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1. Introduction

A generalization of the Laplace-transform is given [5] as

(L.1) F(p) =p [ e Wy () (pt) (),

where W, ,(t) is the confluent hypergeometric function. F(p) is
called the Meijer-transform of f(¢) and is symbolically denoted by

(1.2) fit) 2 F(p) or F(p) < 1),

For k& = m, it reduces to the Laplace-transform.
In two variables f(t) and F(p) will be replaced by f(¢,, t,) and
F(py, ps), where F(p;, p,) is defined by the double integral

(1.8)
F(py,pa) =pipa [, [y e 00 Wy oy (0180 Wi 14, m, (Do)
X (paty) 17 (pata) T f(2y, ty)dt s,
and this relation will be symbolically denoted by

(1.4) Hta, 1) 2225 F(py, pa), i=12
Further, if the range of integration in (1.8) is — oo to oo in place
of 0 to o, it will be denoted symbolically as

(1.5) 1(ty, 8) %» F(p1s ps)s i=1,2.

For k; =m,, 1 = 1,2, (1.4) and (1.5) reduce to the Laplace-
transform of two variables where the range of integration is 0 to
0 and — o0 to o respectively. When the range of integration is
0 to oo, we call either transform (Laplace or Meijer) unilateral
two dimensional transform and when the range of integration is

1 This research was supported by N.R.C. Grant.
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— oo to oo, it is called bilateral two dimensional transform. The
right hand sides of (1.1) and (1.8) are defined by L;{f} and L}{f}.
The integrals are taken in the sense of Lebesgue. The domain of
convergence is the domain of absolute convergence as explained
in Die Dimensionale Laplace-transformation by Doetsch and
Voelker [6] and also in the paper of Gupta [3].

In this paper, we have proved certain theorems in unilateral
and bilateral two dimensional Meijer-transform and a self-reci-
procal property. Examples are given in one variable as an applica-
tion.

2
TaEOREM 1. (a). Let
(i) £t f(ty, 1) 22> F(py, pa),

where L% {t}1132f(t,,t,)} is absolutely convergent in a pair of asso-
ciated half-planes H, , H, which may be defined by Re (p;) >0,
(¢=1,2).

(i) b, 1) 2 PO W, L D, (p )] [P )T,

where y,(p;) = c/a}‘l(log P;s), A4; > 0 and Ly(h,) is absolutely con-
vergent in the half-planes D, (say) defined by Re (p;) > 0 and

(iii) e Frivitea Wi, m[Aiv(p)1 A pi(p;)] 4

and h,(4;, ¢;) are bounded and integrable in (0, ) in p; and ¢;
respectively and &1 #2571 f(4;, t,) is absolutely integrable in %,
t, in (0, o).

(iv) ¢,(¢;) is monotonic, varying from —oo to oo at ¢; varies
from — o0 to oo

(v) (F (21, t5)) [ty is absolutely integrable in £;, £, in (0, o0). Then

(2.1)
G(ty, ty) = f{e¢l(t1) e'ﬁz(ta)}em¢1(t1)+m¢z(tn)¢1(t1)¢;(t2)—k-% T(pl, P2)

—Plpzf f hy(p1s t)ha(p2s t2) P, &)

12

dt dts,

provided that L% {G} is absolutely convergent in a pair of associated
convergent strips S, and S, which are common regions of H, ,
D, and H, , D, respectively.

Proor. Let us consider the image-integral
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I=pp, Jj; f_ww etntiints Wi ig.m (P18) Wi 14, m, (P2ls)
X (py tl)—kl—i(pztz)—kz—éf{gh(tl), ef3(ta)} gm d1(t)tnadalta)
X by (t1) by(ta) dty dty.

Suppose it to be absolutely convergent in a pair of associated

convergence domains.
Let us put y, = €%, Then, by virtue of (iv), y, varies from 0

to oo and ¢; = ¢; (log y;).

But ¢;! (logy,) = v;(y:), .. t; = v,(y,), i =1, 2. Therefore,
we have

[= 1Py J'ooo J‘:" e—-}ml/rl(ﬂx)—%m'/’:(vz) Wk1+},ml[plwl(yl)]
(2.2) X W13, mg [Pa¥2(y2) ] [P191(¥1) ] F [Daye(y2)
X [(Y1s Yo )yt Y5 dy dys,

which remains absolutely convergent for Re (p;) > 0 and
Re (p;) > 0.

Now using (ii) in (2.2), we have

00 o0 0 o0
T=pipa; [ My 9oy [pays [ [0 ertmeivan
(2.8) XWiig,m W12 Wi g, my (Yo 22) (y121) 1 H(yp) o
X hy(p1, @)ha(Pa, @0)day d, | dys dy,.

