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Integral functions of two complex variables
by
S. K. Bose and Devendra Sharma !) %)

1. Let3)

(o2
(21, 25) = 2 aml,m,zinlz,zn"
my, me=0
be a function of the two complex variables 2, and z,, regular for
|z,]| <7, t=1,2. If r, and r, are arbitrarily large, then f(z;, z,)
is an integral function of the two complex variables. We know that

M(ry, re) = max [f(zy, 25), t =1, 2,
AR
is the maximum modulus of f(2,, 2,) for |z,| = 7.

In this paper we have defined maximum term and the ranks of
the maximum term, and have extended the method of systematic
determination of these as in the case of one variable by Newton’s
polygon ((1), p. 28). Also we have obtained relations between
these, and inequalities involving these and the maximum modulus.
Further, we have defined order and have obtained necessary and
sufficient conditions for the function to be of finite order, and also
the same for functions of finite order and type z.

2. Let 4)

oo
— m, . m
Hz1:20) = 3 Gy 27125
my,my=0
be a function of the two complex variables z, and 2,, regular in
[2,] =<7, and [2,] < 7,. Writing z; = 7,1 and z, = r,€'%,

f(21s 22) = Ul(ry, 73, 04, 05) +- 3V (ry, 7, 04, 0,)

%) I regret to announce the sudden and untimely death of Devendra Sharma on
18th June, 1957.

%) We are thankful to the referee for the valuable criticism.

3) We have considered only two variables for simplicity. The results can easily
be extended to several variables.

4) If (=0, % ) is any given point, then by neighbourhood of this point we would
mean a bicylinder [z, —20| < 7y,[8—2}| <77, >0, 1, > 0.
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and
Amymg = %my,m, + zﬂml,m.!

(-]
(21) U(rys7e, 01,0,) = 2 "i””';"'{“m,,m, cos (my 0, + m,05)

m,,me=0
— Bm,m, Sin (M 0, + m, 02)}-

This series is convergent for all values of 0, and 6, because
2y, mg=0l0m  m |77175* is uniformly convergent, by hypothesis.
We, therefore, multiply both sides by cos (m,0, 4+ m,0,) or
sin(m, 0, + m,0,) and integrate term by term between the limits
zero and 2z. We thus have

27 27

27)2
(27) AR =_[ U cos(m, 0, + m,0;)d0,do,
0Jo
and
27 )2 27 n27
( ’2‘) PPN B = — f U sin(m, 6, + m,06,)d0, db,.
o Jo

Multiplying the second by ¢ and adding, we get

2 27 A2
(2;1) amvm’rin,r;n,z f j Ue—i(m10y+myby) d6,do,.
0Jo
Hence
2 2 27 w21
(2.2) C lammiriirir <[ [ 10100,00,
0Jo

Again, if we integrate (2.1) with respect to 6, and 6, in the range
zero to 2m, we get

(2.3) (2n)2a,0 = [ [2" Udbydb,.
From (2.2) and (2.8) follows

(27)
2

27 A2m
(@, |70+ 2000} < f f (U] + U}db, do,.
0vYo

Now, if U is positive, then the integrand is equal to 2U and if U
is negative or zero, then the right hand side is zero. Hence we have

THEOREM 1. If the function f(z,, 3,) is regular for |2,| < r, and
|2,] < 75 and if A(ry, 7,) is its mazimum real part for |z,| < r, and
[25]| = 73, then for all positive values of m, and m,, the number
|am,,m,|fi"’7'§"’ is less than or equal to the greatest of the two numbers
—2a4 ¢ and 4A(ry, 75)—20¢ 4.
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COROLLARY. If f(2;, %;) s an integral function, then
(2.4) |y, m, 1172 = 4A(ry, T2)—20,0,

for all positive values of m, and my, and for all r, > 17, ry > 3.
Similar results can be obtained for minimum of U (ry, 75, 04, 6,).
Also for the maximum and minimum of V(ry, r,, 6, 0,).

TaeoreM II. If f(z,, 2,) is an integral function, and g, and g,
are two fized finite positive numbers such that |f(2,, 2,)| is algebra-
ically less than Krirrf for |z,| = r, and |3,| = r,, where r, and 1,
are arbitrary large numbers and K is a constant, then f(z,, 2,) s a
polynomial of degree not greater than q,4-q,.

Proor: Since |f(2y, 2p)| < Krirrf for |2,| =7, and [25] = 7y,
therefore, from (2.4) follows

(@ m,| = 4K — 20 o777
If m, > q, or m, > ¢,, then the right hand side vanishes as

ry or 7, respectively tends to infinity, and so a,, ., is zero for
my > gy OF My > q,.

