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ON REPRESENTATIONS AS AN INFINITE SERIES OF ISOLS *
by

J. Barback and W. D. Jackson

1. Introduction

In this paper we wish to present some properties of isols and regressive
isols that are closely related to infinite series of isols. In [14] A. Nerode
associated with each set a of non-negative integers, a particular set o, of
isols. The results presented in the paper were obtained when the following
problem was considered: Can we characterize the regressive isols that
belong to a,? In [3] J. C. E. Dekker introduced and studied a special
kind of isol, denoted by X a, and called an infinite series of isols. Of
particular interest are the infinite series that represent regressive isols.
Properties of some special infinite series of this kind were studied in
[8], [4] and [6]. Let « be any set of non-negative integers. The principal
aim of this paper is to show that the regressive isols that belong to o,
can be characterized as being those isols that are representable as a
particular type of infinite series of isols.

2. Preliminaries

We let E denote the collection (0, 1, 2, . . .) and the members of E are
called numbers. By a set we will mean a subset of E. A set « is immune
if « is infinite and o does not contain any infinite recursively enumerable
(written r.e.) subset. If fis a function from a subset of E into E then df
will denote the domain of f and pf the range of f. A one-to-one function
a, from E into E is regressive, if there is a partial recursive function p(x)
such that

(1) pa < op,
) p(ao) = ao and (Vn)[p(a,,) = a,].

It is readily seen that for every regressive function a, there also exists a
partial recursive function p(x) which satisfies, besides (1) and (2) the
conditions

* The authors were partially supported by the National Science Foundation.
347



348 J. Barback and W. D. Jackson [2]

(3) pp < 0p,
(4) (¥x)[x € op = (@An)[p"*'(x) = p"(*)]].

If a, is a regressive function, then every partial recursive function p(x)
satisfying (1), (2), (3) and (4) is called a regressing function of a,. Let
p(x) be a partial recursive function satisfying (3) and (4). The function

P*(x) = (w)[p’ "' (x) = pP(x)], for x e dp,

is the index function of p(x). Note that if p(x) is a regressing function
of the regressive function a, then p*(x) is partial recursive with dp as
its domain and for each number n, p*(a,) = n. j(x, y) will denote the
familiar primitive recursive function that maps £2 onto E in a one-to-one
manner, and defined by

) = x+(x+y)x+y+1)/2.

For any number # and set o,
v(n) = {xIx < n} and j(n, &) = {i(n,y)ly € a}.

Let 4 be any regressive isol and u, any function from E into E. If 4 is
finite and A = k, then

2, = ugt *c FUp_y

if k = 1 and equals 0 if k = 0. If 4 is an infinite regressive isol, then

Zau, = Req ) j(a,, v(a,)

where a, is chosen to be any regressive function that ranges over a set in 4.
While the value of X, u, will depend on the particular regressive isol 4
and function u,, it will not depend on the particular regressive function
a, that is chosen to range over a set in 4, when A4 is infinite. In the special
case that u, is a recursive function then X, u, will be a regressive isol by
[1, Theorem 1]. Let a, and u, each be functions from E into E. Then
a, <= u, willmean that mapping a, — u, has a partial recursive extension.
If A is a regressive isol, then 4 < # u, will mean that either A is finite or
else A is infinite and there is a regressive function a, that ranges over a
set in A statisfying the property a, < * u,. Note that when a, is any
regressive function then a, < # n. It is readily seen from this fact that
when A4 is any regressive isol and u, is any recursive function then
A £ #u,. In the special case that A4 is a regressive isol and 4 < #u,
then X, u, will also be a regressive isol by [4, Propositions 5 and 7].
We let A denote the collection of all isols and Ay the collection of all
regressive isols. Let « be any set of numbers. Then o, will denote the
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Nerode extension of « to the isols and ag will denote the collection of
regressive isols belonging to a,, i.e., ag = Ag N a,. In the next section
we will describe the extension procedure that leads to the definition of
o4 . Throughout the paper we will assume that the reader is familiar with
some of the basic properties of regressive isols.

Regarding references in the paper to formulas that do not first appear
in the proofs of theorems, we adopt the following convention. In each
section, when referring to a formula of the same section we simply
write the formula number, and when referring to a formula of a different
section we indicate this with the section number and a period before the
formula number. For example, a formula labeled (6) in section § 3,
would be referred to in § 3 by (6) and in § 4 by (3.6).

