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Extremal noints in summability theory
by
J. W. Baker and G. M. Petersen

1.

The main purpose of this paper is to study the norms of
regular summability methods introduced by Brudno in [4]. In this
paper, the term matriz will be reserved for regular summability
matrices. We shall be studying the summability of bounded
sequences throughout. The usual norm for the space of bounded
sequences is ||{s,}|| = sup |s,|, and the unit sphere is the set of
bounded sequences s = {s,} with ||s|| < 1. If 4 is a matrix, then
& denotes the set of bounded sequences which are summed by 4,
& is called the summability field of A. If {s,} is summed by 4,
A-lim s, denotes the value to which it is summed. Two matrices,
A and B, are said to be b-consistent if whenever a sequence is
summed by both matrices, it is summed to the same value by
4 as by B; A is said to be b-stronger than B if we have &/ D 4.
The following result relates these last two definitions, see [3]
and [7].

THEOREM 1. If A and B are matrices with A b-stronger than B,
then A and B are b-consistent.

From this theorem it is clear that if &/ = % then 4 and B sum
exactly the same bounded sequences to the same values. In this
case we say that 4 and B are b-equivalent. By the summability
method, 1, we mean the set of all matrices which have &/ as their
summability field.

2.

Let A be a matrix, then we have,
h(4) = sup 3 |a,,,| < o;
m n=1
h(A) is called the matriz norm of A. We may define,

(1) N, = sup |4-lim 5,| < h(4),
190
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where the supremum is taken over all the bounded sequences s,
which are in the unit sphere and summed by 4. If B is b-equivalent
to A, then Ny = N4, so that N, is a function of the summability
field & rather than of the matrices. For this reason, for each
matrix we define the field norm, N(&/) by

N(ﬂ)=NA.

Since every matrix must sum the unit sequence to unity, the
following theorem is an immediate consequence of Theorem 1.

THEOREM 2. If A and B are matrices with A b-stronger than B,
we have,
N()=N(Z#) = 1.

We can also consider
[IU]| = inf k(4),

where the infimum is taken over the matrices, A, which have &/
as their summability field. The following fundamental theorem
is due to Brudno, [4].

TaEOREM 8. For every matriz A,
]| = N(«).
If there is an A’ in U, such that
h(4") = |0}] = N(),

we shall say that the field norm of & is attained by the matrix 4';
otherwise, we shall say that the norm is not attained.

We shall subsequently require the following constructions and
notation. Suppose that A1, 42 ..., A" ... is a countable family
of matrices. Firstly, we may obtain a sequence, {#(k)}, of natural
numbers, u(k) # oo, such that,

(2) S lap )l <= 1Emn<k),

then it follows that,
(3) lim Y |ap | =0, n=12...)

m- 00 p=pu(m)
Since,

lim |ay, ,| = 0, (n,p=1,2,...),
m - 0o
it is clear that there is a sequence, {m(r)}, of natural numbers with
m(r) > m(r—1), (r=2,8,...), such that
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r 1
S lam | < —> n=srr=12...),
=1 r

if m = m(r). Then a sequence {A(m)} may be selected so that
Am) =1, (m <m(2)), and Am) =7, (m(r) =m < m(r+1)).
Then,

A(m)
(4) lim 3 |aj, | =0, n=1,2,...),

and {A(m)}, A(m) # oo satisfies,
(5) Am)—Ai(m—1) =1, (m=2,8,...)

If necessary, we may also increase the terms of {u(m)} so that
A(m) < p(m), (m =1,2,...), without changing the other prop-
erties of {u(m)}. This construction of {A(m)} and {u(m)} is of
course possible in particular for a finite set of matrices, 41, 4%,.. .,
AX.

Before proceeding further, we require two auxiliary theorems.
We first make some definitions.

DErFINITION 1. Let E be a set of bounded sequences, the set is
said to be uniformly summable to s by the matrix A, if there exists
a squence, {¢,}, &, \ 0, such that,

00
[ 18— S| < &m)» m=12...),
F=1

for every sequence, {s,}, in E. The set is said to be uniformly
bounded if there exists an H such that ||{s,}|| < H, for every {s,}
in E.

DErFINITION 2. A sequence {s,} is eventually bounded by the
sequence {£,}, if there exists an N such that |s,| < |£,|, (n = N).

