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Fredholm formulae and the Riesz theory!
by
A. F. Ruston

1. Introduction

In a well-known paper [31], F. Riesz studied the behaviour
of compact (= completely continuous) linear operators on the
Banach space of continuous functions on a closed interval. His
arguments can readily be applied in any Banach space, real or
complex, and the Riesz theory has been discussed by many
writers (see, for instance, [1] pp. 151—157, [8, 5, 15, 28, 80],
[82] pp. 178—182, [36, 51, 52, 58, 54, 55] and [56] pp. 330—844;
see also [18] pp. 577—580).

The classical Fredholm theory, as expounded for instance in
[14]2, expresses the solution of an integral equation such as

z(s) = y(s)+4 L” k(s, t)x(t)dt (a<s<b),

where y and k& are given continuous functions and the continuous
function « is to be determined, in terms of the Fredholm minors

d(sl, Soy e ey Sy A),

by tay v o By

which (for fixed s, Sy, ..., 8,3 £, %5, ... t,) are integral func-
tions of A. This theory, like the Riesz theory, has been placed in a
more general setting by a number of writers (see, for instance,
[17, 22, 24, 25, 29, 83, 84, 35, 40, 41, 42, 48, 44, 45, 46, 47], [48]
pPp- 79—105 and [56] pp. 261—278).

Use has already been made (cf. [85] and [86]) of the Riesz
theory in discussing the Fredholm theory. The purpose of the
present paper is to delve more deeply into the relation between

1) A sketch of part of the theory given in this paper, for the space of continuous
functions on a closed interval, was presented (under the same title) before the
International Congress of Mathematicians 1954 at Amsterdam (cf. [87]).

2) Other references are given in [84]. See also [48].
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26 A. F. Ruston [2]

the two theories. In particular, we shall establish a relation 3
between the dimension numbers of certain subspaces occurring
in the Riesz theory and the orders of the corresponding zero of
certain Fredholm formulae (Theorem 8.4; cf. [87]), and we shall
identify the null space and nucleus space of the Riesz theory with
the range and kernel of a certain operator in the Fredholm theory
(Theorem 4.2).

Throughout this paper, the Banach space B under consideration
can be either real or complex.

2. Fredholm formulae

As in previous papers, we shall make constant use of the
theory of n-operators developed in [84] (which was based on
Schatten’s notion of direct product — cf. [89]). An n-operator on
a Banach space 8 was defined ([84], p. 852) to be a continuous
linear ¢ operator on B} into Bj. This definition was chosen
because it led to a simple formula for the bound-norm ([84]
Theorem 8.1.1, p. 852), which enabled us to obtain some im-
portant inequalities ([84] § 8.7, pp. 870—876) used in proving
the convergence of certain series ([84] Theorem 8.8.1, p. 876).
In later work ([85] and [386]) a different method was used to
prove the convergence of the series concerned. For this later work,
we could ® have used (for instance) continuous linear operators
on B} into B}, or continuous linear operators on B} into Bj.
To avoid confusion, however, I shall continue to use n-operators
as defined above. For further information on the theory of n-
operators, the reader is referred to [84] (see also [38]).

DerINITION 2.1 8. A continuous linear operator K on a Banach
space B into itself will be called a Fredholm operator on B iff 7
there is a scalar integral function Ay(A) = 324 Ay AT of the scalar

3) I am indirectly indebted to Professor D. E. Littlewood in this connection.
It was a (somewhat hazy) recollection of his Part III lectures at Cambridge which
first put me on to the nature of this relation.

4) In my earlier papers (e.g. [88—38]) I used the word ‘linear” (following
Banach, cf. [1] p. 28, [82] p. 149) to imply continuity. More recently I have come
into line with most modern writers, and use it in a purely algebraic sense (cf.
(18] pp. 36—387, [21] p. 16, [49] p. 18, [56] p. 134).

5) I am indebted to A. M. Deprit for drawing my attention to this fact.

¢) Cf. [86] Definition 2.1, p. 819.

7) Following Halmos, I use ‘‘iff” in a definition where the meaning is “if and
only if”.
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A, not identically zero, such that 32, ALA" is an absolutely con-
vergent series of m-operators for every scalar A and every mon-
negative integer n, whered A, =T  AT*K4. The integral
function Ay(A) will be called a Fredholm determinant for K, and
the m-operators {A,} will be called the Fredholm coefficients cor-
responding to Ay(A).

ReEMARK. If % is n-dimensional, and K is represented by the
n X n matrix «, we can take 44(1) = det (I,,—Ax) (cf. [84] p. 365).
The Cayley-Hamilton theorem ® then tells us that > , 47« =0,
from which it follows that Y, , AJK*" = @ (the zero operator).
For a Fredholm operator K with Fredholm determinant 4,(4)
on a general Banach space B, we have (by Cauchy’s test) a
generalization of the Cayley-Hamilton theorem, namely that 10

n
| S AZK""|[Y" > 0 as n — co.
r=0

From the absolute convergence of 32, 474" for any scalar A
follows at once (by the comparison test) the absolute convergence
of the series

5 CE frage

S rlst
for any non-negative integer r and any scalar A.

