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REGULAR MINIMAL SETS
II: THE PROXIMALLY EQUICONTINUOUS CASE

by

Joseph Auslander* and Brindell Horelick

Introduction

The regular minimal sets were introduced in [3]. These are defined to
be ‘universal’ minimal sets for ‘admissible’ properties; that is, every mi-
nimal set satisfying the admissible property is a homomorphic image of
the universal minimal set. Another characterization, which we will use
in this paper, expresses a kind of homogeneity of regular minimal sets:
a minimal set (X, T) is regular if and only if, whenever x, y € X, there
is an endomorphism ¢ of (X, T') such that ¢(x) is proximal to y. The class
Z(T) of regular minimal sets with phase group T is a complete lattice,
where the partial ordering is defined by the existence of a homomorphism
([3], theorem 5).

In this paper, we will intensively study the proximally equicontinuous
regular minimal sets. Proximally equicontinuous means that the proximal
relation P is a closed equivalence relation, and that the quotient minimal
set (X/P, T) is equicontinuous, ([3], [4]). It is shown in § 1 that proxi-
mally equicontinuous is an admissible, divisible property. The main re-
sults are contained in § 2, where the structure of proximally equicontin-
uous regular minimal sets with phase group discrete abelian is comple-
tely determined. From a proximally equicontinuous regular minimal
set (X, T') one obtains, in a natural way, a compact Hausdorff space C,
a compact abelian group G, and a class of subsets of G satisfying certain
conditions (theorem 2). Conversely, (theorem 3) if such a C, G and sub-
sets of G satisfying these conditions are given, a proximally equiconti-
nuous regular minimal set may be constructed. Unfortunately, these con-
ditions are extremely complicated. They are applied in § 3 to the case
G = S' and C a finite set. The concluding sections examine the relation
between proximal equicontinuity and local almost periodicity, and also
consider homomorphisms of proximally equicontinuous regular minimal
sets.

* Research supported by National Science Foundation Grant GP-5313,
203



204 Joseph Auslander and Brindell Horelick 2]
1. Admissibility and divisibility

In this section we show that the class of proximally equicontinuous
regular minimal sets is a reasonable subclass of all regular minimal sets.

THEOREM 1. (i) ‘Proximally equicontinuous’ is an admissible, divisible
property.

(ii) The proximally equicontinuous regular minimal sets form a sublat-
tice of A(T).

Proor. Note that (ii) is an immediate consequence of (i) and the de-
finition of the lattice operations in Z(T'), ([3], theorems 6 and 7).
To prove (i) we require two lemmas:

LemMA 1. Let (X;, T) (i€ F) be a family of transformation groups such
that P(X;) is an equivalence relation, for each ie #. Let X = X ;. 4X,, and
let x = (x;), ¥y = (y;) be in X. Then (x,y) € P(X) is and only if (x;, y;) €
P(X)(ie ).

ProOF. The necessity is obvious. We prove sufficiency. Since each
P(X;) is an equivalence relation, so is P(X), ([1], theorem 2). Let ;:
X — X; be the natural projection, and let 6, : E(X) - E(X;) be the in-
duced homomorphism of the enveloping semigroups. Let I, I; be the
unique minimal right ideals in E(X), E(X;) respectively, ([6], theorem 2).
Now if (x;, x)) e P(X;)(ie F), x = (x;), x' = (x;),in x;X;, and pe ],
then 7,(xp) = x,0,(p) = x;0,(p) = n,(x'p). Since this equality holds for
each ie S, xp = x'p and (x, x) € P(X).

LeMMA 2. Let (X, T') and (Y, T) be minimal sets, letn : (X, T) > (Y, T)
be a homomorphism, and let ## : (Xx X, T) - (Yx Y, T) be the induced
homomorphism. Then #(P(X)) = P(Y).

