—k,nz+ Y (ki+k,y;)(log a;)z},
i=1

where the numbers Cy, ..., ., are integers of absolute values at most C;
they will be specified later.
Fort=0,1,2,---itis easily seen that

© F) = E

tho e o=t TIT e Ty !

x(logay)™ - (log oty ()" *Frpy..r,_,(2)

where
(7) tn ‘Th- 1(2) = Z ; Z Z Ckl"'knmvnv
- T m! m—x T—K t—x"_l Ti
X 2 ( ) z (—kn) n ]._.[(ki'*'kn'yi)l
x=0 \k/ (m—x)! i=1

X eXp {(. i k;log o)z + k(6 —1n)z}.
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ﬂl *Tn-— 1(2) = Z ) .kz chkx---k,.mvrlv

k1 n

Xi (T) (mm.x)' k) xﬂr-xﬁ(kﬁkﬁi)n

X eXp {(;lki log a;)z}.

We estimate the difference

'F‘"l"’Tn-—l(p)_Q’”l“'fn—l(p)l
as follows: by |¢*—1| < |z|e”®!, one has for k, = 0,1, - -, K—1 and
p= 0.1,--- [Nn2—1+(2n3+3n2+n)6s(log S)n+(2n2+n+2)6]
the inequality
|ebe"mP_1| < exp {~3U}.

Hence,

©) [Feey o tges(P) = Pty oo, (P)| < exp {—4U}
forz, 7y, 71 =0,1,- -+, T—1and
p=0,1,--- [N”z—1+(2"3+3"2+")"S(log S)n+(2n2+n+2)6]

Let )
Ptn---rn_lpk1-~'k,.m(zo9 Z15,°° % Zln—l)

(T’ 11”'9171—1 =0) 15...9T—1; P =0,19..'9P—1; kly ...skn

=0,1,--,K-1;m=0,1,---, M—1) be the polynomials, chosen in

the appropriate way, such that

-1 K-1 M-1N-1

ttl ©t ot Tn- x(p) = Z Z Z Z Ck1 k,.mv"v

k1=0 kp=0 m=0 v=0
Xan"-r,._lpk‘-uknm(ﬂ’al"“’an’))la“"?n—l)-

We apply Lemma 6 of [4] to these polynomials in the specified points.
If r, s and B have the same meaning as in this lemma we have

r = T"P é Nn2+n+(n3+n2)5s(log S)n+1+(2n2+3n+2)6,
s = K'"M > %Nn2+n+(n3+n2)és(log S)n+1+(2n2+3n+3)&

Hence, s 2 4rd where d = [Q(ay, " **, %5 V15 * * Ya—1) : @]. Further,

B é exp {01 Nn+(n2+n)6S(log S)2+(2"+3)6}.
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Hence, the right hand side of the second condition in Lemma 6 of [4] is
at most

exp {c, Nn+1+(n2+n)6s(log S)2+(2n+3)6} < cV.
It follows that the numbers C, ..., ,,, can be chosen as integers, not all
zero, of absolute values at most C, such that @, ...,  (p) =0 for
T, Ty, " Ty =0,1,--,T—1landp =0, 1, -, P—1. Doing so, we
certainly have &, ..., (p)=0 for 0 £ t+7,+ ... +7,-, £ T—-1
and 0 < p < P—1. From (8) we now get
(9) lF‘r‘tl"'Tn—1(p)| é exp {—%U}
for0 < t+7,+- - +7,-,£T-1and 0 p £ P-1.
Define T, and P, forr = 0,1, -+, Rby
T, =[27"T]
and
P, = [(N"*!log S)°P].
Remark that
(10) PR < [Nn1—1+(2n3+3n2+n)6s(log S)n+(2n2+n+2)8]‘
LEMMA: For r = 0, 1, - - -, R the inequality

(11) Feyoorn_y(D)] £ exp {—3U}

holds for all non-negative integers t,t,, ", T,_, and p with
ost+t+ - +1,.,=T,—1 and 0 S p £ P.—1.

