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Certain theorems
on n-dimensional operational calculus

by
R. S. Dahiya

1

In the present paper we obtain a few theorems in n-dimensional
operational calculus starting from given operational relations in
one variable. These theorems are next applied to the evaluation
of a few operational results. In the theorems, we shall take
D(0yg, . . .0,,) to represent the set of points for which
R(P,;) > R(P;,) = 0, > 0 and unless otherwise stated, D will
represent the set of points for which R(P;,) > 0,1 =1,2,..., n.

2
ToeoreEM 1. Let
@) é(p) C f(z)
(ii) po(p) C f(2?)
(iii) H(p) Ca—"¢(1/a?)

where f(z), f(2®) and z—"$(1/a?) are each integrable L in (0, c0)
or the definition integral in each of (i), (ii), (iii) is absolutely
convergent for R(P) > 0.

If ,,..., @, be a set of real numbers > 0, then

o(V1jz,+ ... +1/z,) . a=-br2(p, ... p,)
(). ..2,)} " Vp+...+Vp,
-H(Vpit ... +Vp,)

(2.1)

provided that

(a) the integral in (2.1) exists as an absolutely convergent in-
tegral for (py, ..., Pn) € D(019s « - +» Opg); OF
(b) the original in (2.1) is integrable L in (0, c0) with respect
to the variables @y, . . ., z,; (the operational variables p,, .. ., P,
corresponding to y,...x,).
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From (i), we have

2.2) fa?) D ;/”; f Tttty (%) du

0

where the integrals on the right is absolutely convergent. So that,
by (ii), we can write (2.2) as

(2.3) o(p) = :/1; jowe—ip’“'(ﬁ (l) du

u?

writing (2.8) in the form

a-m2e(V1fz, + ... +1/2,)

(@ ...2,)k

= n"‘/zfow (@ ...2,) texp (-—i > g;) é (%) du.

(2.4)

We multiply both sides by exp (—2 p;x;), integrate with respect

to x; between the limits (0, cv) and then change the order of

integration in the resulting integral on the right, permissible by

Fubini’s theorem, on account of the absolute convergence.
This gives

(2.5)
T o(Vijwt ... +1fz,)
ma-m/2 fo fo P (—2P8) = T o

oo 1 oo 2
= n—"/zf é (—5) duf a7t exp (—%Z —plwl) da;...
o \U 0 &y

de; . ..dz,

n

=) uz ‘
f z, % exp (—p,,w,,——% —) dz,, .
0 z

Evaluating the inner integrals on the right by

0 a

We obtain, on account of the operational relation (iii), the required
theorem.
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3
THEOREM 2. Let
() #(p) C f(2)
(i) #(p) Cat (1)
(i) Mp) Ca=nf(at)

where f(z) - t$(1/z) & z'"f(xt) are each integrable L in (0, o0)
or the definition integral in each of (i), (ii) and (iii) is absolutely
convergent for R(P) > 0. If x,,...,2, be a set of positive real
numbers, then

vigz(Lz+ . .. +1/z,)%] 5 2r—ing L (p . p.)
(#y...2) 1A 2y 4 ... 12,2 ™" A/pit ... +4/Pa
“MVPrt - VD

(3.1)

provided that

(a) the definition integral in (8.1) is absolutely convergent for
(D15 -« s Pu) € D(0405 - « 5 Opg); OF

(b) the original in (8.1) is integrable L in (0, c0) with respect
to the variables w,, ..., z,; (the operational variables p,, ..., p,
corresponding to x,, ..., ,).

4
THEOREM 8. Let

(i) ¢(p) C f(z)
(i) sV CF ()
(iii) H(p)C {% f(z).
Then

F(1l/zy+ ... +1/=,) 28 -D2(p, .. . p,)
(4.1) (@) ... ) ¥ (Y + ... F12,)E " APt ... 4/Pa

*H(v/p1+ ... +4/p,)

The proofs of theorems 2 and 8 are on the same lines.
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5

As applications of theorems 1, 2 and 3, we shall find some
two-dimensional correspondences.
(a) Let

f(@) = Jan (8¥x); so that ¢(p) = Jaa (_j_p)
f(@2) = Jan,n(8%/a?); so that o(p) = L g-anhy (_25)
p p
and n = 2, then
54 (3) = =2 Taul20);
so that

Hp) I'@en—1) oF, [n——%, n; 4]

= T(@n+t1)p*? on+1;  p2l°
Hence we obtain, from (2.1)

e—(22y)/(z+y) (2wy ) 5 2\/7‘ pq
zy(@+yR " \z+y) n(2n—1) (vVp+vgP"

n—yg, N; _ 4 )
2F, [2n+1; (x/P—H/Q)]

(b) Let
fz) = " ] ,(2av/z);
so that é(p) = avp—ve—(a’/m,
f(a?) = 2" ] ,(2az);
so that @2 I+ 5)p R(») > —3%,

Po'(p) = \/n(p2—|—4a2)”+i ’

1
r$l=) =@ 22 e—a’w’;
a2

I'(2v—2)p oo

so that H(p) = Byt

184" Dygy_y (V—%) , R(a) < 0.