PROOF. It is clear that #(P(X)) = P(Y). Let (y,,¥,) € P(Y). Then there
is an idempotent ' in a minimal right ideal I’ of E(Y) such that y, = y, u'.
Let 6 : E(X) —» E(Y) be the semigroup homomorphism induced by =,
let 7 be a minimal right ideal in E(X) such that (/) = I, and let u be an
idempotent in I with 8(u) = u’. Choose x; € X such that n(x;) = y, and
let x, = xyu. Then (x;, x,) € P(X), and n(x,) = n(x,u) = n(x,)0(u) =
yiu' = y,. Thus #(x;, x;) = (1, ¥2)-

Now we return to the proof of (i) in theorem 1. We show that ‘proxi-
mally equicontinuous’ is productive. Since it is clearly hereditary, this
will show admissibility. Now, each P(X;) is closed, hence by lemma 1
P(X) is closed and is therefore an equivalence relation, [1]. Now
(x;X;/P(X;), T) is a product of equicontinuous transformation groups,
and is therefore equicontinuous. Moreover, if x = (x;) € X, the ho-
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momorphism x — ([x;]) of X onto x ;X;/P(X;) (where [x;] is the image
of x in X;/P(X;)) induces a homomorphism [x] — ([x;]) of X/P onto
x ; X;/P(X;) which, with the aid of lemma 1, is easily seen to be one to
one. Hence (X/P, T') is isomorphic with ( x ; X;/P(X;), T'), and is therefore
equicontinuous.

To prove divisibility of ‘proximally equicontinuous’, let (X, T') and
(Y, T) be minimal with (X, 7) proximally equicontinuous, and let
7 : X — Y be a homomorphism. P(X) is a closed equivalence relation.
Then P(Y) = #(P(X)) (lemma 2) is closed and hence an equivalence
relation. Then n induces a homomorphism # : X/P(X) — Y/P(Y).
Since X/P(X)is equicontinuous, sois Y/P(Y), and the proof is completed.

A theorem similar to theorem 1 is proved in [4]. Lemma 2 is also
proved in [8].

2. The structure of proximally equicontinous regular minimal sets

In this section it is assumed that T is discrete abelian. We first discuss
briefly the equicontinuous minimal sets. For convenience we suppose
that T acts effectively. If (X, T') is an equicontinuous minimal set, then
the enveloping semigroup E is an abelian group of self homeomorphisms
of X, and is identical with the automorphism group A(X) of (X, T), [2].
Since E(X) = A(X) acts transitively on X, (X, T') is certainly regular.
Indeed, in this case, (X, T) may be given the structure oi a compact
abelian group in which T is embedded in a one-one continuous manner
as a dense subgroup. We may choose any point x, as the identity, define
multiplication on the orbit of x, by (xo7)(xo?") = X 7t’, and then use the
assumed equicontinuity of (X, T') to extend the multiplication to all of X.

Thus the study of equicontinuous minimal sets is reduced to the study
of compact abelian groups of the type described. Our basic strategy in
the study of proximally equicontinuous minimal sets is to use the natural
projection  : X — X/P, to ‘pull back’, as much as possible, the desirable
properties of (X/P,T) to (X, T).

Now, let (X, T') be a proximally equicontinuous regular minimal set.
Then, if x € X, n7*(n(x)) = P(x), the set of points proximal to x. It ¢
is an automorphism of (X, T'), then it is easy to see that p(P(x)) = P(¢(x)
for x € X. (This shows that all the ‘fibers’ P(x) are homeomorphic.)
Moreover, since ¢,, ¢, € A(X) with ¢, # ¢, implies ¢,(x) and ¢,(x)
are distal ([2], theorem 2), it follows that, if x, y € X, there is exactly one
¢ € A(X) such that (¢(x), y)€P.

Now, choose an identity element e in X/P, and let G denote the topo-
logical group obtained by this choice. We may identify G with 4(X) as
follows. If g€ G, x € X, we define g(x) = ¢(x), where ¢ is the unique
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element of 4(X) for which n(¢(x)) = gn(x) (the group product in G). If
teT, gn(xt) = gn(x)t = n(p(x))t = ne(xt), soif y € X, gn(y) = no(»),
and ¢ depends only on g. It is easily verified that this correspondence
defines an (algebraic) isomorphism of G with A(X).

Let C = n~!(e) = X. Consider the map ¥ : X - Gx C defined by
Y(x) = (n(x), n(x)~*(x)). It is easily verified that y is one to one and
onto, so that, set theoretically, X may be identified with G x C. Now, if
te T, y(xt) = (n(x)t, n(x)~'(x)). Since xT is dense in X, for each x € X,
Y is not continuous (unless C consists of one point).