TrEOREM IIL. If f(2,,2,) ts an integral function of the two
complex variables z, and 2,, then

R,R
M 1422
(r,ma) < (Ri—r1)(Ro—1y) [4A(R,, R;) + 8lao,ol],

for all R, > r; > 1% and R, > r, > 13, where

M(ry, r;) = max|f(z;, 2,)l,
Jor 2] =1y and |z, < 7,.

Proor: We can write (2.4) as

my ,.m 71 ™ T2 ™
O, mlr 0% S A (R, By)—200,0)( ) ()
1 2
and taking r, < R; and r, < R,, it follows that

<)
M(rl’ 7'2) é z Iaml,mzl r;nlr;n,
m,, my=0

< lag ol + [44(Ry, Ry) —200,0] 3 (ﬁ)m(g)m

m,, mg Rl R2

r T

= 4A(R,, R,)—2 1 . 2
lao,oH‘[ (Ry, Ry) c‘o,o] R—r, Ry—r,

< R\R,
(Ry—7)(Ry—13)

[44(R,, R,) + 3lay,ol]-



[4] Integral functions of two complex variables 213

CoroLLARY: If f(2;,2;) ts =ero at 2, =0, 2, = 0, then

Aryr,

Mlrme) = (R ) (Ror)

A(Ry, R,)

for R, >r,, Ry, > r,.
8. Consider the moduli of the terms of the double series in the
expansion of the integral function?)

(o]

(3.1) f(215 25) =m %_ocml,m,zinlz,zn"
1 M=
Coo Co1 72 Co,2 73 v Co,m, gt

2 m

Ciori Cyamiry Ciamry ... Cyp 1y73?
2 2 2,2 2

Coori Copariry Coarirs ... Cz'marlrzi

(3.2)

m m my .2
Conpo 1 Cony1 11 72C 21173 oo Cp o 11773

...............................

where
le,m, = lc‘ml,m,l'

If we consider any column or row, then the sequence thus ob-
tained tends to zero for all values of 7, or r,. Hence for every
value of r;, keeping m, and r, fixed, there is, therefore, one term of
the sequence thus obtained which is greater than or equal to all
the rest. This term will be the maximum term in that column and
will be denoted by u(my; 7y, 7,). If there are more than one such
term, then the term of the highest rank will be regarded as the
maximum term of this column and the rank will be denoted by
vi(mg; 7). We next give different values to m,, i.e. consider
different columns and suppose the greatest term occurs in the »,th
column, then the term u(vy; 74, 7,) will be the maximum term with
respect to columns and the rank of this term will be denoted by
71(ry). If there are more than one column containing such term,
then the term of the highest rank with regard to column will be
regarded as maximum term, i.e. the column of highest rank
which contains the maximum term is »,th. Similarly, if we consider
m,th row, keeping r,, r, and m, fixed, then we shall have

1) Suffix 1 will indicate row, for example, m,, p,, », etc. and suffix 2 will indicate
column, m,, p,,v, ete.
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u(my; ry,7,) as the maximum term in that row and the rank asv,(m,;
r,). Further, for different values of m,, suppose the greatest term
occurs in the »;th row, then the maximum term will be denoted by
u(vy; 71, 75) and the rank of this term will be denoted by v,(r,).
If there are more than one such term, then the same convention
as for columns is adopted. Hence we shall denote the maximum
term for given values of r; and r, by u(r;, r,) and the rank of this
term will be denoted by »(r;, 7,).

For a systematic study of finding the maximum term we shall
extend the method of Valiron ((1), p. 28) for one variable.

Let logCp m, = —8m,m,> then

(8.3) Lt Emymy _ + o0
m;—00 m1
and

Lt Smum_ oo,

mg—o0 My

my me
Since V/ Cmym,and VC, . tend to zero as m; and m, respec-
tively tend to infinity.

Taking OX, 0Y, OZ as the axes of coordinates, if we plot the
points 4,, . of coordinates (m;,my, gn m,), then, from (3.3),
it follows that we can construct a surface with plane faces and
every section of this surface by planes parallel to the X Z-plane
and YZ-plane form a Newton’s polygon, having certain of the
points 4,, ., lying in this vertical plane. Out of these some of
them coincide with the vertices of the polygon, whilst the remain-
der lie either on or above it. Let us denote this surface by S(f)
and call it Newton’s polyhedron.