3. The extension procedure

Q will denote the collection of all finite sets and the mapping ¢ : Q —» E
will denote a fully effective Gddel numbering of Q. The value of ¢(o)
will also be written as o*. A collection F of finite sets is a frame if

(1) a,fe F=an peF.

A set B is attainable from a frame F, denoted by feo/(F), if for each
finite set # < B there is a set 0 € F such that

) nesécp.

Because Fis a frame there will correspond to the set # a unique smallest
set § € F for which (2) holds, and this particular member of F is denoted
by Cr(n). Note that a finite set is attainable from a frame F if and only if

the set belongs to F. In addition, it is easy to see that if H is a non-empty
directed subset of a frame F, in the sense that

o,neH=56<norn <o,

B-Y5

oeH

then the set

will also be attainable from the frame F. An isol B is attainable from a
frame F, denoted by Beo/(F), if B = Req f for some feo(F). Let «
be any set and F a frame, then F is an a-frame if

3) oeF=carddea.

For F any frame, let
F* = {6*|d € F},

SF = {B|36e F:5 2 B},
SF* = {B*|B e 5F).
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OF will be a collection of finite sets. A frame F is recursive if
4) OF*isr.e.,

and the mapping

) p* - Cp(B)*, for feéF

is partial recursive.

Note that if Fis a frame, then F* r.e. implies that §F* is also r.e..
In addition, the following property follows from (3), (4) and (5); if F
is a recursive a-frame and

o = {card §|6 € F},

then w is an r.e. subset of « and F is a recursive w-frame. The extension
procedure introduced by Nerode in [14] can now be defined. Let « be
any set of numbers, then «, is defined to be the collection of all isols that
are attainable from some recursive a-frame. This extension procedure has
the following properties,

(6) s =¢ and E, = 4,

@) asay and Enoy = 0,
(®) xS B=oa, S By,

©) (0 Ba = 240 B4,

(10) a finite or immune = a, = a.

The reader is referred to [12] and [14] for examples and a more complete
development of frames and properties of the extension procedure. In
view of the definition of ag, we note that each of the five properties given
above will be true when A is replaced in the extensions by R. For example,

(11) aSagand Enag = o,

(12) oS B=ag & Pi-

4. The principal theorems

The purpose of this section is to prove four theorems; each theorem
is related to characterizing the regressive isols belonging to ay as infinite
series of isols. We need some new definitions for this purpose.

In [14] and [15], Nerode associated with each recursive function
f:1E— E a function D;: A — A*; where A* denotes the collection of
isolic integers. Let f be a strictly increasing recursive function and let
a be its range. Then it need not be true that D, maps A into A, yet each
of the properties
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§)) D;: Ag = Ag,
2 ag = D(Ag),
holds by [1, Corollary 4] and [5, Proposition 3] respectively. The func-
tion e(x) related to f(x) by
e(0) = /(0),
e(n+1) = f(n+1)—f(n)

is the e-difference function of f; we will also write e, for e(n). Note that

for every number Xx,
f(x) =eo+ - +e,.

Because f(x) is a strictly increasing recursive function it follows that
e(x) will also be a recursive function. In addition, by [1, Proposition 2],
the following property is true,

(3) Df(A)=EA+1en, fOfAEAR.

Let 6 be any set of numbers. We associate with J a particular collection
o5 of isols in the following way. If  is a finite set then 0y = 4. If § is
an infinite set, let g(x) denote the strictly increasing function that ranges
over d and let d(x) denote the e-difference function of g(x). Then

0y ={2,dJAeAg, A =21 and A < xd,}.

The collections 65 play a fundamental role in the paper. By an earlier
remark we know that dy will be a collection of regressive isols. Observe
also that

4) d < J;.

When 6 is a finite set then (4) is clear. When 4 is an infinite set, let the
functions g(x) and d(x) be related to J as above and, then (4) follows by
noting,
xed < (3k)[x = g(k)]
< (Fk)[x = do+ -+ +d]
< x=2,d, ford=k+]1.

It can also be readily shown that a finite isol belongs to J; if and only
if it belongs to 4.

