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CONTINUITY OF LOCAL TIMES FOR MARKOV PROCESSES

by

R. K. Getoor and H. Kesten !

1. Introduction

Local times have become a useful tool in the investigation of Markov
processes (see for instance [2], [11], [12] and [18]). They have also been
investigated for Gaussian, but not necessarily Markovian, processes
(e.g.in [11). In some sense the local time LY at the point x for a Markov
process {X,},> o measures the amount of time X spent at x during the time
interval [0, t]. For standard Markov processes {X,}, Blumenthal and
Getoor [2], or [3], Ch. V.3 showed that L;° exists if x, is regular for
{xo}. Thus, one can define L7 for each regular point x. If all points x are
regular one would like to know whether L} can be defined such that it
has measurability and continuity properties in x and such that L, is the
density of the occupation time measure 2

1) w® = [ 1)

(1]
= measure of amount of time spent in B by {X,}o<s<:-

Berman [1] showed some interesting consequences of the existence of
such a continuous density of p,(+). Trotter [19] was the first to construct
a local time L7 for Brownian motion which is continuous in (x, #) and
satisfies a.s. 2

(1.2) w(B) = J‘ Lidx,t > 0, Ba Borel setin R.
B

Boylan [4] and later Meyer [14] gave a similar construction for more
general processes (see also [3], V.3.22-31), whereas Blumenthal and
Getoor [2], sect. 3) showed that (1.2) is satisfied under mild assumptions

 The research of the first author was supported by the Air Force Office of Scientific
Research, under AFOSR Grant AF-AFOSR-1261B, and of the second author by the
N.S.F. under grant GP 7128.

2 I,4() is the indicator function of the set A. a.s. stands for almost surely (see [3],
def. 1.5.7). E* denotes expectation w.r.t. P¥, the measure corresponding to a process
starting at x [see [3], sect. 1.3). Throughout we shall use the notation and terminology
of [3].
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278 R. K. Getoor and H. Kesten [21

(which, however, do not necessarily imply the existence of a continuous
version of the function x — L}; see sect. 3 below).

The results of [4] and [14] concern a standard process X with state
space E, an interval of the real line, and all points regular. As usual

(1.3) T, = inf{t > 0: X, = x} = first hitting time of x.

Assume that there exists a function 4 : [0, o) — [0, 1] such that A(x) ] 0
as x | 0 and such that for all M > 0 there exists a C = C(M) < oo for
which

(1.4) 1-E%™™ < Ch(lx—y|), x,ye En [-M, + M].

It is proved in [14] (see also [3], V.3.30; also [4], where the hypotheses
have a slightly different form) that if in addition

(1.5) Y n{h2 ™} < oo,

then the local time L7(w) can be chosen continuous in (x, ¢) for all w.
We shall show in sect. 2 that the factor » in the sum in (1.5) can be
dropped, i.e., that

(1.6) ¥ (2 < a

is already sufficient for the existence of a continuous local time.
In sect. 3 we derive a necessary condition for the existence of a con-
tinuous local time. Roughly speaking if

°o
lim sup (log a)E‘f e "dL;=26>0
a— o 0
in some uniform sense, then the local time L cannot be continuous in x.
The conditions of the theorems become particularly simple for
processes with stationary independent increments. For such processes
we know exactly when all points are regular, [6], and all conditions can
be expressed in terms of the characteristic function (and Lévy measure
of the process). The precise result is as follows:

THEOREM 4. Let {X,},» o be a right continuous one-dimensional process
with stationary independent increments and characteristic function

Eei).X, — Eeil(X»...s—Xs) — e—tl[l(}.)

where

Y(A) = —ial+%0212—f

R

[eily__ 1— lly 2] v(dy).
-{0} 1+y

If 6% > 0 or v(R—{0}) = o and 0 is regular for {0}, then for o > O there
exists a bounded continuous density u* for the potential kernel i.e.
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(1.7) B[ = [ wo-s0) iy

for non-negative measurable f. There also exists for each x a continuous
additive functional I (a local time at x) such that

(1.8) E"fo e~ "d, I = u(y—x),

and such that for t = 0 the map (x, ) - I is & x %, measurable * and
a.s.

(1.9) w(B) = f IFdx,t = 0, B Borel set in R.
B

The probability that I} has a version which is a continuous function of (x, t)
equals zero or one. If

di

1t 1
(1.10) o(u) = Is::;;u ;J_w(l —cos xA) Re o

satisfies
(L.11) T (527} < o0

then one can take I (w) continuous in (x, t) for all w. On the other hand, if

+ o
(L.12) lim sup (log ) Re
— 00 o

o> 0

dl > 0,

1
+¥(2)
then no continuous version of x — I exists (see (4.11)).

Examples illustrate the gap between the sufficient condition (1.11) and
the necessary condition

+
lim (log oc)f Re 1 di=0.
a0 — o0 (Z-l‘lp(/l)

It would be interesting to close this gap and to find a necessary and
sufficient condition for the existence of a continuous local time for
processes with stationary independent increments. Another open prob-
lem is whether such processes can have a bounded version of the local
time in the case where no continuous version exists.

3 Here & is the o-algebra of Borel sets of R.
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2. A sufficient condition for the existence of a continuous local time

Throughout, we use the terminology and notation of [3]. In particular,
X = {X,},» o will always be a standard Markov process with state space
(E, &) and measure P* for the process starting at x. &, is a suitable
completion of 6{X, : s < t} (see Sect. 1.3 and L.5 of [3]). For a positive &
measurable function f

U*f(x) = E* f:e—“' F(x) 1.

For Ae&, T,=inf {t > 0: X,€ A} and T, = Ty,,. We call x regular
provided that x is regular for {x}; that is if

@.1) P¥(T, = 0) = L.

