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NON-ARCHIMEDEAN REPRESENTATIONS OF COMPACT
GROUPS

by

W. H. Schikhof

Introduction

In [7] Monna and Springer introduced an integration theory in which
the scalar field was a field K with a non-archimedean valuation. In [10] a
non-archimedean Fourier theory has been developed, mostly for abelian
groups. This paper deals with continuous representations of locally com-
pact groups G into non-archimedean Banach spaces.

It is an easy exercise to show that in order that G has sufficiently many
of such representations G must be 0-dimensional. Like in the ‘classical’
case, a general treatment appears to be extremely difficult. As a first step,
however, this paper tries to show that the n.a. representation theory for
compact groups is at least as smooth as the ‘classical’ theory. One can
prove non-archimedean analogues of the Peter-Weyl Theorem and
the Tannaka Duality Theorem. A disadvantage is the lack of Hilbert
spaces in the non-archimedean situation. In this paper we do introduce
a sort of a non-archimedean Hilbert space (0.2), but still some work is
involved to show that an invariant subspace has an invariant complement.
(Lemma 4.2). On the other hand, the generalized Fourier transformation
is an isometry, which phenomenon does not occur in the classical situa-
tion. (4.10). Since a 0-dimensional compact group G is projective limit
of finite groups, it will not come as a surprise to the reader that our basic
tools are Maschke’s Theorem and the orthogonality relations of re-
presentations of finite groups. In fact, we will show that ‘unitary’ repre-
sentations of G into n.a. Hilbert spaces over K have very intimate re-
lationships with representations of finite groups into vector spaces over
the residue class field of K (5.1 and 5.2). As to a treatment of represen-
tations for locally compact groups, the only result is in fact Theorem 3.1
which shows that there is a 1-1 correspondence between representations
of G and of L(G). The next step should be some sort of a Gelfand-Raikov
Theorem. The classical proof involves positive functionals and the Krein-
Milman Theorem and a direct translation of this proof seems to be impos-
sible. For the ‘classical’ theory of representations we refer to [2].
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216 W. H. Schikhof 2]

0. Preliminaries

Let K be a complete non-archimedean valued field. The valuation is
supposed to be non-trivial. A (K-) Banach-space is a K-vector space E,
together with a real-valued function || ||, defined on E, such that

(i) 11€]l > 05 [1£]| = Oif and only if & = 0
(ii) 1AZI1 = 1A 11E]]
(i) [1&+nll < max ([I€]], In]])

for all £, n e E, A€ K, and such that E is complete. By ||E|| and |K| we
mean Im || ||, resp. Im | |.

A collection (e,),e in E is called orthonormal if for all finite subsets J < I
we have

Y Aell = max|i,] (4, €K).
aeJ aeJ
An orthonormal set (e,),; is called an orthonormal basis in case its linear
hull is dense in E. Then every £ € E can be written as a convergent sum
E=Y Je, (A4, € K, lim 4, = 0)
ael

where
[1<]] = max |4,]

Two subspaces S, T are called orthogonal in case for every £ € S, n € T we
have

1€+l = max ([l lIn]]).
In 4.7 we need the following

0.1 LEMMA. Let E be a Banach space, let (€,)zers (f2)zer be subsets of E
and E* respectively. Suppose |le,|| £ 1, ||f,l| £ 1 for all « and

fa(eﬂ) = daaaﬂ
where |d,| = 1. Then (e,) and (f,) are orthonormal.

ProoOF. Let f = 2 A,f,(x € K). Clearly ||f]| £ max [4,].

Conversely [If]| 2 II/(e)ll/lled] = [If(e)ll = |4,] for all «. A similar
proof works for the e,’s.

The following concept of non-archimedean Hilbert spaces, due to van
der Put is different from that of Kalisch [5]. We give the statements with-
out offering the proofs. Most of them are unpublished results of van
der Put. Some proofs can be found in [8].

0.2. DEFINITION. Let E be a Banach space with ||E|| = |K|. E is called
a n.a. Hilbert space if one of the following equivalent conditions is satisfied.
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(i) Every closed subspace has a normorthogonal complement.
(i) For every closed subspace S — E there is a projection P of E onto
S with ||P]| = 1.
(iii) Every orthonormal set can be extended to an orthonormal basis.

(iv) Every maximal orthonormal set is an orthonormal basis.

Before giving a classification of n.a. Hilbert spaces we introduce a
‘residue class space’ as follows. Let E be a n.a. Hilbert space.