ProOOF: We proceed by induction on r. For r = 0 the statement is
proved in (9). Let r be an integer with 0 < r < R—1 for which

(12) |Fey..n_ (D) < exp {—1U}
for 0L t+1,+ - +17,.;, 5 T,—1 and 0 £ p £ P,—1. Since

n—1

tn *Th-1 (Z) Z Z Z Z Ckx * knmv 11” H (log “i)- o

x (2" 7Y H (exp {(ki+k,7;)(log %)z}

we have for t =0,1,2,---
t!
F‘g‘)l 1-'n—l(z) =

wrpt b=t gl e gy g !
n—1

x q(log cxi)m X Ft+#,tl+m s "',rn—1+un-1(z)‘
i=
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Together with (12) we obtain

(13) IFS...co-.(P)] < exp {—3U}
for 0+t +--"+7,-.1=7,,;,—-1,05t<T,,,—1 and 0=Zp
<P-—1.
From (7) we know that

(14) max |F,,....,_,(2)|

[2] S6Pr+1

< exp {cs Nn+(n2+n+nr+r)5s(log S)2+(2n+r+4)5}
fort+t,+ -+ 41,4 = T,;,—1. Weapply Lemma 7 of [4]to F,,...., _,
withR=P,,,,A=6,T =T,,, and P = P,. From (13), (14) and the
inequality
N"*!l1og S < exp {N’(log S)}
we then obtain
max |F,, ... _,(2)

1z £Pr+1
é exp {_2—(r+3)Nn+1+(n2+n+nr+r)6s(log S)2+(2n+r+5)6}.

In particular,
< _H—(@+3) n+1+n2+n+nr+r)é 2+(2n+r+5)6
[Feyoioena(p) | < exp {2 N S(log S) }

for 02 t+7,+--"+1,-y=T,4;—1land 0 S p <P, ,,—1.
From (8) and (10) it follows that

(15) [Peey -z i (D)
< CXP {__2-(r+4)Nn+1+(n2+n+nr+r)6S(log S)2+(2n+r+5)6}

for0 s t+73+-+1,-,=T,,;—1land 0 < p < P,,,—1. But for
these values of 7, 7, * - -, 7,_; and p, we can consider &,,,.... _,(p)asa
polynomial in #, oy, ***, &,, P15 * * s Vu—y, Of degree less than T, + N
inn, KP,,, inoy, -+, a,and T,,, in y,, ***, y,—;. If B denotes the
sum of the absolute values of the coefficients, then we have

B _S_ exp {2Nn+(n2+n)és(log S)2+(2n+4)6}.
According to Lemma 3 of [4] we thus have either &, ..., (p) =0 or

(16) Iétn tn—l(p)l
> exp {—04 Nn+1+(n2+n+nr+r)6s(log S)2+(2n+r+4)6}

for 0<t+7,+ -+ +1,_, 2 T,.y—land 0L p < P,,,—1. Hence,
P, ....,_,(p) = 0 for these 7, 7,, - - *, 7,4 and p. Again from (8) and
(10) we obtain
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IFtn---rn—1(p)l é €xXp {_%—U}

for0 < t+7t+- - +1,-1=T,,;—1and0 =< p £ P,.,—1. The lem-
ma has been proved.

From (11) with r = R we get
(17) IFffl“‘tn—l(p)I = exp {_%U}

for 0 < t+7,+ -+ +1,_4 £ Tg—1 and 0 < p < Pg—1. From their
definitions we have T, = T". Since

R "_;1 +2n%+n—1

we see that
PR ; %N"z_1+(2"3+3n2_1)6S(10g S)n+(2n2+n+1)6 ; P
Hence,

(18) IFtn“-tn—l(p)l < €Xp {—%U}

for 0<t+7+-" 47, =T'—1 and 0 < p < P'—1. From (6)
it now follows that

(19) IFO(p)| < exp {~4U)

fort=0,1,---,T'"—1landp =0,1,---, P'—1.