If y is regular, L}(w) is a local time at y, i.e., a continuous additive
functional with support {y}; such a local time exists and is unique up to
a multiplicative factor ([3], theorem V.3.13). Moreover, it has a bounded
o-potential for any « > 0 and we usually normalize it by

22) B f:e-'dﬂ, -1
If y is regular we define for o > 0

(2.3) Ye(x, y) = EX(e™*P)

(2.4) (x, y) = E"f:e_“'dL’;.

We sometimes write y/5(x) = y*(x, y) when we want to regard y*(x, y)
as function of x depending on the parameter y. It follows easily from
(2.2) and the fact that the support of L” is {y} that

25) (s ) = B[ ears = (s, )

A straightforward computation (see [2] lemma 1.1 and [3] proposition
IV.2.3) yields

(2-6) (%, ) = bWW(x, y) = ¥'(x, ) —(@— 1)Uy (x)
X)) b(y) = 1—(«—1)U%,(y) > O.

We now assume that each x in E is regular. Under mild assumptions
one can choose a version of the local time which is a.s. the density of the
occupation time measure. More precisely one has

THEOREM 1. Assume that '(x, y) is jointly Borel measurable, i.e.,
Y' € &x &. Then one can choose the local time LE(w) to satisfy (2.2) and
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such that for each t > 0 the map (s, x, w) > Li(w) from [0, t]x Ex Q —
[0, 0) is B,x & x F, measurable where 9, is the a-algebra of Borel
subsets of [0, t], and for each (x, w), t > LF(w) is left continuous and
increasing. (Of course, for each x, L* is a continuous additive functional.)
Assume further that X has a reference measure ¢ *. Then there exists a
strictly positive finite Borel function g on & such that I7 () = g(x) LY ()
almost surely satisfies

def

23) u®, )2 [ 1,06)ds = [ o))

for all t = 0 and B e & simultaneously. Moreover, if for each o > 0 we
define u*(x, y) = v*(x, y) g(»), then

(9) U) = [t NSO

for eachfe &*,u (-, y) is uniformly a-excessive for eachy, u'(y, y) = g(»)
and

(2.10) Vi, )~ @@= Ui(x) = L)
u'(y, )
Finally
(2.11) E"f e "dl} = u’(x, y).
0

PrOOF. This theorem is due to Blumenthal and Getoor (theorem 3.2
and corollary 3.4 in [2], and V-3.41 of [3]). However, Blumenthal and
Getoor make several extraneous assumptions and are not very explicit
at several stages in their argument. Consequently we will make several
comments on the proof.

Arguing more or less as in [2] (g,(x, ) in the proof of Theorem 3.2
should now be replaced by

[y (x, y)—e Py Y, (6)];
compare also Theorem IV.3.8 in [3]) one constructs for each x a multi-
plicative function M* such that for each ¢ the map (x, ®) > M; () is
& x #, measurable and such that for each x and ¢, M; = exp(—L)
almost surely, where for each x, L is a local time at x satisfying (2.2).
In particular ¢ —» E*(M[") is continuous for any initial measure A, and so
if we define
V(o) = Mi(0); Mi(@) = inf M(@); t > 0
r<t

where the infimum is over all rationals r <?, then M = M;" almost

4 Essentially, & is a reference measure if it is equivalent to U%(x, 4) = U%I4(x)
(viewed as a measure in A) for all x. See [3], definition V.1.1.
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surely for each x and 7. However M;(w) is clearly left continuous and
decreasing in 7 for all (x, ) and still & x %, measurable in (x, w) for
each t. We let LY(w) = —log M;(w). This has the desired measurability
properties and is left continuous. But for fixed x and ¢, LT = L} almost
surely and since L* is a continuous additive functional it follows that for
each x, t » L} is almost surely continuous. Thus L(w) has all of the
properties claimed for the local time in the second sentence of Theorem 1.
We now drop the bar ‘—’ from our notation and let Lj(w) denote a
version of the local time with these properties.

Now let £ be a fixed reference measure for X. Let 5 be a finite measure
equivalent to &. Define

@12) L(@) = [ B(n(a).

This exists for each ¢ and the map (s, w) - Ly(w) from [0, z]x Q2 to
[0, 0] is #,x Z, measurable. Also, by (2.5),

E"f:e“st = f ¥ (x, y)n(dy) < n(E) < co.

Therefore ¢t — L, is finite almost surely. A standard argument using
Fubini’s theorem now shows that L is a continuous additive functional.

Next let fe &* and suppose that U; f = 0 (see [3],IV.2.1 for notation).
Then

0=Ulf(x) = ftﬁ‘(x, V) (y)n(dy),

and so for each x, y'(x, y) f(y) = 0 a.e.in y. But y' is jointly measur-
able and so a.e. in y, ¥'(x, ) f(») = 0 a.e. in x. Suppose that {f > 0}
has positive measure. Then there exists a y such that y'(-, y) = 0 a.e,,
and hence everywhere because y/! (-, y) is 1-excessive (see [2] lemma 1.1
and [3], 11.3.2). But ¥'(»,y) = 1 because y is regular, and so f =0
a.e. Therefore U'f = 0. Let 4, = t A{, where { is the ‘lifetime’ of X.
It follows from (V.2.8) of [3] and the above calculation that 4 = AL for
some 4 € &*. Consequently

(2.13) 4, = J:h(XS)dLS
= [ ntan [ noxyae,
- [Hzna) = [ao)m e

where g € &*. This means that a.s., t > 4, and ¢ — | g(y) L} &(dy) are
identical functions of . Now define /j(w) = g(x) L7 (w), and observe
that by [3], V.3.9, one has for each y a.s. for all ¢
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t
0

Thus, by virtue of (2.13) and (2.14) one has a.s. for all Be & and all ¢
t t
w8, ) = [ 1,00)aa, = [ [ nocar
0 0
t
= et [ oo xaar = [ cannae,
0 B

i.e. (2.8). It is also clear that g > 0 a.e., and hence we may assume that
g is strictly positive. Using (2.13) again we see that for any « > 0 and
feé&*

0s) = B [ ey da, = [wn IO

and the remaining assertions in Theorem 1 are easy consequences of
this, lemma 1.1 in [2], (2.5), and (2.6).
In the remainder of this section we assume that

(2.15) (E, &) is an interval of the real line with its usual Borel structure.
We come now to the main result of this section.