If »; and », be the rank of a maximum term as defined above and
my # v; Or my 7 v,, then, it easily follows:

8mymy—M log ry—mylogr, = 8y, v,— V1 l0g 1 —v, log 7.

Now, let us consider the geometrical interpretation of this
inequality. Let D, , denote a tangent plane, having direction
cosines proportional to —logr,, —logr, and 1, passing through
the point 4, , or 4, , . If we now draw the plane parallel to
the X Z-plane through 4, ., then those points 4,, , which lie
in the plane do not lie below the line L, , the line of intersection
with the plane D, , , of slope log r,. Similarly, if we consider the
plane parallel to the Y Z-plane through 4,, , , those points 4,, m,
which lie in that plane do not lie below the line L, , the line of
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intersection with the plane D, , , of slope log 7,. The point 4, .,
or 4, , is therefore a point of the polyhedron S(f) and the plane
D, ., is a tangent to this polyhedron.

Now, we take a vertical plane parallel to XZ-plane through
A, m,s then m, is fixed, i.e. in (8.2) we are considering a column.
The intersection of the plane with the surface will include a New-
ton’s polygon and the tangent line L, of slope logr;, will pass
through 4, . . The point 4, , is uniquely determined in the
plane, when log r, is not equal to the slope of one of the sides of
7,(f), and for such values of r,, there is only one term in the se-
quence (column of (8.2) under consideration) equal to u(my; 74, 75).
When log r, is equal to the slope of a side of #,(f), there are several
such terms and their number is equal to the number of the points
A, m, Which lie on this side of this polygon. When more than one
term are equal to u(my; ry, 7,), we shall take the term of highest
rank amongst them as the maximum term, with respect tom,and r, .

Thus having obtained the maximum term or terms with respect
to m, and r;, we must draw a plane parallel to Y Z-plane through
Ay, y,» then my is fixed, i.e. in (8.2) we are considering m,th row.
Again the intersection will include a Newton’s polygon and the
tangent line L, of slope log r, will pass through 4,, , . Here
again the point 4,, , is uniquely determined in the plane, when
log r, is not equal to the slope of one of the sides of 7,(f), and for
such values of 7, there is only one term in the sequence of terms in
the m,th row equal to u(my; 7, 7,). When log r, is equal to the
slope of a side of 7,(f), there are several terms and their number is
equal to the number of points 4,, , which lie on the side of the
polygon. As in the case of m, and r;, we shall take the term of
highest rank amongst them as the maximum term, with respect to
m; and r,. Finally the greater of the two terms obtained above
shall be denoted by u(ry, ;).

We have thus, with this convention, obtained one term as maxi-
mum with respect to m,, m,, r, and r,. Thus »,(my; r;, 73) or
v1(ry, 73), 75 fixed, vy(my; 7y, 73) OF wy(ry, 7,), 7y fixed, and »(ry, 73)
will be used to denote ranks of the maximum term of the double
series. v,(mg; 7y, 73), v9(my; 7y, 7,) and »(ry, r,) are unbounded
non-decreasing functions of 7, and r,. Further, »,(m,; r,, 75) and
vo(my; 71, 73) have left hand discontinuity wherever r, and 7,
respectively pass through a value such that log r, and log 7,
respectively equal the slope of one of the sides of the polygons
7;(f) and 7,(f). Hence »(ry, r,) has also discontinuity for such
values of r; and 7,.
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4. Two functions f(2,, 2,) and g(2,, 2;) having the same poly-
hedron will have the same maximum term and the rank.
Let us consider the function

[<*]
(4.1) W(ry,r) = 3 € CmumyrPry)s,
m,, my=0

where G,, », is the Z-coordinate of the point, whose X and Y
coordinates are m; and m,.

The function W(r;,r,) is a dominant function for f(z,, 2;)
and has the same maximum term. Also it is the simplest function
corresponding to the polyhedron S(f). The ratio

Rm' = ¢%m;, msCm,—1, Mg, Sml = ¢Cmy,mgCmy,my—1

and
G.

le' mg = € ™ my~Cmy—1,my—1,
of the coefficients in W(r,, r;) corresponds to the ratio of a,, .,
and @, _3 m; Gm,m, 80d @y 1, and Gy and @y 1. We
shall call these as rectified ratios. The logarithm of Ry is equal to
the slope of the Newton’s polygon obtained by plotting the points
(my, G, m,) In & plane parallel to X Z-plane at a distance m,, and
is therefore a non-decreasing function of m, tending to infinity.
Similarly the logarithm of St and R, . are non-decreasing
functions of m,, and m; and m, tending to infinity.
Suppose for simplicity that G, , = 0. Then we have

r1rye

4.2 57y
( ) :u(vl 71 72) (Svl S:;—l S"l) (RO

.- R)

vl—l
and since
JR'“ v1(0; ‘”1)_ = i(log RY,;—log RY)
i
and
sl’
[ 2005 20 2 = jttog 34 —og 57,
i
therefore,
n dx T dx
(4.8) log pu(vy; 71, 732) =f 1(0; x,) = +f 2 )] —*
0 &y 0 Lo

