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On an extension of a theorem of O. Szasz

by
Fu Cheng Hsiang

1

Suppose that f(z) is integrable in Lebesgue’s sense and
periodic with period 2=. Let its Fourier series be

f(@) ~ La,+ 3 (a, cos nz+b, sin nz),
n=1
and let

E (b, cos nz—a, sin nx)= § 4, (x)
n=1

n=1

be the conjugate series of the Fourier series of f(z). Write

8,.(xz) = 3 (b, cos vz—a, sin vz)= 3 4,(z).
v=1 v=1
Let 6,(z) be the n-th Cesire mean of order « of the sequence
{S8.(z)}. O. Szasz [3] has established the following

THEOREM A. At a’ given point z, if there exists a number D(z),
such that

(i) ¥(t) = [ p(u)du
= [ {{l@+u)—f(a—u)—D(=)})du
= o(t),

(ii) P¥(t) = [ ly(w)du = 0(t)

as t — 40, then

lim {6}, (z)—a3(z)} = ;lz- D(z) log 2.

- 00

It should be noted that the corresponding conditions:
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(iii) &(t) = fo' o(u)du
= [, tfa+u)+fz—u)—2f()} du
= o(t),
(iv) o) = [, lp(w)du = O(t)
give Lebesgue’s (C, 1) summability criterion for the Fourier series
of f(z) at z.

On the other hand, we have a (C, ) summability criterion due
to Hahn [1].

THaEOREM B. (iii) ¢s not sufficient for (C, 1) summability of the
Fourier series of f(x) at z, though it implies (C, o) summability
for every o > 1.

2

In this note, by applying Hahn’s condition to Szasz’s theorem,
we extend Theorem A as follows.

THEOREM. Let A = 2 be any positive integer. If (i) holds, then

lim {3%(2)—53(2)} = = D(e) log 4

fn—->00

for every a« > 1.

3
The following lemmas are used.

LemMa 1 [2]. If « > —1 and F,(z) denotes the n-th Cesdro
mean of order « of the sequence {nd,(z)}, then
Tu(@) = n{d5(2)—05 4 (7))},
ot (@) = (a+1){Fh(x)— 5+ (2)}.
LeEmMMA 2 [2]. If gr.(t) denotes the n-th Cesdro mean of order «

of the sequence {g,(t)}, where g,(t) = cosnt(n=1), gy(t) =13,
then, for « >0, 0 <t<m k=0,1,2,...,

An? (k =0),
d k
‘(%) e = | An2er (B < a—2),
Anp-s= (k> a—2).1

1 Through this paper, 4 denotes an absolute constant not necessarily the same
at each occurrence.
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This lemma can easily be proved with a similar argument used
by Zygmund [4]. —
LemMma 8. If -
An

hat) = % L g,

v=nil ¥

then, for « >0, 0 <t<m k=12,...,

. Ank (k= 0),
l(ﬂ) r@)| < | An—22. (k < a—1),
An-*-a-1g-o-1 (k> a—1).

By Lemma 1, with g,(t) in place of S,(t), we have
1 1
(«+1) n ga(t) = (x+1) - &)+ () —gh ).
Thus,

= (x+1) E ]i gi’“(t)l

v=n+1

d
a+1
(dt) gAn

The lemma follows from Lemma 2.

(a+1) ’( ) BE(t)

+ )| + | £41(1)|.

4

Now, we are in a position to prove the theorem. Since
n m
nd, (z) = —~f {f(@+t)—f(z—1)} sin ntdt
TTJo

= — %f: {{(@+1t)—f(z—t)} dit cos ntdt,

from this, we get

4 d
7o) = = o [ fler)—fa—0} 3 £

Now,
- anq
Fan(@)—0n(z) = 3 — 7(z)
y=n+t+1 V

=__j (fat+t)—fla— t} 20



284 Fu Cheng Hsiang 4)
Denote

0, = — —f — h;(t)dt.
Then

~(ohe)—ie)—D(a) = [9(0) 3, B0

in L
[

0 i/n
= I1 +I2,

say, where 0 <! < n. Let § = min («, 2), then, by Lemma 8,
we have
1| =

{W(t) Z10) |+

- " w) ( ) ha()dt

N Lo [T jwyer-ran
G

()
n/\n i/n

in

< An-* {lY’(n)In‘ﬁ‘l—l—

< An —ﬂ+l+ Al“ﬁ‘“,

and

Il={sv(t)_d-h:(t)’""— o“Y’(t)( )h"(t)dt

— o (%) oo s ")

=0(1)
as n — 00. Hence,

lim sup # |63,(2) —&p(2) —w,D(z)] < A1~

- 00

for all I > 0. Since 8 = « > 1, it follows that
lim {3,(z) —67%(2) —w,D(z)} = 0.

7n-» 00
Now,
1 @ a
W, = — — {hn(n)—hn(o)}
7
1 An
= — — A (—1)4—1),
T pinp1 vA;‘,‘ =" =1}
where

ge— _ Ttat1)
" I(n4+1)M(a+1)
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Since the sequence {(—1)*—1} is summable (C, ) to —1 for
every a > 0, we may write

1 ,_ a=1¢r — —_
1—4—:21 AL {(—1)f =1} = —1+e,

where ¢, — 0 as » —> o0. Therefore,

1 A» 1
w,=——= 3 —ite = log Ato(1)
T yp=mnt1 14 T
as n — oo. lLe.,
D
lim (33,(2)—3(0)} = - log .

This completes the proof of the theorem.
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