Hence from (2.1), we get
(egy VaAl(—1)
(z+y+aatay)y 7 avi2vd

VP—I—VQ) R(») > —%
v2a )’ R(a) <0 )

Pq e(('\/H'\/E)./Sﬂ’) D2l&—1 (
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(c) Let
f(®) = VaLi(vz);
so that é(p) = —T; et* Exf e (2 \/p)
f(@?) = aL,(z);
24/2p~t 1
so that po(p) = (pz?—l)% — Vﬁ?l/;z;) e p:; (;)

1 2
o (—2) — Lo Erfc(g—) ;

so that H(p) = \/ 5 e ' Ei(p?).
Hence from (2.1), we get
2 . 1
2pg e~ VPV Ei (4/p+4/9) sz-);
_ 2y/2(@y—a—y)t 1) 2y
Valey ety (Vm+y) ‘
(d) Let
wl’
@) = oy’
so that a(p) = ;—v; R(») > —1.
2) — wzl’ .
0= oy’
so that a(p) = 1;,((2:_:_11)) p~1-2, R(v) > —%

and n = 8, then
1
z "¢ (w—z) = #%3; so that H(p) = I'(2v—2)p3—%.

Thus we obtain, from (2.1)
(zyz)r— 5 8nl'(2v—2)(v+1)
(xy+yz+az)y+t 72 I'(2v+1)

pqr
X Wrvaryie KO > &
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(e) Let
fle) = (2ay-te-av

so that $(p) = I'(2v)p' " e* D_y, (V%)

odg(z) = I'(2v)a"—Ee2D_,,(V 22);
Veal(2v—1)p _,

-2y 1
Fipoird P () R >

so that y(p) =
and n = 2, then
- f(at) = 2185 e

F(47—4) 2 14
so that l(p) = —W pe(P /16) D4—4v (E) .

Hence from theorem 2, we obtain

(wy )24 P1—2v( ry )
[(a®+y?)—64aty?P— " " \8(x+y)
nl'(dv—4 . +
2 28v—$1 p(2,,_?_p1q) e VHVONID, ,, (\/112 1/9)’ R(») > +3.
(f) Let
f(x) = wv—le—(z'/&t);
so that é(p) = 2°a’2I'(v)p e**" D_,(2+/ap)

$(+/p) = I'(»)2"@’/*+/pe*? D_,(2+/ap);
1\ I()(2ayn

so that F (;) = m 12z 2a)-"/2

and n = 2, then
m—nf(w) — wv—3e—-(z“/8a);
so that H(p) = 2"-2a¥/»-1(y—2)pe*?’ D,_,(2+/ap).

Hence from (4.1), we obtain

(zy)r—=2 Va2 PI((v+1)/2)
(@-+y)"*(wy/(z+y) +20) D2 2 a(y—1)(r—2)

exp (a(vP+v¢)*1D;,[2va(v/P+vq) R(r) > —2.
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(g) Let
f(@) = 21 ] (aa);
24 I(p+)ap?

so that é(p) = —\—/—g; W’

R(v) > —

2aT6+]) _ ap

$(vp) = T prayi’
41 ¥
so that F (‘—;—) = 2 \/: '+t e—o'

and n = 2, then
z~"f(z) = &1 ], (az);

I'(2v)p v ( p )
wrayom 2 pra)

Hence from (4.1), we get

so that H(p) =

23

G e—l@tv) O nl'(2v)
tyy™ TSPV o
- VP+4/4 1
i [V(Vp+¢q)2+a2]’ ko) > =3
(h) Let
= 2 Ji(2);
so that é(p) = [ 53 2, — %]
$(v/p) = [i -—%];
so that F(%) = 57;1?(5: 2F, [2,2; 5, 4; —da]

and n = 2, then
=" f(z) = zJ(z);
4

so that H(p) = W

2F, [( [2, 8; 4, — %] .
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Hence from (4.1), we get
2 4 44/7
(2y) 2F, [2’ %; _g, 4 — (w‘l‘y)] 35 \/ﬂ Prq

(z+y)E zy 25(+/P+V4q)
4
2, [2,8:4: wp+«/q)2] ‘

(i) In the theorem taking n = 8 and let

4

f(@) = P(f+l),
so that $(p) = plp, R(») > —1
e f0) = po s
so that H(p) = I%_—)iz—_s
$(v/p) = p0m;
so that F (-;;) - r((_ﬁlgﬁéj

Hence from (4.1), we get
(ayx)2r  _ sal((v+2)[2)
(e +ys+aa)"+ DR ~* yp—1)(p—2)
5 pqr
(VP+Vat+yry

Finally I wish to thank Prof. S. C. Mitra for his suggestions and
guidance in the preparation of this paper.

R(») > —2.
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