If {¢5}, ¢k v o, (k=1,2,...), is a countable set of sequences,
let m(k), (k=1,2,...) be the index such that,

1
187 < o (n=mk),1<r Zk).

Let {£,} be the sequence defined by

&=1, (n<m()), & = 716-, (m(k) =n <m(k+1)),

then {¢}} is eventually bounded by {£,}, for each k, (k =1, 2, .. .),
and &, \ 0.
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THEOREM 4. Let A¥ A2, ..., A", ... be a countable set of matrices,
and let {s3}, (n = 1,2, ...) be a countable set of uiiformly bounded
sequences, such that {s;}, (n = p) is summed to zero by A®, (p =1,

..). Then, there exists a set of bounded sequences, {t;}, (n =1,
. .) which are uniformly summed to zero by A®, (p =< n,p =1,
..), and such that,

sy =t (k=zNn),n=12,...),

Gl < Isgl, (nEk=1,2,...).

ProoF. Let (0% = sup,,,|47(s"), (m,n=1,2,...;n2p),
where,

A7(s") = E ap Sk -

Since {;? \ 0 (n=1,2, ...; p < n), there exists a sequence {£,},
&, \ 0, such that {4%(s")} is eventually bounded by {£,} for each
n and each p, (n=1,2,...; p = n). Therefore, there exists an
N(n) such that,

|42 (s™)] < &y (m > N(n),p < n).

Let|s;| = H,(k,n=1,2,...),h(4%?)=M,,(p=1,2,...),and
let {A(m)} and {u(m)} be chosen as above. Then we have,

A(m)
z Ia:’n,kl < Em,w z l kl < sm,p’
k=1 k=p(m)

where ¢, , \ 0, (p =1,2,...). Let {»(r)} be the sequence of
indices such that A(»(r)) = u(v»(r—1)), (r =12,8,...), »(1) = 1.
To construct {t;}, select ¢ so that,

A (v [q—(i;—”]) > u(N(),

).
mge Q) <o)
= s, (k>z([(*'q», 1=r=yq),

and note that |if| < |s;|, (k,n =1,2,...).

and set,

IA

= o, @
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i) If m < N(n), p < n, we have,

d )
|Sah il SH 3 l|absl < He,,
k=1 ke=p(m)+1

ii) If m > »[q(¢+1)/2], and p < n, we have

) A(m) 0o
| amatil < | 2 antel+1 X ah skl
k=1 ke (m)+l
A(ﬂ‘
= 2sz1 Ia:. o+ Z a:, xSkl
= 2Hem.,—|— En.

iii) If »{g(g—1)/2+r—1] <m = v[g(g—1)2+7), 1 =7 =7q),
p = n, and if A'(r) denotes A(»{g(¢—1)/2+r]), we have,

oo » A(m) “ p(m) r ”
P ap el < | > an bl | > - an, xSkl
k=1 k=1 k=A(m)+1 q
Bm) 1 oo o
+ X —a} ksk'+l Z an, xbel
k=A(r)+1 G T=p(m)+1

r\ Alm) r o™
H (1 + —) S e+ — 13 a2 sl
q/ k=1 q k=1

H #m r s
+= 3 |a:;.,,,|+H(1+—) S ekl
q k=X'(r)+1 9/ k=p(m)+1
HM,
q
HM,
q

iv) If N(n) <m < »{g(¢g—1)/2], and if A’(0) denotes
A(v[q(g—1)/2]), we have,

o " 1 p(m) " ) n
[ Yah il =—1 X abasil+]l Y ab .t
k=1 q  x=2’(0)+1 k=p(m)+1

(the first sum of the right hand side being taken as zero if 4'(0) =
#(m)). This implies that,

m,p°

L)
| 3 ap xte
k=1

It follows that for every mandn, (m,n =1,2,...),and forp < n,
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l 2 af’;l,kt'k.l é 4Hem,p+£m+ HMD

k=1 q
where ¢ is such that »[¢(¢—1)/2] < m < v[g(¢g+1)/2]. For fixed
p and n, 4He,, ,+&,+HM [q converges to zero as m 7 oo, and
the proof is completed by observing that if n = p, these terms
are independent of n.