DEeFINITION 2.2. Let K be a Fredholm operator on a Banach
space B, and let Ay(2) be a Fredholm determinant for K. Then we
define

® s)!
4,0y =3 CEL e,

where {47} are the Fredholm coefficients corresponding to Ay(A).
We call {4,(1)} the Fredholm formulae corresponding to Ay(1).

Clearly A4,(A) is a skew n-operator ([84] Definition 8.1.1,
p- 858) for any scalar 4, 4%(0) = 47, and 43(1) = 4,(2) for any
scalar 4.

8) We recall that

(R Q...  fMKHa® @ 2® @ ...Q ™) = 3 det [fO (K z)],
where summation is over all sets of positive integers u,, u,,..., 4, with
ttpst ... +py = n+ts (cf. [34] Theorem 8.1.4, p. 356).

%) Cf. [2] p. 820, [18] p. 562, [18] p. 169, [19] p. 106, [26] p. 105, [27] p. 18
and [28] p. 206.

10) Here I use ||.|| to denote the bound-norm (of a continuous linear operator),
denoted in some of my earlier papers by f(.).



28 A. F. Ruston [4]

Elsewhere we have called 4%(A) a Fredholm minor, and have
denoted it by 4,(4) (cf. [85] Definition 2.8, p. 8372). In this paper
we shall frequently have occasion to consider the Fredholm
formulae for other values of r, and the value r = 0 will not in
general be singled out for special treatment.

NotE. In an alternative treatment, one could consider {r!47}
in place of the Fredholm coefficients, and {r!4;(4)} in place of
the Fredholm formulae. The above equation would then be
replaced by a slightly simpler one (say Dj(4) = X2, D As/s!).
To avoid confusion, however, I shall continue to use the notation
I have used elsewhere.

The fundamental properties of the Fredholm formulae on
which the calculations in this paper are based are given in the
next two theorems, which are immediate consequences of the
definitions (cf. [84] Theorems 8.8.2 and 38.8.5, pp. 877 and 879).

THEOREM 2.1.
a3(4) = Zo (A—2) 47(4,)

for any scalar Ay, the series on the right being absolutely convergent
in bound-norm for every scalar A.

THEOREM 2.2. If n =1 and r = 1, then
(i) I—=AK){1}45(2) = K A 45 _4(A);
(i) AMA{HI—IK) =K v 45 ,(4);
(i) (I—AK){1}5(4) = K141 (A)+K A 455 (3);
(iv) AN —IK) = AT ALK +K v 47 _41(4).

We may note, in passing, that (i) and (ii) of this theorem can
be expressed in the form (iii) and (iv) by putting, conventionally,
47(1) = O when r < 0.

We shall be concerned with relations between the Fredholm
formulae with particular reference to a fixed (but arbitrary)
value A, of the parameter. Considerable light will be thrown on
these relations by our discussion of the Riesz theory, but before
starting that discussion we prepare the ground.

We shall be interested, in particular, in the order of 1, as a
zero of the integral function A%(1) of the scalar A. In view of
Theorem 2.1, this order can be expressed in terms of the vanishing
of the Taylor coefficients 4%(4,). I now introduce some notations
to describe the situation (for brevity, the dependence on 4, will
not be made explicit).
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DeriNiTION 2.8. For each integer n = 0, we define the number
p(n) to be the smallest integer p for which A%(A,) # O, with the
convention that, when no such inieger p exists, then p(n) = co.

Thus p(r) is the order referred to above.

In order to study the variation of p(n) with n, we introduce
some further notation.

DeFINITION 2.4. For every integer n = 0, we define the number
g(n) to be p(n—1)—p(n), with the conventions ' that q(0) = oo
and that g(n) = — oo when p(n) = co.

It is convenient to represent the situation diagrammatically.
The Fredholm formulae (for the parameter 4,) can be conveniently
arranged in a doubly infinite array:

A3(h0)  A3(ke)  A3(A)  A3(%)
A(he) M) M) A5(%)
M%) Ai(A)  Ai(k)  43(A)
A3(he)  M(de)  Ao(Re)  A5(%)

Here the formulae {4}(4,)} in any row are the Taylor coefficients
of the corresponding Fredholm minor A% (1), higher rows correspond-
ing to Fredholm minors of higher order. Then the orders of the
zeros can be represented by putting a white spot to represent
Ay (%) for r < p(n) (when 45(4,) = @), and possibly a black
spot to represent A%™(4,) (which does not vanish) if p(n) is
finite.

On the face of it, the diagram so obtained might be infinite
in extent. However, it has certain properties which enable us to
concentrate our attention on a finite part of it. These properties
we now discuss (others will appear when we discuss the Riesz
theory). To this end I now prove two lemmas.

LEmMmA 2.1. If X A A = O, where A is an n-operator and X a
1-operator, then either A = O or X 1is of rank at most n.

Let us suppose that X A 4 = @, but that 4 #% @. Then we
can choose elements 2%, 2, . . ., ™ of B and continuous linear
functionals f, f@ ™ on B so that

"R ®...Q fMAE? Q2@ @ ... R a™) £ 0.

