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TRANSCENDENCE MEASURES OF EXPONENTIALS AND
LOGARITHMS OF ALGEBRAIC NUMBERS

P. L. Cijsouw

1. Introduction

Let o be a transcendental number. A positive function f of two integer
variables N and H is called a transcendence measure of o if

|P(o)l > f(N, H)

for all non-constant polynomials P of degree at most N and with integral
coefficients of absolute values at most H.

The purpose of the present paper, which covers a part of the authors
thesis [2], is to give transcendence measures for the numbers ¢* (« al-
gebraic, a # 0) and log « (o algebraic, a # 0, 1, for any fixed value of
the logarithm). These transcendence measures will be of the form

f(N, H) = exp {—C N°S’(1+log N)7(1+log S)’},

where S = N+log H, for an effectively computable constant C > 0
and for given constants a, b, ¢ and d. We try to obtain a small total degree
in the exponent in N and S together, and to get a minimal contribution
of S within this total degree. Such measures are important for certain
applications; see e.g. [1] and [14]. On the other hand, we do not try to
determine the constant C in the exponent as small as possible. In fact, C
will be chosen very large to keep the proof uncomplicated.

As far as we know, no transcendence measure for ¢* which contains
explicitly both the dependence on N and H was ever published. Earlier
transcendence measures of similar types for the special case of the number
e and for log « are given by N. 1. FEL’'DMAN, namely

exp {—C, N*S(log S)*}
for e, see [5],
exp {—C,N?log (1+N)(1+Nlog N+log H) log (2+ N log N+log H)}
for log a, see [3], and
exp {—C3 N%log H(1+log N)?}if N < (log H)*

for log a, see [4].
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164 P. L. Cijsouw 2]

Transcendence measures of other types are published by several au-
thors. Generally speaking, in their results the height plays a more impor-
tant rdle while the dependence on the degree is not explicitly given.
However, in a recent paper, [7], A. I. GALOCKIN proved a measure for ¢*
of the form

exp {—(1+¢)Nlog H}if N < loglog H, H = Hy(, €).

For more references and information, see [2], [8] and [11]. Finally, we
remark that the transcendence of the considered numbers ¢* and log o
was proved by F. LINDEMANN in [9].

2. Formulation of results
We shall prove the following theorems, where again S = N+log H:

THEOREM 1: Let a be a non-zero algebraic number. Then there exists an
effectively computable number C, = C,(«) > O such that exp {—C,N?S}
is a transcendence measure of €.

THEOREM 2: Let a be algebraic, o. # 0, 1. Let log o be any fixed value
of the logarithm of a. Then there exists an effectively computable number
Cs5 = Cs(a) > 0 such that exp {—CsN*S(1+log N)?} is a transcendence
measure of log a.

The method of the proofs will be A. O. GEL’FOND’S method; this meth-
od was used too by N. I. FEL’DMAN in the quoted papers. From the na-
ture of these proofs it is clear that the constants C, and C; are effec-
tively computable, so we will make no further reference to this aspect.

3. Notations and lemmas
For any polynomial P with complex coefficients
P(z) = a,z"+ +* +a,z+ay (a, #0)
we call n the degree and

h = max |ag
i=0,1,---,n
the height of P. If « is an algebraic number, then we use the degree d(«)
and the height h(«) as the degree and height of its minimal defining poly-
nomial. We call s(«) = d(a)+1log h(«) the size of a. Q will denote the
field of the rational numbers. If a is a real number, then [a] is the greatest
integer smaller than or equal to a.
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LeMMA 1: Let a be algebraic of height h(«). Then
1 lo] < A(a)+1.
If moreover o # 0, then we have
) lol > (A(x)+1)7%.

ProoF: For the first part, see [11], Hilfssatz 1. For the second part,
take into consideration that if

a,z"+ -+ +a;z+a,
is the minimal polynomial of a, then
apz"+a,z"" '+ -+ +a,
is the minimal polynomial of «~*, apart from a factor +1.

