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ON WELL-ORDERED GROUPS AND NEAR-RINGS
by

Carlton J. Maxson *

1. Introduction

The major result of this note is the following theorem

If {G,-) is a group with a partition G = Pu P~ U {e} such that
P has property (W): every non-empty subset S (of P) contains an element
I such that SI™' = {e} U P then <G, - is cyclic. (P~! = {x"!|xeP}).

The proof of this theorem is given in Section 2. We note that in the
case of abelian groups the result is well-known (see [2], [6]).

As an immediate corollary we find that well-ordered groups (see Sec-
tion 2) are abelian.

In Section 3 the above result is applied to near-rings and a new char-
acterization of the integers is obtained. Recall that a unitary (right)
near-ring {N, +, *> is a set N with two binary operations + and - such
that

(i) <N, +) is a group with identity O,
(ii) <N, - is a semigroup with unit 1 (# 0),

(ii) For all x,y,ze N, (x+»)z = xz+yz.

In the final section new characterizations of finite prime fields are ob-
tained. In particular a generalization of the theorem of [5] is given.

2. Main result

TueoreM 1. If G, -) is a group with a partition G =P U P~ ! U {e}
such that P has property (W): every non-empty subset S (of P) contains
an element | such that SI~' < {e} U P then {G, ) is cyclic.

ProoF. If P = § the result is clear so we assume P # @. Then, by
(W), there exists an a € Psuch that Pa™! < {e} U P.Let 4 = {a"|me Z}.
If 4 # G then U= G—A4 # 0 and since e = a° € A there exists some
x # ein U. Hence x~! € U for otherwise x € A4 since A4 is a group. Thus
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Un P # ¢ and so by (W) there exists b € U n P such that (U n P)b~1!
c{e}uUP.Sinceaed,a 'b#eIfb-'acPthenb 'a=aorb 'aa™!
€ P; thatis,b = eor b~ ! € P. But b € P so we must conclude thata™ b e P.
Now if a 'beU then a 'be U P which implies a™'b = b or
a~'bb~' e P. Since ae P we conclude that a”'b ¢ U. Thus a~'he 4,
hence b € A, contradicting b € U n P. This shows that U = 0.

We note that both the partition of the group and the property (W)
are needed for the conclusion of the above theorem. For, if we take the
non-cyclic group of real numbers (R, + > under the usual ordering (i.e.,
P = {x e R|x > 0} then (R, +) isa group withapartition Pu P~ ! U {e}
but (W) is not satisfied. On the other hand, if we again take the group
{R, +) of real numbers under addition and take P = R then clearly
(W) is satisfied but P A P~ # §.

A group <G, -) is said to be fully ordered (see [1]) if there exists a non-
-empty subset P of G such that (i) P is closed under the group operation,
(ii) xPx~! = P, for allx € G, and (iii) G is a group with a partition
G = Pu {e} u P!, (This set P is called the set of positive elements of
G.) <G, -) is said to be well-ordered if it is fully ordered and the set P of
its positive elements satisfies property (W) of Theorem 1.

COROLLARY 1. The only well-ordered group (up to isomorphism) is
the additive group of integers with the usual ordering.

Proor. If G, -) is fully ordered then G is infinite [1] and so by Theo-
rem 1, {G, -) is an infinite cyclic group.

ExAMPLE ([2]). There are groups satisfying the hypotheses of Theorem
1 which are not fully ordered. In fact the cyclic groups {Z,,+1, +),
neZ,n=1where Z,,., ={0,1,2,---,2n} with P = {m|l £ m < n}
provide examples.

3. Application

In [4] we found that every unitary near-ring with cyclic additive group
is a commutative ring. This proof also established the well-known fact
that there are only two distinct unitary rings with additive group iso-
morphic to the integers; i.e., the usual ring of integers <Z, +, -) and the
ring {Z, +, o) where aob = —(a - b), a, b € Z. Both of these rings are
ordered rings and the map 6 : x » — x is an order isomorphism.

We now use Theorem 1 to give a new characterization of the integers.

THEOREM 2. If (N, +, *> is a unitary near-ring such that {N, +) sa-
tisfies the hypotheses of Theorem 1 then (N, +, *) is a commutative ring.
If N is infinite then {N, +, *) is order isomorphic to the ring of integers.
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Proor. The first statement follows immediately from Theorem 1 and
Proposition 1 of [4]. If N is infinite, (N, +) = {Z, + ) and so from the
preceding remarks (N, +, #) is order isomorphic to {Z, +, *>.

The above theorem contains as a special case the last corollary of
[2]. Moreover, the above result shows that in the usual characterization
of the integers as a fully ordered ring in which the positive elements are
well-ordered ([3], Theorem 5, p. 169) many of the axioms are redundant.
In particular, only one distributive law is required, commutativity of
addition is not needed and, relative to order, only the partition property
and the well-ordering of the positive elements (W) are needed.

4. On finite prime fields

We recall that a near-field is a unitary near-ring in which every non-
zero element has a multiplicative inverse.

THEOREM 3. Let N be a set with cardinality ||N|| = 3. The following are
equivalent:

(a) <N, +, ) is a finite prime field.

(b) <N, +, - is a finite unitary near-ring such that {N, + is a simple
group.

(c) N, +, ) is a finite near-field such that {N, +) satisfies the hy-
potheses of Theorem 1.

(d) <N, +, ) is a unitary near-ring such that {N, + ) is a simple group
satisfying the hypotheses of Theorem 1.

ProOF. Clearly (a) = (b) and in [5] we showed that (b) = (a) under
the additional assumption that x -0 = 0 for all xe N. Let S = {x e N|
x+0 = 0}. S is a normal subgroup of (N, +) and since 1 € S we have
S = N. Hence (b) = (a). If (N, +, -) is a finite prime field then the exam-
ples following Corollary 1 show that (N, +) satisfies the hypotheses
of Theorem 1. Thus (a) = (c) and (a)= (d). If we assume (c), then
{N, +) is an elementary abelian p-group and cyclic from Theorem 1.
Thus {N, +) is a simple group and (c) = (d). The proof is completed
by showing that (d) = (b). But assuming (d), ¥, +) is cyclic and con-
sequently finite since (N, + ) is simple.
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