THEOREM 2. Let X be a standard process with state space (E, &) of the
form (2.15) and such that each x in & is regular. Define for u > 0
(2.16) p(u) = sup [1=¢'(x Y0, 0T
Ix’—);'l su

Assume that

1
(2.17) f p(w)u~"du < oo.

0
Then the local time Li(w) may be chosen so that almost surely (x,t) —
L;(w) is continuous and increasing in t.

Before coming to the proof of Theorem 2 let us observe that p(-) is
increasing so that (2.17) holds if and only if

(2.18) > p(2™) < oo,
while the condition in the Boylan theorem is essentially
(2.19) Y. np(27") < oo.

See page 225 of [3]. Also it will appear from the proof that if for each
positive integer M > 0 one defines
(2:20) pu(w) = sup  [1—y'(x, YW (y, x)]*

lx—y|<u
x, yeEn[—M, M]



284 R. K. Getoor and H. Kesten [8]

then it would suffice to assume that for each M the function p,, satisfies
(2.17).

Our proof of theorem 2 is based on the following beautiful lemma
which is due to Garsia, Rodemich, and Rumsey [9]. See [10] for an
extremely simple proof.

LeMMA 1. Let [a, b] be a compact interval. Let p(u) be an even function
defined on [a—b,b—al that is increasing on [0,b—al and satisfies
lim,, o p(u) = 0. Let Y(u) be an even convex function defined on
(— o0, 00) which is increasing on [0, 0] and satisfies lim,_, , ¥(u) = co.
Let f be a measurable function on [a, b] such that

&) =0 4rea
(2.20) fj l:p(xy :Ixy§B<oo.
Then for (Lebesgue) almost all (x,y) in [a, b] x [a, b] one has
(2.21) fx)—fO)l = 8f0< e IY’_I(Bu_Z)dp(u).

In [9] and [10] this lemma is stated for the unit interval [0, 1]; but a
simple change of variable yields the above statement.

We are now ready for the proof of Theorem 2. For simplicity we assume
that £ = R; the case in which E is an interval requires only notational
changes. Note that

l/,l(x+u, y+u) — Ex+“e_TY+v
é Ex+“e—TxExe-TyEye—T:v‘+v
= ¥ (e+u, X (x5, YW, y+0) 2 {1=p(lu)H1 = p(RD}Y' (x, ).

Thus ¢!(-,-) is lower semicontinuous and & x & measurable. We may
therefore begin by assuming that Lf(w) is a local time satisfying the con-
ditions in the second sentence of Theorem 1. Fix positive integers N
and M and define

(2.22) Y(N, x, y) = sup |L—L}.

0<t<N

Then using the estimate (V.3.28) of [3] we obtain for each z and 6 > 0
(2.23) PILY(N, x, y) > 28] < 2¢Me%/P(x=2D,

Then for any 4 > 0

P? {exp [%J > ﬂ}

= P*{Y(N, x, y) > 4p(|x—y|) log 4} < 2”172,
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and so

(2.24) E* {exp Lﬁ%ﬁ’—jﬁ]: < 4e".

We now are ready to apply lemma 1. Let ¥(x) = exp[|x|/2]. Then by
(2.22) for each ¢t £ N we have

(229) f f [2p(|x ;I)] ey

s [Gap] o e

But from (2.24) and Fubini’s theorem
E*(By,m) < (2M)*4e"

for all z, and so By, is finite almost surely. Applying Lemma 1 to the
estimate (2.25) we find that for each ¢ in [0, N]

(226)  |L(@)-E()l < 16 f . log (BN%(“’)) dp(u)

for almost all (x, y) in [— M, M]?, where the exceptional set may depend
on ¢t and . Define

(2.27) 8 = [ [(Tog v 11ap()

Then (2.17) implies that ¢ is finite and continuous with ¢(u) - 0 as
u — 0. Now simple manipulations show that (2.26) may be rewritten
as follows: There exists a random variable cy, y(w) which is finite almost
surely and such that for each ¢ € [0, N]

(2.28) |IE(w)— ()] < cx, m(@)p(x—)

almost everywhere (Lebesgue) on [— M, M]* and the exceptional set
may depend on both ¢ and w. However, it is important that cy, p(w)
does not depend on z.
We now define
1i/n
(2.29) Li(w) = lim sup " f L (w)dy
—~1/n

n— o0

for all x, ¢z, and . Clearly for each ¢ the map (s, x, ®) > Lg(w) from
[0, 11x ExQ to [0, 0] is &, x & x Z, measurable. It is straightforward
to check that for each ¢ € [0, N] and  with ¢y, ;(w) < oo one has



286 R. K. Getoor and H. Kesten [10]

(2.30) Li(o) = lim - f " (@) dy
k>0 2hJ -

for all x in [— M, M],

(2.31) IL(@) = L) = ey, m(@)dp(x—y)

for all x, y in [— M, M], and

(2.32) Li{(w) = Li(w)

almost everywhere in x on [—M, M] where the exceptional set may
depend on ¢ and w. Itis now a routine, but slightly tedious, exercise in the
use of Fubini’s theorem to show that almost surely (¢, x) - Lf(w) is
continuous and that for each x, L* is a continuous additive functional
equivalent L*. This establishes Theorem 2.