DEerFINITION 8. Consider the partial sums {u,} of the series

1—14+3+3—3—3+ ... +h+3+ ...
+E—m—m— . —nt-

o oy

where 1/n appears in the series 2n times, the first n times with the
plus sign, the second n times with the minus sign. We shall call
the sequence {u,} the c-sequence.

It is evident that 0 S u, =<1, (r=1,2,...), and that u,,,,,
=0,u,=1,(¢=1,2,...);ifn, = [u,—u,,|, then lim,_ 9, =0.

Suppose that we have a countable set of matrices, 41, 4% ...,
Ar, ..., and that {A(m)}, {u(m)} and {m(r)} have been chosen as
above. Let v = {v,} be a sequence of real numbers with0 < v, < 1,
(r=1,2,...). Suppose that the set of zeroes of this sequence is
infinite so that v,;) = 0, (k =1, 2,...), say, (k) # co. For each
natural number r, » = m[2(1)], there exists ¢ = ¢(r), such that,

A(m[z(9)]) = A(r) = A(r+1) < A(m[z(g+1)]).
For each r, r = m[2(1)], and each ¢(r), let I(v, r, ¢) denote the

interval,

[A(r),Ar+1)] C (A(m[2(g)]), A(m[z(g+1)])].
Every natural number k, k& = A(m[2(1)]), belongs to a unique
interval I(v, r, q).
In particular, if 4 = {u,} is the c-sequence, then I(u, r, q) is the

interval,

[A(r), A(r+1)] C (A(m[g(g—1)1), A(m[g(g+1)]);
and if ' = {1—w,}, then I(u',r, q) is the interval,

[A(r), A(r+1)] C (A(m[g*]), A(m[(g+1)*]).
We now state the following theorem, which is a generalization of
Theorem 4 of [2].

TrEOREM 5. Let A = (a,, ;) be a matriz. Choose {A(m)}, {u(m)}
and {m(r)} as in the beginning of this section. Let v = {v,} be a
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sequence as above, with 0 <v, =1, (r=12,...) and lim,_,
y, = 0, where y, = |v,—v, 4|, (r=2,8,...). Then, if {s3,
(¢g=1,2,...) is a countable set of uniformly bounded sequences,
uniformly summed to zero by A, the bounded sequence {s;} is A
summable to zero, where,

s, =v,88 for kel(v,r,q),
s=28  for k< A(m[z(1)]).
Proor. Let {s;} be the sequence described in the theorem,

h(A)=M, and |s§| =< H, (k,q=1,2,...). Let {¢,} be a sequence,
¢m \ 0, such that,

0
Y CpShl < Ems (mg=1,2,...).
k=1
For m with A(m) in I(v, r, q),
o0 A(m) #(m)
| zam,kskl =] z am,ksk|+vrl Z am,ksﬂ
x=1 k=1 k=A(m)4+1
H(m) o
+ 10, — 0,44 z am,k3£|+| E Ay, 15|
k=A(m(r+1)) k=p(m)+1

(the third sum to be taken as zero if A(m(r+1)) = u(m)).
It follows that,

oo A(m) oo ]
lkzl am,kskl g 2H kz Iam,kl +2H z lam,kl +vr| kzlam,ksgl +erH’
= =1 =

k=p(m)
and the sequence {s,} is 4 summable to zero.

This theorem is true in particular if v = {u,} orv = {1—u,}. We
shall describe the operations performed in Theorem 4 as inter-
weaving the sequences {sg}.

Now suppose that A4 is a matrix, and that s" = {s;}, (n =1, 2,
.. .), are sequences in the unit sphere with 4-lim s* = «". Suppose
that lim,, a" = «, and that the sequences {s—a"}, (n =1,
2, ...) are summed uniformly to zero by 4. Let {#;} be defined by

fy = u,(s2*'—a20-1) for k in I(u,r,q)
and

fh=0, k <Am(2));
and {f}} by

i = (1—u,)(s}?—a?) for k in I(w, 1, q),
and

=0, k < A(m(1)),

where u is the c-sequence {u,}, and ' the sequence, {1—u,}.
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From Theorem 4 it follows that {f;} and {f}} are boti summed
to zero by A. Let t, = ty+18;, (k=1,2,...), then {} is also
summed to zero by A4, and {t;+«} is summed to « by 4. Now if
Am(g)) < Am(r)) <k < A(m(r+1)) < A(m[g(g+1)]), we have
k in I(w,7,q) nI(w', 7, q), and

