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1. Introduction and preliminaries

We use F to represent any Fréchet space which is homeomorphic (~)
to its own countable infinite product Fw, and by a Fréchet manifold (or
F-manifold) we mean a paracompact manifold modelled on F. The con-
dition F éé F" is known to be satisfied by any infinite-dimensional sepa-
rable Fréchet space (as they are all homeomorphic [1 ]), by any infinite-
dimensional Hilbert or reflexive Banach space [2], and by the space of
bounded sequences, l~ [3 ]. More generally there is no known example
of an infinite-dimensional Fréchet space for which this condition is not

satisfied.
In this note we establish the following two results on homotopic

homeomorphisms of F-manifolds. (All our homeomorphisms will be
onto.)
THEOREM 1 : Let M be an F-manifold and let f, g : M ~ M be homotopic

homeomorphisms. Then f is ambient isotopic to g (i.e. each level of the
isotopy is onto).
We remark that previously this result was known for separable l’-

manifolds, where l2 is separable infinite-dimensional real Hilbert space.
The first proof was given by Burghelea and Henderson, with an argument
that mixed differential and point-set techniques [4]. Later Wong gave
another proof of the separable case (and some substantial generalizations)
by using some recent results on fiber-preserving homeomorphisms on
product bundles, with base space a locally compact polyhedrom and
fiber a separable l’-manifold [11 ]. We give here a short proof of Theorem
1 that uses pointset techniques and a simple modification of the Alexander
trick, [7, p. 321 ].

THEOREM 2: Let M, N be F-manifolds and let f, g : M - N be homo-

1 Supported in part by NSF Grant GP 14429.
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topic open embeddings. Then f is isotopic to g, with each level of the isotopy
being an open embedding.

(We will call an isotopy for which each level is an open embedding an
open isotopy.)

Previously this result was not known even for l2-manifolds and it

answers affirmatively a question that was raised at a problem seminar
held in January (1969) at Cornell University.

There is one special definition that we will need. A closed subset K
of a space X is said to be a Z-set in X provided that given any non-null,
homotopically trivial open set U in X, UBK is non-null and homotopically
trivial. There are several places we will need the following homeomor-
phism extension theorem of [6], and we henceforth refer to it as the HET:
Let Kl , K2 be Z-sets in an F-manifold M and let h : K1 ~ K2 be a homeo-
morphism which is homotopic to idKl (the identity on K1). There is an in-
vertible ambient isotopy G : M x I ~ M such that Go = idM and G, IK,
= h.

(Here I = [o, 1 ] and an ambient isotopy H : X  I ~ X is said to be

invertible provided that H* : X x I ~ X, defined by H* (x, t) = H-1t (x),
is continuous.)

2. Proof of Theorem 1

Without loss of generality we may assume that g = idM and we may
replace M by M x (0, 1 ]. (See [6] for references to papers which show,
among other things, that M éé M x [o, 1 ] = M x (0, 1] ~ M x (0, 1).)
Thus we can reduce the problem to showing that a homeomorphism
f : M x (0, 1] ~ M x (0, 1 ] which is homotopic to id is ambient isotopic
to id (we suppress the subscript on id when the meaning is clear).
Note that M x {1} is a Z-set in M x (0, 1 ] and f| Mx{1} is a homeo-

morphism of M x {1} onto a Z-set in M x (0,1] ] which is homotopic to id.
Using the HET we see that f is ambient isotopic to a homeomorphism
f’ : M x (0, 1] ~ M x (0, 1 ] which satisfies f’|M {1} = id.

Using the Alexander trick let G:(M (0,1]) I~M (0,1] be
defined by

(where t(x, u) = (x, tu)). Then G is an ambient isotopy satisfying
Go = id and G1 = f’.
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3. Some technical lemmas

Since the proof of Theorem 2 is a bit more involved it will be conve-
nient to describe some of the apparatus needed there.

LEMMA 3.1: Let M ~ F be a connected F-manifold which is a Z-set in

F and let U be an open subset of F containing M. Then there exists a closed
embedding h : M x 1 -+ F such that h(x, 0) = x, for all x E M, h(M x I)
c U, and h(M x (1 )) = BdF(h(M  I))(BdF is the topological boundary
operator in F).