We apply Lemma 8 of [4] to F with K replaced by K". Let 2 and w
have the same meaning as in this lemma. Since the exponents of F have
the form

kilogay+ -+ +k,log a,+k,(c—n),

we see that
(20) Q< cs Nn+(n2-—1)6(10g S)! +(2n+1)8
With this, the condition

T'P' = 2K"M +13QP’

is easily checked. Further, we know from Lemma 1, applied with ¢ = 6,
that

(@1) |k, logoay+ - -+ +k,loga,| = exp {—(log K)'*?%}
> exp {~ N%(og 5’}

for all integers k,, - -, k,, not all zero, with |k,| < K—1,---, |k,| £
K—1. From (21) and (5) it follows that

(22) o = exp {—N’(log S)’} —exp {—3U} = exp {—2N%(log S)’}.
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From (20) we have
(23) Q < exp {N’(log S)’}.
From lemma 8 of [4], with (19), (22) and (23) we obtain

N-1
(24) | z Ckl---knmvnvl
v=0
é exp {CG Nn2+n+(n3+n2+1)6s(log S)"+1+(2"2+3"+4)5—%U}
< exp {—3U}

fork,,--,k,=0,1,---,K—-landm =10,1,---, M—1.
But according to Lemma 3 of [4] we have either

N-1
Z Ckl"'k,.mvnv =0
v=0

or
N-—-1

(25) I Zock,...knmvnvl = exp {—2N"+1+("2+")"S(log S)2+(2n+4)6}
for the same values of k,, - - -, k, and m. Hence,
N-1
Y Cipootmetl” = O0for ky,« o ky=0,1,- -+, K—1
v=0

and m =0, 1,---, M—1. Since n has the degree N, it follows that all
integers Cy,...; my are zero, in contradiction to their choice. This con-
tradiction proves Theorem 1.

We have the following

COROLLARY: Under the conditions of Theorem 1, there exists an effec-
tively computable, number C3 = C;(g,log oy, ", 108 oy, Y1, Yu—y1) >0
such that

(26) [yylogay+ « -+ +9p—y log o,y —log o, —17|
> exp {—C3 Nn2+n+as(1+log S)n+1+s}

Jor all algebraic numbers n of degree at most N and size at most S.

ProOOF: There are only finitely many algebraic numbers # of size
s(n) < S;. Choose C; = 1 such that (26) holds for these finitely many
numbers.

THEOREM 2: Let, for n = 2, oy, **, &, and B,, * -+, B, be non-zero
algebraic numbers such that, for any fixed values of the logarithms,
logay, - -+, loga, are linearly independent over Q. Let ¢ be a positive
number. Then there exists an effectively computable positive number
C,=Cy(g,logay, -, loga,, B, ", B,) such that
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(27) |ﬂ1 IOg a1+ e +ﬂn IOg an—él
> exp {—C, N "*2§(1+log S)**1*¢}
Jor all algebraic numbers ¢ of degree N and size S.
Proor: Put y; = —By/B, i=1,---,n—1) and n = —¢/B,. Then

(—1/B.)(By logay+ - - - 4B, log o, —&)
=7, loga;+ -+ +v,-4 loga,_;—logo,—n.

We have d() < ¢; N with ¢, = d(B,) and, by Lemma 2, s(n) < ¢S
with ¢g = 3d(B,)+s(B,). From (26) we now obtain

|By logay+ - -+ + B, log o, —¢|
= |Bully; logay + + -+ +9,-4 loga,_; —log a,—n| >
> |B,| exp {—Cs(c; N)* """, S(1+log c, S)**1*¢}
> exp {—C4 Nn2+n+es(1+10g S)n+1+s}

for some effectively computable positive number C,.

THEOREM 3: Under the conditions of Theorem 2, there exists an effec-
tively computable number C; = C(s, loga,, - - -, log &,, By, " * *,B,) > 0,
such that

exp {_CI Nn2+n+ss(1 +10g S)n+1+£}
is a transcendence measure of B, logo,+ -+ +B,loga,.