tto = u, (53— a2 1) - (1—u, ) (sh0—a2) +a,

and if A(m[g(g+1)]) <A(m(r)) =k =A(m(r+1)) = A(m[(g+1)]),
we have k in I(u,r, ¢+1) nI(w/, 1, q), and,

teto = u, (3 —a?H1) - (1—u, ) (si"—a?) +-a.
Now the sequence {»} defined by
v, = a—(1—u,)a2?—u, a2 for k in I(u,r, q) nI(u', 1, q),
and
v, = a—(1—u,)a??—u, a2 for k in I(u,r, q+1) nI(w', 1, Qq)
converges to zero. Thus the sequence {s;}, defined by,
8 = Lta—w, (k=1,2,...),

is A summable to «, further, {s;} is in the unit sphere.
Hence, we have the following:

THEOREM 6. Let A be a matriz, and suppose that {sp}, (n = 1,
2, - - *) are sequences in the unit sphere with A-lim s" = o”. Suppose
that lim,, , ,a® = «, and that the sequences {sy—a"™}, (n =1,2,...)
are summed uniformly to zero by A. Then there is a sequence in the
unit sphere, {s;}, such that A-lim s, = .

From this theorem we can immediately deduce the following,
which is originally due to Brudno, see [4].

THEOREM 7. Let A be a matriz. Then A sums a sequence in the
unit sphere, s, with
A-lim s = N(«).

Proor. By definition of N, we have sequences s" = {si},
(n =1,2,...),in the unit sphere with 4-lim s" = «*, and lim,,_, ,
a® = N (o). After theorem 4, we may assume that these sequences
are uniformly summable by A4, without altering other properties.
Theorem 6 then implies that we can construct a sequence s in the
unit sphere with

A-lim s = N(&).

In [8], see also [7], the following has been shown.
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THEOREM 8. Let A%, A%, ..., A", ... be a countable set of regular
maitrices, with "D A", (n =1, 2, ...), then the intersection of
their bounded convergence fields is the bounded convergence field of
some matriz A.

Theorem 6 enables us to obtain more information in this direc-
tion.

THEOREM 9. Let A, A% ..., A", ..., be a countable set of regular
malrices with "D A, (n=1,2,...), then if & =32, A",
N(«) = lim N(&™).

Proor. From Theorem 7, we can construct sequences s = {s¢}
in the unit sphere with

Ar-lim s = N(&") = o, (r < n).

Now {a"} is a decreasing sequence of positive numbers and bound-
ed from below by Theorem 2. Hence, lim, , a" = «, say. It is
clear from Theorem 4, that we may assume that for each r,
(r=1,2,...), the sequences {s3}, (n = r, 7+1, .. .), are uniform-
ly summed by A*. We may construct a sequence {s;} by using
functions A(m) and p(m) that are appropriate for all the matrices
A7, (r=1,2,...), (asin (8), (4) and (5)) and using the sequences
{st}; (n =1, 2, ...)for an interweaving as in the proof of Theorem
6. Since only finitely many terms of {s;} are derived from the
sequences {s;}, (n < r), it is clear that as in Theorem 6, we have,

Ar-lim s = a, (r=1,2,...).

Thus s belongs to (g, &" =, and from Theorem 1 we have
A-lim s = «. But s is in the unit sphere, hence, N(&/) = «. From
Theorem 2 we see that N(&) < lim,_  N(&") = « and this
implies that N(&/) = lim,_, N (&™) as required.

3.

We are now going to consider some results which follow from
Theorem 7.

DErFINITION 4. If A4 is a matrix, a sequence s in the unit sphere
is called an extremal point of & if

A-lim s = N(«/).

Hence, Theorem 7 tells us that every bounded convergence
field of a matrix has at least one extremal point.
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THEOREM 10. Suppose that A is a matriz and thet s «s an extremal
point of . Then lim sup,,, ., s, = 1. Further, if N(&/) > 1, we
also have liminf, , s, = —1. Before proceeding to the proof we
remark that the condition N(&/) > 1 is essential to obtain
lim inf, ., 8, = —1, since any matrix with N(&/) =1 will sum
the unit sequence {1}, to the value 1 = N(&).