REMARK 1. Note that (2.31) is an explicit Holder condition for the
local time.

3. A necessary condition for the existence of a continuous local time

Again X is a standard process and y* as in (2.3). This time the state
space (E, &) does not have to be part of the real line but we assume that
it is a locally compact metric space with distance function d(-, *) such
that

(3.1) For each d > 0, x € E there exists a y € E with

g< d(x, y) < d.

We now show that under simple conditions no continuous local time
exists, not even when the spatial argument is restricted to a countable
dense set. When interpreting Theorem 3 and Corollary 1 one should take
into account that (by right continuity of X) there exist a.s. a t = t(w) > 0
and a compact set K = K(w) such that X € K for s < ¢ and consequently
L{=0forall x¢ K, xe F and s < ¢. Thus (3.6) and (3.36) really deal
with the continuity of L; on K, not just the uniform continuity on E.

THEOREM 3. Let X be a standard process with metric state space (E, &)
satisfying (3.1), and such that all points x € E are regular. Let L be a
local time at x with

v(x, y) = E"fo e %d. L.

(Note that we do not insist on (2.2) here.) Moreover, let F = {x,, x,, "}
be a countable dense subset of E and Fy < F such that
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(3.2) Fy 1 F, Fy aclosed subset of F.
Let Ty = inf{t > 0: X, € Fy}. If
(3.3) E*e™™ — 1 (N — o0) uniformly in x ¢ E,
(3.49) v*(x, y) = 0 (« > ©), for each d > 0
uniformly in x,y e F, |x—y| = g > 0,

and if there exists a & > 0 such that for all y, > 0 there exists a y; < ©
with

(3.5) sup (log a)v*(x, x) = s forall x e F,

YoSa=y1

then for all t, d > 0 and x,€ E

(3.6) po{ sup supiz-z ) -1
x,yeF s<t 32
d(x,y)=<d

Proor. Fix x,€ E, d > 0 and choose 0 < & < 1. Also, for each
x;e F pick a y;e F with d/2 < d(x;, y;) < d (see 3.1). By (3.4) there
exists a f§ such that
(37) l//m(xi’ yl) é %9 l//z(yi, xi) é %for“ g ﬁ'

By (3.5) and (3.3) there now exist f < yo < 7, < o, &; and N such that

(3-8) o ' +yo et £ €
(3-9) Yo = o; = 94,
(3.10) (log a)o™(x;, X)) = g P=1,2,--

and forall xe E
(3.11) (e '+ D){1—exp —(yi+e) '} TIE (1—e"™) L &

Finally, let {R; 1i=1,j 2 1} be a family of independent exponentially
distributed random variables, which is independent of the X process and
satisfies

(3.12) ER} = o] *

(it may be necessary to enlarge the probability space in order to construct
such random variables, but we do not dwell on this standard construction,
see [14] sect. 3 and [15] sect. XIV.39). We take

Ri(z) = Riforz = x;eF
and, similarly
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®(z) = a; and y(z) = y; for z = x;€ F.
A sequence of stopping times is now defined as follows:

U, = Ty, z, = Xy,(e Fyon {Ty < oo} since Fy is closed),
Vi=U+Ry(z;) (Ry(z,) =0on {U; = 0}),

U =V,_1+Tyo0y,_ ,, z;= Xy(eFyon{U; < w0}),
V= U;+Riz;) (Riz;)=0o0n {U; = w0}).

Notice, that

(3.13) Y, = L (o)~ IV (o) — (g, — L))

= Lz;{-‘(zi)(eUi (1)) - L};g(lgn)(BU. (D)
Therefore, if
fi—l = G{Yjsj é i_19 Uk; Zk’ k é i}
then, by the strong Markov property and the independence properties
of the R,

(3.14) P{IYil 2 ul Fi-1}
= P*{|L%,— | = u} on {U; < 0},
where S is an exponential variable independent of the X process and with
mean o~ '(z;). The distribution of
B = Lg(a)_L}.;(a)

for an exponential variable S(«) with mean «~! and independent of the
X process was explicitly computed by Meyer, [14] theorem 2 (see also
[3], V.3.26), under the hypothesis v*(x, x) = v*(y, ) = 1. But a trivial
change in their computations gives in general

av, bv_

(3.15) E%® = + ,
(ve—id)  (v-+id)

where
ve = P72 ("(0, ¥) - 7(x, X))
+H{(*(x, x)+0%(y, »))* = 40*(x, ) (y, x)}1,
2 = {*(x, )" (y, ») = 0"(x, y)*(v, x)},
a= e +v ) oo +y 200, ¥) -0 (x, 2)))
b= @e+v) v =y 20, y)—v*(x, ¥))}-
But, if x =x;eF, y=y(x)=y;eF and o > B, one has by [3],
V.3.16 and (3.7)
(3.16) (%, y) = ¥*(x, ) "0, ¥) = 5000, ¥),
(3.17) *(y, X) £ (%, x),
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and simple computations show that (3.5), (3.16) and (3.17) imply
(3.18) 0 <v, =y 2" (3, »)
< (0, )" )", Y)A-2)} 7 = {07 )}

(3:19) 0<v_. =5y}
(3.20) a = v*(x, x){v*(x, x)+v*(»,¥)} 1 20,62 0,a+b = 1.
Explicit inversion of the characteristic function (3.15) finally gives

P*{B = u} = ae™ ",

P¥B < —u} =be ™ ,uz0.

We apply these results to x = x;€ F, y = y(x) = y; € F, a = «;. Then,
by (3.10) and (3.18),

. .8
0 < vy < ${v™(x;, x;)} §£logaj.