11) These conventions are consistent, since by hypothesis p(0) is finite (cf. Defini-
tion 2.1).
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Then, for any z € B, we have

O0=(1%QM®...0 f")[XrdlzR2V Q... a™)
=(fV®... 0 MA@V ® ... ® &™) - Xz
+32 (-1 ®...® ")
r=1
A @2V Q... Qa™ K 2t Q... Q® ™) - Xa®,
and so X2 is a linear combination of XaW, Xa®), . . Xa™,
It follows that the range of X is spanned by Xa®), X2®, ..., Xz,

and so that X is of rank at most n. In fact (using the notation
of [83] p. 110)

X = i (Xw(r)) ()
r=1

(f(l) R...Q f"")A (" Q...Q 2 ® (1) Rz ... ®w(”’):|
[ "®... f"A(@VQ...Qa"™) |
Norte. The condition is not sufficient, as can be seen by taking

X to be a l-operator of rank precisely unity and 4 to be a 1-
operator of rank greater than unity.

Lemma 2.2, X}, = O for all r = 1 if (and only if) X is of
rank at most n.

By [84] Theorem 8.1.5 (p. 856) XL , = O if and only if X
is of rank at most n. But, if X}, = @, then

XAAXPA, .. A X1
= XA} XA 2. . . (XA n13XE ) L)
=@

for any set of positive integers u,, ps, « « «s finy1, and so (by [84]
Theorem 8.1.4, p. 856) X}, = @ for any positive integer r.

THEOREM 2.8. If q(n) < 0, then g(m) = — oo for every m = n.

In other words, p(n) < p(n—1) unless p(n) = oo, and then
p(m) = oo for every m = n.

Let us suppose that g(n) < 0, and let n, be the smallest positive
integer with ¢(n,) < 0 (so that n = n,). Then p(n,—1) must be
finite (else g¢(n,—1) = —o0 < 0). Since ¢(n,) < 0, we have
p(no) > p(ny—1), and so 47 (4) = @ when r < p(n,—1). It
follows (by Theorem 2.2 (iii) — or (i) if p(n,—1) = 0) that

K A 450 (2,) = 0.
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But, by definition of p(n,—1),
42050 (3,) # 6.

Hence, by Lemma 2.1, K is of rank at most n,—1. It now follows,
by Lemma 2.2, that K], = @ whenever m = n,, r = 1. Hence
A4%(2) is identically zero for all m = n,y, and so for all m = n.
Thus p(m) = o and g(m) = —oo for all m = n.

NotEe. The rank of K is, in fact, precisely n,—1, else we should
have g(ny—1) = —oo0 < 0 by the above argument.
We now introduce two more numbers.

DEFINiTION 2.5. We define u to be the smallest non-negative in-
teger such that A%(Ay) #~ © for some non-negative integer n, and we
define d to be the least such integer n.

Cf. [84] Theorem 4.2.1, p. 880. Clearly u = p(d).

The number d is known in German as the ‘“Defekt” of A,.
In the past I have translated this “defect’” (cf. [84] loec. cit.,
[85] Theorem 2.4, p. 878), but “deficiency’’ would be a more
idiomatic translation. The number u is of the nature of a “coef-
ficient of irrelevancy”, since the integral functions A3(1), 43(2),
43(2), . . . have a common factor (A—A4,)#, which could be divided
out and contributes nothing to the Fredholm theory (indeed we
could do this simultaneously for all scalar 4, by dividing by a
suitable scalar integral function of 1). It will be observed that
u =0 for the formulae “constructed” in [85] (see [85] Theorem
2.4, p. 878)12. It is still an open question whether the same is
always true for the formulae constructed for operators in the trace
class (cf. [84] Corollary to Theorem 4.2.1, p. 881; see also [16]
Chap. I § 5, pp. 164—191).

We can now see how it is that we can concentrate our attention
on a finite part of the diagram of spots mentioned above. For,
in the first place, either ¢(n) = 0 for all n > d, or there is an
integer ry = d such that ¢(n) = 0ford <n < ryand ¢(n) = —
for n > r, (this can be proved by induction, using Theorem 2.3
and the definition of d). In the first case K is not of finite rank;
in the second case it is of rank r,. Thus the “shape’ of the part
of the diagram of spots corresponding to n > d depends only
on the rank of K, and is of no great interest in connection with
the Riesz theory. Thus we need only concern ourselves with the
part of the diagram corresponding to n < d, for which values of

12) Tt is also true (in effect) for the classical Fredholm theory.
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n (again appealing to Theorem 2.8) g(n) = 0 (of course g(d) > 0).
In the second place, the diagram includes x4 columns of white
spots, which are (as we have seen) not really significant, and
these can be omitted. What is left is that part of the diagram
of spots corresponding to'n < d and r = u. I call this the spot
diagram. This will be a diagram such as

L
OO0 e
OO0OO0OO0O0Oe

It will have d-1 rows; the bottom row (which we call row 0
since it corresponds to n = 0) will have p(0)—u white spots, the
next row (row 1) will have p(1)—u white spots, and so on.

3. The Riesz theory

We shall continue to concentrate our attention on a fixed
scalar 1y, which will not be mentioned explicitly in our notations.