Proor. Let s be an extremal point of /. Suppose that
lim sup,, s, = U < 1. We can find an n, such that s, < U+
L/[2, for n = n,. Define s’ = {s;} by

S; = 0, (n < n0)9

s:,=.s',,+}—2—U, (n = ny).

Then {s;} is the unit sphere. If N(&/) = N, then 4-lim s’ = N+

1—U/2 > N. This contradiction establishes the first part of the
theorem.

Now suppose that N > 1, and that liminf, s, =L > —1.

Let e=(L+1)/8 > 0. We have s, = —1+4e¢, if n =n,, say. Let

tn = 0, (n < nl),
s,—¢[N
= =n,).
tn I—SIN (n —_ nl)
1—¢/N
Then ¢, < I—ZN =1, also,
6= —1+4e—¢lN . —14-8¢/N > 1

~ 1—¢IN = 1—¢/N —
Thus, {t,}, is in the unit sphere. Also,

. N—¢|N e—¢[N .
- = =N+ — .
A-lim ¢ 1oV + 1—e/N > N, since N >1

This contradiction establishes that L = —1, and the theorem is
proved.

THEOREM 11. Let o/ be a summability method suchthat N(&f) > 1.
If the norm of s/ is attained, there is an extremal point of L, {s,},
such that s, =1, or s, = —1, (n =1,2,...).

Proor. Without loss of generality we may assume that A4 is a
matrix with h(4) = N (7). Let s be an extremal point of &/. Then
lls]|=1, 4-lim s=N(&) and lim inf, , , s,= —1, lim sup,,, , s, =1.
We define s’ = {s;} by
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s, =1ifs,=0; s, =—1 if 5,<0, (n=12,...).

We shall show that lim,, . >2;a, .5, = N(&/) = N. Now,
h(A) = N, so that if {#,} is in the unit sphere, then,

(6) | Y @p,ats] =N, m=12,...)
n=1

Suppose that
lim inf ¥ a, ., = N; <N,

m-o00 n=1

then,
lim sup 3 a,, ,(2s,—$,) = 2N—N, > N.
1

m-=00 n=
However, |2s,—s,| <1, (n =1, 2,...), so in view of (6) we must
have,
x ’
lim inf ¥ a,, .8, = N.

m-oo n=1

But (6) is also applicable to s’, so we have

(o]
lim sup ¥ a,, .5, < N.

m-o00 n=1

Hence, 4 sums s’ to N, and s’ is the required sequence.

4.

We now consider some examples and applications. Firstly,
it is possible that a summability method does not attain its norm.
Consider the matrix, 4, which transforms the sequence {s,} into
the sequence {t,}, as follows:

byn1 = 684, 3—584, 2, fon = 28401~ S840y (M =1,2,...)

If {s,} is the sequence with s, 3 =2, 84,0 =0, S4p1 =1,
84, = —1, then 4 sums {s,} to the value 8. Hence N(&) =
8 > 1, but the matrix defined by the even numbered trans-
formations is b-stronger than 4 and has a matrix norm 8. From
Theorems 2 and 8 we see that N(&/) = 8. It is clear that no
sequence {s;} of 1’s and —1’s with lim sup,,_, o 8, = 1, lim inf, o,
s, = —1 can be summed by 4. In view of Theorem 11, we con-
clude that & does not attain its norm. Further, if B is any matrix
such that # C &/, and N(#) > 1, the above argument shows us
that & cannot attain its norm. Thus A4 is a matrix such that no
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method weaker than &/ which has field norm strictly greater than
unity, cap attain its norm.
A slightly different example is the matrix A defined by the
transformations,
ty = 289, —Sau115 n=1,2,...).

Here, N(&/) = 8 and the reader can show by arguments similar
to the above that no weaker matrix attains its norm; however,
in this case h(4) = N().

The following result which is proved in [6], Theorem 4, is rele-
vant here. In the terminology of this paper it is as follows:

THEOREM 12. For each summability method &, there is a method
B4, with N(B) = N(#2) such that the norm of B2 is not attained.

We remark that, as is clear from the proof given in [6], and was
meant to be included in the statement of the theorem, the method
B4 is b-stronger than B.