We now prove four theorems. The first theorem is easy to obtain from
some known results and we mention it here mostly for comparison with
the other three.

THEOREM 1. If o is a recursive set then ag = oy.
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PrOOF. Let « be a recursive set. If « is a finite set then the theorem is
easy, because
(XR = 0 = O(E.

Let us assume now that « is an infinite set. Let f(x) denote the principal
function of «, and e(x) the e-difference function of f(x). Let D (X)
denote the extension of f(x) to A. Then f(x) will be a strictly increasing
recursive function, and e(x) will be a recursive function. From (4.2) and
(4.3) respectively, we have

) ag = Dp(Ag),
2) D(A)=Z,.,e,, for Ae Apg.

Whenever 4 is a regressive isol, A + 1 is also a regressive isol, and because
e(x) is a recursive function, one will have true the relation A+1 < = e,.
Combining this property with (1), (2) and the definition of a; it follows
that oy = oy, and this completes the proof.

THEOREM 2. If o is any set, then

ag S Y. ;.
6ENSa
nr.e.

PRrOOF. Let o be any set and let B € ag. Then B will be a regressive isol
and attainable from some recursive a-frame. Assume first that B is finite,
and let B = b € E. Let 5 denote the one-element set whose only member
is b. Then n will be an r.e. set and, by (3.11), also = o. Since by defini-
tion ny = n, we see that b € 5y and therefore also that,

B = b € Z 52.

dEnca
nr.e.

Assume now that B is an infinite regressive isol. Let B = Req f and
let F'be a recursive a-frame such that fe.27(F).  will then be an infinite
regressive and immune set, and we let b, denote a regressive function that
ranges over f3. Let

(1) n = {card 6|6 € F}.
Since F is a recursive a-frame, we know by an observation in § 3 that
() n < « and 7 is an r.e. set.

We want to describe a certain procedure that is based on properties of
the set B. Consider any particular number b, of . By using the regressive
property of the function b, we can effectively find from b, the list of
numbers by, -+ -, b, and their respective indices. In addition, because F
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is a recursive frame (refer to (3.5)), the members of the finite set
Cr((bg, -+, b,)) € F can also be found. Since f is attainable from F and
(bo, """, b,) = B, it follows that

3) (bo» "+, b,) = Cp((bo, " - *» b)) = B-

We can now check to see if Cp((bo," ", b,)) contains any numbers b,
with k = n+1, and if so then proceed to find both the numbers in the
list by, * - -, b, and the finite set Cp((bg, - -, b)) € F. Then as in the step
before, we can now check to see if this member of F contained any new
b, values and if it did then continue to find another member of F. Our
procedure is effective and will therefore enable us to generate, beginning
with the number b,, an r.e. subset of . Since f is an immune set, the
procedure will have to terminate after a finite number of steps. This will
happen when we arrive at a step with k£ = n and

(4) CF((bO’”"bk))= (bOa""bk)'

There will have to be infinitely many numbers k for which (4) holds,
and we let 7 denote this particular set of numbers. Let k, denote the strict-
ly increasing function that ranges over . It follows as an easy consequence
of the procedure just described that given any number b,, € f§ we can
effectively find out whether or not m € #. If it turns out that m ¢ = then
we will be able to find from b,,, by using our procedure, the smallest
number ¢ > m such that t e n. In addition, if it should turn our that
m € n then, because we would know the values of by, - - -, b,,, We could
then also find the next smaller value than m in = if there is one. For
meE, let
m = (ut)[t = mand ten].

We can conclude from our previous remarks that each of the mappings
©) b, — bg,

(6) bk,,.“ - bkm,

will have a partial recursive extension. Let, for ne E

a,, = bk,.’
Oy = CF((bO’ Tt bk,.)) = (bO’ ) bk,.)s
f(n) =card$, = 1+k,.
Let
5 = (FO) A1) ).

Regarding these definitions, the following properties are true,
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@) a, is a regressive function,
(8) = =
9) f(x) is the principal function of é.

Property (7) follows because the mapping in (6) has a partial recursive
extension. Concerning property (8), first note the following implications,

yed=y = f(m), for some me E
=y =card ,,and 6,,€ F
=yen.