If T is a continuous linear operator on % into itself, then we
call T-1(@) (the set of solutions z of the equation T# = @) the
kernel of T (following common usage in algebra® — I have
elsewhere called this the “zerospace’ of T'), and we call T8 (the
set of values taken by Tz for 2 in B) the range of T.

DeriniTION 8.1. For each integer n = 0, we denote by M, the
kernel, and by R, the range, of the operator (I—2A,K)".

We have seen elsewhere ([86] Lemma 2.1, p. 820) that Ik, is
finite-dimensional for every non-negative integer n (this will also
follow from Lemma 8.2). The principal aim of this paper is to
show how the structure of these spaces is related to the Fredholm
formulae, and in particular how the number of dimensions of I,
can be read off from the spot diagram.

DeFINITION 8.2. For each infeger n = 0, we denote by m, the
number of dimensions of M,,.

It has been known for some time that 4 m, = d, that is the
number of white spots in the first column of the spot diagram,
and that 15 m, = p(0)—pu, that is the number of white spots in

13) Cf. [2] p. 151, [18] p. 89, [21] p. 470. This use of the word “kernel” should
not be confused with that in connection with integral equations, cf. [48] p. 2,
[56] p. 177.

1¢) Cf. [84] Theorem 4.2.2, p. 881.

15) This lay behind the argument in [35].
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the bottom row of the spot diagram (where » is the index in the
Riesz theory — cf. [81] p. 81, [382] p. 179 — such that m, = m,
when n = » and m, < m,,; when n <v). It was these facts
that led me to suspect a connection between the dimension
numbers {m,} and the spot diagram.

The main tools we shall use in our investigations are given in
Lemmas 8.1 and 3.2.

Let n be any integer with 1 =< n < d, and let p = p(n),
q = q(n) and ¢ = ¢(n+1). By definition of p(n), 4%(4,) % 6.
Let us then choose elements (™, z{", ..., 2™ of B and con-
tinuous linear functionals f{™, £, ..., f on B so that 16

KO ® ... @A) @V ® ... @ ) = 1.
Then we put
W =H"®..0fh®(*)®fh®...0 )
X Ai(lo)(wﬁ"’ ®...0aM)
and
B =8""®...9 "R he...0 M

X A%+1(4, )(w"" .o @ a™)
for 0 =1,2,...,n (cf. [84] p. 881, [85] p. 874).
LeEMMA 8.1 With the above notation,
(I—2K) 8", (I—2K) &Y, ..., (I—AK) &l
are elements of M, linearly independent modulo ¥ M,_, whenever
1=5r=g.

We know that
n—l(lo) =

whenever r < p+q = p(n—1). It follows, by repeated application
of Theorem 2.2 (iii), that

16) Tt would be sufficient to arrange for this expression to be non-zero, but making
it unity simplifies our calculations. Note, however, that, when this argument is
adapted for the classical Fredholm theory, we must be content with arranging
for the corresponding ‘‘kernel”

)

a 815853« o o3 8y
t],) tl, ey tn
to be non-zero (the duplicated notes for my talk at Amsterdam [cf. 87] require

amendment accordingly).
17) That is to say X5_; ag(l—A,K)? &M e M, only ifjoy =ay=...=0, =0.




34 A. F. Ruston [10]

(I—2,K)=1{1345+71 (2)
= (I—2,K)""2K{1}4%3+7%(2,)

= K H1}4%(4,),
and so that
(I—2 Ky (I—2,K)i—r g
p— (_1)0—1}'«—1
X ()" ®...0 ", ® féi’l . ® M)
X [(I—4 K “-I{I}A”“-‘(Ao)l(w‘“’ co®alM)
— (___1)0—1101—1
XM ®...0 /M ®fh®...0
X [Ke-1{1}4% (%)](w‘”’ @)
= (A K)1y{m.
But
(I—2,K)n"
= (—1)-1
X(*)Q"®...0 M @M ®... M)
X [(I—2K {I}Af;(lo)](wa”’ ®R...Q® wi."’)
=0

(that is 7§ eM,;), and so A Ky = 4{". Hence
(T—2K)r1 - (T—A K)o &) — nip,

and
(I—24K)" - (I—2,K)*r&) = O
that is
(I—2K)* £ e M,
Now

SO TI—=2,K) 1 - (I—2 K)o~ €] = f(5M) = 8,
for p = 1,2,...,n It follows 18 that

18) If

0210‘0(1_}'01{)«—'5(") €My,
then

n
0 = f{ [I—AK)™1 - 3 ag(I—AgK)eTEM] = o,
6=1
for p =1,2,...,n
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(I—2K) &, (I—2K) &0, ..., (I—AK)r&r

are linearly independent modulo R,_,. The lemma is thus proved.
The corresponding result for n = 0 is trivial.

CoroLLARY 1. If 1 = r = ¢q(n), then m — = n.

r—1 =

COROLLARY 2. A4y(4,) # O when p(n) < r < p(n—1).

Thus the spot diagram may be augmented by adding a black
spot above any white spot which has not already a spot above
it. These black spots correspond to formulae which cannot
vanish.

LEMMmA 3.2. With the above notation, I, N R,_, is contained in
the subspace of B spanned by 7™, 7\, ..., 5™ whenever r > ¢'.

