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On a function, which is a special case of Meijer’s
G-function')
by

J. Boersma

1. Introduction.

In the present paper a function, called K(z) is studied, which
is defined by means of a power series in the following way:

_ R Il(ay+pb). .. I(a,+ph) 2" _
K(z) _Eor( by+v.h). .. T (b4vh) hl

o I'[I’(a,+p,h) z,

z N ¢ )
h= F(bk‘l"'kh)

k=1

#; and v, are supposed to be real and positive; a; and b, may be
complex. We assume that a, and u; have such values that
I'(a;+p;h) is finite for h =0,1,2,...; so

a,+uph#0, —1, —2,... for j=1,...,r and h =0, 1,2,....(2)

Itisclearthatforu, = ... =y, =», =... =9,=1 we have
r
’1-[1 I'(a;)
K(z) == ,F/ay..,a,; by, ..., b52). . . (8)
11 I'(5:)
k=1
in which ,F(a,, ..., a,; by, ..., b,; 2) represents the generalized

hypergeometric function.

In section 2 the convergence of the power series (1) is examined.
In section 38 an integral representation for the function K(z) is
derived, by means of which in the case of positive rational para-
meters y,; and », the function K(z) may be written as a G-func-
tion. By means of this connection with the G-function the dif-
ferential equation, the analytic continuation and the asymptotic

1) The present article is the elaboration of an answer to a prize-competition of
the University of Greningen. This answer was awarded in September 1958.
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expansion of the function K(z) are discussed in resp. sections 4,
5 and 6, again for the case of rational u; and »,. In section 7 the
case of a divergent power series (1) is studied. Then a G-function
may be constructed, which has K G) as its asymptotic expansion.
In section 8 the results of the foregoing sections are applied to
the case of the generalized hypergeometric function i.e. the case
with , = ... =p,=», =...=9,=1 (see (8)). In section 9
a comparison is made between the results of this paper and the
researches of E. M. Wright 2) about the asymptotic behaviour
of this same function, but for real positive values of the parameters
u; and v,.. The methods used by Wright are however much more
complicated than the method followed in this paper.
Following Wright we shall introduce the abbreviations
r
I1 ps*
i=1
P= "3
11 »™
k=1

t r
k= 3 v— u+l,

k=1 j=1
r t
i=1 " k=1
Instead of p Wright uses the symbol A.

b

2. Convergence of the Series.

We examine the convergence of the power series (1). Use is
made of the following well-known formula3) for the gamma
function

N I

valid for large values of |{| with |arg (| < .
We write the power series in the right-hand side of (1) shortly as

r

IT I(a+ph) |

z chzh With Ch = ’_tl—'_'_‘ Zi.
=0 kl'Il I'(b+veh) ™

%) E. M. Wright, Journ. Lond. Math. Soc. 10, pp. 287—298, (1985) and Proc.
Lond. Math. Soc. (2), 46, pp. 389—408, (1940).

3) Cf. A. Erdélyi, Higher Transcendental Functions, Bateman Manuscript
Project, Vol. I, p. 47, (1958).
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We consider c’;—ﬂand make use of (5) and (4).
h

r 14
[1(a;+u;h+u;) ;;[III’(bL'+"kh) 1

Crt1 __ j=1

r ¢ h 1
® INartuh)  [LTGetwhtn) +

H( h)*
B o) a o)

k=1

We now distinguish three cases:

Ont1
Cr

1°. k¥ < 0; then we have lim
A—>00

The radius of convergence of the power series (1) is now zero,
so that the series (1) is divergent for all values of 2 except 3 = 0.

Cnir|
Ch

2°. k = 0; then we have lim
h—>00

The radius of convergence of the power series (1) is now equal

1 1
to —. For 3| < — the series (1) is absolutely convergent. For
P

1 . © s . .
|z] > — the series (1) is divergent. The behaviour of the series
P
on the circle of convergence will be discussed after 8°.

Cn+1
Cp

8°. k > 0; then we have lim
h—>00

= 0.

The radius of convergence of the power series (1) is infinite, that
means, the series (1) is absolutely convergent for all finite values
of 2.

Finally we examine the convergence of the series (1) in the

1
case 2° (k = 0) for |3s| = —,
P

w
We put 3 =—, then the series (1) becomes
P

liI I’(a,+y,h)

—;—— B ()]
Z S TT D(bytv,h) M

k=1
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The power series (6) in w has a radius of convergence equal to 1.
Now we make use of a convergence test of Weierstrass ¢). We
write the power series (6) shortly in the form

Hr(af-l_:uih) 1 1
S dywt with dy = S

=0 Hr(bk'l""kh)
k=1
We now consider %—— by means of (4) and (5) we find
'h
d Hr(a +I‘fh’+;ui) ]._.[F(bk_'l_vkh) 1 1
B __ j=1

d, DR+l
» ’IIIT(a;+mh) y_ﬂnbmkhm)” +

T (e {1+ 2220071 o ()

i Eykhr» 1+ ﬂ#) +o(3)] =3 +00e)) =
-5 O (25

- o)
Bzl /‘:“l‘kglvk—'}r-l-%t_l roll)-
g 2D (1) 0o (L),

Application of Weierstrass’ test gives three subcases:
1°. Red—% < —1.
The power series (6) is absolutely convergent for |w]| =1,
so the original power series (1) is absolutely convergent for

1
2] =—.