Looking at this in another way, if we identify X with Gx C as in the
preceding paragraph, and define the action of T on Gx C by (g, c)t =
(g, ¢), there is a topology for G x C (obviously not the product topology)
such that, for every (g,c)e GxC, the orbit of (g,¢), (9,¢)T =
[(gt, )|t € T]is dense in G x C. Using this representation, the action of G
as the automorphism group of (G x C, T') is given by g'(g,¢) = (9’9, ¢).

Thus, we have determined the set theoretic, or ‘algebraic’ structure of
proximally equicontinuous regular minimal sets. We now turn to the dis-
cussion of their topological properties.

LemMA 3. Let {3z,}, {x,} (ne D) be nets in G and X respectively, such
that g, — g € G, and x, > x € X. Then g,(x,) - P(g(x)).

Proor. It is sufficient to show 7(g,(x,)) = n(g(x)). Now n(g.(x,))
= g,n(x,), and n(g(x)) = gn(x). Since 7 is continuous, and G is a topo-
logical group, the conclusion follows immediately.

Let % denote the uniformity of X, and let ¥~ be the uniformity which
C acquires as a subspace of X. If a e %, ¢, ¢’ € C, consider the subset
0,(c, ¢') of G which is defined by O,(c, ¢’) = [g € G|(g(c’), ¢) e a].

THEOREM 2. The sets O,(c, ') have the following properties:

1. e€ O, (c,c)forallce Candall o e %.

2.If ae, c'e€C, let 0,(c") = Jcec Oulc, ©), OF = (e ecOu(c),
and O, = Jycc 0(¢') = Ue,erec Oulc, ¢’). Then, both {O}},cq and
{O,}4ca constitute fundamental systems of neighborhoods of e.

3. If B,yeU,ceC, then there is an a € U such that O,(c, ¢') =
Oyle, ') N Oyfc, ') forall ¢’ e C.

4. If ¢, ¢y, c;€C, then O,c, c;) N O,c, c;) meets every orbit in
(G, T).

5. If ¢y, ¢, € C with ¢, # c,, then there is an o € % such that O,(c,, c)
N O,(cy,¢) =D forallceC.

6. If ae U, c,c'eC, and ge O,c, '), then there is a peU such
that gOy(c’, ¢"’) = O,(c, ¢"), for all ¢'' € C.
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7. If o€ U, then thereisa Be¥,and a 6 € ¥ such thatif ¢,c’, ¢’ € C
with (¢, c) €, then Oy(c’, c"") = Oyc, c”).

8. Letcy,  *,c,€C 0y, ", o, €U suchthat forallc'e C,e € | )j=1,....x
O,/(cj, ). Then thereis an a € U such that if c € C, thereisa j,1 < j S k,
such that O,(c, ¢') = O,(cj, ¢'), for all ¢'.

Proor. The proofs of 1, 3, 5, 7 and 8 follow easily from the definition
of the sets O,(c, ¢’), the facts that X and C are compact Hausdorff spaces,
and elementary properties of uniformities.

IfgeG, ¢y, ¢, € C, then g(c,) and g(c,) are proximal. This implies 4.

We prove 2. Note that O} consists of those g € G for which all g(c’)
are in an ‘a neighborhood’ of the set C, and O, consists of those g such
that some g(c’) has this property. Since O} < 0O,, it is sufficient to show
that O} is a neighborhood of e, and that if ¥ is any neighborhood of e,
thereisan o € % such that O, e ¥".

If O} were not a neighborhood of e, there would exist a net {g,} in
G, with g, — e such that g, ¢ OF. Then there would be c, € C such that
(g.(cp), ¢) ¢ a, for all ¢ € C. But this contradicts lemma 3.

Now, let U be a neighborhood of e in G, and let «, € % such that
Nna, = 4 the diagonal of X x X. If no O, is contained in U, then there
are ¢,, ¢c,€ C and g,€ 0, (c,, c;) with g, ¢ U. We may suppose g, -
g€ G-U. Then (g,(c}), ¢,) € &,. Suppose ¢, > c € C. Then g,(c;) - c.
But then, by lemma 3, g, — e, and g = e. This is a contradiction.