Let (I—4,K)™lz be any element of IM; nR,_;. Then
(I—2,K)'x = ©. But, by repeated application of Theorem 2.2
(iv), we have

A2, ()Y I — A K
= [K v A2(1) [T — Ao K )+ A2 (A LK (T — 2 K
= [K v A206) {1H I~ A K )+ A2 (ALY I — DK )2

[K v A7) [T — A K ) =1+ 4725 (A{1}KS (I — 2, K )=
= [Kv A3(4) {1} I —2,K)*
(unless ¢ = 0 or — oo, when we draw the same conclusion more
directly, since then 4%7}(4,) = ©). Hence
=(M)OA®. .. @) M (W)([—HE)y2 @2 @ ... ® )
=((1*") A" ®...® [ K v 45(4)]
X (I—2K) 2@ " ® ... QzM)
=K({I—AK) 'z
+ 3 (=1’ f (KT —AK)a)

6=1
X (1*) Q" ®f0”—)1®f321 ®...Q0 M
X AA) (@M ® ... ® i)

= K(I—2,K)az— E e KT —2K)2z) 9,
and so (since (I—2yK) 1z = A K(I—1,K) 1)

(I—24K) 1z = z fO(I—2,K)—1z)n®.
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This proves the lemma.

CoroLLARY. If r > ¢(n+1), then m,—m,_, = n.

Suppose that n is positive. We have just seen that It n R,_,
is contained in a space of dimension n. It follows that it is spanned
by a set of n of its elements (not necessarily linearly independent),
say

I—=AK) 1Ly, (I—AK) 1y, . ooy (T—AK)™ 1,
(e.g. we could augment a base of the space by adding as many
zeros as are needed to make up n elements; if r < ¢ = q(n),
we can clearly take £, = (I—2,K)*"&M).

Now let # be any element of I,. Then (I —2,K) 12 belongs
to M, nR,._,, and so we can write

n

(I=2K)Pw =3 ag(I—2K) L.

=1
Thus
(I—AOK)'—I(w—-oz %pls) = O,
=1
that is
r=73 asloty
6=1

where y is a member of M,_,. It follows that IR, is spanned by
l1s sy oo oy &, modulo M,_,, and so that m, < m,_;+n. This
proves the corollary when n > 0.

The proof when n = 0 is similar (cf. [86] Lemma 2.2, p. 820).

THEOREM 3.1. If 0 =m < n < d, then

g(n) < q(m).

In other words, the number of “new’” white spots in any row
of the spot diagram is at least as great as the corresponding
number in any higher row.

It will be sufficient to prove that

g(n+1) = g(n)
when 0 < n < d. Suppose, on the contrary, that
r = q(n+1) > g(n).

By Theorem 2.8, ¢(n) = 0, and so r = 1. Hence, by Corollary 1
to Lemma 8.1 and the Corollary to Lemma 3.2,

n+l =m,—m,_, =< n—1.
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This contradiction proves the theorem.

The values of n of most interest are those for which
g(n+1) < g(n) 20, since then m,—m,;=mn whenever
q(n+1) <r = ¢g(n). In fact we have

THEOREM 8.2. If g(n+1) <r = q(n) = q, then
(IT—2K) &, (I—2K) 8", ..., (I —2K)= &
form a base for MM, modulo M,_,.

DeriniTION 8.8. We denote the wvalues of n for which
g(n+1) < q(n) #~ 0, arranged in descending order of magnitude,
by d1(= d)s dz’ LR dN3 dN+1 (= 0)’ andput =20 and 9, = Q(dp)
for p=1,2,...,N+1.

The most important Fredholm formulae (in view of Theorem
8.2) are 43'%)(4)). The corresponding spots on the spot diagram
can be thought of as the points where a string stretched round
the black spots (from “n = 00” to “r = 00”’) would bend.

In view of Theorem 8.1 and the definition of d,.,, we have

9 =4q(d,) = q(d,—1)=...=q(dpa+1)
for p=1,2,...,N. Hence we have
m,—m,_ = d,
whenever ¢, , <r =< q,. But
0=qo< 1 <@g <...<qy<(yp = O.

Hence, given any positive integer r, there is a unique integer p
between 1 and N+41 such that

qP—'l < r é qp°

Thus we can calculate m,—m,_,, and so m, (since clearly m, = 0),
for any positive integer r. In fact

ml - dl’
mz = 2d1,
me, = ¢4,

My, 41 = q1dy+ds,
My 45 = §1d1+2ds,

my, = q1d1+ (92— 01)ds,
Mey+1 = 014, +(9:—1)dz+ds,
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and so on. In general we have
m, = ¢1d;+(¢e—q1)da+ . - - +(r—q,1)d,,

where p is chosen so that ¢, ; < r = ¢, — in fact this equation
also holds if r =¢q,_;.