PrOOF: Apply Lemma 9 of [4] to the result of Theorem 2 and put
Cl = 6C4(1 +10g 2)n+1+£.

4. The case bt - - - b

THEOREM 4: Let nbe a positive integer. Let B, be algebraic and let a4, - - -,
o, be non-zero algebraic numbers such that, for any fixed values of the
logarithms, logo,,-- -, loga, are linearly independent over Q. Let
Bi, - - -, B, be algebraic numbers, not all rational. Put

aft = efilo8% for j =1, n.

Let ¢ be a positive number. Then there exists an effectively computable
number S, = S,(g, logay, -+, loga,, Bo, By, "+, Bs) > 0 such that

(28) Ieﬁ"a‘f‘ ceobr g > exp {__Nn2+2n+2+asn+1+g}
for all algebraic & of degree N and size S = S, .

PROOF: Put § = (27 +8n®+10n+4)~'¢. For the sake of brevity, put
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— BoB1 ... B
o = ool abn
and
U — Nn2+2n+2+(2n3+8n2+10n+4)z§sn+1+(2n2+7n+11)6

It is sufficient to prove that
lo—¢&| > exp {—=U}

if S = §,; in this proof we may assume that J is rather small. By ¢, ¢;, - *
we shall denote positive numbers which depend on #, log oy, - - -, log &,

ﬁOa ﬁ15 T ﬂn OHIY-
Suppose that

(29) lo—¢| < exp {—U}

for some algebraic number ¢ of degree N and size S. We prove that this is
impossible if S is sufficiently large.
Choose the following integers:

K = [Nn+(n2+n)JSI+(2n+3)6]’

L = [Nn+1+(n2+n)6S(2n+3)6],

M = [Nn+1+(n2+2n+1)6S1+(2n+5)6]’

C — 2[_% exp {Nn+1+(n2+2n+1)6sl+(2n+6)6}]’
T = [Nn+1+(n2+2n+1)6sl+(2n+5)&] (= M),
P =[NS§%],

R = [g +2n2+5n+3] ,

T' = [27%*T], and

24n+ 3 2 2
Pl — [%Nn n+1+(n3+2n +n)6Sn+(2n +5n+4)6].

Put

K-1 K-1 L-1 M—1N-1

F(z) =k2—: 2—"'0 zzo mzo vz' Cl ot 2"
x exp {{foz+ 2": (k;+£B:)(log a;)z},
i=1

where the numbers Ci, ..., m, are integers of absolute values at most
C; they will be specified later.
Fort=0,1,2, - we have

(30) FOz) = % L lgl(loga)"Fm -e(2)

Tttt oo =t ‘C!‘El! e Tn! i=1

where
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G)  Fun® =L IELE Cuiaam § () 2

o T m (m— lc)'
x 2" R [ (ki+£B;) exp { Z ki(loga;)z}a™.
i=1 i=1

Define @,, ..., by

L (=

k1

x 25 T (ko £ exp { 3, Ki(log a)z)E".
i=1 i=1

For{ =0,1,---,L—1 and

p= 0.1.-- . [Nn2+n+1+(2n3+7n1+8n+3)&Sn+(2n2+5n+5)6]

one has

l6"? &7 < Iplo—¢| (o] +1)? < exp {—3U}.
Hence,
(32) IFety .. 0(P) = Pery ... o(P)] < exp {—3U}

fortz, 74,7, =0,1,...,T—1 and
p= 0.1, [Nn2+n+1+(2n3+7n2+8n+3)5Sn+(2n2+5n+5)6]
We apply Lemma 6 of [4] to the polynomials
Ptn“-rnpkl-'-k,.lm (Ta T, 5T = 0, 1) Tt T—19 p= Oa 1’ T P'—l;

kla ..‘akn-_—oa 19“.’ K—l; (=03 13“.51‘_1 andm=0, la .'.>M_1)’
chosen in the appropriate way such that

in...,n(p) = kz e kzgzz Cklu-k,,lmvév
1 n m. v
XPttl"'tnpkl'“k"lm(ES als Y d,,, ﬁOa Bla Y ﬁn)-