LEMMA 2: Let a; be algebraic of degree d; and height h; (i = 1,- -, n).
Denote by d the degree of Q(a., - * *, a,) over Q. Let

P(zl,“,Z)—Z Zpu R

i1=0 in=

be a polynomial with integral coefficients p;, ..., , such that the sum of the
absolute values of the coefficients is at most B. Then P(a,, - - -, a,) = 0 or

(3) |P(a, ", a,)] = B4+ f[ ((d,+ 1)k} ~Nulds

PrOOF: See [6], Lemma 2.
For convenience we formulate the following consequence of Lemma 2,
in which occurring empty sums should be omitted:

LEMMA 3: Let & be algebraic of degree N and size S. Let n = 0 be an
integer and let a; be algebraic of degree d; and size s, (i = 1, - - -, n). Put
d=[Q(a, ", 2,):Qlifn=1andd=1ifn=0. Let

No Ny

P(ZO’ZIS'. ,Z) = Z Z Zp;ou inz:)ozlll'. Z:;”‘

ip=0 i1=0 in=

be a polynomial with integral coefficients whose sum of absolute values
is at most B. Then P(¢, oy, "+, &,) = 0 or

4) IP(E, oy, -, )] > B~*Ne™0S exp {—sz ﬂi}
i=1 i

PRrROOF: Apply Lemma 2 with nreplaced by n+1and a,, - - -, o, replaced
by ¢, a4, - -+, a,. Use the inequalities
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[Q(é,al"..,an) : Q] édN,
(N+1H < €

and
(di+1)hi < eSi (i = 1, ct ey, n).

LEMMA 4: Let r and s be positive integers such that s > 2r. Then any set
of r linear forms in s variables

with complex coefficients Qps such that |a,| £ A (p =1,---r;
o = 1,7 - -, 5) has the following property: For every positive even integer C
there exist integers Cy, - - -, C,, not all zero, with |C,] £ C (6 =1,--, )
and

() | Zla,w C,l € J2-SACT™CD (p =1,---,7).

ProOF: See [11], Hilfssatz 28.

LEMMA 5: Let

Ny Nn . .
Ppa(zl3 T Zn) = Z e z ppa-i1~-'i,.zll1 st z:ln

i1=0  in=0
(p=1,--,r,o=1,--,5) be polynomials with integral coefficients
Dpoi, - - - i,» Such that the sum of the absolute values of the coefficients of
each polynomial is at most B. Let «; be algebraic of degree d; and height
hy (i=1,---,n)and put d = [Q(ay, ** -, &,) : Q. Let C be a positive
even integer. If

6) s > 2rd
and
() s o) T e+ 1) (it D)

then there exist integers C,,- -+, C,, not all zero, with |C,| < C for
o=1,---,s, such that

(8) % CoPpo(tis ) =0 (p =1, 7)

ProoF: From Lemma 1 we know that |o;| < A;+1.

Hence,
leo'(al P an)‘ < B(hl + 1)Nl et (h”_l_l)Nn.
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Define Y, forp = 1, -+, r by
Y, = Zlcdpﬂd(al 2t Oy).

From Lemma 4 we conclude that there exist integers C,, - -, C;, not
all zero, with |C,| £ Cfore =1,---, sand

©) Y] < /25B(hy + 1)V - - - (, + 1)VC1 =520
forp = 1,- -, r. From (7) and (9) it now follows that

(10) |Y,| < (BsC)™**! f[ {(dy+1)hy Vel

for p = 1,- -, r. However, Y, is a polynomial in «, - -, a,, of degree
at most N; in o; and with sum of absolute values of its coefficients at
most BsC. Therefore, according to Lemma 2, the inequality (10) implies
that Y, =0for p=1,---,r.

