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MINIMAL SKEW-PRODUCT HOMEOMORPHISMS
AND COALESCENCE

by

William Parry and Peter Walters

0. Introduction

J. Auslander has raised the following question: Are minimal distal
homeomorphisms of compact metric spaces coalescent? (For definitions
see § 1). We construct an example which shows that the answer is, in
general, negative. For certain classes of minimal distal homeomorphisms
an affirmative answer is known. e.g. for minimal homeomorphisms with
discrete spectrum and for totally minimal homeomorphisms with
quasi-discrete spectrum. This is implicit in [5] and [3] respectively. An
interesting study of a class of distal homeomorphisms, called skew-
products (and first introduced in [1]), appears in [2]. Our work shows
that minimal skew-products on finite-dimensional tori are coalescent
(§ 2) but we construct an example of a non-coalescent, minimal skew-
product on an infinite-dimensional torus (§3). In §1 we show that
minimal homeomorphisms of finite dimensional tori with generalised
discrete spectrum are skew products.

1. Definitions

Let (X, d) be a compact metric space and T': X — X a homeomorphism.
T is minimal if TE = E, E closed, implies E = ¢ or X. T is distal if
whenever x # y there exists § > 0 with d(T"x, T"y) > 6 for all ne Z.
This condition is independent of the metric d. T'is coalescentif S : X - X
is continuous and ST = TS imply S is a homeomorphism of X. If T is
minimal and ST = TS for S: X —» X continuous then S maps X onto X,
since S(X) is a non-empty closed set with T.S(X) = S(X). Therefore to
show that a minimal homeomorphism is coalescent we need only show
that each continuous map commuting with it is 1 —1.

K" will denote the n-dimensional torus, written multiplicatively. A
skew-product homeomorphism of K" is a map T : K" — K" of the form
T(Zl’ T Zn) = (“Zla 901(21)22, (P2(Zl’ 22)23’ o "(pn-l(zl’ Y Zn—l)zn)
where o€ K and ¢, : K' - K = K* are continuous 1 £ i < n—1. Definea
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metric on K by d(e*™*, &™) = inf,,.,|x—y+m| x, y € R, and a metric
on K" by d,(z, w) =Y 1_, dy(z;, w;) if z= (24, ", z,) and w = (W, -,
w,) € K". T is distal, for if z # w let i be the least integer with z; # w,.
Then d,((T%z);, (T?w);) = dy(z;, w;) for all peZ and therefore
d,(T?z, T?w) Z d,(z;, w;) for all p € Z.

A skew-product on an infinite-dimensional torus K is a map of
the form T(zy, 25,23, ...) = (024, @,(21)22, 02(2y, 2,)25, - - ) where
ae K and ¢, : K' > K are continuous i = 1. Such a map is distal as is
easily seen using the metric d,(z, w) = Y2, 5. dy(z;, w;). If T has the
special form (zy,z,,- ) = (¢zy, ®1(21)2z2, @2(21)z3, ") then T is
minimal if and only if « is not a root of unity and for every » = 1 and
0, -+, 0) # (my,"--m,)e Z" there is no continuous map F: K —» K
sati)sfying F(azy)/F(zy) = @1(z)™ @a(z )™ - - @u(z)™ ([2], see also
[4]).

A minimal skew product homeomorphism 7" on a finite dimensional
torus X has generalised discrete spectrum of finite order in the following
sense: If Hy = K and H,,, = {fe C(X, K)|f(Tx)/f(x) e L(H;)}, where
L(H;) denotes the closed linear span of H; in the uniform topology of
C(X), then for some positive integer k L(H,) = C(X). (C(X, K) denotes
the group of continuous maps from X to K and C(X) the space of all
complex-valued continuous maps of X). The members of H; are called
the i-th generalised eigenfunctions. Theorem 9 of [4] asserts there are
closed subgroups of X, X =G, > G, > - > G, = {e} such that
G-y ={9eX|T(9x)g9™ ' (Tx) '€ G;} and L(H;) = {fe C(X)|f(gx)
= f(x) for all g € G;}. Our first result shows that these subgroups are
all tori and that any minimal homeomorphism of a finite-dimensional
torus with generalised discrete spectrum (necessarily of finite order) is
a skew product for some basis of the torus.

THEOREM 1.