If r, s and B denote the same numbers as in Lemma 6 of [4], we have
+1 2+2n+2+(n3+3n2+3n+1)ogn+1+(2n2+7n+7)8
=T" PéN" n (n n n )Sn (2n n ),

2 3 2 2
— KnLM __Z_ _%Nn +2n+2+(n3+3n +3n+1)ésn+1+(2n +7n+8)5

and

B < exp {C ]\In+1+(n2+2n+1)¢SSI+(21|+5)6log S}
= 1 .

From these inequalities it is easy to check the conditions of this lemma.
Hence, we can fix the numbers Cy,...; ., as integers, not all zero, of



[13] Transcendence measures of certain numbers 191

absolute values at most C, such that &, ..., ,=0 for 7,7, ", 1,
=0,1,---,T—1landp =0, 1, - - -, P— 1. With (32) this implies

(33) Feyo..0(p)| < exp {-3U}

for0< 14+, + +1, s T-land 0 S p S P-1.
Define T, and P, for r = 0,1, -+, R by

T, =[27"T]
and
P, = [(N** IS)"SP].
Observe that

(34) PR < Nn2+n+1+(2n3+7n2+8n+3)6sn+(2”2+5n+5)6.

LeMMA: Forr = 0, 1, - - -, R the inequality
(35) Fey...e(p)] < exp {—3U}

holds for all non-negative integers <, t., ***, T, and p with
0 t+1y+ " +1,=T,—1and0 S p = P—-1.

ProOOF: We use induction on r. For r = 0 the inequality has already
been proved in (33). Let r be an integer with 0 < r < R—1 for which

(36) | Ty tn(p)l = €Xp {—lU}

for 0 < t+7,+---+1,=T,—1 and 0 = p £ P,—1. Since
Fﬂl"‘fn(P) = 2 o 2 Z Z Gy okt &
k1 kn Il m v
X log o Ty Zmelﬂoz () e(kt*"ﬁi)(losaiu(n) (i)
T (log 2)) ™ x ("e**)9x T1( )

it follows that for ¢t = 0, 1, 2,

t!

p+pg+ oo Fup=t 'l,t!lll! < I'Ln!

X E(IOg “i)mFﬂn,n +p1, -'-,rn+uu(z)°

F 53 tn(z) =

Hence, (36) implies

(37) IF& - (P)] < exp {-3U}

for0t+7+-+1,£T,,,—1,0=2¢t=£T,+y—1 and
0<p<P-—l.
For the same values of 7, 1,, * - -, 7, we obtain from (31)
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(38) max |F,,....(2)l
12| £6Pr+1
< exp {Cz Nn+1+(n2+nr+2n+r+1)6S1 +(2n+r+6)6}'

We apply Lemma 7 of [4] to F,,,...,, With R =Py, 4 = 6,T=T,,
and P = P,. From (37), (38) and (34) we then obtain

max |F,.....(2)|

1zZ|£Pr+1 2
é exp {_2—(r+3)Nn+2+(n +nr+2n+r+1)¢§S1 +(2n+r+7)6}.

Consequently,
IF (p)l < exp {_2-(r+3)Nn+2+(n2+m'+2n+r+l)ﬁsl+(2n+r+7)6}
Tt Tn =

for 0 < t+1,+ 47 < T,4;—1and 0 £ p < P,,,—1. From (32)
and (34), it follows that

(39) I¢t‘t1 e :,.(P)|

é exp {_2—(r+4)Nn+2+(n2+nr+2n+r+ I)JSI +(2n+r+7)&}

for0< t+t+ - +1, £ T4;—1and 0= p < P,y — 1L

However, for these values of 7, 7y, **, 7, and p, we can consider
®.,, ..., (p)asapolynomialin &, ay, * * *, &, Bos By, By, Of degree less
than LP,,,+N in & KP,,, in oy, ", &, and T,y in Bo, By, ", B-
The sum of the absolute values of its coefficients is at most