If
(3.21) v (y;, y;) Z 0¥(x;, x;)
then also
8
0<v_< —logua;
= V- =308
and
Xj 36 —%loga; -3
(3.22) P* {|B| gE 2 (a+b)e ™8 = o %,

If, however, (3.21) fails, then, by (3.20), a = } and

(3.23) P {|B| > %} > age ¥4 > 147%
We now define

. 36

. = r . > ——
(3.24) Z, = 1 if U; ooorU,<ooand|Y,|=16,
0 otherwise,
' {a(z)} F = o; ¥ if U; < o0, z; = x;,
(3.25) M=inf{m:) 6 =e '}
i=1

Notice that §; is #;_, measurable and that
(3.26) M < my = [yfe™ +1]
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since 6; = 97 by (3.9). Therefore, by virtue of (3.14), (3.22) and (3.23)
w=Po{Z, =1, 1} 2 16;,
and by lemma (6) in [8] witha = %, b = (4¢) ™",

P{Z,=0,1<i< M}

= Pxo{;zl(zi-lli) = —%iilﬂi(l_ﬂi)—%g:léi}

i

< pxo{i(ui—z.-) > %ém(l—m)ﬂfte)"l}

1 -1
< (1+ —) < 8e.
8¢

Equivalently

p* {|Y,-| 2 %or U; = oo forsome i < M} > 1-8e.

However, the Rj- are a.s. finite and clearly, if
| Y| _Z_ﬁand U < w0,
16
then
36 35
L%, —B§Pl 2 —or |, —B5| 2 —.
|L, u.l_32 |y, V.I_32
It follows that

(3.27) pP* {VM = oo orsup sup |[CF—L}| = ;’%:

xieFN s=VMm

gP{IYiI ;gor U, = ooforsomeigM} = 1—8e.

It remains to show that ¥V, is small with high probability. But

M M
Vi = i;Ri(zi)+i; Ty Oy,_,»
and (see (3.12))
E™{R(z); M > i—1} < E®{6}; M > i—1}.
Therefore (see (3.8), (3.9), (3.24) and (3.25))

M M M1
EYY R(z) < E®Y 8% < 95 4952 E* ) &,
i=1 i=1 £

1
-1 -4.-1 2
é Yo +y0 € é &,
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whence

M

(3.28) P*{Y R{z;) 2 ¢} S .
i=1

Similarly, taking into account (3.26) and (3.11)

M mo
(329) P*{Y Ty-0y,_,z e <Y P°V;.; < 0, Tyo 0y, , 2 emy'}
i=1 i=1

< T (1—exp —emy ) LE{EV - (1— ") Vi, < oo}
i=1
< (e '+ 1){l—exp —&*(yi+e) "'} sup EX(1—e” V) S &
xeE
It follows from (3.27)—(3.29) that

(3.30) pr { sup sup |LF—LY| = E}

x;eFn sS2¢ - 32

= (1-8¢)—P{Vy > 2¢} = (1—10¢).

Since 0 < & < 1 was arbitrary and y; € F with d(x;, y;) < d the theorem
is proved.

REMARK 2. If
(3.31) lim inf ¥ (x, y) < 1,

y=>x
then there exists a §; > 0 and a sequence {y,} - x with P*{T, =6} >
d,. Hence if

R,=supT,,R =1mR,,

kz=zn n—> o

then
P*{R = 6,} = P*{R, 2 &, infinitely often} = ¢,

and by Blumenthal’s zero one law

(3.32) P*{R =0} = 0.

Then, for any fixed s > 0,

(3.33) Px{lil,:i sup |Ci— ¥ = 8} = P*{L 2 6, T,, = s infinitely often}

s Ly =
> P} 2 6}-P*(R < s}.

(Recall that a.s. L] = 0 for s < T, see [3], V.3.5.)
Taking first s small, then § small, we can make the right hand side
of (3.33) as close to 1 as desired, (see (3.32) and Prop. V.3.5in [3]).
Thus under (3.31), we have for all £ > 0
P*{lim sup sup |Li— L% > 0} = 1,

k-0 sst
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i.e., the local time is not continuous at x a.e. [P*]. It is not unreasonable
therefore to assume in addition

(3.39) Yl(x,y) = E% "> 1

uniformly as d(x, y) - 0, x in a compact subset of E.
Under condition (3.34) it is proved in [14], sect. 3, or [3], V.3.29,
that for each ¢ > 0, °

sup |{v'(y, )} 'L, —{v'(x, x)} "'Li| - 0in P* probability as y — x.
s<t

Consequently, if for some sequence {y,} —» x
hm Ul(yka yk) # Ul(x’ X),
k= o0

then for each ¢z > 0

P*{lim sup |} —Lj| > 0} = 1.
k— o0

Thus it is also reasonable to assume
(3.35) v'(x, x) is continuous in x.
With (3.34) and (3.35) added one can sharpen (3.6) as in the following

COROLLARY 1. If (3.34) and (3.35) hold, in addition to the assumptions
of theorem 3, and if Fy is discrete, then for each t > 0, x, € E

(3.36) pro {lim sup |E—L| = i} —1
F10 dx <L 32
X, ye

PrROOF. Fix ¢ > 0 and f > 0. Let 0 < ¢, < ¢ and let K be a compact
set so large that

(3.37) P™{X,¢ K forsome s < to} < e&.

Let v(K) = max, g v*(x, x). There exists a 0 < d < f such that for all
xeK, d(x,y) £ d,

(338) 5()6, y) = 1—1/11(x, _V)lﬁl(y’ x) < 62 {1280(K) lOg _1_;_2’

as well as

(3:39)  |v'(x, x)—0'(y, ¥)| £ min (% , (%)3 1%1—(—) , v(K)) .