Then E = {(cE: ||| S 1}/{E€E:||¢]| < 1} is in the obvious way
a vector space over the residue class field k of K. A K-linear map ¢ : E - F
with [|¢|| £ 1 defines in a natural way a k-linear map ¢ : E - F. The
assignment E > E is functorial. A set (e,),; = E is orthonormal if and
only if (&,),e; forms an independent set. From this we can see that finite
dimensional K-vector spaces with an orthonormal basis are n.a. Hilbert
spaces. It is also easy to verify that every K-Banach space E with ||E|| =
|K| over a discrete valued field is a n.a. Hilbert space. Without proof we
mention that every n.a. Hilbert space is one of the above types. Note
that subspaces, quotient spaces, and finite direct sums of n.a. Hilbert spa-
ces are n.a. Hilbert spaces. In 5 we need the following lemma.

0.3 LEMMA. Let E,F be n.a. Hilbert spaces. Let ¢ : E — F be a K-linear
map with ||¢|| < 1. Then

(@) ¢ =0iffligll < 1,

(i) @ is bijective iff ¢ is a surjective isometry.

PROOF. Left to the reader.
A n.a. Banach algebra over K is a Banach space 4 over K, together with
a multiplication such that 4 becomes a K-algebra and such that ||fg|| <
A1l gl for all f, g e A. We will say that a net (u,),; iS an approximate

identity for A if ||u,)| £ 1 for all & and lim fu, = lim u,f = f for all
feA.

1. G-modules and 4A-modules

Throughout this paper G is a locally compact 0-dimensional group with
identity e and Kis a complete non-archimedean valued field. The valuation
is supposed to be non-trivial.

1.1. DEFINITION. A G-module is a Banach space E, together with a map
t: GXE — E (written as (x, &) — x&) such that

(i) 7 is separately continuous and linear in &

(i) x(»¢) = (xp)&; e = ¢
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(iii) there is M > 0 with ||x¢|| < M]|¢]|,

for all x,ye G, E€E.

If we put U, (&) = x¢&, we obtain a bounded and a strongly continuous
representation x — U, of G with E as a respresentation space. Conversely,
a bounded and strongly continuous representation of G with representa-
tion space E induces on F a structure of a G-module. Both viewpoints are
equivalent. From (i), (ii), (iii) it follows easily that the structure map t is
jointly continuous. If G is compact, condition (iii) follows from (i) and
(ii): for £ € E, the map x > ||x¢|| is bounded, the uniform boundedness
principle implies that the maps & > x£(x € G) are uniformly bounded.

1.2. Ttis clear what one should mean by (continuous) homomorphisms
of G-modules and G-submodules. If S'is a G-submodule of a G-module
E, then E/S with the obvious structure map and the quotient norm is a
G-module. Let E, F be G-modules and let ¢ : E — Fbe a homomorphism.
Then Ker ¢ and Im ¢ are G-modules. E and F are called topologically
equivalent (notation E ~ F) in case there exists a homomorphism ¢ :
E — F that is an isomorphism of topological vector spaces.

If, in addition, ¢ can be chosen to be an isometry we call £ and F iso-
metrically equivalent (notation E ~ F).

Let E, F be G-modules. The space E @ F with the norm

1 Il = max ([IEll, Inll) (€ E,neF)

and the structure map

x(&n)=x&xn)  (xeG,ée€E,neF)

is a G-module, called the direct sum of E and F.
A G-module is called simple (irreducible) in case it has only trivial sub-
modules.

1.3. Isometrical G-modules.
Let E be a non-zero G-module. Define

n(E) = sup{“lcg1 :xeG, EeE, ¢ # 0}.
&l
It is an easy exercise to show that n(E) = 1. We call E an isometrical G-
module in case n(E) = 1. This is equivalent to [|x¢|| = [|¢|| for all
xeG, e E. Every G-module E istopologically equivalent to an isometrical
G-module: define on E the new norm ||&||" = sup,.¢ ||x - &||, and observe
that [[||" ~ [|[| and [|x-&||" = |l¢]I' (x€G, {€E).

For isometrical G-modules we define arbitrary direct sums as follows.
let (E,),c; be a collection of isometrical G-modules. The space {(&,).e1 €
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II, E, : lim, ||,]| = 0} together with the norm
”(étz)mel” = sup “éa”

and the structure map defined via

x(éa)ael = (xéa)ael

is easily seen to be an isometrical G-module, called the direct sum of
the E,, notation @, E,. (In fact, it is the direct sum in the category
of isometrical G-modules, the morphisms being G-module homomorphisms
with norm < 1).

A Hilbert G-module is an isometrical G-module E, where E is a n.a.
Hilbert space (See 0.2.).

1.4 Finite dimensional G-modules.
Let E be a finite dimensional G-module. Its character yg is defined via

xe(x) = tr (6> x¢)  (xeG; E€E).

X is a continuous function: G — K; xz(xy) = xg(yx) for all x,y e G;
if E, F are finite dimensional then ygzgr = xg+Xr, if E ~ F then yg =
xr- The proofs are classical.

