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Laplace transform of functions satisfying
the Lipschitz condition

by

Z. Ditzian

Introduction

In this paper we shall treat the Laplace transform of a function
o(t), L;[p, x] defined by

(1.1) Lilp, @] =f(z) = [” e p(t)dt

where ¢(t) € L,(0, R) for all R > 0.
We shall show that the Jump Operator defined by

S e ) e

(1.2) Jifkstl= T 7

(see also [2, p. 91] and [1, p. 869]) is O(k7/2)k > 0, 0 <y =1
whenever ¢(t) satisfies at ¢

(1.8) [ tplty) —g(e)]dy = 0(i+) h—>0
which is a generalization of Lipschitz condition of order « (see
[4, p. 42]).

We shall prove that f(z) = L;[p, ] and the asymptotic be-
havior J[f, k;t] = 0(k~%) uniformly in some interval of ¢, implies
that ¢(2) (or an equivalent in Lebesgue sense) satisfies the Lip-
schitz condition there.

Similar results can be achieved for the Laplace Stieltjes trans-
form LS;[a, ] which is defined by

(1.4) LS;[o, z] = f() = f;” e daft)

where «(¢) e B- V[0, R] (is of bounded variation in [0, R]) for all
R =o0.

In the case of the Laplace-Stieltjes transform one should define
I(f, ks £] by

(L5) Ik ] = (— ;)k f00 (?) .

29



30 Z. Ditzian (2]

and results analogous to those for the Laplace transform will be
achieved in section 4.

2. The behavior of the Jump operator

In this section we shall state and prove properties of J[f, k; ]
as a result of a Lipschitz condition on ¢(t).

THEOREM 2.1. Suppose f(z) = L;[@; 2], t > 0 and y = 0. Then:

(a) [ tot+y)—p(t)dy = O(hr+7) h—>0
implies
(2.1) Tt ks 8] = 0(k~772) k — .
(b) [ o(t+y)—o()ldy = o(hr+7) h—0
implies
(2.2) JIf, ks t] = 0(k7/2) k — oo.

The effect of the Lipschitz condition in an interval on J[f, k; ]
is described by the following theorem.

THEOREM 2.2. Suppose f(x) = L;[p, ] and that for some real
a, b satisfying 0 < a < b < © there exist k > 0, 6, > 0 and y,
0 < y < 1, such that for each t, and ty, a < t, < t, < b, satisfying
[ty —ta] < 6y

(2.8) lp(t)—@(ta)] = K[t —1,|.
Then there exist M so that for k = k,
(2.4) ik t]l SK - M-k

uniformly for te[c,d] a < c < d < b and in case a = 0 (2.4) will
be valid for t € (0 d]. M depends on ¢ and d.

ReMmark 2.8. If we replace in assumption (2.8) of Theorem 2.2.
K by & the result will be for k = ko |J[f, ks ¢]| < ¢+ M, k=772 for
0 =<y < 1. The result is not interesting here for y = 1 neither is
Theorem 2.2 for y > 1 since in these cases ¢(t) would be a constant
in (a, b).

REMARK 2.4. Assumption (1.8) uniformly in an interval implies
(2.8) uniformly in that interval. Therefore the employment of
(2.8) in Theorem 2.2 is not a restriction but a simplification of the
notation. The implication in the opposite direction is trivial.
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We shall prove Theorems 2.1 and 2.2 together since the skeleton
of the proof is the same.

ProorF oF THEOREMS 2.1 AND 2.2.
One can first establish the following equality by the integral
definition of the I'-function

(2nk)} k\*+1 f°° euse [EHL
—_—— —kuft | _____ (_o1\E —1( o7 \k+1
ol ( t) 0e [k(u)+t(u) ]du
. (27k)E
R
Using (2.5), (1.2) and the known formula

(2.5)

k41 1
[_ o Te+1)+ — I’(k+2)] = 0.

dﬂ.
— Lilp,a] = Lily, a] where y(t) = (—t)'¢(t)
one may write

]U9 k;t] = J[f’ k; t]—0 - ‘P(t)

(27k)} E\F+1 [ pmax(t-8,00 (48 o
B
' 0 max (t-5,00  J¢+8

[(557) (—wr+r—wpa] (otw)—p0) du = Lt Lt .