The first two implications are clear form the definitions of § and 4,,,
and the last one follows from (1). Together they imply that é < 7.
Combining this inclusion with (2) gives the desired property in (8).
Property (9) follows as an easy consequence of the definitions of J, §, and
f(x), and the fact that k. is a strictly increasing function.

Our approach in the remainder of the proof is to show that the isol B
that we began with belonging to ag, also belongs to 5. In view of (2)
and (8) this will establish the desired result. Let e(x) denote the e-differ-
ence function of f(x). Note that

(10) eo = 1+k0
= Card (bo s "0 bko)’

€1 = Koy1—k,

Card (bk,,+1 PERERRN bkn+1)'

We now verify that
(1 1) a’l é * en b

i.e., that the mapping

a

n—’e

n

has a partial recursive extension. For this purpose we will assume that
the value of the number k, is known to us; in view of (10), it follows
that the value of e, will also be known. Let the number a, be given;
from it we would like to find the value of e,. Since b, is a regressive
function the number k, such that b, = a, can be found. Here &, = k,
since k, is strictly increasing. Knowing the value of k, we then can check
toseeif k, = ky. If k, = k,, then n = 0 and e, = e,. In this event the
value of e, =¢, can be computed because it is known to us. Let us
assume now that k, > k. Then n = 1, and in view of the effectiveness
of the mapping in (6), we can compute from the number a, = b, the
value of b, _,. Since b, is a regressive function, the value of k,_, can
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be found. Knowing both of the numbers k, and k,_,, we can now

find the number
e, =k,—k,.,.

It readily follows, in light of these remarks, that the mapping a, — e,
will have a partial recursive extension. Therefore a, < = e,, and this
verifies (11). Let

(12) o = Xi(an, v(e).

Since a, is a regressive function and a, < = e, it follows from the defini-
tion of d; that

(13) Req ¢ € d;.

To complete the proof of the theorem, we now verify that B = Reg o,
or equivalently that

(14) B ~o.

It is known by [9, P9.b] that the relation of (14) will hold if and only if
both

(15) B < =o,
and
(16) g==f

hold. Here the relation 8 < # ¢ means that there is a partial recursive
function defined at least on 8, that maps f onto o and that is one-to-one
on B; similarly ¢ < = f is defined. To prove (14) we will verify both (15)
and (16). Let

(17) ﬂO = (bO’ ) bko)’
Buv1 = (bk,.+1 5" bk,.“); and
0, = j(an, v(e,))
= (j(an> 0)’ o "j(an’ e,,—l)).

Regarding these definitions note that each of {f,} and {s,} is a sequence
of mutually disjoint sets, and

2]

(18) B =25

0o

Q
i
o8
Q

(19)
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Also, in view of (10) and (17), for each number n,
(20) card §, = card 6, = ¢,.
RE (15). We define a mapping g : B — o such that for each number n,
9By 0.
Let b € B,. To define g(b) two separate cases are considered.

Case 1. n=0. Then By = (by, "+, by,). From (10), e, = 1+ko,
and therefore b € B, implies

b=>b,forsome0 = r < eq.
Define
9(b) = j(ao, ).
Note that g will map f, onto ¢,. In addition, observe that a, = b,, = b7
and

1)

b=b with 0Zr<¥% and
g(b) = j(b7, r).

Combining (21) and the fact that the mapping b,, — b; has a partial
recursive extension it readily follows that, given a number b e f, we
can effectively find the value of g(b).

Case 2. n = 1. Then
Bn = (bkn_1+1 570 bk,.)-
From (10), we know that e, = k,—k,_,, and therefore b € 8, implies that
b=1b, _,+1+ forsome 0=r<e,.

Define
g(b) = j(an’ r)'

Note that g will map 8, onto 6, when n = 1. Also, observe that

a,=0b,=bs for s=k,_ +1+4r,
and
=b, for s=k,_;+1+r, and

g(b) = j(bs, r).

Combining (22), the regressive property of b,, and the fact that the
mapping b, — by has a partial recursive extension, it readily follows
that, given a number b € B, with n = 1, we can effectively find both of
the values # and g(b).

This completes the definition of the mapping g(x). In view of the fact
that g(x) maps B, onto o, for each number n, we see from (18), (19)

(22)
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and (20) that g(x) will map B onto ¢ and in a one-to-one manner. In
addition, it follows as an easy consequence of the observations made in
each of the cases of the definition of g(x), that given any number b €
one can effectively find the value of g(b). We can conclude therefore that
g(x) will have a partial recursive extension, and hence also that f < *¢.
This is the desired result of (15).