1.5 DEFINITION. Let A be a K-Banach algebra with approximate identiy.
An A-module is a Banach space E, together with a map p : AXE - E
(written as (f, &) » fE) such that

(i) p is bilinear and continuous

(ii) (fg)é = f(g&) for all f,ge A, E€ E

(iii) Im p = E.
Write T,(£) = f¢. The map f+ T is a non-degenerate continuous re-
presentation of 4 with representation space E. Conversely, a non-dege-
nerate continuous representation of 4 with representation space E induces
on E the structure of an 4-module. Let (,),.; be an approximate iden-
tity of 4. Conditions (i), (ii), (iii) are equivalent to (i), (ii) and

(iii)': u,& — & for all ¢ € E.
Proor: Clearly (iii)’ implies (ii1). To show that (iii)" follows from (i),
(ii), (iii), consider the set E, = {¢ € E : u, & — &}. Since u,f& — f¢ for all

fe A, E, is dense in E. We claim that E, is closed: let £, € Ey, £, — &,
Then there is C > 0 such that

1€ —u, &Il < max ([E=&ll, NE—ua&alls Nugéy—u )
< max (ClIE =&l 11E—ua &l
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By choosing first # properly and then o, we can make ||é —u, &|| small.

1.6. The remarksin 1.2 through 1.4 can be made for 4-modules as well,
of course with the obvious modifications. To find the counterpart of an
isometrical G-module, define for a non-zero 4A-module E:

_ el . }
E) = su :fed, EeE, f#0, 0;.
AB) = sup {Ilfll iy e B E0 R

Again, we have q(E) = 1. If g(E) = 1 we call E a normalized A-module.
Every A-module E is topologically equivalent to a normalized A-module.
(Define ||€]|" = sup {||fEI/IIfI] : fe A4, f # 0}). It is also clear how one
should define infinite direct sums of normalized A-modules. If E is finite
dimensional, define

S(f) = tr (¢ > fE).

The properties of @ are similar to those mentioned in 1.4 for characters.

2. Vector-valued Haar measure

Let E be a K-Banach space. By C (G — E) we mean the space of
continuous functions : G — E that vanish at infinity. With the supremum
norm C,(G — E) is a Banach space. Define 6:C, (G > K)® E —
C,(G - E) via

0f®&(x) =&f(x)  (feCux(G— K), (€E; xeQ).

If one puts on C(G - K) ® E the greatest cross-norm (n-norm), 6 be-
comes an isometry with dense image, hence 6 can be extended to an iso-
morphism of Banach spaces (again called 6)

0:C.(G—- K)® E - Cy(G — E).

Let my : C,(G - K) — K be a continuous, non zero, left invariant linear
function (i.e., mg is a left Haar integral). Define mg : C (G —» E) > E
by

mg = (mg ® 1)o 07"

Then my is continuous, non-zero, and left invariant. Further,let ¢ : E - F
be a continuous linear map. Then

¢(mg(f)) = me(¢of)  (feCu(G - E)).

The proofs are straightforward and are omitted. The above observations
lead to the following

2.1. DErFINITION. K is called suitable with respect to G in case for each



[71 Non-archimedean representations 221

K-Banach space E there exists a continuous map mg: C,(G —» E) - E
such that

(1) my is continuous and non zero
(1) myg is left invariant

(iii) for every continuous linear map ¢ : E — F(E, F Banach spaces)

we have ¢(mg(f)) = mg(¢ o f).

2.2. THEOREM. If my and my, satisfy (1), (ii), (iii) of Definition 2.1. then
there is A€ K such that mg = Amyg for all E. Further, K is suitable with
respect to G if and only if a K-valued left Haar integral on C(G — K)
exists.

PrOOF. Let ¢ € E. Define ¢ : K > E by ¢(4) = A¢(A e K). Then we
have

d(mx(f)) = mg(¢of) (feCyu(G — K))

Now (¢ 0 f)(x) =f(x)¢ = 0(f ® &). Somg(¢pof) = (mx @ N(f® &)
= my(f)¢. Similarly, mg(¢ o f) = my(f)E. Since the K-valued
Haar measure is unique (see [7]), there is A € K with my = Amy. Hence
mg = Amy on functions of the type 0~ '(f ® &) hence for all functions.
The second part of the theorem has been proved at the beginning of this
section.

2.3 In the sequel I'; will be the collection of the compact open sub-
groups of G. The characteristic of a field L is denoted by x(L ), the residue
class field of K by k.

A necessary and sufficient condition for K to be suitable with respect
to G is given in [7]. For reasons of simplicity we shall work mostly
with pairs G, K that have the following property: either y(k) = 0 or G
is p-free whenever y(k) = p # 0. (Here p-free means that for every
H,, Hyel'g, Hy « H,, the index (H,: H,) is not divisible by p).
Then K is suitable with respect to G and moreover we can choose my
such that [mg(H)| = 1 for all H € I'g. For more details we refer to [10]. In
[7], a Fubini Theorem is proved for K-valued integrals. Using the de-
finition of myp it is not very hard to prove a Fubini Theorem for the vec-
tor-valued Haar integral.