LEMMA 6: Let P, (2, 21, ", z,) forp =1, rando =1, -, s be
polynomials with integral coefficients, such that the sum of the absolute
values of the coefficients of each polynomial is at most B, and such that
the degree in z; of each polynomial is at most N; (i = 0, 1, - - -, n). Let & be
algebraic of degree N and size S. Let a; be algebraic of degree d; and size

S;i =1, nPutd = [Q(aty, -, 0,):Qlifn 2 landd = 1ifn = 0,
and let C be a positive even integer. If

(11) s = 4rd

and

(12) cY¥ > (Bs)NeZ(No+N)S exp {2N y Aiiisi} ,
i=1 i

then there exist integers C,, (6 = 1,- -+, 5;v=0,1,--+-, N — 1), not all
zero, such that |C,| < Cforo=1,---.sandv=0,1, -, N—1 and
such that

s N-1
(13) Zl -ZO Ca’v évaa(é’ “1 PI an) = 0
forp=1,---r. ‘
Proor: Define P,,, forv =10,1, -+, N—1 by

Ppa'v(ZO’ Zy35°° % Zn) = Z‘(;Ppa(zoa Z15° "% Z,,).

Then P,,, is of degree at most No+N—1 in z, and at most N; in z; for
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i =1, -, n The sum of the absolute values of the coefficients of each
P,,, is at most B. The equations (13) now reduce to

s N-1

(14) Zl ;) Cchpa-v(é: Xyy "y d”) =0

forp=1,---,r.

We apply Lemma 5 to the polynomials P,,,; to this end we re-
place z,, - -+, z, by 24, z;, - * *, 2z,, Where the degree in z, is at most

No+N—-1;04, -, a,byé& oy, -, a,; s by Ns and d by a number that
is at most Nd. For all positive integers N we have

2/2N(N+1) < &*".
Hence,

(15) 2NY(H+ 1)V M{(N + 1)H}Ne M4
< {2\/2N(N +1)H2}d(N°+N) < e24(No+N)S’

where H denotes the height of £. Let 4; be the height of «;. We have
2(d;+1)h? < e*h? = e,

From this it follows for i = 1, - - -, n that

(16) (B +1)V{(d;+ 1)h,}¥N% < exp {2N; Nds;/d,}.

The inequalities (11), (12), (15) and (16) imply that conditions (6) and (7)
with the appropriate substitutions are satisfied. Hence, it follows from
Lemma 5 that the integers C,, can be chosen in the required way.

LEMMA 7: Let F be an entire function and let P and T be integers and R
and A be real numbers such that R = 2P and A > 2. Put

M, = max |F(z)] (r > 0)
Izl sr

and
R
E = max  LFOQ).
t=0,1,++,T—1 t!
p=0,1, P—1
Then
2 PT 9R PT
17 My <2M (—) +(——) E,.
(17) R= AR 1 P 1

PrOOF: By the maximum modulus principle we can choose a complex
number z with |z| = R and |F(z)| = Mg. From the residue theorem of
Cauchy we have the following well-known consequence:
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w ra- PO (e

1= —arl—2 950 \{—p
P—-1T-1 () t P—1
_ 1 F(p) €= (Z q) a.
2rip=o0t=0 t! Jy_, =3 (=2 q=0 \({—¢q

Let p be one of the numbers 0, 1, - - -, P—1 and let { be a complex number
with |{—p| = 4. Let ¢y, 41, * * -, gp—1 be the numbers 0, 1, - - -, P—1, re-
arranged in such a way that
=qol Ell—aqil = £ 18—qp_4l.
Then
I{—gol = and |{—q;| =2 difori=1,---, P—-1.