To prove 6, choose «, €  such that if (z, g(c’)) € o9, then (z, ¢) € a.
Let Be% such that (x,y)epB implies (g(x), g(»)) e a,. Now let
g'€04(c’, ). Then (g'(c”’), ¢’)ep, and (gg'(c’’), g(c')) € ay. Since
geO,(c,c’), we have (g(c’),c)ea, and therefore (gg'(c”’),c)ea.
That is gOp(c’, ¢') = O,(c, ¢”’). The proof is completed.

Note that properties 1—8 are expressed entirely in terms of the topo-
logical group G, and the compact Hausdorff space C. Now, suppose we
are given such a G and C, and a collection of subsets O,(c, ¢’) of G which
satisfy 1—8. The next theorem shows how to construct a proximally
equicontinuous regular minimal set (X, T) out of G and C. That is, the
sets O,(¢, ¢’) completely determine the structure of the minimal set.

THEOREM 3. Let T be a discrete abelian group, and let (G, T) be an
equicontinuous minimal set. Let G be given the structure of a compact abe-
lian group. Let C be a compact Hausdorff space, with uniformity ¥". Sup-
pose there is an index set U, such that, for all € U, c, ¢’ € C, there are
subsets O,(c, ¢’) of G with properties 1—8 of theorem 2. If (h, c) e Gx C,
let N(g,¢) = [(9',¢')lg™ g’ € O(c, ¢')].

Then, the sets N,(g, c) constitute a base for a compact Hausdorff topo-
logy of X = GxC. If T acts on X by (g, c)t = (g1, ¢), then (X,T) is a
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proximally equicontinuous regular minimal set, with each P(x) homeomor-
phic to C, and (X[P, T) isomorphic with (G, T).

Proor. To show that the sets N,(g, ¢) are a base for a topology on X,
we first observe that (h, c) € N,(g, c) if and only if g~ 'h € O,(c, ¢’). For,
(h, ¢’) € N(g, c) means that h = gg,, where (g,, ¢') € N,(e, ¢) and this is
equivalent to g, € O,(c, ¢') or g~ *he O,(c, ¢').

Now, suppose (h, ¢’)e N,(g,c) or g the O,c, ¢’). By 6, we may
choose B € % so that g~'hOy(c’, ¢”’) = O,(c, ¢”’), for all ¢’ € C. Now, let
(k,c"") e Ng(h, ). Then k™ 'k € Oy(c’, ¢'"), and g "'k = g~ 'hh™ 'k e g~*
hOy(c’, ") = Oy(c, ¢”’), or (k,c"")e N,(g, ). Thatis, Ng(h, c') = N (g, c).

If (h, ¢'")eN,(g,c) " N,(g', "), choose B, % e U such that Ny(h, c’’)
< N,(g,c) and Ng(h,c') = Ny(g’,c’). Now choose i€, so that
Oa(c", ¢o) = 0p(c”, cg) N Og(c”, co), for all c¢oe C (property 3). It
follows that Na(h, ¢’’) = Ng(h, ') 0 Ng(h, ¢'") = N,(g,¢) 0 N,(g', ¢').

This shows that the N,(g, c¢) define a topology on X = G x C. We show
that this topology is compact Hausdorff. Suppose (g, ¢) # (g, ¢’). If
g # g, choose o € % such that gO, n g’'0O, = 0. Now, if (h, ¢'') € N,(g, ¢)
N N,(g',c"), then hegO,(c,c") N g'O,(c’,¢'") = g0, n g’'0,; hence
N,(g,c) and N,(g’, ¢’) must be disjoint. If g = g’ but ¢ # ¢’, choose
a € % such that O,(c, ¢'') N O,(c’, ¢'") = 9, forall ¢’ € C. Then it follows
that N,(g, ¢) n N,(g, ¢’) = 0. Thus the topology is HausdorfF.