3. G-modules and L(G)-modules

In this section we assume that G admits a left Haar integral my with
Img(H)| = 1 for all HeTI';. Instead of mg(f) we sometimes write
[f(x)dx (fe C.(G - E)). It is shown in [10], that the ‘integral norm’
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on C (G — K)

17l = sup{'%"(lflc—")' 19€CLG— K), g # 0] (feCul@— K) i
Il

equal to the supremum norm, and that [mg(f)| £ ||fll, (f€ Co(G — K)).
It is not very hard to show that also ||mg(f)|| < ||fllo(f€ Cx(G - E)).
Further, it is also shown in [10], that the space C,(G — K) forms a
Banach algebra L(G) under convolution and that {uy : H € I';} forms an
approximate identity for L(G). Here H, < H, iff H, © H, and uy is
defined as follows

mg(H)™" if xeH
0 elsewhere.

up(x) = {

Let f: G - K and x € G. We define f, by f,.(y) = f(x"'y), (v € G).
3.1. THEOREM Let E be a G-module. The map (f, &) — f& given by

fe = f xtf(x)dx  (£eE.feL(G))

makes E into an L(G)-module. Conversely, if E is an L(G)-module, then
the map (x, &) — x&, given by

x-&=1lim(ug), ¢ (é€E,xeG).
H

makes E into a G-module. The above constructions yield a 1 —1 correspon-
dence between the G-module structures and the L(G)-module structures on
the Banach space E.

ProoF. Since for each &, f the function x + x¢ f(x) is in C,(G — K),
f¢ is a well-defined element of E. Further, [|f¢[| = || [¢ x& f(x)dx]|| <
< SuPeq XSS (I < supyeq |1x - &Il - ISl - Finally, for f, g € L(G — K)
and EeE:(f=g)E = [[xEf(xy)g(y~")dydx = [[ xEf (y)g(y~'x)dydx
= ([ x¢f(»)g(y~'x)dxdy = [[ yxéf(y)g(x)dxdy. On the other hand,

1(9€) = [ x(98)f(x)dx = [[xyEg(y)f(x)dydx.
Now let E be an L(G)-module, and let x € G. The set E, = {{€ E:

lim (ug), ¢ exists} is a linear space. For fe C,(G — K) we have:

(W) (fE) = ((ug)c *f)E = (ug = f)& > f£. Hence E, is dense in E.
Now let &, € Ey, lim &, = €. Let H, H' be compact open subgroups. Then

(ua) € —(ua): &Il = max (q(EIE ~&all, [1(up)x &n— () Eall)-

By choosing first n large enough and then H and H' sufficiently small we
can make the left hand expression arbitrarily small. Hence E, is closed
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and E, = E, so x¢ is well defined. Next,
[1x¢]l = lim |[(ug)« Il < q(E)IIEII.
H

Finally we only need to check (xy)¢ = x(p&) where ¢ is of the form fi
(feL(G), ne E): (xp)fn = lim (ug)e(f) = lim ((u)ey 0 = furths
whereas x(yfn) = x(f,n) = (f,)«n = foyn- The 1-1 correspondence
between the G- and L(G)-module structures will follow from the

following formulas

(1) x¢= limJ y&(ug)(y)dy for E as a G-module

2 fe= flim (up)xEf(x)dx for E as an L(G)-module.
To prove (1), let £ € E, x € G and ¢ > 0. For H € I'g we have:

[ yEun)(»)dy = [ yug(x~'y)dy = | xpéuy(y)dy. Choose H such that
|lxy€—x€|| < ¢ for all y e H. Then

H f YE(um)<(y)dy - x& f (e9E = xE)ug(y)dy H -

In order to show (2), it suffices to establish the formula for the case where
¢ has the form gy where g € L(G), n € E. So we have to check

@) fgn = fgx nf(x)dx  (f,geL(G); neE).

Now the left hand expression is equal to (f*g)n = ([ f(x)g.dx)n =
(myy(h))n, where h is the function x> f(x)g, of C,(G — L(G)).
Define a map ¢ : L(G) - E via

¢@) =m  (teL(G)).
By Definition 2.1 (iii) we have

(maie (D) = mu(GYM) =m0 1) = [ = [ ey dx =

= fgx nf(x)dx.

ExampLE. The left regular representation. L(G) is an L(G)-module un-
der the map (f, g) + f * g. The corresponding G-module structure is given

by xf = f, (fe L(G), x € G).

3.2. THEOREM. Let E, F be G-modules and let E, F be the corresponding
L(G)-modules in the sense of Theorem 3.1 respectively. Then we have
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(i) n(E) = q(E). In particular, E is an isometrical G-module if and

only if E is a normalized L(G)-module.