Hence,
P-1 P-1 -
Holc—ql = .I_LIC—% 21 H =27 (P-1).
q= i= i=

The inequality (P—1)! > (P/3)" is easily checked for P = 1, - - -, 10. For
higher values of P it can be proved by induction, using the inequality
(P+1)"+1 P+1 (P+ 1)" 11
ol =——.|—) <=e<3.
P P P

It follows that
P-1

[11¢—ql > 27%(P/3)" = (P/6)".

gq=0
From (18) we now obtain the estimate
PT PTT-1
M 4 (R+P ) + 1 pE. " (R+P)

—R\4R-P n 'R— t;o(%)

3 PT 3 PT
ARM(L_R_) +%pE11(£) .2 =
1AR \}4R P \iP

2 PT PT
vt (375 (5) 5.

LEMMA 8: Let

|F(z)] < AR

P/6

K-1M-1

Fz) =Y Y Cenz"e™

=0 m=0

be an exponential polynomial with complex numbers C,,, and w,, such that
w, # o if k # 1 Put

Q=max(1, max |a)
k=0,1,---,K—1
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and

o = min (1, min |, — ).
k,1=0,1,-+,K—1
k#1

Let T’ and P' be positive integers and put
= max |FO)).
cee T'—

t=0,1,-, 1
p=0,1, ,P' =1
/
(19) T'P' = 2KM+13QP’',
then

KM
(20) |Ciml £ P’ {i 2 max (6, »_——@M)} 72TPE
JK @ max (1, P'—1)
fork=0,1,--- K—1andm=0,1,---, M—1.
Moreover, if in particular v, = k0 (k = 0, 1, - - -, K—1) for some com-
plex number 0, then we may replace (20) by

KM
(21) ICkml = P’ {E ‘_2 max (6’ __I<_M4_)} 72T’P’E.
Ko max (1, P'—1)
ProOF: See [13], Theorem 2.

LEMMA 9: Let ¢(n, s) be a positive function defined for all positive integers
nand all s = 1 with the following properties:

(@) o(n, ) 2 ns
(i) ¢(n, s;) < ¢(n, s,) for all n, s,, s, with s; < s,

(iii) 20109 < 9(259) oy

n, n,

n,,s with ny < n,.

If, for some transcendental number o,

(22) lo—¢l > exp {— (W, )}

Jor all algebraic numbers &, where N and S denote the degree and the size
of &, then

(23) [P(o)l > exp {—3¢(N, 25)}
Jor all non-constant polynomials P with integral coefficients, where N and
H are the degree and height of P and S = N+log H.

PROOF: (compare [3], Proof of Theorem 2) If P is irreducible, it follows
by [3], Lemma 5 and by (i) that

[P(0)| > exp {—¢(N, S)—2NS} = exp {—3¢(N, S)}.



91 Transcendence measures 171

In the general case, write P = aP, - - * P,, where P; is a non-constant irre-
ducible polynomial and @ > 0 an integer. Denote degree and height of P;
by N;and H; and put S; = N;+log H,(i = 1, - - -, m). Then clearly

|Pi(o)l > exp {—36(N;, S))} (i=1,---,m).

By e.g. GEL’FOND’s well-known inequality on the height of a product of
polynomials (see [8] p. 135, Lemma II; see also [12], Lemma 3 and [10])
we have H,; < ¢"H and thus,

S; 28 (i=1,-"-m).
Using (ii) and (iii) it follows that

120 > exp {3, P2 3 exp g, 6% 29)

fori = 1, - - -, m. By multiplying these inequalities we obtain the required
expression (23), since N;+ --- +N, =Nanda = 1.

4. Proof of Theorem 1
First we prove

THEOREM 3: Let o # 0 be an algebraic number of size s(). Then there
exists an effectively computable number S; = S,(2) such that

(24) le*—¢| > exp {—5.10% e NS}
Jor all algebraic numbers & of degree N and size S = S, .

ProoF: All estimates occurring in this proof hold for S sufficiently large.
S can be chosen as the maximum of the finitely many bounds thus ob-
tained. Suppose that

(25) le*—¢| < exp {—5.10° *@N2S}

for some algebraic number & of degree N and size S. It will be shown that
this assumption leads to a contradiction if S = S;. Observe that (25) im-
plies that |¢] < |e*|+1.