2°. —1 =< Red—3 <.
The power series (6) is convergent for |w| = 1, except for
w =1, so the original power series (1) is convergent for

1 1
|#g] = —, except for g = —,
P P

4) Cf. K. Knopp, Infinite Sequences and Series, Dover Publications, p. 139,
(1956).
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800 Re 0_* g 0.
The power series (6) is divergent for |w| = 1, so the original

1
power series (1) is divergent for [3| = -;

3. Integral representation and connection with Meijer’s
G-function.

We consider the following integral

i=1

I(—8)T1 I(es+m)
j (—z)ds. . ... (7
C

I I(Bstss)

k=1
where C is a contour, which runs from co—ir to o044z (v is a
positive number) enclosing all the poles
0,1,2 8,... . ...... . (8)
but none of the poles

a a;+1 a;+2 .
— L L L G=1..1) . . (9)
7] 1] 7]

of the integrand.’)

r t
We assume Y u; < > v,+1 or x = 0.
j=1 k=1

We suppose that z satisfies the inequalities

1
2#0and 3| <—if k=0

P
2#0if « > 0.

Now the only singularities of the integrand within the contour
are simple poles at the points (8). The residue of the integrand
at the point s = h is equal to

r h
11-1-1 (as+u, )_z_y.

L TR
TI T (bstrsh) ®

k=1
5) Such a contour C exists according to (2):
a,+pu;h #%=—m with b, m =0,1,2,... and j=1,...,r.
a;+m

1]

So we have h £ —

» that means none of the poles (8) coincides with one

of the poles (9).
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It may be proved by means of the asymptotic expansion of
the I-function that the integral (7) is convergent and that we
have from the theorem of residues

L [ T(=9) I T(a4a,s) o TT Matmh)
o J‘ = (—a)ds = D 51— = =K(z). (10)
Ml TIN(btnes) A=0 T I(by4v:h) "
k=1 k=1

We now restrict ourselves to positive rational values of u,
and »,. Then each of the parameters u; and », can be written as
a fraction with positive integral numerator and denominator,
which are mutually indivisible. The least common multiple of
the denominators of these fractions is called ¢g. Further we put

g m=y;00=1..,7)
9‘1’,,=6k (k=l,-..,t),
z Yi= Vs
i=;1
z 61: = 6,
k=1

(y, and &, are integers).

From (4) it follows that

q+é—y=xq . . . . . .. .. (12)

We make use of the multiplication formula ¢) of Gauss and
Legendre for the Ifunction

ﬁ]’(é‘—i——%)=(27t)*""‘”m’}"”cl’(m§), (m=1,2,8,4,...) . (18)

r=0

We transform the integral representation (10) into the integral
definition of the G-function as presented in Meijer’s “On the G-
function” 7), p. 229.

We put s = ¢v, then C is transformed into a contour C* en-

1 2 a;+1
closing all poles 0, — , —, ...but noneof the poles — o , — i+ ,
q

a;,+2 I£] 1£]
: .(j=1,...r) of the transformed integrand,
Vi

Ty .

¢) Cf. A. Erdélyi, loc. cit. ?), p. 4.

7) Meijer’s “On the G-function” refers to a collection of eight papers written
by C. S. Meijer under the same title, which appeared in Proc. Ned. Akad. Wetensch.
49, pp. 227—287, 344—3856, 457—469, 632—641, 765—772, 986—943, 10683—1072,
1165—1175, (1946).
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r-m iy, (‘7‘ +9))

q qv o
K(z) = Py J'c. H p{ak(b )} (—z)%dv=
N | (Ol
- k=1 %

2t (27 )i (e-1) q-} I‘i‘ (2n )} (v,-1) y,}—a,

j‘ I'_[I"(——v)ﬁ"ﬁr( s+my v) (_z)qﬁﬂ’v
s

=1 mm=0 e o=
ﬁ aik_[nll’(b"-l_l" ) ¢ f[ ol
kel 2,=0 O i

r
(__z)ﬂ y‘YI

: 3x ﬂv :Bz’ M ﬁq+8
¢ 11

in which
fI (27!: )*(0'_1) 6£_"k
M= [ _
r
(2n)ten g ;q (2n)krrD 3o
t
30—t -, t 30,
(2=) ¢ ™ .h:[:[lvk
Hed —f -0 d-To r b
(27) ¢ (2m) ¢ I
= (2nyieriringr ”’H1 /»""*1'[ L L L (15)
and
a a
¢1=].'--‘—’ d.+1=1——.__2, . 1_1__,_.
71 e Vs Ky ybygte e +7prt ”
s %, t1 4,41
71 a71+2 = 1—‘_},2“, “71+1|+"'+7,_;+2 =1— " ,
ete. )
—1 -1 1
“71 = l_fl'ﬂl___ ) Ly = 1— a2+78 , 2y = 1— ar+y'

N1 Vs ”

(16)
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b b \
Br=0, Ber1 =1 3—1’ Bersn =1 fv
1 3
1 b,+1 by+1
Bs=—, ﬁ¢+z =1 16 ’ ﬁ¢+3.+z =1— 26 >
1 2
. ete.
-1 b,+8,—1 bg+8,—1
ﬁa =1 ’ ﬁ¢+a =1— E 61 ’ 58¢+a,+a,— 1— e 52 ’
1 2 (17)
b, -
Perapragt -t o1 =1 s’
b,+1
L A _‘6_ ’
t
b,446,—1
ﬁq+8 =1- —‘—(,f———.)