(ii) ¢ : E — Fis a G-module map if and only if ¢ : E - F is an L(G)-
module map.

(iii) E and E have the same submodules.

(iv) E~ FiffE~F,;E ~ FiffE ~ F.

(v) E is simple if and only if E is simple.

ProoF. (i) follows from the proof of Theorem 3.1. (iii), (iv), (v) fol-

low from (ii). To prove (ii), let ¢ : E — F be a G-module map. By De-
finition 2.1 (iii) and Theorem 3.1 we have for fe L(G), (€ E

8(78) = 6 ([ weraax) = [ g(azrconax = [ xo@)r o =sac).

Conversely, let ¢ : E—» F be an L(G)-module map. Then for x € G,
¢ € E we have

$(x¢) = d(lim (ug);¢) = lim $((up)x&) = lim (up): $(§) = x(£).

3.3. THEOREM. Let E be a finite dimensional G-module. Let yp and &g
be the trace functions defined in 1.4 and 1.6 respectively. Then we have

2) = [ 1ty ax

xe(x) = lim @g((ug)s).

ProOF. Write U, (¢) = x¢ and T((¢) = f¢(x € G, fe L(G), £ € E). Then
Op(f) = tr (= fE) = tr (Ty) = tr (f Upf(x)dx) = [ tr (U)f(x)dx =
= [ f(x)xe(x)dx. Next, yg(x) = tr (U,) = tr (lim Ty,,,, ) = lim tr (T{,,,,).)
= hm ¢E((uH).x)'

3.4 THEOREM. Let E be a finite dimensional G-module. Then Ker E =
{xe G:xt = &forall ¢ € E} is an open normal subgroup of G.

Proor. Ker E is a normal subgroup of G. Consider the corresponding
L(G)- module structure on E and write T;(¢) = f&(fe L(G), £ € E). By
1.5 we have lim uy & = £ for all £, hence T,,, converges to the identity
operator. Since u, is idempotent 7, is a projection and H; > H, implies
Im Tuy, < Im Tyy,. Sothere is an Hy € I'g with uy & = £. Let xe H,.
Then x¢ = lim (uy), ug, & = £ Hence Ker E is open.

3.5 THEOREM. Let G be compact and let E be a simple G-module. Then
dim E < co.

PrROOF. Let (€ E, £ # 0. Since ugé — & there is HeI'g such that
ug ¢ # 0. Thelinear space {fuy ¢ : fe L(G)} is non-zero, finite dimensional
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(every function of the type f # uy is constant on left cosets of H), and an
L(G)-submodule, hence a G-submodule. Since E is simple, dim E < oo.

4. Compact groups

In this section we prove a non-archimedean variant of the Peter-Weyl
theorem. A supernatural number is a formal product [ [ p"» where p runs
through the set of the primes and where 7, is an integer = 0 or co. It
is clear how to define products, l.c.m., g.c.d. of elements of a set of super-
natural numbers. We define the order (G : 1) of G as l.e.m. {(G/H :1):
H e I'g}. The index (G : 1), is defined similarly.

4.1. THEOREM. Let G be compact and let y(K) ¥ (G : 1) whenever y(K)
# 0. Then G has suffciently many continuous irreducible representations.

PROOF. Let x € G (x # e). There is HeI'g, H normal, with x ¢ H.
Thanks to Maschke’s Theorem the left regular respresentation of G/H
(which is faithful) is completely reducible, since x(K) ¥ (G/H : 1). Hence
there is an irreducible representation V of G/H with V ,,ag # I. V in-
duces an irreducible representation U of G with U, # 1.

The next lemma is very useful when trying to decompose representa-
tions into irreducible ones. From now on in 4 and 5 we suppose that G is
compact and that a K-valued Haar measure my exists on G with |mg(H)|
= 1for all He IT'y. We take mg(G) = 1.

4.2 LEMMA. Let E, F be isometrical G-modules and let ¢ : E —> F be a
continuous linear operator. Define ¢' by

d'(¢) = fx_ Lp(x¢&)dx.

Then we have

(i) ¢’ is a G-module map : E - F, ||¢'|| < ||l

(ii) if E = F and ¢ is a projection onto a G-submodule S of E, then
¢’ is a projection, ¢'(E) = S, Ker ¢’ is a G-submodule.

PROOF. (i) The continuity of x > (x 7%, x) > (x71, x&) > (x 71, $(x£))

> x~'¢(x¢) yields no problems. Hence ¢'(¢) is well-defined and linear
in &. Next,

" (N = sup Ix™ " o(x)Il < llll sup lIxEll = ol 11E1s

whence ||¢’|| < ||¢||. Further, for ye G : ¢'(y¢) = [ x~'p(xy&)dx =
= [yx"1Pp(xE)dx = y¢' ().
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(ii) For £ € E: ¢(x¢) € S, hence x~'¢(xE) € S. Thus ¢'(E) = S.
If £ € S, then x " 'p(x¢) = x~'x¢ = & So we have

¢'(&) = ffldx = ¢
That Ker ¢’ is a G-submodule follows from (i).