Choose the following positive integers:

K = [10°*®N] T = [3.10%38(“) N—S]
log S

M= [15.104 etew NS ] P =[10°*®N]
log S

C = 2[} exp {4.10°*“NS}] T’ = [45.104 et @ lﬂ";—] :
og
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We use the auxiliary exponential polynomial

K-1M-1N-1

F)=% % % Ciml'z"e™

k=0 m=0 v=0

where the C,,, are integers of absolute values at most C. Later we shall

specify them further.
Fort=0,1,2,---andp = 0,1, 2, -- - we have

t — vm t m! mttttreakp
P0) = L33 Gt () i

Define @,, for the same £ and p by

~IETame L () e

Then &,, is an algebraic number, approximating F®(p) very closely. In
fact,

()7 — &% < KP(le]+1)" " e—¢| < exp {—4.5x10°*NS}
fork=0,1,--,K—landp =0, 1, ---, P—1. Hence,

(26) |FO(p)— |
< KMNC(|e*]+ 1)"2" MM P K™ {max (1, |«|)}"
x exp { —4.5x 10% #@N28}
< exp {—4.10% e# NS}
fort=0,1,---,T'"-1landp=0,1, ---, P-1.
We are going to choose the integers C,,, such that &,, = 0 for
t=0,1,-+,T-1and p=0, 1, -+, P—1, To this end we apply
Lemma 6 with n = 1, o, = o, r = TP and s = KM to the polynomials

_P — < t m! m—tkt-r t—t_kp
iokm(Z0> Z1) = ), p Zy 2o
=0

7/ (m—1)!
t=01,--,7-1;p=0,1,---,P-1; k=0, 1, -+, K—1;
m=0,1, -, M—1). Using the notations of Lemma 6, we have

d=d) <s(0) £ e® No+N £ (K-1)(P-1)+N<KP,N, £T
and
B < 2TMMPYKT < exp {10°**“NS}.

By means of these inequalities one easily verifies conditions (11) and (12)
of Lemma 6. According to this lemma, we now choose the integers Cppy,
not all zero, with |Cy,,| =< C such that
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K-1 M-1N-1
(27) ¢tp = Z Z Z Ckmv 6thpkm(é9 a) = 0

k=0 m=0 v=0

fort=0,1,---,T—1landp =0, 1, - - -, P—1. In this way, our function
F is completely fixed.
From (26) we obtain with (27)

(28) [FO(p)| £ exp {—4.10° **® NS}

fort=0,1,---,T—1landp =0, 1, -, P—1. From (1) it follows that
|| < ¥®. Using this inequality we see from the definition of F that

(29) max [F(z)| £ exp {7.10°*®N?2S}.
|z1 £2PS

We apply Lemma 7 with R = 2P and 4 = S. We obtain by (28) and (29)
(30) max |F(z)| £ exp {—2.1x10" e*®N>S}
|z} <2P
+exp {—3.10%*@N28} < exp {—2.107 *@N2S}.
Hence, for t =0, 1,---,T'"—1and p =0, 1,---, P—1 we have
!
t—f __F(z) dz

27'[i Izl=2P (Z_p)t+1
< T'"- 2P - max |F(z)| £ exp {—1.5x 107 ¢*®N2S}

lz]=2P

Gy IF9p)l =

and for the same values of ¢ and p, using (26),
(32) |&,,| < exp {—107 &>*®N?S}.