The argument of the G-function in (14) may be written by
means of (4), (11) and (12) in the following way

r r
(—=2) H 7 (—2)¢ ’Hlﬂ‘;""

t . t
¢ I1 o ¢ [14"
k=1 ke=l
= (—2)0q" "0 pt = {—2q p}* . .. . ... (18)
We remark that the condition, which Meijer assumes in defining
the G-function, viz.a,—b, #1,2,8,...( =1,..,n;h=1,...,m}
becomes in this case
a,—"ﬁh¢1,2,3,... (f=1,-.-,y; h=1,.o.,q)
k
1—-a£t71’-’-——;&1,2,3,... G=1,..7 m=0,..., y,—1
i 9 and k=0,...,q—1).
Multiplication with y, yields
Vi—a—my—p;k F ys 274, 8yy ...
a’+”’k+m’ # 0, "‘y,, '—2)”, e
Because m; =0, ..., y,—1 we may write
a,+u;k+#0, -1, —2, —8,...fork=0,...,g—1landj=1,...7.
This condition is certainly fulfilled according to (2).
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4. Differential equation.
The function

o |12 a,)
y=0Gz ( by, .. b,
satisfies the following differential equation

(—1p=*211(6—a+1)~IT(O~b)} y = 0, . . (19)

d
where 6 denotes the operator z — ( Meijer’s “On the G-function”,
p.- 844).

In the G-function (14) the variable z is replaced by
(—=)1I»y
gl
14
¢TI 4
k=1

from which it follows that the operator z % must be replaced
z d

q
After substitution of the values (16) and (17) for «; and §, in (19)
and multiplication with

¢
¢"IT &
k=1

we obtain the following homogeneous linear differential equation
of order ¢g+4 for y = K(z):

{Z"H H(u,9+a,+m,)—H(@—m)fI H(v,,0+b,‘—l,,—1)}y=0 (20)

=1 my=0

. d
where @ denotes again the operator z =
3

5. Analytic continuation.

In the case 2° of section 2 i.e. k = 0 or

r t
2 4y =2 v+l
k=1

ju=1

the power series (1) is divergent for [z| > l. s0 the funetion K(z)
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is not defined for that region. Inside the circle of convergence
K(z) is equal to a G-function of the type G},'(z), for the condition
x = 0 is on account of (12) equivalent to y = ¢+4.

We apply now theorem D (p. 285) of Meijer’s “On the G-
function”. The condition m+n = p+1 becomes here g+y = y+1

and is certainly fulfilled. In the sector
larg {—z g~*p}*| < g= or |arg(—z)| <=

K(z) is according to theorem D an analytic function of z and
may be represented by the integral

L [ T(—9)TI ayts)
J =1 (—=2)ds . . (21)
L

1
H I'(b+vs)
=1

where L is a contour, which runs from —oot+o to 4 ocot4o
(o is an arbitrary real number) and is curved, if necessary, so
that the points (8) lie on the right and the points (9) lie on the
left of the contour.

. 1
For |3] < — we may bend round the contour L to the contour
P

C and so we obtain the integral representation (10). In this way
the function K(z) is defined and analytic in the whole .complex
2-plane with exception of a cut, which has to be made along the

1
positive real axis from — to oo.
P
According to theorem E {p. 286) of Meijer’s “On the G-function”,
. . . . . 1
the analytic continuation of K(z) outside the circle |3| =—
P

in the sector |arg (—z)|] < & may also be written in the form

1 1—f1,cc 0 1—Bis
M- GVS (—— "*). .. (22
a+8.7( 2)q |1 —0y, ... 1—a (22)

Y
If the condition
w—op #£0, +1, +2,...for j£h; j, h=1,...,9
or (see (16))
a;+m; _ a,-+m,,
Vi a

#0, 41, £2,...forj=1,...,7r; m;=0,..., y,—1
h= 1,-.-, r, mh=0, ceey 73—1}(28)

j#h or j=h, m;#m,
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is fulfilled, then we may apply to (22) the ‘‘sum” definition of the
G-function (Meijer’s “On the G-function”, p. 280). The values of
the «’s and f’s are substituted from (16) and (17) and the value
of M from (15). By means of formula (18) and some other elemen-
tary formulae for the Ifunction we can write the analytic
continuation of K(z) in the following form

r(22%) 1o~ 2(an)

M 7 el

P(_%) =..Z,2 i (—2: (24)

T w2 (a4m) (=27 n
k=l Hn

1
defined for |z| > — and |arg (—=2)| < =.
P

The conditions (2) and (28) must be fulfilled in order that the
series in the right-hand side of (24) will be defined.
From (2) we have

a+puh#—m withj=1,..,rnn h=0,12,...

a;+n # —pgh,
a’—l-n # —h,
7]
s0 1'(“’+") is defined for j = 1,...,r and n=0,1,2, . . ..
17}

In the case j # h condition (28) gives

a;+m;  apt+m,
Vs Yn

# 1l where 1 is an arbitrary integer,
or
2]
a;+m;— —(a,+m,) # ly,.
HUn
Because m; =0, ..., y,—1 we may write

a,— %(a,,+m,,) # | where I is again an arbitrary integer.
'h .

We subtract from both sides py, (p is also an arbitrary integer).
According to (11) we then have

u
af—”_:(ar*'mrl‘?)’n) #l—py; =1.
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Because m, =0, . .., y,—1 we may write
a;— &(aﬂ'”) #U
Pn
with 4, h=1,...,7; § # h; ' and n arbitrary integers.
So r{a,_i‘—’(a,,+n)} is defined for §, h=1,...,7; j#h;
Hn

n=0,1,2,....
It is clear that the condition (28) is equivalent to the condition

a4+l a+n . ]
#%—— for j#h;j, h=1,...,r
By b ! ! (25)
and I, n =0, +1, +2,....