Let E be a finite dimensional G-module. Let ey, - - +, e, be a basis of E.
The functions
x > €] (xe;)

span a finite dimensional space of continuous K-valued functions, called
R (G). It is clear that another choice of the basis doesn’t change Z(G),
and that E ~ Fimplies Z(G) = Z5(G).

Define Z(G) to be the K-linear space generated by {Zg(G):E is
a simple G-module}.

4.3. LEMMA. The following sets are equal.

(1) The K-linear span of {Zg(G) : E is a simple Hilbert G-module}.
(2) Z(G).

(3) The K-linear span of {Z:(G):dim E < o}.

(4) The space of the locally constant functions.

(5) {f€L(G) : (fs)seg SPans a finite dimensional space}.

ProoF. We show (1) = (2) = (3) = (4) = (5) = (1).

(3) = (4) follows from Theorem 3.4. The rest, except (5) = (1), is
obvious. Let f'e (5). The left ideal I = L(G) generated by f is finite di-
mensional. Considering I as a G-module under the left regular represen-
tation, we can apply Maschke’s theorem and find that I = @ /; (in the
algebraic sense), where the I; are simple. Thus we may assume that [
is simple. I is a n.a. Hilbert space, and I is an isometrical G-module. Let
¢ € I* be the function f'+ f(e)(fe I). Thenf(x) = ¢(f;), hencefe Z(G).

4.4. LEMMA. Let E, F be simple G-modules and let E ~ F, f€ Z5(G),
g€ Rp(G). Then

J1a6ax =0

PrOOF. Let ¢ € E* and y € F. By Lemma 4.2 the map ¢’ : E —» F de-
fined via

¥ = [+ o= ax
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is a G-module map, hence ¢’ = 0. So for all £ € E, y € F* we have:
v (fx"nd)(x.f) dx) =0 or

fl//(x_ln)qﬁ(xé) dx = 0.

4.5. COROLLARY. Every simple G-module is topologically equivalent to a
simple Hilbert G-module.

ProOF. Let E be a simple G-module and let f € Z(G). If for every
Hilbert module F we had E~+~ F then [f(x)g(x"')dx =0 for all
g€ #:(G). By Lemma 4.3 we then had [f(x)g(x~')dx = 0 for all
g € Z%(G). Since Z(G) is dense, f = 0. Contradiction.

4.6. DEFINITION. Let G be a compact group, and let k be the residue class
field of K. K is called a splitting field for G in case £&"—1 = 0 has n different
roots in k whenever n | (G : 1),.

In the terminology of [1] our definition is equivalent to: ‘k is a splitting
field for G/H for each normal HeTIy'.

4.7. THEOREM (Peter-Weyl) Let K be a splitting field for G. Let (E,) s
be a complete set (modulo ~) of simple Hilbert G-modules. For each o,
lete], - - -, e5_beanorthonormal basis of E,. Defineforce 2,1 < i,j < d,

ufi(x) = (e))*(xef)  (x€G).
Then

1) J”gj(x)ulrcl(x_l) dx = d;150:5ik5ﬂ§ lds| = 1.
) the set {uj;:0eZX, 1 <i,j<d,} is an orthonormal basis for
L(G).

ProoF. To show (1) we may assume ¢ = 7 (Lemma 4.4). There is a
normal subgroup H € I'; such that the u; are constant on the cosets of
H. The left hand expression of (1) is then equal to

(3) m(H) ge;/H vi(9)valg” 1)

where v;;(x mod H) = u;;(x)(x € G). By [1], (32.5), (3) is equal to

m(H)(G : H) 885 = dy 8505

g

Since d,|(G : H) we have |d,| = 1. (2) follows from the fact that the
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uf; span Z(G) and from Lemma 0.1, by taking the u]; for e,’s, and the
maps f > [ f(x)uj(x™1)dx for f,’s.

4.8. COROLLARY. Let K be a splitting field for G where G is abelian. Then
the continuous characters: G — K form an orthonormal basis of L(G).

PrOOF. Let E be a simple G-module. By [1], (27.3), ¢ :E—> Eis a
G-module map implies ¢ = A(Ae K). Hence dim E = 1. Now apply
Theorem 4.7 (2).

4.9. CorOLLARY Let K be a splitting field for G and let E and E' be
finite dimensional G-modules. Then the following statements are equivalent.