But @,, is a polynomial with integral coefficients in £ and a, of degree
at most (K—1)(P—1)+N—1 < KP in £ and less than T” in «. The sum
of the absolute values of its coefficients is not greater than

KMNC2"MMPMK" < exp {6.10°**®NS}.
From Lemma 3 it follows that ®,, = 0 or
(33) |®,,] > exp {—107 >**® NS}

fort=0,1,---,T'"—landp =0, 1, - - -, P—1. Since (32) and (33) are
incompatible, it follows that &, =0 for t=0, 1,---,7'—1 and
p=0,1,---, P—1. From (26) we now obtain that

(34) [FO(p)] < exp {—4.10%*@N?S}

fort=0,1,---,T"=landp =0,1,---, P—1.
Subsequently we apply Lemma 8 to our exponential polynomial F,
with
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N-1

Ckm = Z Ckmv év’ Dy = ak
v=0

and P’ = P. Using the notations of Lemma 8 we have, by |a] < @, the
inequality
Q < 10°*@N.
Thus,
2
T'P = 4.108 5@ NS = 2KM +13QP
log S
so that condition (19) is satisfied. Further, by Lemma 1 we have |o] < &®
and |o| = e *®. Hence
s(a)

Q < max (1, Kla|) < Ke

o~ min(1, |a]) e 5@
Thus, it follows from (21) and (34) that

N-1

(35) 1Y Cimy &l < exp {3.5x10% **®N?S}
v=0

=K eZs(a).

X eXp {—-4.108 e6s(a)N2S} = exp {_5‘107 e6s(a)st}

fork=0,1,--,K—-landm=0,1, ---, M—1.
But

N-1

Z Ckmv év

v=0
is a polynomial in & of degree less than N and with sum of the absolute
values of its coefficients at most NC. It follows from Lemma 3 that

N-1

Zockmv év =0

or
N-1

(36) ['Y Com &1 > exp {—5.10° =@ N2S)
v=0

for k = 0, 15 o .sK—'l and m = 0, 1, ct M—I.Hence,

N—-1

% Comé” =0

for all these k and m. Since ¢ is algebraic of degree N, the numbers
1, & -+, &1 are linearly independent over Q. Thus, C,,, = 0 for
k=0,1,--K-1,m=0,1,--, M—landv=0,1, -+, N—1. This
contradicts the choice of the integers C,, and by this contradiction
Theorem 3 is proved.
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We now complete the proof of Theorem 1 in the following way:

There are only finitely many algebraic numbers & of size S < S, . Since
e*—¢ # 0 and since N2S > 0 for all of these numbers, there exists a
number Cg > 0 such that

le*—¢| > exp {—C¢ N?S}
for all algebraic numbers & of degree N and size S < S;. Then
C, = max (Cg, 5.10° ¢*@) will have the property
le*—¢&| > exp {—C, N*S}
for all algebraic & of degree N and size S. From Lemma 9 we obtain that
|P(e")] > exp {—C,4 N*S}

for all polynomials P with integral coefficients, of degree N and height
H, with § = N+log H and C, = 6C;. By reasons of monotony, the same
inequality holds for polynomials of degree at most N and height at most
H. Hence, exp { — C, N2S} is a transcendence measure for ¢* and Theorem
1 has been proved.

3. Proof of Theorem 2

Let log o be an arbitrary but fixed value of the logarithm of the al-
gebraic number a. N. I. FEL’'DMAN proved the following assertion: (see
Theorem 1 of [4], with m = 1)

There exists an effectively computable positive number Cg = Cg(log ),
such that

37) | log a—¢&| > exp {—Cs N? log H(log (N +2))*}

for all algebraic numbers & of degree N and height H, provided that
N < (log H)*.
From this, it easily follows that

(38) | log a—¢&| > exp {—2Cg N>S(1+1og N)*}

for all algebraic numbers & of degree N and with size S, provided that
N < (39)%.
For the complementary case N = (15)* we prove the following theorem:

THEOREM 4: Let « # 0, 1 be an algebraic number of size s(a) and let log
o be an arbitrary, but fixed, value of the logarithm of o. Then there exists
an effectively computable number S, = S,(log a), such that

(39) [ log x—¢| > exp {—3.10%(s(x))’ N*S}
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Jfor all algebraic numbers & of degree N and size S = S,, provided that
Nz (35

PROOF: Since the structure of the proof is the same as that of Theorem
3, only a shorted proof is given. Suppose that
(40) |log a—¢| < exp {—3.10°(s(x))’ N2S}

for some algebraic number ¢ of degree N and size S, such that N = (15)%.
We shall derive a contradiction in the case of large S.
Choose the integers

K = [10%(s())*N] [3 10°(:)’ N SS_
C = 2} exp (4.10s(@)°NS}] T = [7.104(s(cx))4 IogZS—
P = [10%(s(x))*S] T = [7.105(s(oz))5 1 (’)\; ZS— .