This result means that the converse of Theorem 11 is not true in
all cases. In fact, let A be a matrix which sums a sequence s = {s,}
with s, =1 or s, = —1, (n=1,2,...), to the value N(&).
Suppose that the norm of & is attained. Choose a matrix 44 such
that N(&/) = N(2«4), and such that the norm of &4 is not
attained. Then A4 sums s to N(&)= N(&/4). Thus every
sequence which is an extremal point for some method is an extremal
point for a method for which the norm is not attained.

We now turn to another application. We recall the following
theorem, see [8], Theorem 2.

THEOREM 18.. Let A be a matriz. Then there exists a positive
sequence {x,} such that >3, x, = oo, z, \ 0, and such that a bounded
sequence {s,} is summed to zero by A if and only if, every sequence of
the form {£,s,} is a member of o/, where {£,} is bounded and
§n—Eny = 0(z,).

In fact a glance at the proof shows that the sequence {z,}
which is constructed has the property that {&,s,} is not only
summed by A4, but is summed to zero by 4.

Now suppose that we have a matrix 4, and a sequence s = {s,}
summed to zero by 4 in &, where limsup,,, . s, = a, liminf, ,
s, = p, with « > B > 0. Then we can find sequences {n,} and
{ps} of natural numbers, strictly increasing for which lim, , .8, = o,
lim, o8, = B. Suppose that «' > ' >0, define ay= o'[a,
Bo = B'|B. We may clearly construct a sequence {£,}, as in Theorem
18, for which A4-lim &,s, = 0,



202 J. W. Baker and G. M. Petersen [18)

lim sup {fﬂ)} = 0y, lim inf {éﬁb} = ﬂo
k- 00

k-0

and also ¢y =&, =By, (n =1,2,...). Then we have

limsup §,s, = o', liminfé§,s, = f'.

THEOREM 14. Suppose that A is a matriz, and that N(&/) > 1.
Then for each a, 1 < a < N(H), there exists a sequence t = {t,}
in o with A-lim t = a,lim sup,,, ¢, = 1, lim inf, , {, = —1 and
el = 1.

Proor. Let s = {s,} be an extremal point of &, so that 4-lim
s =N(&)=N, limsup,, 8, =1, liminf, s, = —1. Let
$=N—s,>0, (n=1,2,...). Then limsup,,. s, =N+1,

’

lim inf, , , s, = N—1, A-lim s, = 0, and

N+1=s,=N-—1, n=1,2...).
As indicated above, we may find a sequence {£,} with A-lim
{6’;3;} = 0’

’ .. ’ —1
lim sup §,8, = N+1, liminfé§,s, = (N+1) Z-l—l ’

and 1 = ¢, = (N+1)(a—1)(N—1)Ya+1)?, (n=1,2,...).
Define,

a ’
m (N+1)—§,,S,,

t, = P n=1,2,...),
®+1) (1- 255)
_ alN+1)—(a+1),s)
(N+1)

Now,

. _ a(N+41)—(a—1)(N+1) _

h:.r.l.iup t, = N1l =1,
and

liminf g, = SN TN (@HDYNHD)

n-»00 N +1
also -1 =<¢, <1, (n=1,2,...). Further, 4-lim ¢, = a, and
thus {t,} is the required sequence.

THEOREM 15. If A is a matriz, and N(&) > 1, then for each a,
1 < a < N(H), there exists a matriz B, with N(&) = a, and such
that A is b-stronger than B.
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Proor. Let s = {s,} be a sequence with ||s|| = 1, liminf,
s, = —1,limsup,_ s, =1, and A-lim s = a. We may construct
two disjoint sequences of natural numbers, {n,} and {p,}, strictly
increasing, such that,

lims, =1, lims, = —1.
k- o0 k-0

Define the matrix C = (c,,,) by,

14a l—a
ck,ﬂk=_2_9 ck'pk=—2——, (k=1,2,...)
and
Cen =0, m Fm or p.
Then,

N(%) < h(C) =a,

also C-lim s = a. We may then define a matrix B = (b,,,) by
the equations,

b2k,n = ak.n, b2k—l,n = ck’,n, (k, n = 1, 2, o -).

Then we have & C & n €. Thus, by Theorem 2, N(#) < N(¥)
< a, but on the other hand B-lim s = a, so that ||B|] = N(%) = a,
and B is the required matrix.

As a final application, we prove the following:

THEOREM 16. If o is a summability method, and if the norm of
& 1s attained, there is a matriz B belonging to the method, such that,

i) h(B) = N(«/),

ii) in every column of B, all the non-zero elements have the same
sign.