5 Some modifications have to be made in the argument below in case v!(x, x) = 0,
i.e. when L* = 0.
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Lastly, let y; be chosen as in the proof of theorem 3 (with the d as just
constructed) and

Ry = inf {s ssup |[LY— L > 158}

x,'t:FN

By (3.30), for suitable N

(3.40) P®{Ry < to} =2 1—=¢.

But Fy = Fy is discrete, hence Fy n K finite and thus a.e. [P*] on
{Ry < to} n {X,e Kforalls < t,}

there exists (by [3], V.3.8) a zy € Fy n K such that Xz, = zy or Xz, =
y(zy) and

o
3.41 Ly —EENM =z —.
( ) | R R I = 16
Now, on {Ry < t,} one has for any x; € Fy n K with v'(x;, x;) = £6/64
Xi i Xi i 6
42 P (i)~ (ki) 2 215

< PYRw {sup L - Ll 2 3}
32

s<t

= PXRN{SUP |{”1(xia xi)}_lLJ;i'_{Ul(Yi, Yi)}_IUsil = 5(64"(1())_1}

s=t

1
vl(xi9 xi) Ul(yi, yl)

+P*Ry :sup

s<t

Pz 5(64v(K))'1} :

By [3], V.3.28, and (3.38) the first term in the last member of (3.42) does
not exceed

2¢' exp —8(1280(K)d*(x;, y;))~' < 2¢'e (since x; € K),

whereas, by (3.39), Chebychev’s inequality and [3], V.3.16, the second
term in the last member of (3.42) is for x; € K with v'(x;, x;) = € 6/64
bounded by

g26° }

5\ 1
PXRy {(8_) > o Ul(xi, xi)”l()’i, )’i) > L.
(128)°v(K)

128) (k) ' = 64u(K)

t o]
< P'Ra{e™'D 2 v(K)e '™} < £e EXRNJ e *dL}
v(K) 0

1
< ée U—M < 2¢c.
u(K)
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Thus
(04 Po{E-E) - Lk 2 1% 5 4
(3.43) is also valid when
0
3.44 vl(x;, x; <&
(3.44) ()52
For then

1] o
3.45 P"°:L"‘— x>l % } < P¥Ry {L’“ }
(3.45) | L — Lgyl 64| R Py
< 645_1e'EXRNJ e *dLY < 6457 e (x;, x;) < ee.
0

Similarly, when (3.44) holds v'(y;, ;) < 2¢6/64 and
(3.46) P {IIX‘—UIENI = ::I%N} < 2¢.

(3.45) and (3.46) give (3.43) in case (3.44) holds. Now, by (3.37), (3.40)
and (3.43)

Pl sup |- z%}

d(x,y)d 3

> p {RN <ty, X;eKforalls < to, |5, —LEF™| =

but (Y- B — (N, —BEV)] < 32}
2 1-¢(2+4€).

Since 0 < d < f, and f > 0, ¢ > 0 were arbitrary (3.36) follows.

4. Processes with stationary independent increments

In this section we take X = {X,}, o to be a one dimensional process
with stationary independent increments and characteristic function

(4.1) EO0eiiXe — EXpiiXess=Xo) _ ,=th(D)
with

. o*)? _ iy 1 idy
4.2) Y(A) = —iad+ > f [e 1 1+y2] v(dy),

v a Borel measure on R— {0} such that
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(4.3) fmin 1, y*v(dy) < .

We may restrict ourselves to one dimensional processes, since ‘honestly
higher dimensional’ processes do not hit points and have no regular
points. ([13], theorem 3.) Returning to the one dimensional case, one
easily sees that if 6> = 0 and v(R—{0}) < oo then

Y(A) = —ia'A— ~[{ei’“’—l}v(dy), a = a——f 4 5 v(dy),
1+y
and a.s. there exists a £ > 0 such that
X, = Xotdasfor0<s <t

(see [13], sect. 2, (iv)). Thus X has regular points only if @’ = 0. In this
case every point is a holding point and for each ¢ > 0, the range
{X;:0 < s <t} is as. finite. X, is not an accumulation point of this
range and consequently
Pliminf5, =0 < L} =1,t > 0.
yox

Thus in this case the local time is a.s. not continuous and we shall not
consider this case any further. Instead we turn to the

PrOOF OF THEOREM 4. (This theorem was stated in the introduction.)
The existence of a bounded continuous density u* satisfying (1.7) is
shown in [6], or [17], sect. 6,7. Indeed, if 6> > 0 or v(R—{0}) = o0 and
0 is regular for O, then all points are regular, and the density of the
potential kernel u* is continuous and satisfies

(4.4) u'(x) = E%*T=u*(0) = ¥*(0, x)u*(0).
Thus

a _ _ _ ua(y —X)
¥e(x, y) = Y0, y—x) u0)
is continuous and the Lebesgue measure &(dy) = dy is a reference
measure. Thus, by theorem 1, there exists a local time Lj(w) satisfying
(2.2) and such that the map (s, x, ®) - L(w) from [0, {]xRxQ —
[0, ) is #,x & x F#, measurable *). There also exists a Borel function
g with the properties described in theorem 1. Since both g(y)v*(x, y)
and u*(y—x) are densities for the potential v they are for each x equal
for almost all y. Hence

_w-x)_  uwy-x)
90) (ny) W0 y—f(ny)
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In particular (see (4.4)), for a = 1,

60 = U™ _i0)ae.

lpl(oa y_x)
Without effect on (2.8) we may take
(4.5) g(y) = u'(0)and I¥ = u'(0)L; for all y.