RE (16). To verify (16) we simply show that the inverse of the one-to-
one mapping
g:p—oo
defined in the course of proving (15), will also have a partial recursive

extension. For this purpose let the number d € ¢ be given. In view of the
definition of g(x) we know that

d = j(bs, 1)
= j(bi,> 1)
= j(@, 1),
for some particular numbers s, n and r, with 0 £ r < ¢, and
s=r, ifn=20
s=k,_y+1+r, if n = 1.

Moreover, then
97'(d) = by

and we would like to find the value of b,. Since j is a one-to-one recursive
function and b, and a, are each regressive functions the values of the
three numbers b,,,n and r can be effectively found from d. We now
test on the value of n.

Case 1. n = 0. Then s = r. In addition, in view of (21), ¥ =§ =k,
with r < 7. Since we know the value of r with r < # and the value of
b7 = b, we can by regressing from the number b7 find the value of
by. Therefore the number

g_l(d) = bs = br
can be found.
CASE 2. n = 1. Then
(23) g~'(d) = b, with s = k,_,+1+.

Also a, = b, and since a, is a regressive function we can find from
the number b, the value of b, _, = a,_,. From the value of b, _, we
can determine the number k,_,. We know that
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s = kn_1+1+r é kn,

and therefore by regressing from the number b, we can find the value of
b,. In view of (23), it follows that the value of g~'(d) can be found. In
light of the previous remarks we can conclude that the mapping

g lio—p
will have a partial recursive extension. This verifies the property ¢ < = f
and completes the proof of (16). It had already been observed earlier
that the proof of the theorem would be complete when both (15) and (16)
had been verified; and therefore we are done.
The next result is a lemma. It is useful in proving the third theorem

and because the lemma can be readily verified by using the definitions of
the concepts involved, we will state it without a proof.

LeEMMA 1. Let B be an infinite regressive isol. Let a and & each be infinite
sets with o < & and & — a finite. Then

Bedp= Beag.

THEOREM 3. If a is a recursively enumerable set then,

(ZR =262.

0Sa
ProOF. Let a be an r.e. set. From Theorem 2 it follows that

ag S Y Os.

iSa

To complete the proof we now verify

(1) Y 65 S og.

0Sa

For this purpose let 6 = « and let B e §;. We would like to show that
B e ag. If Bis finite then B will belong to §. In this case B will then also
belong to ag, since § < a S ag.

Assume now that B is an infinite regressive isol. Then 6 will be an
infinite set. Let g(x) denote the principal function of & and let d(x) be
the e-difference function of g(x). Then Be J; implies that there is a
regressive isol 4 = 1 such that

2) B=2,d, and 4 £ #d,.

Because B is infinite, it is easy to see from (2) that 4 will also be infinite.
To establish the property that B € ag, we will show that B is attainable
from a recursive a-frame. It is convenient to assume here that 0 € a; by
Lemma 1 it follows that this will not effect the general result. We let a, be
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a regressive function that ranges over a set in 4, and let p(x) be a regressing
function for a,. Then p(x) is a partial recursive function such that
pa, < op and

(3) P(ao) = a, and P(an+1) = a,,
4) pp < p,
©) x €dp = (F)[p*"!(x) = pP(x)].

Let p*(x) denote the index function that is associated with p(x). Then
p*(x) is a partial recursive function with dp* = &p, and

P*(x) = w)[P"'(x) = P(x)], for xedp.

Note that for each number n,

p*(a,) = n.
In view of (2), it follows that
(6) a, < ®d,,
and
™ (e, ¥d)) € B

Let g(x) be a partial recursive function that establishes the relation of
(6), i.e.,
q:a,—d,.

Let B denote the set appearing on the left side in (7). We now proceed
to define a frame F, with the aim of showing that Fis a recursive a-frame
and p e A (F).