PROOF. Let f : M ~ F be an open embedding (which exists by [8 ]) and
let f’ : M x ( -1, 1 ) ~ F  (-1, 1) be defined by f’(x, t) = (f(x), t). By
using motions only in the ( -1, 1) - direction we can easily construct a
homeomorphism 03B1 : M  (-1, 1) ~ M  (-1, 1) ~ M so that f’ o a(M x
[0, 1)) is closed in F (-1, 1), thus BdfF (-1,1)(f’o03B1(M  [0, 1))) =
f’ o oc(M x {0}). Let j8 : F x ( -1, 1) ~ F be a homeomorphism and let
03B3:M [0,1)~M [0,1] be a homeomorphism which satisfies

03B3(M  {0}) = M x {1}. (To see how to construct y let y 1 : M ~ M x

[0, 1) be a homeomorphism and let y2 : [0, 1 ) x [0, 1) - [0, 1) x [0, 1 
be a homeomorphism satisfying 03B32([0, 1)  {0}) = [0,1)  {1}. Then let
03B3(x,t)=(03B31-1(p1°03B31(x), P1 ° 03B32(p2° 03B31(~), t)), p2° Y2 (P2 0 03B31(x),t)),
where we adopt the convention that pi represents projection onto the ith
factor, for i = 1, 2.) Then 03B2o f’o 03B1 o 03B3-1 : M  [0,1] ~ F is a closed

embedding satisfying BdF(03B2 o f’ o a o y -1 (M x [0, 1])) = po f’ o a o 03B3-1
(M {1}. Since 03B2of’o a o 03B3-1 (M  {0}) is a Z-set in F we can use the
HET to get a homeomorphism 03B4: F - F so that 03B4 o fi o f’ o oc o y (XI 0)
= x, for all x E M. Put g = 03B4o 03B2 o f’ o oco y- 1
Now g-1 (U) is an open subset of M x [0, 1 ] containing M x {0}, and we
can clearly construct a closed embedding ~ : M x [0, 1 ] ~ M x [0, 1 ]
such that ~ (x, 0) = (x, 0), for all x ~ M, ~(M  [0, 1]) c g-1(U), and
Bd (0 (M x [0, 1])) =~(M {1}). Then h = g o 0 fulfills our require-
ments.

LEMMA 3.2: Let U be an open subset of a connected F-manifold M and let
K c U be a Z-set in U. Then there exists an open embedding f : U ~ M
such that f(K) is a Z-set in M and f is openly isotopic to idu.

PROOF: We may once more use [8] to assume that M is an open subset
of F. Theorem 2.2 of [10] shows that U x F xé U, and it is clear that the
proof given there can be modified slightly to get a homotopy G : U x
F  I ~ U such that Go = nu(projection onto U), G, : U  F ~ U is a

homeomorphism for all t ~ (0, 1 ], and limt~0 d(Gt, 03C0U) = 0, where
d(Gt, nu) = sup {d(Gt(x), 03C0U(x))|x E U x FI and d is a suitably chosen
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metric for F. Similarly let H : M x F x I ~ M be a homotopy such that
Ho = 03C0M, Ht : M X F - M is a homeomorphism, for all t E (0, 1 ], and
limt-.od(Ht, 03C0M) = 0. Then define f’ = H1 o Gî 1, which is an open em-
bedding of U in M. We now show that f’ can be modified to fulfill our
requirements.

Observe that Ht o Gt-1, 0  t ~ 1, gives an isotopy of open embeddings
of U in M. It is also clear that limt-.o d(Hto Gt 1, idu) = 0. Thus f’ is
openly isotopic to idu. Using Theorem 1 of [6] there exists a homeo-
morphism oc : U  F ~ U x F so that oco G-11 (K) c U x {0}. It is also

clear from the construction given in [6] that a may be chosen to be homo-
topic to id, thus by our Theorem 1 ambient isotopic to id. We can use
motions only in the F-direction to construct a homeomorphism j8 : U x
F - U x F so that po oc o G-11 (K) is a Z-set in M x F and p is ambient
isotopic to id. Thus f = Hl o po oc o G-11 gives an open embedding of U
in M which is openly isotopic to f’ and for which f (K) is a Z-set.

LEMMA 3.3: Let M be an F-manifold and let f, g : M ~ M be closed bi-
collared embeddings of M into itself which are homotopy equivalences.
Then there is a homeomorphism h : M - M such that h|f (M) = g o f-1.
(A set A in a space X is bicollared provided that there exists an open
embedding 0 : A x (- l, 1) - X such that 4J(a, 0) = a, for all a E A.)