To prove compactness, suppose first that (g,, ¢;) is a net in G x C such
that g, — e. Let « € %. We show that there is a ¢ € C such that (g,, ¢;) €
N.(e, c),forn =z ny.Let fe %, 5 € %, asin 7. Since Oy is a neighborhood
of e, g, € Oy for n Z ny. Then g, € Oy(c,) and g, € Oy(c,, c,), for some
c,€C. Suppose ¢, > ceC, so (c,,c)ed, for n=n; =Zn,. By 7,
Oy(car &) = Oifc, ct), and (g, ¢4) & Nie, o).

Now, suppose no subnet of (g,, c;) converges. Then if ¢ € C, there is an
a(c) € % and an ny € D such that (g,, c;) ¢ Ny(e, ¢) or g, ¢ Oy (c, ),
forn = n,.

Now {e} xC = |J.ccNue)(e, ¢). From property 7, it follows easily
that {e} x C is homeomorphic with C, and is therefore compact. Let
€1, ¢ in Csuch that {e} x C = | );=q,... kN, (6, ¢;) = N*, where we
write a; for a(c;). Then there is an n; € D such that (g,, ¢;) ¢ N* for
n2n;. Let ae % be chosen to satisfy 8. Then, if (g, ¢') € N,(e, ¢),
g€ Oy(c, ¢') < 0,/(cj, ¢'), for some j (1 < j £ k), by 8, and (g, ¢') e N,,
(e, ¢;). That is, (J.ccNq(e, ¢) = N*. But the preceding paragraph tells
us that (g,, c,) € N,(e, c), for some c, and therefore (g,, c;) € N*, for all
n 2 no. This is a contradiction, and therefore a subnet of (g,, c;) = (e, ¢),
for some c e C.

Finally, let (g,, c;) be any net in G x C. We may suppose g, — ¢ in G.
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Then &, = g~ g, — e, and, by the discussion just concluded, a subnet of
(A, c) — (e, c). It follows immediately that the corresponding subnet of
(9n> 1) = (9 ©)-

Let n : X — G be the first coordinate projection. Then 7 is continuous.
For, let {(g,, ¢.)} be a net in X with (g,, ¢,) = (g, ¢). If a € %, the
net {(g,, c,)} is eventually in N,(g, c). Therefore, g~ 'g, € O,(c, c,) = O,,
forn = n,. Since a is arbitrary, and the {O,} are a fundamental system of
neighborhoods of e, by 2, we have g~ g, - e, or g, = g.

It is immediate that the maps (g, ¢) — (g, ¢)t = (g1, ¢) are continuous.
Now let g, h€ G, ¢y, ¢, ¢’ € C, and a € %. By property 4, thereisate T
such that A~* gt € O,(cy, ¢) N O,(co, ¢’). This says that (g, c)te Ny(h, c,)
and (g, ¢')t € N,(h, ¢o). This shows that (g, ¢) and (g, ¢’) are proximal,
and also that (X, T') is minimal.

Conversely, if (g, ¢) and (g’, ¢’) are proximal, then if (h, ¢,) € X, there
is a net {z,} in T such that (g, c¢)t, > (h, ¢;) and (¢', ¢')t, = (h, ¢,). Then
gt, — hand g't, — h. This can only happen if g = g'. This shows that
P(g,¢) = {g} xC.

From this it follows easily that proximal is a closed equivalence re-
lation and that (X/P, T') is isomorphic with (G, 7). Finally, if 2 € G, it
defines an automorphism of (X, T') by A(g, ¢) = (hg, ¢). Thus, if (g, ¢),
(9, ¢’)e X, theng’'g™ (g, ¢) = (g, ¢) is proximal with (g, c). This shows
(X, T)is regular, and the proof is completed.

3. Examples

In order to use theorem 3 to construct proximally equicontinuous reg-
ular minimal sets, we must construct the sets O,(c, ¢’) for a given G and
C. We do this when G = S, and C is a finite set with the discrete topol-
ogy.

An example of a minimal set on S is obtained when T = Z, the addi-
tive group of integers, and a generating homeomorphism is a rotation
through an irrational multiple of =.

Since it is only necessary to define the sets O,(c, ¢’) in a neighborhood
of the identity of G = S, we may work with a neighborhood of 0 on
the real line.