Proor. We assume that h(4) = N(&), (if lim,,, o Doey [@m ol
= N(&) but h(4) # N(&), this result may be achieved by multi-
plying the rows of A4 by the appropriate factors). Now there is
an extremal point, s = {s,}, of & for which s, =1 or s, = —1,
(rn=1,2,...). We define the matrix B, by

bmyn = @, ql sign s, (n,m=1,2,...).

This matrix clearly satisfies condition ii, also h(B) = h(4) =
N(sZ). Thus, we only have to verify that # = «. Let w,, be the
set of indices, n, for which s,a,, <0, (m=1,2,...). Then,
if t = {t,} is any bounded sequence,

|2 Guu—maltal = | 3 Gma— )t
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Hence, we have,

(7) l z (bm,n—am,n)tnl é 2 |bm,n'—am,n| ”t“’

n=1

and,

(8) 2 Ibm,n—am,n| =2 z ‘am,nl = | Zl(bm,n_am,n)SnL

Now,

00 oo [ o] o]
z bm,nsn = z |bm,n| = z lam,nl g z Qo Sp e
n=1 n=1

n=1 n=1

However,

| 3 bm,n8nl < h(B) = N()
n=1
and it follows that, since

lim Y a,,s, = N(¥),
m-oo n=1

then
lim 3 b, ,s, = N(&).
n=1

m— 00

Hence, B sums s and

im Y (bpn—8m,q)$n = 0;

m-o00 n=l

with (7) and (8), this implies that

lim 2 (bm,n'—am,n)tn =0
n=1

m-» 00

and that &/ = % as required.

5.

(15]

We wish to make some brief comments on ‘diagonalization’.
By this latter term, we mean the following: Suppose a = {41,
A2,..., A" ...} is a countably infinite set of matrices. In [1] and
[2], we have obtained necessary and sufficient conditions for the
existence of a matrix 4, which is b-stronger than, (and b-consistent
with) every matrix in «. However, these conditions did not indicate
a method of construction of such a matrix. When we speak of a
diagonalization we shall mean that there are sequences {n(k)},
and {p(k)}, n(k) # o and p(k) # oo, of natural numbers so that
the n(k)th row of the matrix A?® is the kth row of A. It is clear



[16] Extremal points in summability theory 205

that in general, such a diagonalization does not give a matrix
b-stronger than every member of a.

We recall the following definition, see [2]. If &« = {47, 4% ...,
A", ..} and = {B', B%..., B" ...} are countable infinite
sets of matrices, we shall say that « and § are b-equivalent if A"
is b-equivalent to B", (n =1,2,...).

The existence of a matrix 4, b-stronger than all members of «
was shown in [2] to depend on the properties of the sets of matrices
which are b-equivalent to «.

THEOREM 17. Suppose that « ts a countably infinite set of matrices,
and that there exists a matriz A which is b-stronger than each member
of a. Then there exists a set of matrices, f, b-equivalent to o, such that
every diagonalization from B gives a matrixz b-stronger than each
member of a. In fact every such diagonalization will be b-stronger
than A.

Proor. Choose a sequence {¢,}, ¢, >0, (n =1,2,8,...) such
that
lim ¢,h(A") = 0.

71-» 00

We define the matrix B", (n =1,2,...), by the equations,
b;m,k = am,k’ b;‘m—l,k = (1 _En)am,k—‘_ena:'u,k’ (m’ k= 1’ 2’ b ‘)'

It is clear that if 4 is b-stronger than A", B"is b-equivalent to A".
Let B be a diagonalization from g, it is clear that B is b-stronger
than 4 and hence b-stronger than every member of «. This com-
pletes the proof of the theorem.

This problem .has also been discussed by Brudno, [5].

6.

We close by stating two important questions which arise in
this paper.

1. We have seen that if the norm of a method is attained, there
is necessarily a sequence of 1’s and —1’s summed by the method
to N(&/). If the norm is not attained, is there necessarily a sequence
in the unit sphere, {s,} which is summed by the method to N (&)
and such that

liminf |s,| = L < 1?
- 00
We have seen of course, that if this is the case, the norm is not
attained.
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2. A question proposed by Brudno also remains. For each
method, is there necessarily a stronger method of the same norm
which attains the norm?
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