This condition denotes that all points (9) are different, hence,
all these points are simple poles of the integrand in (7) and (21).
It is obvious that, under this condition, the series (24) also could
have been derived directly from the integral (21) by means of
the theorem of residues.

It may be remarked that the above results (21) and (24) (the
latter under the condition (25)) are also valid in the case of real,
not necessary rational, positive values yx; and », with

r $
z My = z ”k+19
k=1

jel
as can easily be proved.

6. Asymptotic expansion.

In the case « > 0 or

r t
2 n <2 ntl
d=1 k=1
or y < ¢+6 the power series (1) is convergent for all finite values
of 2. The function K(z) is then an analytic function of 2 in the
whole complex plane. We will examine the asymptotic behaviour
of the function K(z) by means of the relation (14) and the known
asymptotic behaviour of the G-function. The argument of the G-
function will be given by (18). The applied theorems are to be
found in Meijer’s “On the G-function”, viz. the theorems B,
19, 17, 18. We distinguish two cases:

r ¢
I k<2 or >u+1>>» (see (4)) or g+y > 6 (see (11)).
i=1 k=1
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There are now three subcases:

a. We apply theorem B (p. 288).

Assumptions: 1 <y <y <¢q+4, 1 <¢q < q+d and
q9+y > y+igt+id or gty > 8
o,—a, #0, +1, +2,... for §j # h;
7, h=1,..., ¥ ie. condition (28).

Assertions: The function K(z) possesses for large values of
|2| with

larg {—2 ¢ p}*| < (3g+3v—10)n
or according to (4) and (11)

n
jarg (—2)| < (2—x) 2
the asymptotic expansion
Y
K(z)~M 3 eV 04 A0 (F)E,, ora((—2)0q"p% 74074 0).. (26)
j=1

Herein is

Q{F(a;—«n)F(l+a.—a,)}

433(j) = (—1yr-+1 2

II {I'(al—'ﬁh)r(l"l_ﬁb—al)}
Mmg+1 :
and
ot
a4 T(1+p—ay)
E, ool |lay) = —*= X
IIra+e,—a,)
ey

1+ﬂ1_‘¢j, .oy 1+p¢+a —%;5
xﬁ3F‘Y—1 * l
1+al-—ac,, T 1+¢1—¢;; - ’;

the asterisk denoting that the number 1+4a;,—«, is to be omitted
in the sequence 14, —ay, ..., 14+a,—a,.

We substitute the values of the «’s and f’s from (16) and (17)
and the value of M from (15). In the same way as has been done

at the derivation of (24), the asymptotic expansion (26) may be
written in the following way:
For large values of |z| with

Tt
jarg (—2)] < (2—x) >
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K(z) possesses the asymptotic expansion

K(z)NP(——%). C (21

1 . ’ . .
where P (— —) stands for the, in this case, formal expansion in the
2

right-hand side of (24).
The asymptotic expansion (27) is valid for large values of

k4
|2| with |arg (—z2)] < (2—::)—2-. This sector does not cover the

whole complex plane; therefore another theorem is needed in
order to derive an asymptotic expansion for the remaining part
of the complex plane. This is done in subcase b.

b. We apply theorem 19 (p. 1066).

Assumptions: 0 Sy Sy <¢g+6, 1 =<q=q+96
and g+y > $y+1g+16 or g+y > 4.

In the last two assertions, viz. the formulae (80) and (81) we
assume besides that the condition (28) is fulfilled.

Assertions: The function K(z) possesses for large values of
|2] with

T
(g+y—8)o < arg {—z¢™p}* <(g+A)n
or according to (4) and (11)
A
(2—::)z <arg(—z2)<ant+—n=n
2 q
in which

A=1}if g¢+8 = y+1 or (see (12)) gk =1 orx=—3,
).=lifq+égy+2orxg%

(Meijer’s “On the G-function”, p. 284), the asymptotic expansion
K(z)~M - AL H,, . s((—2)°q"p%®-117¢); . (28)

for large values of |3| with
A 7
—_—— - —(2—k)=
n qn<arg( 2) < —(2—x)5

the asymptotic expansion
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K(z) ~M- A::I?J HY.G‘H’(( —z)‘q“"p’e"’""‘); P (29)

for large values of [z| with
arg (—z) = (2—#)—
2
‘the asymptotic expansion
1
K(z) ~ M - 435 H, al(—2rgetptet=m) 1P (= 1) 5 (a0)
for large values of |z| with
n
arg (—2) = —(2—x) o
‘the asymptotic expansion

K(z) e M+ A3, Hy el (—2 g epter=m) £ P(= ). (o1)

1 .
P (-—— —) stands again for the, also in this case, formal expansion
3

in the right-hand side of (24). 4%% and A%% become (see
Meijer’s “On the G-function”, p. 849) in our case

AT, — v—8 o—ont
e ) . (82)
Ayl = (2m)r2e
From Meijer’s “On the G-function”, p. 284 we have
1
H, () = Lexp ((y—g—8)7) ] X
a+d—y—1
. (27') 2 M, M,
X ? + + Feoe) =
v q+6—"7 wq+:-'y wq-l-:—‘y
A o)t M M
= [exp (( _'Kq)w“)]wn {(_)2_ + _1']: + '_gg +-- - (33)
Vg e
@ @®
‘where £ becomes in our case
d
Q=— . . . . .. ...
Kq (34)

¢. In the subcase a the condition y = 1 has been assumed; hence,
we have still to consider the asymptotic behaviour of K(z) for