We can find another formula for m, as follows. Assuming that
gp—1 =1 =¢,, we have

m, = ¢+ (¢a—q1)da+ . . . +('r_q,o—l)dp

= qi(dy—do)+q5(dy—d5)+ . . . +¢,4(d,1—d,)+7d,

= ¢(dy)+q(d;—1)+ ... +q(ds+1)
+g(dy)+(da—1)+ - - - +q(ds+1)
+ ...
+ 9(d,1)+9(dy s —1)+ . .. +4q(d,+1)4rd,

= p(d,)—p(d,)+rd,

= p(dp)_/l’_'_rdp'

THEOREM 3.8. The number of dimensions m,, of the kernel MM, of
(I—24,K)" is given by the equations

m, = q1d1+(—q)de+ . . - +(n—g,4)d,
= p(d,)—p+nd,,
where p is such that g, = n < q,.
In particular, if n = gy, we have (since dy,, = 0)
my = pldy)—p = p(0)—p.

Thus gy (= ¢(1)) is the index » of the Riesz theory referred to
early in this section .

We can express Theorem 8.8 in terms of conjugate partitions
(cf. [20] p. 271, [26] p. 94).

THEOREM 8.4. The sums

{p(d—1)—p(d)}+{p(d—2)—p(d—1)}+ ... +{p(0)—p(1)}
and
my+(mg—my)+ . .« +(m,—m,_,)

are conjugate partitions of m, = p(0)—pu.
Ct. [37].

19) Cf. [31] p. 81. We also have, in terms of notations used elsewhere, d; = d(4,)

([34] p. 880), p(d;) = u(4,) ([384] p- 380), p(0) = p(4,), ([36] p. 820), mq, = m(4,)
([35] p. 369).
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This relation can be represented diagrammatically by means
of the spot diagram and the usual representation of conjugate
partitions. For instance, we have the following diagram 2.

o

oo e o .
(Ol oo eN L L
OO0OO0OO0OO0OO0CO0Ce o e

m, =38,6,7,7...

Here the number of dots in any row is the number of “new”
white spots in the corresponding row of the spot diagram; m,,
is then the total number of dots in the first n columns.
More detailed use of Theorem 8.2 yields the following base
for IM,:
(I —2K ) 1E@, (I—3K)a1El, . ., (I—2K)u1EM,
(I—2K)u2E00, |, (I—2,K)u 280, ..,
(I—2K)ERD, . .., (I—2,K) &M, £00, .., ERD,
(I—2 K)o a=1gd), ., (I—2,K)na1Ed),
EO, L R, L D, L B,
— —ap-1—1 £(dp) — —ap-1—1 g(d,)
(I —AK)temte-1=1g00) L, (I—RgK )%t 72E5 ¢, L 0y
(I—2K)we=ng@e), . .., (I—1,K)so=nER),
where p is chosen so that ¢, , <n = ¢,.
Nortke. This does not quite correspond to the arrangement given
by Zaanen in [54] (p. 280), [55] (p. 84) and [56] (p. 842). For
instance, some of &7, .. ., 5,‘,':0_“" could be replaced by elements

of the form (I —2A,K) &), The arrangement I have given is that
which follows most naturally from the work of this paper.

REMARK. Any spot diagram that accords with the rules which

20) This diagram occurs for the operator in 7-dimensional space given by the
‘Union Jack” matrix

—1 0 o0 1 0 0 17
0 1 0 1 o0 1 o0
6 0 1 1 1 o0 o
o o o 1 1 1 1
0 0 0o 0 1 o0 0
0 0 o o0 o0 1 o

[ 0 0o o o o o 1_|

with A4,(A)=(1—A)? and A, = 1; see also the remark below.
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we have established can arise (for a given non-zero scalar 4,)
provided our space is of a sufficiently large number of dimen-
sions (e.g. if it is infinite-dimensional). For instance, let z,,
@35 « + + &, be m, linearly independent elements, where m, is
the number of white spots in the bottom row of the required spot
diagram, and let f,, f;, ..., f,, be continuous linear functionals
such that f,(z,) = d,. Let us arrange the indices 1,2,...,m,
in an array corresponding to the diagram of dots associated with
the required spot diagram as described above (thus there are d rows,
the first (bottom) row has p(0)—p(1) = ¢(1) entries, the second
row has ¢(2) entries, and so on). Then, for each 6 =1,2,...,m,,
we put gy = f, if ¢ is immediately to the right of 6 in this array,
and put g, = @ if 6 is on the extreme right of its row. Then it
can be shown that the operator

02 35120 @ (fo—gs)

has 2! the required spot diagram for the parameter 1, (e.g.
with 4y(1) = (1—2/29)™).

So far we have concentrated our attention on the kernels I,
(leading to the null space It,). I should like to consider now the
ranges R, (leading to the nucleus space R,).

