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On the mean values of integral functions
represented by Dirichlet series!
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1

Consider the Dirichlet series f(s) = 372, a,e**s, where

Appr >4, A =0, limid, = o0, §=o0+1i

n— 00
and

1
(1.1) lim sup g _

Let o, and o, be the abscissa of convergence and the abscissa
of absolute convergence, respectively, of f(s). If o, = o0, o, is
also infinite, since according to a known result ([1], p. 4) a
Dirichlet series which satisfies (1.1) has its abscissa of convergence
equal to its abscissa of absolute convergence and therefore f(s)
represents an integral function.

The mean value of f(s) is defined as

T o
(L2) (o) = lim — f Hotit)2dt = 3 |a,|2e2,
T-o00 2T -7 n=1

We extend this to

foT |f(z+1t)|2e**dxdt
0o J-r

1
=1
My, (o) TE‘; Teko
(1.3)
( e2o'A,. _ e—kcr)

=2 g2~ !
’glla’nl b2

where k is any positive number.
We shall obtain some of the properties of m,;(c) and I,(o).

1 This work has been supported by Senior Research Fellowship award of
C.S.LLR., New Delhi (India).
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2

THEOREM 1. Let f(s) be an integral function. Then, for
0 < 61 < 025

I (& ¢
Loy = 5 (G i) < 1)

where k is any positive number.

Proor: From (1.2) and (1.8), we have

1 o
(2.1) 3my (o) = E’Fff I,(z)e*da.
)
From (2.1) follows

(2.2) €*73my 4 (03) — € 1my 1 (0;) = 2J‘¢r’12(w)ekzda’

and the inequalities follow since I,(z) is an increasing function
of a.
We may note that if f(s) is an integral function, other than
a constant, and «(0 < « << 1) is a constant,
1
lim { } = 0.

oo (Mg 1(0)—€*7 @My, (ao)

3

THEOREM 2. If f(s) be an integral function of order p(0 < p < ©©),
type T and lower type v, then
sup log m, ,(0) 27

3.1 lim _— =
(8.1) g0 INT 1 2.

Proor: From (1.8), we have

maalo) S = (M(@)H(1—eb),

where
M(o) = Lu.b. |f(o+12).

—00<t<<00
Taking limits, we get
(3.2) lim - log my,(0) < 2lim P log M(o)
oo Inf  €P7 caoo Inf  €F7

Also, from (2.1), we have for h > 0
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o+-h

2
my (0+h) = em_[, I,(z)e**dx

(3.3) >_2 f ™ I(e)eda

= gktoth) -
2 —kh
=z — Iy(o)(1—e ™)

since I,(z) is an increasing function of z. Further, from (1.2),
we have

(3.4) 1,(0) = 3 layltet™s 2 {u(o)}?

where u(c) = |ay(,le”*¥ is the maximum term of rank N(o),
for Re s = o, in the series for f(s). Therefore, from (8.3) and (8.4),
we get

Maulo+h) Z = (o)1 —e ).

Taking limits, we get

sup log my x(c+4-h) _ 2 i SUP log u(o)

im , | ———— > .

ocaoo iNT ePloth) T eP? gon Inf  eP°
or

[ suplogmy (o) _ 2 . suplog u(o)

coco INf ere et Lo inf  er”

Since left hand side is independent of &, therefore making 4 — 0,
we get
(8.5) lim %P log ms (o) > o lim P log u(o)

eooo INf er” P ers
The result (8.1) follows easily from (8.2) and (8.5) since for
functions of finite order

lim s.up log M (o) — lim s.up log (o) _ T
sooo INf el s INf  €P7

4

THEOREM 8. Let f(s) be an integral function. Then

. My 1(0) ) my o(a) _ 2
lim su 2,k lims L =< —,
oo D) T P I0) Tk
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where M (o) = lu.b. |f(o+1it)| and k is any positive number.

—c0<i<oo

Proor. Since I,(z) is an increasing function of z, therefore
from (2.1), we have

My () < ;7 1,(0) f: o da
=~ I(o)(1—e ).

Taking limits, we get

. My, (o) 2
4. —_— = .
1) P T (o) =K
Also, from (1.2), we have
(4.2) Iy(o) = {M (o)}

Therefore, from (4.1) and (4.2), follows

. My 1(0) <1 my(d) _ 2
- LANE A | L] —
ISP M) e T0) = E
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