Put
K~-1M-1N-1

F(Z) kZ Zo Z C mvé Zm k(loga)z

m

where the numbers C,,,, are integers of absolute values at most C; they
will be specified later. We have for¢,p =0, 1,2, - - -

FO) =23 Cunt' Y, (¢ )

m!
: )' m—rk!—t(log d)t_tdkp.
Put

v m’ m-=7t -1 =T

=353 Cme s () P,

k m v (m ’C)’
Fort=0,1,---,T'—landp = 0, 1, - - -, P—1 it easily follows from the
inequality |«| < ¢*® that
(41) [F(p)—&,,] < exp {—2.10%(s(x))’ N*S}.
LetP,,fort=0,1,--- T—1,p=0,1,-- -, P—1,k=0,1,-, K—1

andm =0, 1, - - -, M—1 be the polynomials (taken in the obvious way)
such that

¢tp = zk: Z Z Ckmv éthpkm(é’ d).

We now choose the numbers C,,,, according to Lemma 6, applied to the
polynomials P, ,,,, as integers, not all zero, of absolute values at most
C, such that ,, =0fort=0,1, -, T—landp=0,1, -, P-1.1It
follows from (41) that
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(42) [FO(p)| < exp {—2.10°(s(x))’ N*S}
fort=0,1,--,T—landp =0,1,---, P—1.
Since

max |F(z)| £ exp {3.10°(s(x))*| log a| NS®/}

|z] <2PS1/5

and since N = (3S)* we see from Lemma 7 applied with R = 2P and
A = S'* that

(43) Imax |F(z)| £ exp {—107(s())®N>S}.
z| 2P
Hence,
IF(p)| < exp {—9.10%(s(«))° NS}
and
(44) |B,p| < exp {~8.10°(s())° NS}

fort=0,1,---,T'"—1land p=0,1,---, P—1.
From Lemma 3 we obtain &,, = 0 or

(45) |®,,] = exp {—7.10%(s(«))° NS}

for the same values of ¢ and p. Thus, ¢,, = 0 and, from (41),
(46) IF(p)| < exp {~2.10%(s(«))’ NS}
fort=0,1,--,T"-land p=0,1, ---, P—1.

Condition (19) with P’ = P and Q < 10%(s(«))?| log a|N is satisfied.
Further,

max (1, K| log «f) < g max (1, | log o))
min (1, |loga]) ~  min(1, | log af) ’

I\

Q
»

Using this inequality and (46) we obtain from (21)

N-1

47 |Z=oc"”‘“ &' £ exp {—10°(s())’ NS}

fork=0,1,--,K—landm=0,1,--:, M—1.
From Lemma 3 it now follows that
N-1
Cim& =0
v=0
for all k and m. This implies that all integers C,,,, are zero. By the con-
tradiction to the choice of these integers, Theorem 4 has been proved.
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We proceed to prove Theorem 2. From (39) it follows that there
exists an effectively computable number C, = Cy(log a) > 0 such that

(48) | log a—¢&| > exp {—Cq NS}

for all algebraic numbers ¢ of degree N and size S with N = (3S)?, since
there are only finitely many algebraic numbers of size smaller than S,.
Taking C,, = max (2Cg, C,) we see from (38) and (48) that

llog x—¢&| > exp {—C o N2S(1 +log N)*}

for all algebraic numbers & of degree N and size S. As before, the appli-
cation of Lemma 9 completes the proof.
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