If T is a minimal homeomorphism of a finite-dimensional torus X with
generalised discrete spectrum of finite order then T is a skew product.
Moreover the groups G; determined by Theorem 9 of [4] (see above) are
all tori, and in the representation X = X|G,_, X G-, T has the form
(7, 9) = (Toy, 0(»)g) where T, : X|Gy_1 — X|Gy—y is a skew-product
and ¢ : X/Gy.—, = Gy_, is continuous.

ProoF:

Let Hy = K and H;,, = {fe C(X, K)| f(Tx)/f(x) € L(H;)} where k
is the least positive integer such that L(H,) = C(X). By Theorem 9 of
[4] there are closed subgroups of X, X = G, © G; = " © Gy = {e},
suchthat G;_, = {ge X|T(gx)g~'(Tx) ' € G;} and L(H;) = {fe C(X)|
f(gx) = f(x) for all g € G;}. We shall show that G,_, cannot be finite.
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For suppose i is the least integer such that G; is finite where i < k—1
and let G be the connected component of G;_ . Then (x, g) —» T(gx)g~*
(Tx)~* maps X x G to G and since X x G is connected it maps X x G to
e (the identity element of X) i.e. T(gx) = gT(x) for ge G and G is
contained in G, _; contradicting the finiteness of G, _,. If G’ is the con-
nected component of G,,_; then by considering X/G’ we see, by the above,
that G’ = G,_. Similarly each G; is connected and hence a torus. The
proof that T is a skew product is now completed by induction on the
dimension of X. Since Gy.; is a non-trivial torus, 7 induces a skew
product on X/G,_,; and X is the direct product of the tori X/G,_, and
Gi-1.

2. Coalescence of finite dimensional skew products

In this section we show that minimal skew products of finite-dimen-
sional tori are coalescent. C(Y, R") denotes the collection of all contin-
uous maps from Y to R’, equipped with the supremum norm.

LemmA 1.

Let Y be a compact space and S : Y — Y a homeomorphism. Suppose
C is a non-singular linear transformation of R" with no eigenvalues of
absolute value one. Then the mapping W(y) — Y(Sy)—Cy(y) is an inver-
tible linear transformation of C(Y, R").

PROOF:
Write E instead of C(Y, R"). E is a Banach space with a supremum
norm ||-||. Define L:E— E to be the continuous linear map

LY)») = CY(S™ty). If V; ={xeR|C'x—>0 as n— +oo} and
V,={xeR|C"X—0asn— —oo} then V; and V, are closed subspaces
of R"and V; ® V, = R". There exists 0 < 4 < 1 and a norm |-| on
R such that [Cx| £ A|x|if xe V, and |C 1x| < Alx| if xe V,. We sup-
pose that the norm ||-|| on Eis defined using the norm || on R".

Let E; denote the collection of all continuous maps ¢ : ¥ —» V; and
E, the collection of all continuous maps ¥ : Y — V,. E; and E, are
closed subspaces of E and E, ® E, = E. We have ||Ly|| < A||y]| if
VveE and||L™ Y| £ AW||ify e E,.LetL, : E;, » E;andL, : E, > E,
denote the restrictions of L. Then (I—L;)™*' = Y, L} exists and
(I-Ly)™' = =Y., L;* exists. Hence (/—L)~" exists and the lemma
follows.

THEOREM 2.
Let T be a minimal skew product homeomorphism of a finite-dimensional
torus X. Then T is coalescent.
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PrOOF:

If H, are the groups of generalised eigenfunctions of T and L(H,) =
C(X) then for any continuous map S : X — X with ST = T'S we have
UsH; = H; where Us: C(X) —» C(X) is defined by (Usf)(x) = f(Sx).
In order to show that S is a homeomorphism we have to show that
Ug maps H; onto H; for 0 £ i £ k. Assume this is not the case and let
I be the least positive integer such that Ug maps H; properly into H,.
By considering X/G, instead of X, if necessary, there is no loss in general-
ity in assuming / = k. In other words; we may assume that Ug maps
H,_, onto H,_; (S induces a homeomorphism on X/G;_.) but Ug
maps H, properly into H, (S'is not a homeomorphism of X). By Theorem
1 we can write T as T(»,9) = (Toy, ¢(¥)9) where X = YxG,_,,
Y = X/G,_, and ¢ : Y - G,_, is a continuous map. It is not difficult
to deduce from this that S(y, g) = (So»,¥(¥) 6(G)) where S, is a homeo-
morphism of Y, ¥ : Y - G, _, is continuous and ¢ is a proper endomor-
phism of G, onto itself.