Let C = {¢;," ", ¢,}, where n = 2, and let k be an integer with
1<k<n Let C; ={c;, ", ¢} and C, = {¢x+4," ", ¢,}. Consider
two sequences of real numbers, {@; } and {b,.} (i=1, -, n,r=1,2,--+)
which approach 0 as r — oo, and which satisfy

biy > ay =byy > ay =byy > a3 =by > >,

=byy > a1 =byy>a;;, =by; > a3, =b3;>>0;
and
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Grr,r <bpain = Goaan <bpagn = Geasn <00 < by
=01 <b,y =s1,2 <bi1,2=&422< " <0.

Let I, be the open interval (a,, b;,).

We are now almost ready to define the sets O,(c, ¢’). The index set
will in this case be the set N of natural numbers. f me N,and 1 £ i £ n,
let O5(c;) = sz m Iir- This is illustrated for n = 5 and k = 3 in figure 1.

0;(c5) 0;(01)
bay bsy by bs, bys bz biz byy byy by by by,

A4y Gsy Qa4 Asy G43°°+0°°ay3 A3 G2 ay; A3 Qg Gy

Figure 1

The sets O,,(c;, c;) are to be Op(c;) together with certain endpoints of
the intervals I;,. To be precise, let

On(c)viay}(rzm),if 1 <j<kand i#j
Onc)via,u{0}, rzm}ifl<j=iZk
Onc)u{b,jrzm)if k+1 <j<n and i #j
Okc)v by} v {0}, rzm), ifk+1<j=i<n

Om(c,-, Cj) =

That is, to obtain O,(c;, c;) from O}(c;), we add left endpoints of I;;
if ¢;e C; and right endpoints if ¢; e C,. Also, 0 is included in every
0,(c;, ¢).

We verify that properties 1 —8 of theorem 2 are satisfied. Property 1
(that O € O,(c;, ¢;)) is true by construction. To see that property 2 is
satisfied, note that O,(c;) = Ui=1,...n Oum(Cis ¢;) = [@ir1,m> b1,m) OT
(@k+1,m> b1, m] according as ¢; is in C; or C,. Thus O}, = N; O,(c;) =
(@+1,msb1 m) and O, = Jy; Ou(cis ¢;) = [@is1,m> b1,m]- For 3, let
m,m’' e N, and choose m'” > m and m’. Property 4 holds, since
0,.(c, ¢;) n 0,(c, ¢;) > Oj(c), which has non empty interior.

Letl £i<j£nlIfi £k <j thenclearly O,(c;, ¢) N O,(cj, c) = 0.
Suppose 1 <i<j<k or k+1 £i<j=<n Then, by definition
On(c;) N O(c;) = 9, so it is only necessary to check the added points.
Note that 0is in at most one of the sets O,,(c;, ¢) and O,(c;, ¢). Moreover,
the endpoints which are added are all left endpoints or all right end-
points (depending on whether c is in C; or C,), so in these cases also
0,(ci, ¢) 0 O,(c;, ¢) = 0. Therefore 5 holds.

Before proving 6, we rephrase it in additive terminology. We must show:
if meN, ¢,c’eC and ge O,(c, ¢’), then there is a ke N such that
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g+0,(c', ") = 0,(c, c”), for all ¢ € C. If g = O or if g is an interior
point of O,(c, '), this is easy. If g is an endpoint of one of the intervals
I,,, there are two special cases to consider. If ¢’ € Cy, then g is a left
endpoint and O,(c’, ") is a subset of R*, the positive reals (or, if ¢’ = ¢/,
of R* U {0}). Then, if k is chosen sufficiently large, g+O,(c’, ¢’’) =
O,(c, ¢"). If ¢’ € C, then g is'a right endpoint, and O,(c’, ¢’) = R™ or
R~ v {0}. Again, for sufficiently large k, g+O,(c’,c¢”) = O,(c, c”).
Thus 6 is proved.

Since C is discrete, 7 is immediate. Finally, we verify 8. If
Oe Uj=1,...,80,,,j(cij, ¢’) for all ¢’eC, we must have s = n, and there
fore the set {c;} (j=1,---,n)is equal to all of C. Let m = max m;.
Then O,(c, ¢’) = 0,,(c, ¢’), and the proof is completed.