.large values of [z| with |arg (—z)| < (2—x)%under the condition
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y = 0. y = 0 means r = 0 so that the product

II I'(a;+u,h)
dml

is an empty product.
First we mention the (trivial) case: 4 = 0. Then we have
t = 0, hence

K(Z) = goil—! == ¢¥,

From now on we shall assume 8 > 0, so because & is an in-
teger, 4 = 1. The power series (1) now takes the form

d 1 2
K(z) = z T nm
=0 11 I'(bet2ih)
k=1
and the relation (14) becomes

K(z) =M - G&:H(( _z)cq—xcpcl ﬁl’ ﬂa’ ceey ﬂq+t) . (85)

in which is

¢
M’ = (2m)bte-2-bHigt T4 . . . . (86)
k=1
and with in (85) and (86)
1
P=
II7
k=1
¢
k=S 9+l b . . . . . . (87)
=1
i
= —‘Z bk+}t-
k=1 )

We apply theorem 17 (p. 1068).

Assumptions: 0 <y < ¢+6—2 and y+1 < g < ¢+6—1,
which are fulfilled if y = 0, for ¢ and J are at least equal to one.
Besides we have still the condition of the case I ¢+y > 4,
which becomes here ¢ > 4. It is clear that this condition is cer-
tainly compatible with the assumptions of theorem 17. Strictly
speaking, by means of theorem 17 the case y = 0 can be treated
for the subcase Ib and for the case II. Further it is assumed that

—(g+1)n < arg {—z ¢ *p}* < (g+1)n

or
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T <arg(—z)<m+’
T — — ar, —2 T —.
g S q

Assertions: The function K(2) possesses for large values of [z
with

7
0 < arg (—=2) <n+;
the asymptotic expansion
K(z) ~ M’ - AZS Hy g ((—2)0 g0 pte¥™); . . (38)

for large values of |z| with
n
- — ; <arg(—2) <O

the asymptotic expansion
K(z) ~ M’ - A25% Hy qvs ((—2)° g7 p?e?™); . . (89)
for large values of |z| with
arg(—=z) =20
the asymptotic expansion
K(z) ~ M’ - A%% Hy, grs ((—2)0 g~ p7 &™) +
+ M- A Ho,grs ((—2)0 g7 p% 72™). . (40)

In (38), (39) and (40) M’ is given by (86); 4%, 4%% and
H, ,.s; are given by the right-hand sides of (82) and (83) with
y =0 and p, « and ¢ in accordance with formula (87).

7 A
It is clear that in the sector (2—«) > <arg(—3)<nt+-=n
q
the asymptotic expansion (88) is the same as the asymptotic

expansion (28) in subcase Ib with y = 0. A similar result holds
for the asymptotic expansions (39) and (29) in the sector

A
—a—-x <arg(—z) < —(2—K)g. If y =0 the formal ex-
q

1
pansion P (— ~) in the right-hand side of (24) is an empty sum

2
(¥ = 0 implies 7 = 0, see (11)) and may be put equal to zero.
Then if arg (—2) = 4+(2—«) g the asymptotic expansions (30)

and (31) also pass into the asymptotic expansions (38) resp. (39).
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L4 t
II. k =2 or X u;+1 = 3 v, (see (4)) or g+y < 8 (see (11)).
i=1 k=1

We apply theorem 18 (p. 1064).
Assumptions: 0 <y <y < ¢+6—2 and
y+1 S y+q = dy+ig+19.

The first assumption is true; for from ¢+y < d it follows that
y = ¢+J6—2¢; owing to ¢ =1, —2¢ < —2 we have therefore
Yy = ¢+d6-—-2.

In the last assertion (formula (42)) we assume besides that the
condition (28) is fulfilled. Further it is assumed that

—(g+1)x < arg {—z¢7%}* <(¢+1)=
or

n<arg( %) < +n
—n— — — 7w+ -
q q

Assertions: The function K(z) possesses for large values of |3|
with

0<arg(——z)<n+7—;

the asymptotic expansion (28);
for large values of |z| with

—n—yq—t<arg(—z) <0

the asymptotic expansion (29).
If y+1 < ¢+y < dy+ig+16, so if g+y < or
r t
2utl< 3w
=1 k=1
or k > 2, the function K(z) possesses for large values of |z|
with arg (—z) = 0 the asymptotic expansion

K(z) ~ M- A%, Hy, ors ((—2)0 g7 p* €007
+ M- AGY H, o5 ((—2)7 g0 pt =), . (41)

If g+y = $y+39+139, so if x = 2, the function K(z) possesses
for large values of |z|] with arg(—z) = 0 the asymptotic ex-
pansion

K(2) ~ M- A3} H,, o1s ((—=)2 g p* e“’-””") +
. 1
+ M- A% Hy gy ((—2)0 g0 pt 77) 4 P (_ ;) (42)
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1
where P(— —) denotes again the formal expansion in the right-
b4

hand side of (24).
In the case y = 0 the first two asymptotic expansions of case I1
pass into the asymptotic expansions (38) and (39). The formal

1
-expansion P(— —) is then equal to an empty sum (see (24)) and
3
may be put equal to zero, so both asymptotic expansions (41)and
(42) pass into the asymptotic expansion (40).
r t
7. The case k<0 or > ;>3 vg+1 or y>q+d.
j=1 k=1
In this case the power series (1) is divergent for every value
of 2 # 0. Now it may be that the power series corresponding to
1
K (—) is the asymptotic expansion of some other function. In this
3

case the relation (14) is not true but we may formally write (see
Meijer’s “On the G-function’, p. 280):