The range R, of (I—2,K)" is, of course, the subspace of B
orthogonal to the kernel %, of the adjoint (I —A,K*)" of (I —4,K)"
([86] p. 821, proof of Lemma 2.4; see also [22] Theorem 2.13.6,
p- 28, [1] Théoréme 9, p. 150). If we put

og) =41V ® ... @)
A2 @ ... Q2 ® (1) @y ® ... ® M),
where p = p(n) and ¢ = ¢(n), for each n, then R, will consist

of all elements of B orthogonal to all of the continuous linear
functionals

(T—2K*)u1gl®, . .., (I— K*)u-tgld, .,
U—1K*)=nglfo), .., (I—FoK* )il

where p is chosen so that ¢, ; < n < ¢,. Alternatively, we may

31) This is connected with the Jordan, or “classical”’, canonical form of a matrix
(cf. [2] pp. 833—834, [18] pp. 167—169, [19] pp. 122—132, [27] p. 69, [56] p. 202;
[26] pp. 109—113, [28] p. 812; see also [13] p. 563), as well as with Zaanen’s tables
referred to above. I am indebted to Professor G. E. H. Reuter for suggesting this
approach.
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adapt the arguments of [84] pp. 382—3883 to obtain information
about R,.

Lemma 8.8, If 1 < r < ¢q(n), then
(I—2K)1Ka{™, (I—2K)-1Ka", ..., I—2K)y 1Kz}

are elements of R, _, linearly independent modulo R,.
We have

[(I—2K*)* g (25") = 8,
and
(U—1,K*) ) = 6
cf. proof o emma 3.1). Hence
(ef. proof of L ). H
[ho(I—AgK*)2=r ] (I —AgK ) LKa()
= [K*(I—AK*) " gl af)
= [(T—2,K*) (M) (2{")
= 69¢.

It follows that, if >7_; ap(I—2,K)"1Kzy" is an element of R,,
(I—A4,K) 2 say, then

g =3 %,04,
¢=1
= [A(I =2 K*)* ¢ (I—2K) )
= [A(I—A,K*) ¢{"] ()
=0

for 6 =1, 2,...,n. Since the elements all manifestly belong to
R,_,, this completes the proof of the lemma.

LemMA 8.4. If r > g(n+1), then R,_, is contained in the sub-
space of B spanned by

(I—AK)1Kz™, (I—AK)y-1Ka, . .., (I—3K) 1Kz

modulo R,.
Let y = (I—2,K)'z be any element of R,_,. We put

=2+ " ® ... M) A2u)z @2V Q... @ «V)
(where p = p(n)). Then



42 A. F. Ruston [18]

(I—2,K)rz’
= (I—4,K)z
I —2K) (1) Q" Q... ® f)
n+1(lo)(w &® w(") ®...Q0 »’05.”’)
= (I—2,K)x

Fa(I =Ky (1)@ @ ... ® fi
(K Ad2 (Ao)](w QEN R ... Q2
= (I—4K)=

oI —ia K)o~ 3 [[—IK*)-9iP)(a) - Kef?)

= ([—4K)z— 102[(I-10K*)°“1(P (@) - (I—2K )y Kaf?

6=1

(cf. proof of Lemma 8.2), and so
y = U—1K) 2
= (I—AK) 2" +2, z [(I—2,K*) 1o ](2) - (I —2,K) LK.

This proves the lemma.
Combining these results, we get

TueoREM 3.5. If g(nt+1) < r < q(n), then
(I—2K) K, (I—4K)-Ka, . . ., (I—AK )y Kz

form a base for R,_, modulo R,.

This result is less informative than Theorem 8.2, in that it
does not enable us to find a base for R, but only a base for R,
modulo R,. It is perhaps of more interest for the light it throws
on the choice of z{", z{™, .. ., a{™.

4. The Riesz decomposition

Finally we consider the Riesz decomposition K = K,+K, of
K, where K,z = 0 for all null elements of I —1,K and K,z = 0
for all nucleus elements ([81] Satz 10, p. 88). Then H(1) =
H (A)+HyA) for any regular value A, H(A) = K(I—AK)™,
H (1) = K,(I—AK;)™ and Hy(1) = K,(I—AK,)™* being the resol-
vents of K, K; and K, respectively (cf. [85] § 2, p. 870). Using
the notation of [85] § 2, we have

D,(1)

Hy() = Dod)’
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where Dy(41)=(1—1/2,)™ ([85] § 2, p.871),and D, (1) is a polynomial
of degree at most m,—1 in A ([84] Theorem 8.3.4 Corollary, p.
864). Hence, for all regular values of 4,

Bl B2 Bm‘.
A =t asap T T i

where B;, B,,..., B, are continuous linear operators (in-
dependent of 1) on B into itself. On the other hand, H,(4,)
exists ([81] Satz 11, p. 89), and so H,(1) is holomorphic in 4
at 1,. It follows that H,(A) is the principal part ([50] p. 92) of
H(2) at A,. Since

41(4)

45(4)

H(A) =

whenever 43(1) = 0, we can express H,(2)in terms of the Fredholm
formulae A4%(2,). In fact it is clear that each of Bl, B,,..., B,
is a linear combination of A4%(4,), 4%(4), 42(4), - - ., A7V71(4, )
Hence

By By g D

e e S G A e

is also a linear combination of 4(4,), 41(4y), - - -» 470 71(4,). In
fact detailed calculation shows that

K, = Hy(0) =

P—r

K, =i A777(2)

=1 [A043(2)]1"
(—A)—t A2(4;)  © 0 .. 0 0
(—Ap)2 Ao”"'l(lo) A43(4y) 0 ... 0 0
(—A)™2 A5*%(R) A3t (Re)  43(Ao) ... 0 0
(—2)? A’H-S(l) Ap+'_4(lo) A”'—s(lo) A3(4) O
—o ATH2(Rg) ABTR(A,) AFTTH(A) - - - A(’)’“(Ao) 43()
1 A5 (Rg) ABFR(Ry) ART(Ag) ... AFFE(A) A3V(A)

(where p = p(0)), but we shall not here need the details of this
expression.
It will be convenient to denote by @, the polynomial given by

n

D) =3 (") (—p)y = 1—1—p)"}m,
r

r=1

so that
(1—p)* = 1—p®,(1).
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LemMA 4.1. For any scalar A, and any continuous linear operator
K, the null space ** of I—AK 1is contained in the range of K.