On changing the orders of integration in (2.8), which is permissi-
ble as y- and 2-integrals are absolutely and uniformly convergent
due to assumptions in (i) and (ii), we get

I = p,p, fooofom ks (pss ®1) ha(ps, @s) [J:o f:o emtna—ive
X Wi ig,m (Y121) W tg, my(Ya2) (Y12 )T d (ypap) et
XYLt f (Y1, Ya)dysdy, | dayday,
from which the result follows by using (i).
THEOREM 1. (b). Let
: ketd
) f(ty, ts) T F(p1, ps)s

where L7 {f} is absolutely convergent in a pair of associated half-
planes H, , H, which may be defined by Re (p;) >0, ¢ =1, 2.

(i) k(4 1) %’ etV Wiert,m, [Aivi(p:)] [Ayi(p)] ™4,

where
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log p,

7t » 4, >0

vi(p:) = ¢; {1 og ai} i >

and L;{h;} is absolutely convergent in the half-planes D, (say)
defined by Re (p;) > 0 and

(iii) et vira Wi s, m, v (0)1[Aipi(p) 1+

and h,(4;, t;) are bounded and integrable in (0, c0) in p, and ¢,
respectively and 1/(t,2,)f(t;, t;) is absolutely integrable in ¢, 2, in
(0, ).

(iv) ¢,(t;) is monotonic and af*? tends to zero as t; tends to
— o0 and to oo as £; tends to ©

(v) (F(t;,15)) [tyt5is absolutely integrable in t;, £, in (0, ). Then

(2.4)
Glty, 1) = flafr™, afs®]4}(t) dy(ta) “obm
_ P1P2 ( 15 2)
T(pys pe) = mj f hy(p1st 1)he(D2s 2) dt, dty,

ai>09

provided that L%{G} is absolutely convergent in a pair of associated
convergence strips S, , S, which are common region of H, , D,
and 4, , D, respectlvely

The proof is on the same lines as in Theorem 1(a).

If we substitute k; = m,, ¢ = 1, 2 and a; = a, = a in the above
theorem, we get Gupta’s theorem [8, p. 197].

We now give a general theorem which can be used both in
unilateral and bilateral transforms.

TaEOREM 2. Let
(1) fimglleaf(ty, t,) ~22> F(py, Ps)s

where LE{ti/Mtlref(t,, t,)} is absolutely convergent in a pair of
associated half-planes H,, H, which may be defined by
Re(p;) > 0,1 =1, 2.

() holhs t)) 0 e P00,y Dopu(p)) AP,

where 1p,(p,) = qS L(p¥r), A, >0 and Lp{h;} is absolutely
convergent in the half-planes D,, i=1,2 (say) defined by
Re (p;) > 0 and

(iii) e~ rbio Wi g, m[Aswi(0:) 1[4 pi(p,)]



62 B. S. Tavathia [5]

is bounded and integrable in p, in (0, c0) and #M#)" ¢tk =11(2,, 1,)
is absolutely integrable in ¢,, ¢, in (0, c0).

(iv) ¢,(t;) is monotonic in ¢; and varies from 0 to oo as £, varies
from — 00 to oo or from O to oo as the case may be. Then

Eotd
Glty, 1) = I (1), $hr(ta)] 1(01) $y(ta) o
Bty

my

(t, )
T(tvtz)Eplpzf J hl(Pvtl)hz(Pz’tz) v dt,dt,,
U1l

ﬂ1>0, Uy >0,

provided that L%{G} is absolutely convergent in a pair of associated
strips S, , S,, which are common regions of H, , D, ,and H, , D,
respectlvely and the integral on the right hand s1de is a.bsolutely
convergent in ¢, ¢, in (0, o).

A self-reciprocal property:

Let us consider the above theorem in one variable. We also
take the image integral in which ¢ varies from 0 to co.

Let y = ¢#(t) = 1/, so that t = ¢=1(y/#) = y(y).

1

St=—=19(y)
y

here £ - 0, y — o0 and when t - o0, y — 0.
Now

figrens @) = () (- 5 e-om) 22 2 J:oh(p, ORALP

i) 2o v

#rf(t) 2> F(p).

or

But

So if we take

tlll‘f(t)=t"‘1//"—1f(%) ie. f(%) = t@IMHf(Y),

we get
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(2.6) F(”) fh( t)i(—)dt,z

i.e. F(p)/p is self-reclprocal under the kernel A(p,t), provided
F(p) and [$h(p, t)(F(t)/t)dt are continuous functions of p in

(0, ).
Now
A\~
b, 1) 2 mhar Wk+;,,m(%) () where vip) =~

I'(—2m)I'(1—8k—+m)
I'(—m—k)I'(1—2k) (1 —2k+2m)
[1 +m—38k, 1+m-k; _ M]
253 | 1+2m, 1—2k, 1+2m—2k;
I'(2m) (1 —8k—m)
I'(m—k)I'(1—2k) I'(1—2k—2m)

1—m—38k, 1 —m-k;
F. —t
2 [1—2m, 1—2k, 1—2m—2k; :”

Soh(A, 1) = {(lt)"‘—"

(2.7)

+(aty b

provided 2m is not an integer and
Re (1—8k-+m) > 0, Re(1—8k—m) > 0.