DErFINITION A. Let b € 5p and with p*(b) = k. Let

by = Pk(b),
b, = Pk—l(b),
b, = b.
Then b is called an admissible number if
() bo, by, +,b,€dq, and
(b) Fo,To+ry, -, ro+r,+ - -+r.ea, where

r;=gq(b,), fori =0,1,---, k.
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Note that the collection of all admissible numbers will be an r.e. set,
since each of the functions p and ¢ is partial recursive, and each of the
sets Op, 6q and ais r.e.. In addition, we also note that each of the numbers
a, will be admissible, and if » = a, in Definition A, then p*(a,) = n and

b;=a; and r;=d; for 0 i< n.

DErFINITION B. Let b € §p be an admissible number and let the numbers
k,bg, -+, b, and ry, - -+, r, be defined as in Definition A. Define

®) 3o = Xty (1)

In view of the definition of ,, it is readily seen that from a given admissi-
ble number b we can effectively find, by using the functions p and ¢, all
of the members of the finite set J,. In particular, we note that for b = a,,

®) 0,, = élj(aia v(dy)).
Let
(10) F = {¢} U {3,b € dp and admissible}.

Let
H={5,|n=012""}

In view of the property that each of the numbers a, is an admissible
number, it follows from (9) and (10) that H will be a directed subset of F.

We now wish to show that F is a recursive a-frame and g esZ(F). For
this purpose let b and ¢ each be admissible numbers of Jdp, and let
p*(b) = k and p*(c) = h. Consider the following two lists of numbers,

L;: by = Pk(b), b, = Pk_l(b)a by =0,
L,: co =p'e) ey =p"7He), e =c

Because b and ¢ are each admissible numbers, it is easy to see that each
of the numbers appearing in L; and L, will also be admissible. In view of
Definitions A and B the following properties are readily seen to be true.
If there is no number that occurs in both L, and L,, then d, n §, = ¢;
if the number ¢ occurs in L, then d. < J,; and if the number b occurs
in L, then §, < §.. Otherwise there will be a number m < min (k, k)
such that b,, =c¢,, and b,,,{ # ¢,,+1- In this special case it follows that
the number d = b,, = ¢,, is admissible and §, N 8, = ;. By combining
(3.1), (10) and these properties, it follows that F will be a frame. Also F
will be an a-frame, for by combining Definitions A and B, and (10) we
have the following implications,
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d=¢ or
é = 0, for an admissible number b

=>{cardé:Oeocor
cardd =ro+ - +r,ea

5GF=>{

= card § e a.

We wish to verify now that F is a recursive frame. It has been already
noted that the collection of all admissible numbers is an r.e. set. Com-
bining this fact with the definition of F it follows that the collection
{6*|6 € F} will also be r.e. We recall from § 3 the definition of the col-
lection OF;

OF = {n|36e F:6 = n}.

Because {6*|d € F} is r.e., it is easy to see that also
(11) O0F* = {n*InedF}isre..

Property (11) gives one of the two properties that we need to verify in
order to show that Fis a recursive frame, namely (3.4). The other property
we need to verify is (3.5), it is that the mapping

(*) n* — Cp(n)*, for n € dF,

is a partial recursive function. For this purpose, assume that we are
given the number n*, for some 5 € 0F; we wish to find the number
Cr(n)*. From the value of #*, we can find all the members of the set 7
if there are any. If # = ¢, then we would recognize this fact. Also, in
this event Cp(n) = ¢, and we could then find the value of Cg(n)*. If
n is non-empty, then # will consist of numbers of the form j(b, y) where
b is an admissible number. Among the admissible numbers b such that
J(b, y) belongs to n we could find the unique one that has the maximum
index; i.e., the maximum value of p*(b). Let b denote this particular
admissible number. Then it is easy to see that

(12) Cr(n) = d5.

In addition, because we would know the value of 5 we could effectively
find the set 65 and its Godel number 67 . In view of (12), this means that
we would be able to find the value of Cp(n)*. We can conclude from
these remarks that the mapping (*) is a partial recursive function; and
therefore F will be a recursive frame. Finally we verify that f§ €./ (F).
First recall that the collection

H={5|n=0,12"}

is a directed subset of the frame F. Combining this fact with (7) and (9),
it follows that
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B = OZ:lj(an, Wdy))

S,, € HL(F).

o138

We have therefore shown that the regressive isol B that we began with
belonging to J;, can be attained from a recursive o-frame, namely F,
and therefore B e ag. This verifies the inclusion of (1), and completes
the proof.