(1) E~E
(2) XE = XE
3) Oy = Py

Proor. By Theorem 3.2 and Theorem 3.3 we only have to show
(2) - (1). Let first E, E’ be simple. By Corollary 4.5 we may assume that
E, E’ are Hilbert G-modules. The orthogonality relations yield

JXE(X)XE»(X_I)dx = 0 ifE ~ E,

[t ax = 1.

Hence the assumptions yz = yg- and E ~ E’ are contradictory. The ge-
neral case can easily be proved by decomposing E and E’ into a direct
sum of simple modules.

4.10. CoROLLARY. Let K be a splitting field for G and let (E,),s be as in
Theorem 4.1. For fe L(G) define

A" = sup 1o

where ||fll, = sup {Ilf- EIIIEII : & € E,, & # O} Then |If|I” = |If]l.
PROOF. Write f = X Af;ufj(Theorem 4.7 (2)). Then it follows that
£l = sup {|A7 : 1 < i, j < d,}, whence||f]|” =
sup {|A7| 11 £ i,j = d,0eX} = [If]l.

5. Hilbert G-modules for compact G.

The left regular representation of L(G) can (in case K is a splitting
field for G) be decomposed into a direct sum (in the sense of 1.3) of
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irreducible representations. This follows from Theorem 4.7. Note that
L(G) need not be a n.a. Hilbert space. We now try to decompose arbi-
trary representations. We can only get some results in case the represen-
tation space is a n.a. Hilbert space. (Theorem 5.3).

Throughout this section we assume that E is a Hilbert G-module. With
the definition x - &€ = x_é(x €G, EeE, ||¢]| £ 1), E (see 0.2) becomes a
G-module (in the algebraic sense). E + E is functorial. The crucial pro-
perty is the following.

5.1. THEOREM. Let E, F be Hilbert G-modules and let « : E — F be a G-
module map. Then there is a G-module map ¢ : E — F with ¢ = a.

ProOF. There exists a continuous linear map ¢ : E — F with = a.
Write U,(¢) = x¢&, V.(n) = xn(x € G, ¢ € E, n e F). Define

86) = [ Veerwu(Eyax.

By Lemma 4.2, ¢ is a G-module map. Write H, = Yy U,— V. Then
H, = aU,— V,a = 0, so by 0.3, (i) we have ||H,|| < 1 forall xe G.

80 = [ W@ dx+ [ Vo ©ax

= Y(&)+H(E), where [|H|| < L.
Hence ¢ = ¢ = a.

5.2. COROLLARY. Let E, F be Hilbert G-modules. Then E ~ F implies
E ~ F. In case K is a splitting field we have, in addition, the following.

(i) E is simple if and only if E is simple.

(ii) Let E, F be simple and let ¢ : E — F be a topological equivalence
of G-modules. Then there is ) € K with ¢ = A, where  an isometry. In
particular, E ~ F implies E ~ F.

PrOOF. Let o : E — F be an isomorphism of G-modules. By Theorem
5.1 there is a G-module map ¢ : E —» F with ¢ = «. By 0.3, (ii) ¢ is an
isomorphism of Banach spaces. To prove (i), let E be be simple. Let
o : E - E be a G-module map. There is a G-module map ¢ : E - E with
¢ = a. By [1], (27.3), ¢ = AL, |A| £ 1. Hence a = I, so E is simple.

Now let E be simple. Let ¢ : E — E be a projection and a G-module
map. Then ¢ is a projection, so ¢ = 0 or I, whence ¢ = 0 or I. Thus E
is simple. To prove (ii), choose A~! € K such that |[A7'¢|| = 1. Then
2=1¢ # 0, hence a bijection by Schur’s lemma. It follows that A~ ¢ is an
isometry.
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5.3. THEOREM. Let E be a Hilbert G-module. Then E is an orthogonal
direct sum of simple G-modules. In case K is a splitting field this decompo-
sition is unique in the following sense. Let E = @, g E}* = @yey F3* be
two decompositions in the above sense (E, & Egif « # B; n, is the multipli-
city; same for F,’s). Then there is a bijection o : I — J such that

Moy = Ngs Ea =~ Fa(a) (OCEI).

Proor. We first show that E has simple submodules. There exist
HeTI'gand € € E such that uy € # 0. The G-submodule generated by this
vector is finite dimensional, hence it contains simple G-submodules. The
existence of a decomposition of E now can easily be shown, using Lemma
4.2 and Zorn’s Lemma. To show the uniqueness property, let a €I,
B eJ and consider the G-module map

E,—» E— Fy.

If E, ~ Fj, this map is the zero map. Define ¢(«) to be the only f for
which the above maps are non-zero. The identity on E sends E;* into
Fges”; it must be onto. Since dim E, < oo, a cardinality argument can

show that n, = m,, . By Corollary 5.2 (ii) E, ~ F,, implies E, ~ F,.