Application of the above:
Let tY/#f(t) = t—2%(14-t)*~, which has the property that

fUBf(t) = t-/m-1¢ (%) .
But
#If(t) = F(p).
Therefore, we have [2, p. 287]

F(p) TI'(1—8k-+m)I'(1—8k—m)
p I(1—4k)

pr e Wy 4 n(p),

i.e. p*ier2W,, —3,m(p) is self-reciprocal under the kernel A(4, t)
given by (2.7).

If we substitute k = m, we see that p=™4e?/2W,,,_, .(p) is
self-reciprocal under the kernel J,(24/4t) which is a known result
[2, p. 84].

2 The negative sign is omitted in view of the fact that when t - 0, y — o0 and
when ¢ - o, y - 0.
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3

Example on Theorem 2

We take the range of integration from 0 to oo and consider the
case in one variable only.

Let y = ¢#(t) = 1/t so that y(y) = 1/y.

Further let #V//f(t) = t*m—4e—/9, then taking k =m—3%, we
have [1, p. 217]

2
F(p) = —= a®pi=2"[K,,(v/ap)]*
V7
From (2.7), we have
I'(—2m) ' —2m) [g—zm, 14-2m; Zt]
I'(4—2m)r(2—2m)*® ® 2, 14+2m, 2—2m;

r@em)rE—am)
Val(2—2m) [(2—4m)

L5 am;
At -+
1—2m, 2—2m, 2—4m;

Then, according to Theorem 2, we have
ftm gat _™ 2a%™ pJ‘ { F( —2m)I'(3—2m)
I'(3—2m)I'(2—2m)
~—2m, 3+2m;
Fy |2 — t:l
s [2, 14+-2m, 2—2m;
Ir'2em)I(E—4am)

VAl(2—2m)[(2—4m)
F [7 —4m; —pt]} (K, (/@) 22 dt,
278 |1—2m, 2—2m, 2—4m; 2m
Re (p) > 0, Re (a) > 0, Re (m)<%.

h(it) = {(lt)&

+ (Af)t-2m

+(pt)iom

Evaluating the left hand side [4, p. 887], we get after arranging
properly
o I'(—2m)I'(2—2m S _2m, 112m;
[ o0 e ) R [EA ]
0 I'(t—2m)Ir(2—2m) 2, 1-+2m, 2—2m;
rem)rE—am)
Val'(2—2m)I'(2—4m)

2> 2 —4m; . ]} 24}—2m
(B.1) ,F, [1 o a9 am; — Pt} Kan(Va 2t

+(pt)—2n
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_ y/al(2—4m)[(2—6m)
o 2a2™['(3—6m)

Re(p) > 0, Re(a) >0, Re (m) < 1.

2—6m, 2—4m; a
(8.1) ’ ]

p4m—a} F [ —_—
241 %—67]&; P

If we substitute m = % in (8.1), we get a known result [1, p. 182].

4
THEOREM 3. Let
(i) 1t 1) 222> F(py, pa), i=12

where L%{f} is absolutely convergent in a pair of associated
domains S, and S, .

(i) halhs ) 2> 8 (p)e RV OW, 4 (4,9, (p)]
X [Aiwi(pi)]_k“i} 1= 1,2,

where 1; denotes a real parameter and L;{k,} is absolutely con-
vergent in {; in the domain 0, (say) and y,(p,) €S,, and
$:(p;) € S,,. (i) f(t;,ts) is absolutely convergent in (0, o) and
hy(Ay, ty) and hy(44, t;) are bounded and integrable in 4,, 4; and
1, &3 in (0, o0).
Then
Glts te) = [ [ ha(Ay, ta)ha(Ra, 0)f( A, Ag) dAy g
kg $1(p1)$a(p2)
™ 1(p1) va(p2)
provided that L%{G} is absolutely convergent in a pair of asso-
ciated domains 2, and 2, where 2, is the common part (suppose

it exists) of S, and D, in the complex p, plane and 2, is a similar
common part of S, and D,_in the complex p, plane.

(4.1)

Flyi(p1)s v2(p2)]s

Proor: Wereplace p, and p, in (i) by v,(p;) and y,(p,) and rest
of the proof is simple.
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