1 q—xq Pq Oys Ogy oo oy &
K(_)zM'Ga'z (——“ y )=
> Y, a+8 (__.z)q ﬂl’ Bas+ o ﬂq+0
q ) Y
. 1T T6,=p) TT T0+h—) ’
B | - il q—xa PG A
=M Z kel a+é {(’—z)q} 8
P II I(1+B—85)
j=g+1
1+ﬂh_“l’ . ooy l'l‘ﬂh_“r;
- —xa pa ) . (438
X y4 q+8 1(1+ﬂh—-—ﬂ1,...*o--, 1+ﬁh—ﬁq+6;q qu ) ( )

This expansion might be an asymptotic expansion of the type as
discussed in theorem B (p. 288) of Meijer’s ““On the G-function”.
We consider the G-function:

(—=2)¢ | 1—=P1, 1—Pas « o s 1—Poys
g p? | 1—oy, 1—otg, . ooy 1—at,

M- G;’;r'f,’y( ) .. (44)

—)
In the following this function is shortly writtenas MG, 1,((—Z)) 5
’ q—Kq pq
it has a meaning for every value of z # 0 because y > ¢-d.
We now apply theorem B (p. 283) of Meijer’s “On the G-

function” to the function (44); then we must assume that
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l=¢=¢td<py, 1=yp=y
and g+y > 3¢+36+3y or g+y > 6 which is certainly fulfilled.
Further there must be
(1—=B;)—(1—B) #0, +1, £2,...

or B;—p, #0, +1, +2,...for j#h; j,h=1,...4.
This condition is also fulfilled according to (17).
Then the function (44) possesses for large values of [z| with

()

)
"p
or |arg (—=z)| < (2—«) 7—; (this sector covers the whole complex

arg { N\ < (g19-8)2

plane because x < 0) the asymptotic expansion

M- G4 (—z)q ~M- i ele-1) mi (1=8n) A7> 9 (h) X
a¢+d,7 q—xq Pq = v
(—=)

X Eq+3, y (q_"q o e—te-1 7i | 1___ﬂh) R (45)

in which
473 (h)=(—1)"* l;[l {L'(B;—Bn) T(1+p—B,)}
and i#h
e TT T(1+By—2,)
Eq+6,y (z|[1—pB;) = q+8’=1 X
1;{ I'(1+8,—8;)
i%h

14+Bh—ays s 1+/3h_°‘y§
X yFoys _ * — T
T4+Bi—By - - - * ooy 1+Ba—Bosss

After substitution of these expressions we see that the right-hand
side of (45) is equal to the formal expression on the right of (43);
we find therefore

(=») 1
M-GYS, (q—"“ Pq ~ K 2 (46)
The function (44) is the same as the function considered in

1
(22) of section 58) after replacement of z by —. Hence, if the
2

8) In section 5 the case with y = ¢+ is treated; here we consider the function
(22) with y > q+4.
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condition (23) is fulfilled we may write (46) in the following way:
For large values of [3| with

jarg (—2)] < (2—x) 3

the function P(—z) defined by (24) possesses the asymptotic
expansion

P(—z)~K(§). ()

8. The special case g, =...=p, =y, =...=y,=1.

As has been stated in (8) the function K(z) reduces to the
generalized hypergeometric function. Section 2 passes into the
well-known convergence behaviour of this function. Section 3
gives us the generalized hypergeometric function expressed in
the G-function. The number ¢ is equal to 1. The relations (11)
become:

y;=1(=1,...,7), br=Uk=1,...,1),
y=r =1t
From (4) we have

t r
k=22 —>u+l=t—7r+1
i=1

k=1
p=1
Formula (15) becomes M = 1.
In view of (3), (16) and (17) formula (14) becomes

11 I'(a))

K(z) =21 F,(ay .., a3 by, ... by 2) =
11 I'(%)
k=1

1“—a1, o o oy l—a'

. .(48
0, l—bl, o o oy l_b ( )

— (L
= Gp'in (—z

According to section 4 the differential equation for y =, F,(z)
becomes

(+11(6+a)~OTI(O-+b—1)}y = 0. . . . (49)

=1

where @ denotes the operator B
b3

Section 5 gives the analytic continuation of ,F,(z) in the case
r =1+41.
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Section 6 gives the asymptotic expansion of _F, (z) in the case
r < t+1. The results agree with the results obtained in Meijer’s

“On the G-function”, § 20 (pp. 1170—1173).
Finally, if » > 41 the result of section 7 becomes:
For large values of |3| with

T
jarg (—2)| < (r—t+1)%
and under the conditions (2) and (23), which become in this case
a; #0, —1, —2,...forj=1,...,7r

and a;—a, 20, +1, +2,... for j#h; §, h=1,...r, the
following asymptotic expansion holds (see (44) and (47))

1, by, by, ... b
G:-;—]i.r (—Z a ‘)
s Gy

al, az, oo

__ I(ay+n)TT I(a,—ay—n)

> A (—1)* (—z)+e _

k=1

r

, I'(a) H I'(a;—a,)
= z ; ;;h (__z)a,. X
I T(b—a)
k=1

a,, 14+a,—by, ..., 14+a,—by )

X F,_
tr1or-1 (l—l-a,,—a1 s e ¥, 14 ay—a,; (—1)TR)

~y

I:I I'(a;) 1)

=1
Folay, .. a5 by, ..., by "

TI I'(by)

k=1
It may still be remarked that the function in the left-hand side
of (50) is equal to Mac Robert’s E-function ?)

