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ON INFINITE SERIES REPRESENTATIONS OF REAL NUMBERS

Janos Galambos

1. Summary

The major objective of the present paper is to generalize some of the
results of Vervaat [12] and of the present author [1] and [6] in metric
number theory by considering an algorithm which includes those investi-
gated in the above papers. Though hints have been given for this more
general expansion in the literature, metric results achieved their most gen-
eral formulations in the quoted papers. Some of the results are new for
the special cases of [1], [6] and [12], or even for the classical expansions
of Engel, Sylvester and Cantor.

2. The algorithm

Let aj(n) > 0, j = 1,2, - - - be a sequence of strictly decreasing func-
tions of natural numbers » and such that, for each j, a;(1) = 1 and
a;(n) > 0 as n » +oo. Let y;(n) be another sequence of positive func-
tions of #n on which some further assumptions will be imposed in the
sequel. Let 0 < x < 1 be an arbitrary real number and define the integers
d; = dj(x) and the real numbers x; by the algorithm

(1) x = xp, 0(d;) < x; S o(d;—1)
and
() Xje1 = {x—0(d;)}/7,(d))-

In view of (1) and (2), we have to make a restriction on y;(n) in order to
guarantee that 0 < x;,, < 1. Since by (1)

0 < x;—ai(d)) = oy(d;—1)—a(d)),
we impose the condition
3) {aj(n—1)—o;(n)} < y;(n), foralln = 2,

on the selection of y;(n) for j = 1,2, --. (1) and (2), under (3), yield
the infinite series
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4) y(x) = “1(‘11)"'71(‘11)0‘2(‘12)"'Yl(d1))’2(d2)“3(d3)+ SRR
Note that for any N,

(5)  x=oa(d)+ - +r:(dy) - yv-1(dy-1)oan(dy)
+71(dy) - yw(dy)xn+1s

and thus the infinite series in (4) always converges and
(6) 0 < y(x) £ x.

In this general set up, it is a very difficult question to find a criterion
for an infinite series in the form of (4) to be the expansion of its sum y
by the algorithm (1) and (2). We will not make an attempt to answer
this question. Its difficulty will be made clear through the examples, taken
from the literature, which are all special cases of (1) and (2). We shall
however formulate a simple criterion for y(x) = x, which isactuallyasimple
consequence of (5). For its formulation, we introduce a concept. Let
ky, ky, - - -, ky be positive integers and assume that there is at least one
real number x such that dj(x) = k;, j = 1, 2, -+, N. Then, following
Vervaat [12], we call the vector (k;, k,, * - -, ky) realizable (with re-
spect to the sequences a;(n) and y;(r)), and an infinite sequence k, , k,," - -
of positive integers is called realizable if (k,, k,, - - -, ky) is realizable
for N=1, 2, - - -. We now have

THEOREM 1: y(x) = x for each x € (0, 1] if, and only if, for any realiz-
able sequence k, k,," --,as N > + 0,

lim y,(ky)ya(k2) - -« va—1(kn- 1 ){on(ky—1)—on(ky)} = 0.
ProoF: Applying (2) in (5), we have that, for N > 2,
N i1
0<x- Zl“j(dj) ﬂlym(dm) = 71(dy) -+ - yw-1(dn- ) {xn—an(dn)};
i= m=
which, by (1), is smaller than
71(d1) * + * yv-1(dy- 1) {an(dy — 1) —an(dn)}s

and the part ‘if” of the theorem is thus proved. On the other hand, as-
sume that for each x € (0, 1], (x) = x. Then the decreasing sequence

(AN’BN] = {x:dl =k1,d2=k2,'°',dN=kN}

of intervals, for any given realizable sequence k,, k,, - - -, contains a
single point in common as N — +oo. Since by (1) and (2),

Ay = %106 T] 7l

i=1
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and
N-1

By = Ay_;+ay(ky—1) Hlym(km),

By—Ay — 0 is exactly the condition of the theorem, hence the proof is
complete.

Though Theorem 1 is stated in terms of realizable sequences, it is ap-
plicable without their complete characterization as our examples below
will show this. We shall even have an example when the characterization
of realizable sequences is known but complicated and Theorem 1 will
therefore be applied without making use of the criterion for realizability.

Let us turn to some examples of the algorithm (1) and (2).

ExAMPLE 1: Let a;(n) = a(n) for all j = 1. Let further y;(n) = y(n) =
{a(n—1)—a(n)}/a(h(n)), where h(n) is an arbitrary integer valued func-
tion with A(n) = 1. Our algorithm reduces to that of Vervaat [12], who
termed the expansion (4) as the Balkema-Oppenheim expansion. (3) is
evidently satisfied and the criterion for realizability is easily seen to be
ki =2, and k; > h(k;_,) for j = 2.