6. The Tannaka duality theorem

We formulate the Tannaka Duality Theorem in the language of [3],
I1.3. A Hopf algebra is a K-algebra H with identity together with algebra
homomorphisms 4 : H—> H ® H and ¢: H — K such that the diagrams

H—> HQH H—> HQH H—> HQH
Al ll@d ~\\/1®e "\/ﬁ@l
HRH-—> HQHQ®H H®K KQH

commute. It is useful to consider the multiplication asamap ¢ : H @ H
— H and the identity as a map # : K > H. The Hopf algebra then is
completely described by the 5-tuple (H, ¢, 1, 4, ¢).

Let X be a compact 0-dimensional Hausdorff space and let K be a field.
Let Z(X) denote the space of the locally constant functions: X — K. Then
2(X) is a commutative K-algebra with identity, generated by its idem-
potents. Conversely, if 4 is such an algebra then the set of all algebra
homomorphisms: A — K with the finite-open topology is a 0-dimensional
compact Hausdorff space. In fact the above functors yield a duality be-
tween the category of 0-dimensional compact Hausdorff spaces and the
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category of the commutative K-algebras with identity, generated by its
idempotents. (See [9], Chapter III).

Now if S is a compact 0-dimensional semigroup with identity, let Z(S)
be the K-algebra of the locally constant functions on S. It is a commutative
Hopf algebra under

A:R(S) D> R(SxS) 5 A(S) ® %(S)

e: %(S) - K,
where o, 7, ¢ are defined by
a(f)(x, y) = f(xy) (x,yeS;fe Z(S))
(f® g)(x,¥) =f(x)9(y)  (f.9€ %(S);x,yeS)
&(f) =f(e) (f € Z(S), e € S is the identity).

If H is a commutative Hopf algebra, generated by idempotents, let G(H)
be the collection of all algebra homomorphisms : H — K. Under the
finite-open topology and with the multiplication

feg=HS>HOHI S KKK,

G(H) becomes a 0-dimensional compact Hausdorff semigroup with iden-
tity &. We now have the following theorem the proof of which is left to
the reader.

6.1. THEOREM. Let & be the category of 0-dimensional Hausdor[f semi-
groups with identity, and let # be the category of the commutative K-Hopf
algebras generated by idempotents. Then the functors X : S =K : G
have the properties GA ~idy, and G ~id,.. These natural equivalences
Js: 8= GA(S) and jy : H > #G(H) are given by

isx)(f) =f(x)  (feZ(S),xeS)
Ju(f)(@) =of)  (feH,aeG(H)).

We now can give a very short proof of a well-known result (See [4],

(8.19)).

6.2. COROLLARY. Every O-dimensional Hausdorff semigroup with iden-
tity is projective limit of finite semigroups.

and

Proor. We show that every element fe€ H € S lies in a finite
dimensional sub-Hopf algebra. By [6], (2.5) f is contained in a finite
dimensional sub-coalgebra C. The subalgebra generated by C is easily
seen to be a sub-Hopf algebra, and it is also finite dimensional since we
can interpret H as an Z(S) for some S.
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An antipode in a Hopf algebra H is a K-linear map w : H - H such
that the diagram

H—>HQ®H
sl o®1 1® 0
K

oy

commutes. If G e & isatopological group, then #(G) has an antipode
defined by

o(f)(x) =f("")  (x€G, fe Z(G))

It is not very hard to show that Z(S) has an antipode if and only if S
is a topological group. This remark, together with Theorem 6.1 and Lem-
ma 4.3 form the non-archimedean analogue of the Tannaka Duality
Theorem.

REFERENCES

C. CurrTis, I. REINER
[1] Representation theory of finite groups and associative algebras. New York, 1962.

E. HEwitt, K. Ross
[2] Abstract harmonic analysis. New York, I, 1963; II, 1970.

G. HOCHSCHILD
[3] The structure of Lie groups. San Francisco, 1965.

K. HOFMANN, P. MOSTERT
[4] Elements of compact semigroups, Columbus Ohio, 1966.

G. KALIsCH
[5] On p-adic Hilbert spaces. Ann. Math. 48 (1947). 180-192.

R. LARSON
[6] Cocommutative Hopf algebras. Can. J. Math. 19 (1967), 350-360.

A. MoNNA, T. SPRINGER
[7] Intégration non-archimédienne I, II. Indag. Math. 25 (1963), 634-654.

A. MonNa, T. SPRINGER
[8] Sur la structure des espaces de Banach non-archimédiens. Indag. Math. 27 (1965),
602-614.

M. VAN DER PuT
[9] Algebres de fonctions continues p-adiques (Thesis). Utrecht, 1967.

W. SCHIKHOF
[10] Non-archimedean harmonic analysis (Thesis). Nijmegen, 1967.

Oblatum: 16-XI-1970 Dr W. H. Schikhof,
Mathematisch Instituut,
R.K.-Universiteit,
Driehuizerweg 200,
NIJMEGEN