Nn+1+(n2+2n+1)ﬁsl +(2n+6)5}

exp {2
According to Lemma 3 of [4] we have either &, ... tn(p) =0 or
(40) |¢ﬂl“.t"(p)| _>__. exp {—63 Nn+2+(n2+m'+2n+r+1)bsl+(2n+r+6)6}.
Hence,

&, ... (p)=0for0 L t4+7+  +7, £ T4y —1 and
0= p = Pr+1—1'

From (32) and (34) we see
IF'ttl e r,.(P)l < exp {—%U}

for 0<t+t,+ " +1,<T41—1 and 0=Zp =Py —1, which
proves the lemma.

From (35) with r = R we get
|Feey o) < exp {=3U}

for 0 <141+ " +7, < Tg—1 and 0= p < Pg—1. We have
Tg = T'. From R = n/5+2n*+5n+2 we see
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P, > [_%Nn2+n+1+(2n3+7n2+7n+2)5sn+(2n2+5n+4)6] > p’
R = = .

Thus,
|Fary ... (p)] < exp {—3U}
for 0 < t+t,+ - +7,<T'—1and 0 £ p < P'—1. From (30) we
now obtain
(41) IFO(p)| < exp {~1U}

fort=0,1,--,7'—1land p=0,1,--- P'—1.
The exponents of F have the foim

tBo+ (ky+£By)loga, + - - - +(k,+£B,) log a,.
Let Q and w have the same meaning as in Lemma 8 of [4]. Then
(42) Q<ec, Nn+(n2+n)6S1 +(2n+3)6,
from which the condition
T'P' =z 2K"LM +13QP’

follows by direct computation.
The difference of two exponents of F is of the form
£Bo+(ky+£By)logay+ -+ +(k,+£p,) log a,

with integral k,, - - -, k,,, £, not all zero, and |k;| £ K—1fori=1,---,n
and |f| £ L—1. Moreover, at least one of the numbers k;+¢B;
(i =1, -+, n) is non-zero, since B, - -, B, are not all rational. The
degrees of £y, k,+£B,, - - -, k,+ B, are constants. We estimate their
heights by means of Lemma 3; we then see that these heights do not
exceed

¢s(2KL)* £ S

in which ¢ and ¢g are upper bounds for the heights and degrees resp. of
Bos B1s -+, Bn. From Lemma 1 with ¢ = § it follows that

|€Bo+ (ks +£B,) log ay + - - - + (ky+£B,) log a,| > exp {—(log S)'**°}.

Hence, the exponents of F are distinct and

(43) o > exp {—(log S)' ***} > exp {—S°}.

From Lemma 8 of [4], using (41), (42) and (43) we obtain the inequality
N-1

(44) | Zb Cr, o tam &'l < exp {—3U}

forky, -, k,=0,1,--,K-1;{=0,1,--,L—land m=0,1, -,
M-1.
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According to Lemma 3 of [4] we have either
N-1
Z Ckl '-~k,.lmv€v = 0 or
v=0
N-1
(45) I Z (/wk1 eeeglimy évl > eXp {_2Nn+2+(n2+2n+ 1)6S1 +(2n+6)6}
v=0
for the same values of k,, - - -, k,, £ and m. It follows that
N-1
Zockl o« knlmv év =0

for all of these values. Since £ has the degree N, this implies that all in-
tegers Gy, ...y my are Zero, in contradiction to their choice. The theorem
has been proved.

Using the fact, that there are only finitely many algebraic numbers & of
size S < S,, and using Lemma 9 of [4], one immedeately obtains the
following theorem:

THEOREM 5: Under the conditions of Theorem 4, there exists an effectively
computable, number C, = C,(e, log oy, -, log &, Bo, B> "% Ba) >0
such that

exp {—C2 Nn2+2n+2+esn+1 +s}

is a transcendence measure of efouf - - - ofn,
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