For this choice, the u*(x,y) = g(y) v*(x,y) of theorem 1 becomes
identical with the present u*(y—x). Indeed,

u'(y,y) = g(y) = u'(0),
and as observed u*(x,y) = u*(y—x) for almost all y for all x. Thus, by
(2.10), for each x for almost all y

ua(y_x) 1 a1
4.6 = X, y)—(a—1)U%,(x
(4.6) o) ¥ (x, »)—(@—D)U%,(x)

=y (y—x)—(a— l)fu"(z——x)llxl(o, y—z)dz.

But both sides of (4.6) are continuous in y, so that (4.6) holds everywhere.
Thus again by (2.10) u*(x, y) = u*(y—x) and [ = u'(0)L; satisfies (2.8)
and (2.11), or equivalently (1.9) and (1.8), as required.

The continuity properties of / follow from theorems 2 and 3. Indeed,
if O is regular, then X hits points and by [13], theorem 2, or [6],

+ o0
4.7 f Re 1 dl < o0, > 0.
— (Z-l-ll/(l)

The inversion formula for characteristic functions (theorem 6.2.1 in [7])
together with (4.7) therefore gives

y o
(4.8) UT_, 4 py =f u*(z)dz = Eofo e M _, 4 (X,)dt

-y

+

=f e”“P{|X,| £ y}dt
0

= [T R oy

7'[_00

_ .71;_ Ldz f | eos 2z Re (o)
For the density «* of U* we find
(4.9)  u (O)[Y*(0, »)+¥*(0, —y)] = u*(y)+u*(—)
_ 1 f " cos 2y Re (a+y(2) ™" di.
TJ_o
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Thus

IA

u(O)[1 =y (x, YW (y, ¥)] < u(O)[1—¥*(x, y)+1—-¢*(y, x)]
= 2u(0)—u*(y —x)—u*(x—y)

= lfﬂo(l —cos A(x—y)) Re (x+y(2))~ " dA.

TJ -

Consequently, if (1.11) holds, then so thus (2.18), and by theorem 2 there
is a version of L as well as of /' = »'(0)L} which is continuous in (x, ).
On the other hand,

B J e ap = u%(0) = %: f ""Re (u+ (1) da

0o

= o0

by (2.11) and (4.9). Thus, if (1.12) holds

lim sup (log oc)E”f el 26> 0
0

uniformly in y, for some suitable § > 0. Also with
(4.10) F = dyadic rationals, Fy = {k27" : k integer},

(3.1), (3.2) and (3.4) become obvious. To obtain (3.3) and (3.34) note
that
v'(x,y) =¢'(0,y—x) > y¢'(0,0) = las y—x - 0

by the continuity of Y and the regularity of 0. Finally (3.35) is immediate
again from (2.2). Thus, if (1.12) holds, the conclusions of theorem 3 and
corollary 1 hold, and for each # > 0, x, € R.

(4.11) P*{l; is continuous on the dyadic rationals} = 0.

Lastly we show that /; has a continuous version with probability zero
or one. Let F, Fy be as in (4.10) and

T(m, k, N) = inf{t >0: |- > :—Cforsomex,yeFN, 1x—y| §l}
m

Since a.s. I* is a continuous function of ¢ for all xe F
T(m,k, N) = inf {r > 0: r rational, |[7—17| > 1/k for some
1
X, yeFy,|x—y| < —.
m

Thus the T(m, k, N) are stopping times, increasing in m and decreasing
in N, k. Hence also
T =lim lim lim T(m, k, N)

k=0 m>o N-w
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is a stopping time, and clearly /; when restricted to F is uniformly con-
tinuous for each ¢ < T. Moreover, P{T = 0} = 0 or 1 by Blumenthal’s
zero-one law. First consider a process with

(4.12) PYT =10} =1,
and fix # > 0, ¢ > 0. There then exists a k = k(e, t) and for each m an

N = N(m, k) = N(m, k, ¢, t) such that

(4.13) P° {T(m, k, N(m, k)) < éfor all m} > 1-s.

From here on one proves essentially as in corollary 1 that /; will not be
continuous on F. At time T(m, k, N) there exist a.s. x, y € Fy with

1 1
x—=y| £ —, ”;‘(m,k,N)—lJT,'(m,k,N)l 2 -,
m k

and for sufficiently large m this entails |[°— | = (2k)~* with probability
at least (1—¢) (compare (3.42) and the estimates following it). One
concludes that for each ¢ > 0 there exists a k such that for all large m,

t 1
PO{Tm,k,Nm,k < Zand |IF-P] = —
( (m, k) 5 I t|_2k

for some (X, y) € Fygm, 1y 1=y £ %} =1-2s,

and hence

pP° {for arbitrary large m there exist x, y € F with

el S and -l 2 5 ) 2 1-2s

m 2k

This holds for each &¢ > 0 and hence (4.12) implies (4.11). Assume now
that
(4.14) P°{T =0} = 0.
Then, for some 6 > 0 and all &

P°{lim Lim T(m, k, N) = 26} = P{T = 25} 2 26.

m—>o N—ow
Hence for each k there exists an m(k) such that
(4.15) P°{lim T(m(k), k, N) = 6} = & > 0.
N-ow

Actually we may write P* instead of P° in (4.15), for any x € R. Firstly,
since Fy— Fy = Fy we may take the starting point x in Fy. Secondly, if
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Sy = inf{t > 0: X, € Fy} then on {Sy < o} Xs, € Fy a.s. and
T(m, k, N, ®) = Sy+T(m, k, N, Osy @)

so that for any x

P{T(m, k, N) 2 &} = E*{P*s~{T(m, k, N) Z 8}; Sy < 0}
+P*{Sy = 0} = EX{P°{T(m, k, N) Z 8}; Sy < oo}
+P*{Sy = w0} = P*{T(m, k, N) = 4}

This together with (4.15) and the fact that T(m, k, N) is decreasing in

N immediately implies

(4.16) P*{lim T(m(k), k, N) Z 6} Z lim P*{T(m(k), k, N) = 6} 2 ¢
N-w N-ow

(and by Blumenthal’s zero-one law limy._, ,, T(m(k), k, N) > 0 a.e. [P*]).