(in case d = ¢;, which will occur in the choice a = ¢ = 0, obvi-
ously I; = 0).

Since the Laplace transform converges at some real C and ¢(?)
is bounded in [¢, d] or in (0, d] in case @ = 0 (@(t) is just a number
for proving Theorem 2.1) we have |«;(u, ¢, )] =< M i =1, 2 where

a(u, 8, 8) = [ e C[p(v)—p(t)1do
and

as(u 1, 8) = " | eC[p(v)—p(t)1dv.

Using the above we estimate I, in case t—48 > 0.

_ (2nk)t ( k)k+1

L= k! ¢

t—8
[ 0 4 femsucon [EF (—wpH—up | oo, )

For k = k(C) and for fixed C, d/du { } is of fixed sign and there-
fore
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Ll =

(2mk)} [ o\ b+
=) M
w (7)

. g—k(t—8) [t pC(2—8) [(1 + %) (t——d)"—-t‘l(t—-é)""‘l]

k
< eC=0) . M1k ‘e"/‘ (1 ~ %)} - (E—O)eHL,

This implies for fixed C, 6 <1/2¢c and k =k, > k,(C) that |I,| < ¢*
for some ¢ <1 (when under the assumptions of Theorem 2.4,
uniformly in [¢, d]).

Similar considerations yield for fixed C and k = k, the result
Is] = ¢*% ¢ <1 (when under the assumptions of Theorem 2.2,
uniformly in [¢, d] or if in addition @ = 0, uniformly in (0d]).

We have to estimate I, and we do it first for Theorem 2.1, for
which we define a(u) = [} [p(v)—¢(t)]dv, and have therefore

m B A o)

o(u)du+0(g*) k — o0 ¢ <1 fixed for any fixed choice of § > 0.
We choose d so that for [u—it| < 8 in case (a) |a(u)| < K|lu—t|*+r
and in case (b) |x(u)| = elu—t[*+?. A simple calculation shows

that
e (R correar)

has changes of sign at
1 —
w = t(l +o % \/k—1+k—2)

denoted by u,(k) and uy(k) (uy(k) < us(k)). Therefore in case (a)
(case (b) is similar) we have

o2nk)t 7 k\ k1 uy (k) 0 ug (k) t+8
R e Rt
kt t Lald (k) 0 uy(k)

e (5 urrr—upa))

—t+rd
o A |e—1| w

= I+ Tog+1o5+1y.

We shall estimate I,, (the rest are similar or easier)
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3 K+l Y pt+d
Il = K S8 (D)7 [ ety
o \E) T
. t ! t| d
[(““ )+ % :] U
1

(2ak)E [\ 8 )
K JA (T) {e (t+ )(t_'_é) }6l+7 (_t— + _k—

k 3 k\k+1
K (2;::) (7) " ey () (g ) — 1) 47

(2~ ) = it

Since ze™**! <1 and therefore e*(e=a®/* (u,(k)/t))* <1; also

uy(k)—t < 2t k% and

ug(k) _ k41
t

<2kt for k> k,;

so we have
Js S 8Ktk

By a method already employed here J, < ¢* where ¢ < 1.
Let us estimate J, now

2 + k+1 0y t+8
J1 = K(1+y) (2rck) k — ety (u—2t)*+7du
k! t tJ,

1 t4-8
+ f e—ku/tuk(u—t)vdu}
14

14(8/2)

= (1 +’7(k))K(1 +)t'k lf e*e-Dgk(z 1) 1+7dy

1

1 [1+(8/0)
+= f e"“’"“z"(z—l)”dz}
1

where 5(k) = o(1) k — c0.
Since z e~ < ¢~-14 jn 0 < 5 < 2 which is derived from

the fact that in 0 <2 <2 the only relative maximum of
z exp (—(z—1)+(2—1)%/4) is.at 2 = 1) we have
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fmin (2,1+(8/8))
1

Ji S (en@E) KA+ exp (—h(z—1)*/4)

: {(z—l)””—i— % (a—1 )v} d
1+(8/t) 1
+ g-kia—1) {(z——l)l+7+ i (z—l)”: dz} < (14+n(k))
min (2, 1+(8/8) k
KTRE (14-p) 872 f " ooty 4 k—bodo+-g*
(1]
< 2K(1+y)t7k-1P2 - L.