PROOF: Since M is an ANR [9, page 3 ] we can use Lemma 11.3 of [5]
to conclude that MBf (M) = M1u M2 and MBg(M) = Nl U N2, where
Ml , M2 and N1, N2 are disjoint pairs of subsets of M such that C1 (Ml )
~ C1(M2) ~ C1(N1) ~ CI (N2), f(M) is a strong deformation retract
of each of Cl(Mi) and C1(M2), g(M) is a strong deformation retract of
each of C1(N1) and CI(N2), f(M) is collared in each of C1(M1) and
CI(M2), and g(M) is collared in each of C1(N1) and CI(N2).

To finish the proof we can imitate the proof of Theorem 9 of [5 ] provid-
ed that we use the HET and Theorem 6 of [8], which implies that every
homotopy equivalence between F-manifolds is homotopic to a homeo-
morphism.

4. Proof of Theorem 2

Since each component of N is open we may assume, without loss of

generality, that N is connected. We may also replace M by M x [0, 1).
Using Lemma 3.2 we can additionally assume that f(M x {0}) and
g(M x {0}) are Z-sets in N. Thusf 1 Mx {0} and g 1 Mx {0} are homotopic
homeomorphisms of M x {0} onto Z-sets in N. We can use the HET to
obtain an ambient invertible isotopy G : N I ~ N such that Go = id
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and G1 o f - g (on M x {0}). Thus f’ = G1 o f : M x [0, 1) ~ N is an
open embedding which satisfies f’[M  {0} = g|M  {0} and f’ is openly
isotopic to f. Then ( f’)-1 (g(M x [0, 1 ))) is an open subset of M x [0, 1)
containing M x {0}, and we can find an open embedding 8 : M x [0, 1) ~
M x [o, 1 ) such that 03B8(M  [0, 1)) c ( f’)-1 (g(M x [0,1))), 03B8|M  {0} =
id, and 0 is openly isotopic to id. Thus fl = f" o 0 : M x [0, 1) ~ g(M x
[0, 1)) is an open embedding which satisfies f1|M  {0} = g 1 M x {0} and
for which fl is openly isotopic to f.
Using Lemma 3.1 and the fact that N can be embedded as an open sub-

set of F, there is a closed embedding h : M x [0, 1 ] ~ g(M x [0, 1)) such
that h(M  [0, 1]) ~ f1(M  [0, 1 ) ), h(x, 0) = g(x, 0), for all x E M, and
BdN(h(M x [0,1])) = h(M x {1}). Using Lemma 11.3 of [5] as applied
to our Lemma 3.3, it follows that for A = g(M x [0, 1))Bh(M  [0, 1 2)),
h(M {1 2}) is collared in A and h(M  {1 2}) is a strong deformation re-
tract of A. Using the HET we can construct a homeomorphism a : M x
[0, 1) ~ g(M [0,1)) such that 03B1|M  [0, 1 2]=h|M [0, -L]. Note

that there is a homeomorphism 03B2 : M x [0, 1 2) ~ M  [0, 1) such that
03B2(x, 0) = (x, 0), for all x E M and 03B2 is openly isotopic to id.
Then (xo 03B2 o oc h(M x [0, 1 2)) ~ g(M x [0, 1)) is a homeomorphism

such that oc o po oc o h(x, 0) = g(x, 0), for all x E M, and a o 03B2 o 03B1-1 is
openly isotopic to id. Let y = 03B1 o 03B2 o 03B1-1 and similarly let 03B4: f1(M x
[0, 1)) ~ h(M x [0, 1» be a homeomorphism which satisfies 03B4o/f1(x, 0)
= h(x, 0), for all x E M, and à is openly isotopic to id.
Then g-1 o y o 03B4 o f1: M x [0, 1) - M x [0, 1) is a homeomorphism

which satisfies g-1 o y o ô o fl (x, 0) = (x, 0), for all x E M, and it is there-
fore homotopic to id. Using Theorem 1 there exists an ambient isotopy
03A6:(M [0,1)) I~M [0,1) such that 03A60 = g-1 o 03B3 o 03B4 o f1 and

cP1 = id. Then g o 0, : M x [0, 1) ~ g(M x [0, 1)) is an isotopy of open
embeddings such that g o 03A6o =03B3 o 03B4 o f1 and g o 03A61 = g. Since y and à
were constructed to be openly isotopic to id, it follows that fi is openly
isotopic to g. As fl is openly isotopic to f we are done.
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