ExAMPLE 2: When «;(n) = 1/n for all j = 1, and y;(n) = a;(n)/b;(n),
where a;(n) and b;(n) are positive integer valued functions of n, we get
back the expansion considered in Galambos [1] and called there the Op-
penheim expansion. The condition (3) was overcome by the assumption
that y;(n)n(n—1) = h;(n) is integer valued for all j. In this case, realizabil-
ity is similarly characterized as in the case of Example 1 with k;(n) for
h(n). Dropping, however, this restriction, a complete solution of the
problem of realizability under (3) is yet to be found; for further details,
see Oppenheim [9]. The question y(x) = x is, however, settled for most
cases in [9], which solutions are all consequences of Theorem 1. We re-
mark here that Oppenheim [8] recommended a much more general ex-
pansion than the one described in this example, most of his results are
unpublished on that line.

Both examples include the classical expansions of Engel, Sylvester,
Liroth and the product expansion of Cantor; see the quoted references,
and also [I1].

ExaMPLE 3: Let g > 1 and let o;(n) = a(n) be the sequence ug™™,
u=1,2,---,[g]-1and m = 1, 2, - - -, arranged in a decreasing order.
The digits d, = dj(x), determined in (1) and (2), when we choose y;(n) =
1 for all j and n, are the non-zero digits of the usual algorithm. For non-
integral g, the criterion for realizability is very complicated, see [5],
Theorem 1, however, immediately yields that y(x) = x for each x & (0, 1].
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EXAMPLE 4: Let a;(n) = a(n) be the sequence u,/q,q, - - * g5, Where
g, = 2 are given integers and u, = 1, 2, - -+, ¢, —1, and let y;(n) = 1
again for all j and n. Then our algorithm reduces to the Cantor series,
leaving out the zero terms. For a list of references on metric results for
this series, see Galambos [5].

3. Metric results

We now turn to the investigation of some metric properties of sequences
associated with the algorithm (1) and (2), assuming, of course, the
validity of (3). These metric results will be in terms of Lebesgue measure
A. Our first results will be for the variables

(7) zy=x; =xand z,,; = X4 Yn(dn)/{“n(dn_1)_“n(dn)}’ nzl

THEOREM 2: For any integer t, z, has a uniform distribution and it is
independent of (dy, d,, - - -, d,_.), that is, for any integers j,, jo, " *; jo—1
and for any real number 0 < ¢ £ 1,

Mz, S¢)=c
and
/l(dl = ji,dy=Jz," a1 = Ji-1, % S C)
= c}'(dl = Ji>dy = Jja, " dt—l = jt—l)'

PrOOF: We first prove the second equation. Note that if (j, j,, * '+,

Je—1) is not realizable then both sides are zero and thus the conclusion

is evidently true. Let now (j,, j,, * * *,j,—1) be realizable. Then by (1)
and (2), the set

{x:dl = jisdy = jp oy = Jiogs 2z S c} =(At—1’Ct—1]

is an interval with
t k—1
4, = 3 230 T i)

and
t—1

C, = A4+ {“t(jt— 1) - OC,(]})}C I;Ilym(jm)-
Hence its length
t—1
Ct - At = c{at(jt - 1) - at(]t)} I;[lym(jm)’
i.e.,

l(d1 = jis oy = Jro1,2 S C) = C}»(dl =ji, dioy = jiois
z, < 1),

which proves the second equation. The first equation immediately follows
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from the second one by simply adding up both sides for all positive inte-
8IS Ji, Ja, " s Je-1-

We could now proceed to show that, under some restrictions on o;(n)
and 7;(n), the z’s satisfy an ‘almost independence’ property, and thus
strong laws and asymptotic normality follow. We do not go into the de-
tails of this program, which can be done on the line of Galambos [1].
We shall rather make our investigation in another direction, obtaining
some new insight even into the classical expansions of Engel and Syl-
vester and Cantor’s product representation.

THEOREM 3: Assume that 0 < ¢; £ 1,j = 2,3, - -+, t are such that for
every n = 2, there is an integer k; = k;(n) satisfying

(®) %41(k;) = Gus{a(n—1)—a(n)}/y(n), 1 =j=t-1

Let further r = 1 be an integer and put ¢; = o,(r—1). Then the events
{z; < ¢}, j=1,2,+-- t are independent, i..,

)'(Zl éclazléc2a'°"zt§ct)=c1c2”.ct'

Before giving its proof, let us clarify the statement of Theorem 3. Since
the z’s are dependent random variables, the events {z; < u;} with ar-
bitrary real numbers 0 < u; < 1 are dependent as well. Our aim in Theo-
rem 3 was to show that for some expansions, i.e., for certain «’s and y’s,
we can find (non-continuous) sequences c; for u; such that the events
above are independent. Formula (8) explicitly gives these sequences
{c;}, when they exist. Since the c; are not arbitrary, the events {z; < ¢;}
cannot describe completely the behavior of the z;, but they may provide
interesting discrete approximations. Immediately following the proof,
we shall give several examples for determining the ¢; and applications will
also be presented.