4. Proximal equicontinuity and local almost periodicity

A transformation group (X, T') is said to be locally almost periodic if, for
every x € X and neighborhood U of x, there is a syndetic subset A of T
and a neighborhood ¥ of x such that ¥4 < U, ([7], 3.38). Locally al-
most periodic transformation groups are proximally equicontinuous
([6], theorem 3). The converse is not true, even for minimal sets, as we
will show. However, the examples constructed in § 3 are locally almost
periodic. This is a consequence of a general theorem (theorem 5), and
partially answers a question of Ellis ([5], remark 9). In this section we do
not require T discrete abelian, or (X, T') regular.

LemMA 4. Let (X, T) be a transformation group for which P is a closed
equivalence relation. Let x € X and let U be a neighborhood of P(x). Then
there is a neighborhood U, of P(x) such that y € U, implies P(y) = U.

Proor. If the conclusion is false, then there are nets x, — P(x) and
Y, €P(x,) such that y,¢ U. We may suppose x,— x'€P(x), and
Y» = ¥ €X. Since P is closed, (x’,y')eP, so y' e P(x') = P(x) = U.
This is a contradiction.

LeMMA 5. Let (X, T) be minimal, let proximal be an equivalence rela-
tion in X, and let x, - - -, x, be a finite set of mutually proximal points.
Suppose U is a non empty open set in X. Then there is a t € T such that
xteU(j=1,-",n).

ProoF. Let I be the unique minimal right ideal in E(X'). Since xI = X,
for all x € X, there is a p € I such that x,pe U. Then x,p = x,p = -
= x,p € U. Since I = E, which is the closure of T in X¥*, there is a
teT for which x;te U (j= 1, -, n).

THEOREM 4. Let (X, T) be minimal and proximally equicontinuous.
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Suppose there is an x € X for which P(x) is finite. Then (X, T) is locally
almost periodic.

Proor. It is sufficient to show that T is locally almost periodic at x
([71, 4.11). Let U be a neighborhood of x, and let ¢ € T such that P(xt)
= P(x)t = U. Let U; be a neighborhood of P(xt) such that P(U;) =
UyeUx P(y) < U

Now, let n : (X, T) — (X/P, T) be the natural projection. Let y = n(x).
Since P(xt) < Uy, it follows easily that U* = (U, ) is a neighborhood of
yt. Since (X/P, T) is almost periodic ([7], 4.38), it is locally almost pe-
riodic. Let V* be a neighborhood of yt and A a syndetic subset of T
such that V*4 < U*. Let V = n~*(V*) = X. Then VA < n~Y(U*) =
n(U,) = U. Now, V is a neighborhood of xt, so ¥#~! is a neighborhood
of x. Then ¥Vt !tA = VA < U. Since tA is syndetic, this shows that T is
locally almost periodic at x.

Here is an example of a proximally equicontinuous regular minimal
set which is not locally almost periodic. Let X = S, and let T be the total
homeomorphism group of X. (Let T be given the discrete topology.) Note
that P(X) = Xx X so that (X, T) is proximally equicontinuous and re-
gular. Let x € X and let U be a connected neighborhood of x with interior
(X—U) # 0. Let V be a connected open neighborhood of x and let
A= A(V) = [teT|Vt =« Ul. We show that 4 is not syndetic. For
this it is sufficient to show if K is a finite subset of T'(say K = {k," ", k,}),
then T # AK. That is, we are to find a fe T such that tkj'1 ¢ A, or,
what is the same thing, V¢t ¢ Uk; (j=1,---,n). Forj=1,---,n, let
W; be open connected and non empty, such that W; ¢ X— Uk; and such
that arc length W; < 1/2/. Let te T such that V1 > W; (j =1, -, n).
Then certainly Vt ¢ Uk;(j = 1, - - -, n). The proof is completed.

5. Homomorphisms

In this section we assume again that T is discrete abelian. The next
theorem describes the structure of homomorphisms of proximally equi-
continuous regular minimal sets. The proof is completely straightforward,
and is therefore omitted.