THEOREM 4. If o is any set, then

(1) OCR =6Z 5R’
sre.

ProoF. Let o be any set. The direction of inclusion < in (1), follows
from Theorems 2 and 3. The direction of inclusion = in (1), follows
readily by noting that, by (3.12),

0 S a= 0 S 0g.

5. Some remarks about infinite series

(A) One of the advantages of considering infinite series of isols of the
form Z,e, when 4 < # e, is that it is easy to obtain and view regressive
enumerations of representatives belonging to X ,e,. When A4 is finite, this
is easy since X e, will also be finite. In the special case that A4 is an infinite
regressive isol and 4 £ #e,, then it can be readily shown that for a,
any regressive function that ranges over a set in 4, one will have

j(aO:O)’ T '9j(a0aeo'."1)’j(al’0)"'"j(al’el;l)’.”’

(where no terms of the form j(a,,, y) would appear if e,, = 0) represent
a regressive enumeration of a set belonging to X e,. With this feature in
mind it is easy to establish some properties of the minimum and maximum
of infinite series of this kind; for definitions of the minimum and maxi-
mum of two regressive isols see [9] and [7]. For example,

I. Let A and B be regressive isols such that 4 < xe, and B < = ¢,
Then min (4, B) < *e,, and

min (Z4e,, Zpe,) = Zmin (4, B) -

II. Let 4 and B be two regressive isols such that A+ Be Az, 4 < #e,.
and B < = ¢,. Then max (4, B) < # e, and

max (ZA e,, 23 en) = Xinax (4, B) €n+
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Concerning the extensions oy and oy considered in § 4, the following
theorem is readily obtained from properties I and II, Theorem 3 and the
definition of ajy.

THEOREM A. Let o be any set. Then
(1) A,Beaz=min (4, B)ea;,
(2) A,Beoyand A+Be Ay = max (4, B) € ay,
(3) A, Be ag = min (4, B) € ag, for « recursive,
(4) A,Beoagand A+Be Ag = max (4, B) € ag, for o recursive.

(B) The only types of infinite series of isols that we have considered
in the paper were those of the form X e, with 4 < #* e,. These include as
a special case the event when e, is a recursive function. We wish to mention
that, while X, e, when 4 < = e, will always be a regressive isol, it is
possible to have the value of XZ;d, be a regressive isol even when the
relation B < = d, does not hold. This particular property can be easily
shown in the following way. Let 4 be any infinite regressive isol and
let a, be any regressive function that ranges over a setin A. Set B = A+1
and d, = a,. Then B will also be a regressive isol. In addition, by [4,
Proposition 5]

Zgd, € Ag.

On the other hand it is easy to see that the relation B < # d, would imply
that d, < % d, ., and it would then be an easy consequence of this fact
that d, were a recursive function. Thus Zzd, would be a regressive isol
and yet B < = d, would not be true.

Many of the interesting cases where infinite series X, e, play a role are
when e, is a recursive function. The reason for this is that the canonical
extension of an increasing recursive function when evaluated at a regres-
sive isol is representable as a particular infinite series of this form; refer
to (4.3). The occurrence of infinite series of the form X e, with 4 < * e,
in the study of properties of regressive isols is also interesting. Here are
two theorems that can be obtained, and we state these without proofs.
The second theorem is an unpublished result of Judy Gersting.

THEOREM B. Let f(x, y) be a recursive and combinatorial function of
x and y. Let D/(X,Y) denote the Myhill-Nerode canonical extension of
f(x,p) to A% [cf. [13]]. Let A, B Ag with A+Be Ag. Then

D;(A, B)e Ag,
and there is a function d, such that 4+ B < * d, and,

Df(A’ B) =244pdy-
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THEOREM C. Let A be a regressive isol and 4 < % e,. Let B be an isol
such that B < X e,. Then B will also be a regressive isol, and there will
exist a function u, such that

B = X,u, with 4 £ #u, and (Vn)[u, £ e,].

In Theorem B, the function d, appearing there need not be recursive,
even though f(x, ) is a recursive function of x and y. If in the hypothesis
of Theorem C we assume that the function e, appearing there is recursive,
then it is still possible that there would be no recursive function u,
that would satisfy the conclusion of the theorem.
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