PrOOF: By the algorithm (1) and (2) and by the assumption (8),
) z; £ ¢; if, and only if, d; > k;_,(d;—,),j = 2,and d; > r.
Therefore
Mzi S ey 2oy S Gyq) = Mdy > 1,dy > ky(dy), -+,
dy > koo y(di—1)s Zewy S Crvr)
= le(dl =1, %A = Jos Zeey S Ciyy)

where the summation ) is over all t-vectors (j,, - -, j,) for which
J1> 12 > ki(jy), - 5 Je > ki~ 1(je—1). Thus by Theorem 2,

1(21 ¢, 2 S Ct+1) = Ct41 ZI ,l(d1 = ji, 5 d = .i:)
=ct+ll(zl =S¢, "5z S Ct)~
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By induction over ¢ this yields that
Mzy €1, " Zie1 S Cyq) = €177 Gy

The fact that this equation does mean the independence of the events
{z; < ¢} follows from Theorem 2. The proof is complete.

In the remainder of the paper, we discuss the conclusion of Theorem
3 and deduce some of its consequences for the special cases of Examples
1-3. We first show that it generalizes some earlier results of the present
author. Note that for the Oppenheim expansion of Example 2, (8) is
satisfied with ¢;,; = 1/r;, where r; is an arbitrary positive integer, when-
ever the i;(n) are integer valued. Hence Theorem 3 implies the following

COROLLARY 1: With the notations of Example 2, we define the positive
integers T; = Tj(x) as

T; < difhy-y(d-) S T+1, j 2 1,

where we put ho(j) = 1. Then, if the hy(n) are integer valued, T;, T, - - -
are stochastically independent and for s = 2, 3, - - -

MT;+1 = 5) = 1/s(s—1).

PrOOF: By (9) and by the definition of the T7s, z; < 1/r; if, and only if,
T;+1 > r;, where the r; are arbitrary positive integers. Thus Theorems
2 and 3 immediately yield our corollary.

Though this Corollary was stated in my recent paper [6], we refor-
mulated it here to show the strength of Theorem 3, and to state one of
its consequences not mentioned in [6]. First note that the 7 are distri-
buted as the denominators in the Liiroth expansion, hence everything
known for the Liiroth denominators can be restated for the T’s, see
Jager and de Vroedt [7], Salat [10], Galambos [1] and Vervaat [12]. In
particular, by the result onp. 116 of Vervaat [12], we have that,as N -+ co,

N

lim A(N"'Y T,—log N < x) = F(x)
ji=1

exists and is an absolutely continuous proper distribution function. From

this limit relation it follows that

N
(10) T;/Nlog N -1
j=1

J

in probability. As for the Liiroth denominators it then follows that the
limit relation (10) cannot be strengthened to hold for almost all x. All
these interesting properties are believed to be new even for the classical
expansions, except that of Liiroth.
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Turning to Example 3, we consider the case 1 < g < 2 and when g
is the solution of an equation g°*!—g® = 1 for some integer a = 1.
Theorem 3 is again applicable with ¢; = g~™, where m is an arbitrary
integer. Indeed, from (8) we get that for the above choice of ¢;, k;(n) =
n+a-+m. Through the relation (9) we therefore get that the variables
T; = d;—d;_, with d, = 0, are stochastically independent, a result of
Galambos [2] which has interesting statistical applications [3]. We re-
mark here that this earlier result of the author is implicitly reobtained in
Vervaat [12], through example 1.2 on p. 104 and the discussion on p. 116.
Vervaat’s work, however, does not cover Example 3 for any other g.
Theorem 3 is applicable to the general case of Example 3, by choosing
¢; = g "[(g—1) where m is a positive integer such that ¢; < 1. For
these m, k;(n) has the same form as before and through (9) we have the
joint distribution of T; = d;—d;_, if this difference is at least M defined
by

g—M é g—l <g—M+l
and 7; = 0 otherwise. This result again appears to be new.

To several special cases of the Balkema-Oppenheim expansion as well,
Theorem 3 is applicable. One can go through the extensive list of exam-
ples on p. 104-109 of Vervaat [12], for instance. I wish to point out that
Theorem 3 actually is applicable in connection with any Balkema-Oppen-
heim expansion when k(r) is monotonic as follows. Consider an arbi-
trary Balkema-Oppenheim algorithm and apply this in (1) and (2) for
Jj = 1. Take a sequence 0 < ¢; < 1, and define a,(n) by (8) as follows.
We choose a monotonic function k(r) (in most cases /(n) itself is possible),
so that the right hand side of (8) should define a monotonic function
a,(.) at values of k(r). For any integer m not taken by k(n), a,(m) is
defined arbitrarily. We now complete the definition of the algorithm by
taking y,(n) corresponding to a Balkema-Oppenheim algorithm with
k(n) as the new map 4 in the second step. We now proceed to define each
successive step in this same manner. This results in an algorithm each step
of which is a Balkema-Oppenheim algorithm but possibly with varying
o’s and A’s. Our results are then in principle applicable to these cases.
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