THEOREM 5. Let (G, T) be an equicontinuous minimal set. Suppose that
Cand D are compact Hausdorff spaces. Let {O,(c, ¢')} and {O.\(d, d’)}
(xeUc, Ae Uy, c,c' € C, d,d € D) be subsets of G which satisfy prop-
erties 1—8 of theorem 2. Let G x C and G x D be topologized as in theo-
rem 4. (So (GxC,T) and (Gx D, T) are proximally equicontinuous re-
gular minimal sets.) Then

(i) Every homomorphism of (Gx C,T) to (GxD,T) is of the form
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(g, ¢) = (Y(g), 6(c)), where ¥ is an automorphism of (G, T) and ¢ : C
— D is continuous and onto.

ii) If ¢ is an automorphism of (G, T) and ¢ : C — D is continuous and
onto, then n : Gx C — G x D as defined in (i) is continuous if and only if,
for every A€ Uy, thereis an a€ U such that Y(0,(c, ¢’)) = Ox(a(c), a(c’)).

Now, let G = S* and let C be a finite set. Define sets {O,,(c, ¢’)} and
{0,,(c, ¢')} satisfying 1—8 so that, for no ¢,,¢,,c;3,c, € C and for no po-
sitive integers m and r is it the case that either O,(c,, ¢;) = 0,(cs, ¢,) or
0,(c3, c4) = O,(cy, ¢,). (This can be achieved, for example, by defining
sequences of real numbers {a,}, {b;}, {d;}, and {b,} such that @, <
d, < b, < b, and then defining O,(c;, ¢;) and O0,(c;, ¢;) as in §3).
Then, if we denote by 7, and .7, the topologies defined on G x C (as
in theorem 3) from O,(c, ¢’) and 0,(c, ¢’), theorem 5 tells us that the
minimal sets (GxC, 7, T) and (GxC, J ,,T) are not isomorphic.
Thus, G and C do not uniquely determine a proximally equicontinuous
regular minimal set. Indeed, it is easy to see that infinitely many non-
isomorphic minimal actions can occur.

We may also use theorem 5 to obtain a positive result on homomor-
phisms, and thereby to construct a new regular minimal set.

Let C and D be finite sets, and let C = C; v C,, D = D, u D,, where
C,nCy=D,nD,=0.Leto:C— Dsuchthate(C;) = D; (i = 1,2).
Using the decomposition C = C, u C,, let O,(c, ¢’) be defined as in
§ 3, and topologize S* x C so that (S* x C, T) is a proximally equiconti-
nuous regular minimal set. For d,d’ € D, let O,(d, d’) = v [0,(c, ¢’)|o(c)
=d, o(c’) = d']. It is readily verified that the sets O,(d, d’) satisfy
properties 1 —8. (The condition ¢(C;) = D; is necessary for property 7).
Then, by theorem 5 (if S’x D is topologized appropriately) the map
(9, ¢) = (g, o(c)) is a homomorphism from (S*x C, T) to (S' x D, T).

Now, for n = 2, let C, be a set with cardinality n, let C, = C{, v C,,,
where C;, N C,, = ¥ and let 6, : C,,, - C, such that 6(C; ,+1) = Ci s
(i = 1, 2). Then if X, = S' x C,, there are, by the discussion in the pre-
ceding paragraph, homomorphisms =, : (X,+,, T) = (X,, T). We may
regard the collection of minimal sets and homomorphisms {(X,, T), ,}
as an inverse system. It is easy to see that the inverse limit of this system,
namely, the subset of X,_, ;.. X, of points (x,, xs, ) satisfying
T,(X,+1) = X, is a minimal set, and therefore, by theorem 6 of [3], is the
regular minimal set (v X,, T).

Let X* = v X,, and let , : X* — X, be the n'® projection. We may
represent points of X* by x* = (g,¢;,¢3,° ") (9€ S, ¢;€ C; with
o1(¢cj+1) = ¢;). It follows from lemma 1 that P(x*) consists of those points
y* = (g, i, ¢3, - - -) in X* with ¢} e C;. Clearly P(x*) is compact, self-
dense, and metrizable. Moreover, P(x*) is totally disconnected. For if
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y* = (g, ¢y, ¢35, -+ ) and z* = (g, ¢y, ¢j, -+ *) are in a connected com-
ponent of P(x*), then y,(y*) = Y,(z*), for n = 2,3, - - and y* = z¥,
Therefore P(x*) is homeomorphic to the Cantor discontinuum.
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