E(r; a, : t; b, : —2).
9. Comparison with Wright’s results.
In a number of papers E. M. Wright has discussed the asymp-

totic behaviour of integral functions defined by Taylor series

%) Cf. A. Erdélyi, loc. cit. 3), p. 215.
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with an application to the case of the function of this paper.
The results of this application are to be found in two papers
which are cited in footnote 2) of this paper.

We recapitulate Wright’s results in our notation:

THEOREM 1. If ¥ > 0 and |{| = 47 min (x, 2)—e then
K(z) = I(Z).
THEOREM 2. If « > 2 and 9] = & then
K(2) = I(Z,)+1( Z,).
THEOREM 3. If k = 2 and |5| < & then
K(z) = I(Zy)+1(Z,)+ J(—#).

THEOREM 4. If 0 < k < 2 and |g] < (2—,()’—2‘ _e¢, then
K(z) = J(—=).

3
THEOREM 5. If 0 < k < 2, |{| = min (=, 2 nk—e) and |p| = =x,
then
K(z) = I(Z)+](—=).

THEOREM 6. If f(s) has only a finite number of poles or none,
then « =1 and the asymptotic expansion of K(z) is given by
K(z) =I1(Z)+I(Z,)+H(—=) l<«<?2)

K(z) = I(Z)+H(—%) (k =1).
If f(s) has no poles, then H(—z) = 0.

All these expansions are valid uniformly in arg z in the respective
sectors. Herein is

IZ_[F(“H‘:“:'S)

fs) = F—-—"o. . . . ... (5))
II I'(bp4-vis)
k=1

The “exponential” asymptotic expression I(X) is 10)

10) Tt may be remarked that in the definition of I(X) on p. 390 of Wright’s
An

second paper the coefficient 4, must be replaced by — . The theorems 1—5
K

are namely proved by means of some more general theorems which are derived
in E. M. Wright, Phil. Trans. Roy. Soc. (A), 238, pp. 423—451, (1940), where
this factor x indeed occurs.
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M-1 4
I(X)= X"e"'{ > ——EX'"‘—l—O(X"M)} .. . (52)
m=0 K
where the coefficients 4,, 4,, 4,, ... have been calculated such
that

1(s) &3 A, K
(pr*)* I'(s+1) _,,.z.o I’'(ks—3+m-1) < I(ks—3+M41)

assuming that arg s, arg (a,+pu,s) and arg (b,+,s) all lie between
—n-}¢& and w—e. In particular

r t
Ay = (2n)ber-0 30 Hl pt El vI-o. . . . (53)
- -

The “algebraic” asymptotic expression J(y) is

atn

r N, —_
Jy)=3 3Py " +0(y™*). . . . (54)

h=1 n=0

with 1) N, +Rea, < Ny, < N,+Rea,+1

and
- atn '
PP,y " . . . . . . . . (55)
denoting the residue of the function I'(—s) f(s) ¥* in the point
s = —a"+"(h=1,...,r; n=0,1,2,...) . .(56)
M,

when this point is a pole of order p for the function f(s). If the
point is not a pole of f(s) Wright defines P, , = 0.

If f(s) has only a finite number of poles, then P, , = 0 when
n is greater than some fixed n, and Wright defines

ajytn

Hy)=3 3 Paay ™ oo o . . .(57)

h=1 n=0

¢ and 7 denote arbitrary positive numbers; M and N are arbitrary

ap+n
N, -t
11) If N, is negative for some N and k, then X P, ,y # will be put equal
n=0
to zero for that value of h. However, for sufficiently large N, N, (h =1,...,7)

will certainly be positive.
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positive integers; K is a positive number depending at most on
M, a;, p;, by, v, but not on s.
Further the following abbreviations are used:

{ =argz, 7 = arg(—2)
14t
Z = k(plz|)< e* . . . . (58)
i(ntm) i(n—m)

Z,=\|Zle * , Zy=|Z]e *

In our paper we also obtained an algebraic type and an ex-
ponential type of asymptotic expansion. The algebraic type of

1
asymptotic expansion is given by P (— —) (see (24)). This ex-
2

pansion always occurs accompanied by the condition (28), which
was equivalent with condition (25). The latter condition means
that all poles (56) of f(s) are different and therefore simple. From
(55) we have in this case

r (“"+ ") I r{a,.—&<ah+n)}
-— Hn 7 =1 Hn 1)
Ph,ny “a i#*h ( ) .

aytn

t
Vi
/‘hgr{bk—'z(ah'{‘n)} y A op

Substitution in (54) yields

r (2 11 rla,— 2 (ayton)

r N, HUn J:}‘ M (_l)n
Jy)=2 >——F""— 0y

—1 n— k L

I | s I
Comparing this formula with (24) gives

1
](y) = P(;) e e e e e e e . (59)

The exponential type of asymptotic expansion is given by:
1°. M - A% H, o0 ((—2)% g% p% =7)78) (see (28)).

Substitution of (15), (82), (83) and (84) gives the expansion
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((ptetyee =) exp Ltplet)e e =] X

r
(2n)b=0 IT pgt H vt M
=1 =1 1
X e + 1 =
(plz)<e «
M,
1 i(r—m 2t o=
{(pletyee = }

*

=Z%e Z.[( 27 )= K—i—"H us ¥ H vh b + + 1 LA ]
2

We see that the first term of this asymptotic expansion agrees
with the first term of the asymptotic expansion I( Z,). The agree-
ment between the further, higher order terms is not proved.
Because the coefficients M, which are originally introduced by
Barnes 12), and the coefficients A of Wright are defined in a much
different way, the agreement is not trivial.