Where L = [Pe~"/4v1+7 dp which concludes the proof of Theorem

2.1.
Estimating I, for Theorem 2.2 we choose as

é = min(d,, c—a, d—D)

or in the case when @ = 0 8 = min(d;, d—b) where ¢, is defined
in Theorem 2.2.

<) )
ottt (S22 )t £ () (1) d

2xk)E [\ (k41 ¢
DN Tl
k! t k max(¢—8,0)

sl =

1 t+8
_|_ 7 I e—ku/tuk+1(u__t)l+8 du} .
t

Following similar calculations to those used in estimating J; we
conclude the proof. Q.E.D.

3. The behaviour of the determining function
and a representation theorem

For the Laplace transform f(2z) = L,[p, #]p is called the deter-
mining function and f(z) the generating function of the transform.

(See also [8]).
The following is the main result of the section.

THEOREM 8.1. Suppose f(z) = L;[p, z] and let
(8.1) |Jlf, ks t]] < Kk} for t e (a,b) for some K > 0
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then there exists a function (t) which is equal to ¢(t) in L,[a, b]
norm such that for every 6 > O there exists a K that satisfies

(32) Iyl —w(t) =K (%t)* lh—t| - min (z 22;)

t;e(a,b)i=1,2.,

We shall need for the proof of Theorem 8.1 the following rep-
resentation theorem for the Laplace transform (which I have not
been able to find in this form) which is a corollary of some well
known results.

For the result one has to define the operator L, ,[f] as follows:

(3.3) L lf] = (_k} ¥ (%)k“ f@ (g) .

THEOREM 8.2. Necessary and sufficient conditions for f(z) to be a
Laplace transform of ¢(t) with ¢(t) € L,(0, R) for all R > 0 which
converges for x > C are:

[ I
W [ e <Ny
(k+1/R Ve

k = ky(R, C)+1, ky+2, - - - for every R > 0

R
(2) lLim | |L,,[f]—L, [f]ldt = 0 for every R > 0.

jo00d0
k-0

(8) For each £ > O there exists an M, such that

(o] uk
f 3 15 (- C)du

@

2 \kH
=M, (;—) for @ > &.
&,

Proor. This Theorem is a corollary of various Theorems proved
by D. V. Widder. By a slight modification of Theorem 18.b
of [3, pp. 822—3824] conditions (1) and (8) are necessary and
sufficient for f(z) to be a Laplace Stieltjes transform of «(¢) of
bounded variation in every finite interval.

To prove sufficiency we observe that by Theorem 10 of [3, pp.
299 —301] formula (1) is equivalent now to

[FIL,, [f1ldt < N forall R > o.

By formula (2) we obtain that L, ,[f] is a Cauchy sequence in
L,(0, R) and therefore there exists a function ¢(¢) which is their
limit and ¢(t) € L,(0, R), (for all R > 0).
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By substitution we have

f L fhat = = l)k f:(7)k+1f<k>(1:.)dt

_ k—1 poo
_ ((k_)l . fo W1 () du

and therefore a(t) = lim,_, ., [¢L; ,[fldv = [e(v)dv.
For all finite N, # > ¢ > 0 one has by the proof of Theorem 8.b

of [8. p. 822]

() =fowe—”‘da(t) = lim wf:oe*“‘ {f:Lm[f]dv} dt

k- 00

N t (o] t
— lim f e‘“{ f L,,,,,mdv} dt+ lim 2 f gt ‘ f Lk,,[f]dv} dt
k—o0 0 0 k00 N 0

N N
= lim e~ L, [fldt+ lim e—*N f L, ,[fldv
0

k—200d 0 k- o0
-] t N
+lima f e—“‘{ f L,,,,,[f]dv’dt= f et p(t)dt+0(1) N->oo
k—00 N 0 0

which concludes the proof of sufficiency.
To prove necessity one has to show only that (2) is necessary.
We estimate |[L; ,[f]—@(¢)l|L,0,m as follows

[Fitnan-owia = 52 [“a{ [+ [} ertiptu-ptan

K1

kk+1 R oo
= ———f e Fuqk {f l(p(tu)—(p(t)ldt} du+ R max - eruyk
0 0

k! o<t<R k! Jg
*lo(tu)—o(t)|du.