Put
S = S(k) = lim T(m(K), k, N).
N-w

By the definition of T(m, k, N), and the continuity of I for x € F one has
a.s.

(4.17) sgg |- £ I%for x,yeF, |x—yl £ (m(k))™"

(the important point is that (4.17) also holds for s = S). If we define
the iterates of S(k) for some fixed k by

Sy = S(k), Sy = Sj—1+Sl : os,--1

then also

@18)  sup |(E(0)~15,_,(@)— (E(@) =I5, (@)

Sj-15s5S;
= s B, 0)-B0s, @) S
s<81-05,_,(@) k
a.s. for all x, y € F, |x-y| < (m(k))™*. For any w which satisfies (4.18)
for all j also
sup  sup |[(@)—E(o) £ jlk.

x, yeF s£S;
|x=y|2(m@E)~t

But by (4.16),

P°{S;—S;-1 2 8|Fs,_,} 2 don{S;-y < o},

and hence
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(4.19) P°{sup |IF—E| =z k™*for some x, y e F, |x—y| £ (m(k))™"}
s=t

< P°{Sps; S t} < P{S;—S;_, = 6 for at most

(t6™ ' +1) values of j < k* and Sp1/2; < 0}

< ) ([k.z]) 8'(1—8)* 17 5 0 (k » o).
i<té- 141 l
Just as in [3], V.3.30, let ¢~ : F — C[0, N] be the map which takes
x € F into the continuous function /X(w) on [0, N]. Then for each
N > 0, @Y is a.s. uniformly continuous by (4.19) (using the sup norm on
C[0, N1). As in [3], V.3.31, this shows that under (4.14) / a.s. has a
version such that the map (x, ) - () is continuous for all w.
The following corollary is immediate from Remark 1.

COROLLARY 2. If {X,},5 o is as in theorem 4 and (1.11) holds, then a
continuous version of I, satisfies the Hélder condition

(420) sup sup|F-I| < CN(w)f [(=logv) v 1]d5*(v)
0=Zv=u

Jx—p|gu <N

Sfor some Cy(w) which is a.s. finite. (We do not need the restriction |x|,
|yl £ M here since the closed range R () = {X,(0):0 £ s £ t} is a.s.
contained in some bounded [—M(w), + M(w)] and I7 =0 for s = t,
x ¢ Ry(w).)
EXAMPLES.

a) If 6> > 0, X, has a bounded continuous density p, which is the
convolution of the normal density (2762¢)~* exp{—x%(2t0%)"*} and
some probability distribution ([13], proof of theorem la, p. 17). Hence

[P((x)—p(y)] < sup

: (2na?t)
1 . 1 [ u?
= 0 0 (2w i)
_ 2
= 5 n (2, ly 2x1| max v exp — 2—)
(2no*t)? (t6*)* v 2

and
! O){1 =¥ (0, )}| = |u'(0) —u'(x)
< | " [” etno)-pera = o (11108 i) , %o 0,
0 I=2 |x|
In this case all points are regular (since E®¢” 7~ — 1, x — 0; see also

[6] or [17] sect. 6,7) and a continuous local time exists, even by Boylan’s
theorem, [4].
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b) An asymmetric Cauchy processs has characteristic function (4.1)
with
Y(A) = —iald+Cy|A|+iC, 1 log|)|
for some a, C; > 0,0 < |C,| £ 2C,/n. This satisfies (4.7) and all points
are regular ([16], [6]). Thus /" exists as a density of the occupation time
measure y, (i.e. satisfying (1.9)). But (1.12) also holds, since
+ o
J Re iz J‘ o+ Cila]
- oz+|//(x) 1Al Za (“"' C1|/1|)2 +(C2/1 log |4 _a}»)2
~ 2C,(C}log &)™ }(ax - ).
By theorem 4 no continuous version of /; exists.
¢) Leta = 0, 6> = 0 and
v(dx) = x72L(|x|)dx
for some slowly varying function L as x — 0 as well as x » oo. Then
X, has a symmetric distribution with characteristic function (4.1) and

(4.21) y@) = fj:(l —Cos Ax) L—il;i) dx ~ m|AL(JA| ™), A = 0.

If L is such that (4.7) holds then all points are regular ([13], corollary
3.2, or [6]), but if in addition

2
(4.22) L(xD = C (log ﬁ) for small x,
x

then, by (4.21),

+ o0
lim inf (log o) Re L
a= o — o a+ l//(}.)
= lim inf (2 log &) f {nCi(log A)*}~'dA > 0.

Thus (4.22) implies (1.12) and by theorem 4 no continuous version of
I; exists in this case. On the other hand, if

3+e¢
(4.23) L(x) = c* (log ﬁ) for some ¢, C* > 0 and small |x],
x

then, by (4.21), (4.7) holds and

1 + 1
—f (1—cos xA) Re di
nl. )
2 2
=X A anr 3f d
T J a1t 1+y(4) T a)> x| -t 1+y(4)

1 —2-z
0 (log —) f x — 0.
[x]
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Hence, if (4.23) holds, (1.11) is satisfied and a continuous local time
exists by Theorem 4. By Corollary 2 a continuous version /; even satisfies

a.s.
sup |IF—I| £ C¥(w)(log |4]~1)~*?

|x—y|Zu

for |u| < e~! and some C* < oo, or

—g/2
[IF=1] =0(10g ) as|x—y| - 0.

[x—yl
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