Let S be written uniquely as S(x) = a(x) 4(x) where A4 is an endomor-
phism of X and @ = mo o where n: R" - X = R"/Z" is the natural
projection and « : X — R" is continuous. By the above S(gx) = a(gx)
A(gx) = a(g) S(x) if g € G\-; so that a(gx) = a(x) and A(g) = a(g).
Hence 4 is a proper endomorphism of X. In the same way T(x) = b(x)
B(x) where B is an automorphism of X, b=nof, f:X > R" and
b(gx) = b(x), B(g9x) = gB(x) for g€ G _;.

Since A is a proper endomorphism the characteristic polynomial
(with integer coefficients) has a factor p(1) irreducible over Z(1) and
with unit leading coefficient and constant term of absolute value greater
than one. As was pointed out to us by R. W. Carter, such a polynomial
p(4) has no roots of absolute value one. On the other hand, it is not
difficult to see from the skew product form of 7 that B has characteristic
polynomial (A—1)". Hence the homomorphism B,(x) = x~! Bx is nil-
potent. Let H = {x € X|B}(x) e p(4)X} where I+1 is the least positive
integer such that B{*'(X) < p(4)X. (p(4d)x = A™x - (A" 1x)om-t- -
(Ax)™ x® where p(A) = A™+a, A" '+ +ag, lag| > 1). His a closed
subgroup of X.

Since ST = TS we have AB = BA and a(Tx) A(b(x)) = b(Sx) B(a(x)).
Let ¢ be the natural map of X to X/H. Then g(Bx) = ¢(x) and a'(Tx)
A'b'(x) = b'(Sx) a'(x) where @' = qa, b’ = gb and A’ is the endomor-
phism of X/H induced by A. Clearly the characteristic polynomial of A’
over Z is a power of p(4). Since a(x) and b(x) are G- ; invariant we have

a'(Toy) A'b'(y) = b'(Sey)a'(y) forye Y = X/G,_,

where a’, b’ are regarded as maps from Y to X/H. Since we may write
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a =7n"oda, b’ =n"op where n’ is the covering projection of some
R to X/H and o', ' : Y —» R', we have
B'(Soy)—CB(y) = «(Toy)—'(y)+v

where ve Z" and C covers A4'. Let v = (C—1) (u) where pu = p/m,
p € Z" and m is a positive integer. Then mp’'(Syy)—Cm p'(y)—(I—C)p =
ma'(Toy)—ma'(y) and by lemma 1 mp'(y)—p = f(Toy)—f(y) for some
continuous f: ¥ — R". Hence nf(y) - b'(y)" = nf(Toy). Writing g(x) =
nf(xGy-,) we have g(Tx) = b'(x)"g(x). Since q(Tx) = b’(x)g(x) the
minimality of 7 implies that g(x) = ¢ g™(x) where c is a constant. But
g(x) was defined by a covering map and hence is null homotopic whereas
g™(x) clearly is not. This contradiction shows that 4 is an automorphism
and therefore ¢ is an automorphism. Hence S is a homeomorphism and
T is coalescent.

3. A counter-example on the infinite-dimensional torus

We now construct an example of a non-coalescent minimal distal
homeomorphism of an infinite dimensional torus. The example is a
skew-product and has generalised discrete spectrum of order two. If
z, w € K we shall write |z—w| to mean the distance d;(z, w) defined in § 1.