While the second term is obviously tending to zero (as ¢* ¢ < 1)
the first term tends also to zero as can be proved by repeating
almost verbatim the proof of Theorem 17 (a) of [3, p. 818].

Q.E.D.

Proor or THEOREM 8.1. By Theorem 8.2 L, ,[f] converges to
@(t) in L,(0, R) (for every R > 0) and therefore in L,(a, b) and
therefore in measure on (a, b). This implies that there exists a
subsequence of L, ,[f], say Ly, ,[f], that converges to ¢(t) almost
everywhere in (a, b). We shall prove that the sequence L, .[f]
converges pointwise in (a, b) to () which obviously is equal to
@(¢) in L,(a, b). Suppose at #,L,, ,[f] does not converge, then
since Ly, ,[f] converges to ¢(t) a.e. in (a, b) there exists a sequence
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t;e(a, b), t; — ty where lim; ,  t; = t, and the limits lim,_, , Ly, [f]
exist. We shall prove lim,, ,lim,, , Ly»,+[f] exists and is equal to
lim,, oo Ly(a, 4,[f] (which also exists). To show that lim, ,, Ly, ,,[f]
is Cauchy sequence in § we use the mean value theorem as follows

(3.8)

—1)+ k\*t+1
Lty [1—Li, 1, [f] = @iy —tsc20) ‘_‘( k') (f)

B ) b () =t (&) v

where { is between ¢, and &; .
Formula (8.3) is valid for every k and therefore using (8.1) we
obtain
1\%2
(3.4) ILk(i)’tJu) (/] —Lk(i),tm) U1l = Kty —tia] (2_) e
) 1
and therefore
. . 1\t 2
(3.5) |lim Lty [F1— lim Lk‘i’tm, 1l = Kl —tial (E—) i
00 i-00 /) b
Inequality (3.5) implies that lim, L, . [f] is a Cauchy sequence
in g.
Define hm,_,oo lim,, oLy, [f] = A. Since one can replace #;,) by
t; and 2,5 by £, in (8.4) it 1s easy to see that lim; o Ly, [f] = 4
Now every point in (a, b) can replace ;) and #;, in (8.4) and (8.5)
and therefore (3.2). Q.E.D.

REMARK 8.3. A combination of Theorems 2.2, 8.1 and 8.2 form
a kind of representation theorem for functions satisfying Lip-
schitz conditions.

4. The Laplace Stieltjes transform

Analoguos to the theorems of sections 2 and 8 for the Laplace
Stieltjes transform can also be obtained.

THEOREM 4.1. Suppose f(s) = LS;[«, ] and for some real a, b
satisfying 0 < a =< b < oo there exists 6 6,0 =5 =<1, K > 0 and
6, > 0 such that for each t, and t,, a <1, =1, < b satisfying
[B—tsl <6y
(4.1) la(ty) —a(te)] < Kty —1,|”

Then there exists an M so that for k = k,
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(4.2) Il ks t]l s K- M - k72
uniformly forte[c,d] a<c<d <b.
THEOREM 4.2. Suppose f(z) = LS;[«, z] and let for some K > 0
(4.8) |I[f, k;t]] S Kkt for te(a,b) 0 <a<b< oo,
then B(t) satisfies for some M < 0
(4.4) loe(ty)—alty)] < KM|t,—ty| t;€(a,b) 1 =1,2

The proof of Theorem 4.1 is similar to that of Theorem 2.2 but
a little simpler. The proof of Theorem 4.2 is similar to part of the
proof of Theorem 8.1 using here Theorem 8.b of [3, p. 822] instead
of Theorem 8.2 there.

REFERENCES

J. BENEDETTO
[1] The Laplace transform of generalized functions Can. J. Math. Vol. 18 pp. 857—
374. 1966.

Z. Drrz1aN and A. JAKIMOVSKI
[2] Real inversion and jump formulae for the Laplace transform. part I. Isreal J.
of Math. Vol. 1 pp. 85—104. 1963.

D. V. WiDDER
[8] The Laplace transform. Princeton University Press 1946.

A. ZYGMUND
[4] Trigonometric series Vol. I. Cambridge University Press 1959.

(Oblatum 25-I1I-68) Department of Mathematics
University of Alberta
Edmonton, Canada