If 2 belongs to the null space of I—AK, then for some integer
n we have (I—AK)"z = 0, and so

z = K{A®,(AK )z}.

LeEMMA 4.2. For any scalar A, and any continuous linear operator
K, the nucleus space *2 of I—AK contains the kernel of K.
If Kz = 0O, then for every non-negative integer n we must

have
(I—AK)*x = .

THEOREM 4.1. The null space and nucleus space of I—AK
coincide with the range and kernel (respectively) of K,.

By [81] Satz 10 (p. 88), the range of K, is contained in the
null space of I—4,K, and the kernel of K, contains the nucleus
space of I—A,K. But, by [81] Satz 11 (p. 89), the null space and
nucleus space of I—1,K coincide with those of I—4;,K,. The
theorem now follows from Lemmas 4.1 and 4.2.

THEOREM 4.2. The null space and nucleus space of I—2A,K
coincide with the range and kernel (respectively) of A2©-1(4,).

For r = p—1 = p(0)—1 we have (by successive application of
Theorem 2.2 (iv))

A ()T =2 K )P = AT (A)K (I —2,K >~

= M (A)K"(I—A,K )P~
=0,
and so, if r < p—1,
A1(R9) = A1(29)2 KD, (4, K)
= A7 (20)2(I =2, K)D,,(4,K).

Moreover all these operators commute with each other. Thus
the range of 47(%,) is contained in that of A7*'(4,), and so (by
induction) in that of 4771(4y). Hence the range of K, (which, by
Theorem 4.1, is the null space of I —4,K) is contained in the range
of A¥1(4,). But, since (I—21,K)?A?71(4,) = O, the range of
A%71(2,) is contained in the null space of I—4,K, and so the
two must coincide.

22) We interpret the null space of a general continuous linear operator 7' on
B into itself as the union of the kernels of T for n = 1, 2, 8, . . ., and the nucleus
space of T as the intersection of the ranges of 7" for n = 1,2,8,....
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Similarly, if r < p—1,
A3(o) = A(I —2K)D,(2,K)A7 (),

and so the kernel of 4%(4,) contains that of 45*1(4,), and so (by
induction) that of 4?'(4,). Hence the kernel of K, (which, by
Theorem 4.1, is the nucleus space of I—4,K) contains the kernel
of A?71(1,). But, since A7(4,)(I—4,K)? = O, the kernel of
A%71(2,) contains the nucleus space of I—4 K, and so the two
must coincide.

We can deduce 2 from this that the range and kernel of
A371r(4y) (0 <7 <v) are M,_, n R, and the subspace of B
spanned by R,_, U I, respectively.

Note. In [86] (p. 819), I defined a continuous linear operator
K on a complex Banach space 8B to be a Riesz operator iff it had
the following three properties (cf. also [85], p. 876):

(i) For every scalar 4, the set of solutions z of the equation
(I—AK)"x = O forms a finite-dimensional subspace of B,
which is independent of n provided = is sufficiently large.

(ii) For every scalar A, the range of (I—AK)" is a closed sub-
space of B, which is independent of n provided n is suf-
ficiently large.

(iii) The characteristic values of K have no finite limit point.

In fact condition (iii) is redundant, being a consequence of
(i) and (ii). For the Riesz decomposition K = K;+K, follows
from (i) and (ii) (cf. [81] Satz 10, p. 88), as also does the fact
that I —2yK; has an inverse ([81] Satz 11, p. 89). We conclude
that I—AK, has an inverse when A is near 4, (cf. for instance
[85] p. 870). But I—AK, has an inverse when 4 % 4, (cf. [381]
Satz 18, p. 91) — in fact we can easily verify that

Ao A A(I—AK ))

I—AK)t =1+ —— K,D
( 2) + lo—l K2 14 ( },o—},

23) This can be proved by induction, using the facts that the range of 4 ;‘_1—(""1)(10)
is the direct image under I—4y K of the range of A{" 1'"’(,10) and that the kernel of
477171 (3,) is the inverse image under I—4yK of the kernel of A2717"(1y).
These follow from the equations

471 2g) = I—20K) A7 (Ag) Ao B30 K)
and
I—AK) AT (o) = A3~ K

(remembering that all the operators concerned commute with each other).
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Hence I —1K = (I—AK,)(I—AK,) has an inverse when 4 # 1,
is near A,, and so 4, is not a limit point of characteristic values
of K. Since 4, is an arbitrary scalar, condition (iii) follows (see
also [11] p. 199, [12] p. 645).
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