So the following result is obtained

M- A% Hy ooy ((—3) g pt e-17) = I(Z,) . . (60)
2°. Similarly
M- Ay Hy ops ((—2)7 g7 p? e7=07) = I(Zy) . . (61)

We now translate the results of section 6 by means of (59), (60)
and (61). We assumed « > 0 and distinguished the following cases:

I k<2
a. For large values of |z| with || < (2——:<)72—t

K(2) = J(—=z) in agreement with theorem 4.
A
b. For large values of |z| with (2——x)g <n<m+ an
K(z) = I(Z,);
. A 1
for large values of 2| with —7 — -z <7 < —(2—«k) 3
q
K(z) =1(Z,);

12) Cf. E. W. Barnes, Proc. Lond. Math. Soc., (2), 5, pp. 59—116, (1907).
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for large values of |z| with # = ( 2—-K)7—-;
K(z) = I(Z,)+J(—3);
T
for large values of |2| with = —(2—«) 2
K(z) = I(Z,)+J(—=).

A
If (2_’(); <5 <zm+ -z we may write
q
7 A
—k-<{<-mand Z,=Z.
2 q
A 7 .
If —a—-n<n< —'(2—K)§We may write
q

y) 4
—-a< {<«k-and Z,=Z.
q 2
So the first two assertions may be written in the following way:
. 7
For large values of |z] with |{| < « 2 13)

K(z) = 1(2),
which is in agreement with theorem 1 and theorem 5, for in the
7 . .
sector |{| < « p J(—=2) is negligible compared with the error

term of I(Z), as Wright proves.
The last two assertions may be written in the following way:

For large values of |z] with || = K-7—2t

K(z) = I(Z)+](—=),
which is in agreement with theorem 5.
c. In this subcase was supposed y = 0. But then f(s) (see (51))

has no poles. The asymptotic expansions (38) and (39) are the
same as the asymptotic expansions I(Z,) resp. I( Z,).

1
13) From the definition of 4 it follows easily that we have in case I : ¢ — =
2
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Hence we obtain the following results:

For large values of [3| with 0 <np <= + 7—;
K(z) = I(Z,);
for large values of |3| with — = — g <n<o0

K(z) =1(Z,);
for large values of [3] with =0

K(z) = I(Z,)+1(Z,).

We assumed y =0 or ¥ u; = 0. According to (4) we then
j=1
have « > 1.14) From the definition of Z; and Z, it follows that

Re Z,—Re Z; = 2 |Z| sin 2 sin .
K K

Ifx>1and0<n<n—|—7—twe have Re Z, < Re Z,, for then
q

1 dgtl) _ #(g+l)

- p ) < xn (see (12))

0<

.and so sin2 > 0.
K

In this case I(Z,) is negligible compared with the error term
-of I( Z,). Meijer says then that I(Z,) is dominant compared with
I(Z,) (Meijer’s “On the G-function’, p. 941).

Similarly if « > 1and —n — g <np<OwehaveReZ, <ReZ,

and I(Z,) is dominant compared with I(Z,).
When these results are substituted in Wright’s theorem 6 we

. . 7 7
obtain our results in the cases 0 < 7 < n + aand —n—-<n<0.
q

In the case 7 = 0 we have Re Z; = Re Z, so both expansions
I(Z,) and I(Z,) are of equal importance. Our result for n = 0
agrees with Wright’s theorem 6.

1) We might also have i« = 1, but this leads (see (4)) to the trivial case § =0,
which has been considered in section 6.
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II. x = 2.

For large values of |3 with 0 <7 <= 4 g
K(z) = 1(Zy);

for large values of |2| with — = — —Z <7<0

K(z) = I(Z,);
for large values of |z] with = 0 and if x > 2
K(z) = 1(Z,)+1(Z,);
for large values of |z| with # = 0 and if x = 2
K(z) = I(Z,)+I(Z,)+](—=).
If x > 2 the first three assertions agree with Wright’s theorem

2, for in the case 0 <9 <= + T I(Z,) is dominant compared
q

with I(Z,) and in the case — =z — T < n <0 I(Z,) is dominant
q

compared with I(Z,). This may be derived in a similar way as in
case I, c.
If « = 2 the first two and the fourth assertion agree with

Wright's theorem 3. In the case 0 <np <=z + g I(Z,) is the

7 . .

dominant term, in the case —n — — <7 <0 I(Z,)isthe dominant
q

term. The first two assertions may also be written in such a way

that they agree with Wright’s theorem 1. For if 0 < # <z +
q
k44 .. . T
we have —n < { < —and Z, = Z;similarly if —2a — - <9< 0
q q

we have — <{<mnand Z, = Z. So for large values of |z|
with |{| < n then
K(z)=1(Z2)

which is in agreement with theorem 1 for « = 2.

So all our results on the asymptotic behaviour of K(z) agree
with Wright’s theorems. As has been stated, Wright’s theorems
occupy with asymptotic expansions valid uniformly in arg z in
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closed sectors, whereas our results give asymptotic expansions
valid in open sectors but not uniformly in arg z. However, it may
be proved that the used asymptotic expansions of Meijer’s G-
function, which are stated in open sectors, are also valid uniformly
in argz in closed subsectors of these open sectors.

Finally, we may conclude that the results of this paper, derived
for rational positive values of the parameters, are in agreement
with Wright’s results for real positive values of the parameters,
whereas the methods followed by Wright are much more com-
plicated than the methods followed in this paper.
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