Let T: K* — K* be defined by
T(Z, Wi, Wy, W3, * ) = ((XZ, (P(Z)wl’ (D(ﬂZ)WZ, (p(ﬁzz)w3, qo(ﬂsz)w4 t )
S(Z’ Wy, Wy, W3, ©° ) = (ﬁza Was W3, Wy, *° )
where o, f € K and the continuous map ¢ : K —» K will be chosen to
make T minimal. T is a homeomorphism, S is not 1—1 and ST = TS.
Let w e K be non-algebraic. Then p(w) # 0 for every polynomial p(1)
over Z. Let  be not a root of unity. Choose a sequence of integers
N = {1 <n(l) <n2) <n(3) < --}sothat [f"P—w| < 1/ifori = 1.
Then choose «, not a root of unity, so that |[«"—1| < 1/n* for # running
through some subsequences of N. (We shall show below how such an «
can be constructed.) Without loss of generality we can suppose this
subsequence is N. Put a, = a"—1 if neN, a, = a"—1 if ne —N =
{-n()}i>,, and @, = 0 if n¢ NU —N. Since Zla,| < 23 1/n* < o,
X a,z" converges uniformly to a continuous function H(z), which is
real-valued since @, = a,. Define ¢ : K - K by ¢(z) = exp [2ni H(z)].

It remains to show that T is minimal. 7 will be minimal if for every
integer k = 0 and every k-+1-tuple of integers (mq,my, -, m) #
0,0, - - -, 0) the equation

F(az)

1 JE A Zz)me Z ) ... kZMk
(.1 G) o(z)™ o(Bz)™ - - - o(B*2)
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has no continuous solution F : K —» K. Fix k = 0 and (mq, my, * * -, my)
€ Z¥*1. Since each continuous F:K — K is of the form F(z) = Z'
exp [2nif(z)] where /e Z and f: K — R is continuous, equation (3.1) has
a solution if and only if there exists v € Z such that la+f(az)—f(z) =
moH(z)+m H(Bz)+- - -+mH(B*z)+v has a solution for / and f.
Let f(z) ~ Zb,z" (L*-convergence). If f satisfies the above equation and
n # 0 then (¢"—1)b, = a,(mo+m, p"+- - -+m ™) = a,p(p"). ff ne N
then b, = p(B") = p(w) # 0 and therefore X|b,|*> = oo. The above
equation has no solution for f and hence (3.1) has no solution for F.

We now give an indication of how o« can be constructed. Let N =
{1 <n(l) <n(2)<---} be given. We wish to find «, not a root of
unity, such that [«¢"®@—1| < 1/m(i)* for some subsequence {m(i)};>
of N. Equivalently we wish to find an irrational a € [0, 1] such that for
all i = 1 there exists p(i) € Z with |a—p(i)/m(i)| < 1/m(i)*. Put m(1) =
n(1), Il(]) = [j/m(l)—l/m(1)3, ]/m(1)+1/m(1)3] j=1--" m(l)_l
and Fy = (JT9) "' I,(j). Choose n(i,) so that 2/n(i,) < 1;m(1)>. Put
m(2) = n(i,). L(k) = [k/m(2)—1/m(2)}, k/Im(2)+1/m(2)’] 1 £k <
m(2)—1 and F, = (Jp® "' L,(k). Each I,(j) contains at least two
intervals of the form I,(k). Choose n(iy) so that 2/n(iz) < 1/m(2)*.
Put m(3) = n(i;), I3()) = [Im(3)—1/m(3)?, IIm(3)+1/m(3)’] 1 £ p <
m(3)—1and F; = | JJ<? ! I,(l). Each I, (k) contains at least two intervals
of the form I;(/). Proceeding in this way we construct m(i) so that
2m(i) < 1mii=1Y, 1L(q) = lg/m(i)—1ym(iF, qm@)+1mGy), i < g
< m(i)—1and F; = J7¥ ' I,(q). Then ({2, F;is a subset of [0, 1] with
the same cardinality as the real line and therefore contains an irrational
number.

REFERENCES

H. ANzAl
[1] Ergodic skew-product transformations on the torus. Osaka Math. J. 3 (1951) 83-99.

H. FURSTENBERG
[2] Strict ergodicity and transformations of the torus. Amer. J. Math. 83 (1961)
573-601.

F. J. HAHN AND W. PARRY

[3] Some characteristic properties of dynamical systems with quasi-discrete spectra.
Math. Systems Theory 2.2 (1968) 179-190.

‘W. PARRY

[4] Compact abelian group extensions of discrete dynamical systems.
Z. Wahrscheinlichkeitstheorie. 13 (1969) 95-113.

P. R. HALMOS AND J. VON NEUMANN
[5] Operator methods in classical mechanics II. Ann. Math. 43 (1942) 332~350.

(Oblatum 1-I-70) Mathematics Institute
University of Warwick
Coventry