We may also put (4.2) as
gt

(RuRy, ... R (50,57 ... 5Y)

u(ve; 1y, 75) =
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and hence

(4.4) log p(vy; 71, 75) =j

°
Since u(ry, r;) is greater of u(vy; 7y, 73) and u(vy; 7y, 75), therefore,
log u(ry, r,) will be given by either (4.8) or (4.4) or both.

We are now in a position to find a relation between u(ry, r;)
and »y(ry, 73), v5(ry, 73) and »(ry, ry). In the first place

p(ry, rg) < M(ry, 75).

Also it is obvious that M(r,, 7,) does not exceed the value of the
function W(ry, ry). Suppose that p, and p, are integers greater
than v, = »,(r;) and », = »,(r,) and such that the rectified ratio
R;:’l > r; and S;‘,:‘l > r,. Then, for ¢, = p, and ¢, = p,,

i dr,

2 dmz 1
v5(0, #y) — +f va(ves @) —.
g 0 Ty

€% 0yl rde = ¢ CrL o101l p2a7t
,rqu-Pl+l rzq,—p2+1

X RaR®H ... RuSrisnT ... Snd
a Pg

-1 2l a1
a—py+1 ay—pytl
< ‘u(rl, 7-2) (ﬁ_) (..2__.)
dg Spl—l
31 P2
Hence
2,—1, p3—1 o
W(ry,ry) = 2 e Cmym, rytrgt 4+ 2 e Cmy,my i rgs
my, my=0 my=Dy, My=Dy
7,1 o] Pe—1 .
+ 2 2 e'Gml, my ?‘i"‘ 7’;"’ + 2 2 e_G”‘v’”: T;”‘ 1';”’
my=0 my=p, my=0 m;=p;

00 00 "'1 Q 1—Pl+l rz q’—’,l-l-l
< /“(71 ’ TZ) [pl p2 + 2 2 (Rq,) (S"l—l)
P Ps

3=P3 0;=7;

oo "'2 - Pyt [} rl ql—pl+1
+ pl 2 (Spl_l) + P2 z (sz——l) ] .
Pa 7

d3=Pg =0,

oo Ty 20— Pyt ,,.l
= p(ry, 1) [Plpz + X (3‘,,1-_1)
De

ds__
0=, R,,1 2

™ ry \% P21 © 7 Ll aps
+p 2 (gﬁ) +p: X (R"i_l) ]
Py [31

@2=Py 9=,

74 =) Ty aa—Pytl
= p(ry, 7'2)[1’11’2"‘ > ( )

Ry —ry o, \SP7H
(4.5) + P17s + Py :I
S;:‘l—r2 R::‘I—r1
r T
é Ty, T [ 1 . 2
#(r15 73) | P12 + R:f_l_rl 5’,3;"1—7‘2

P17 + PaT1 ]

P,—1 Dy °
Sp: T2 Rpl T

+
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In order that the terms in the bracket may be substantially
equivalent, we choose

P1=”1(7'1+ o Ty + T2 )“I'l

¥1(71572) vy(7y5 72)
and
—nfnd it ) 41
P =\ ) T )] T
which implies that
R”i >rl+—-——
vy(ry5 73)

and

r
Sot >+ —2
1’2(1'1, 72)

Hence we have the following result:

pu(rysre) < M(ry, 1)

< u(rys 1) [3”1(7'1 + n Ty + i )

’
v1(715 72) vo(715 T2)

xvz(r1+ B2 )+3]
”1(7'1»7'2), 2 V9(T15 72)

gu(rl,rz)[sv(rl+ B )+3].
v1(7y5 73) vo(T15 73)

5. We shall now define order. Here we shall restrict to integral
functions of finite order.

(4.6)

Let
l ’ s 9

o opeenten) o m g loavlnn)

400 7> lOg ry 7,500 £4—>00 10g ry
and let

p =max. (p1,p3), 0 =p < 00,

then
(5.1) — log »(ry, 1) =,

ry) T9—>00 lOg (7'1 1'2)

and f(2,, 2,) is said to be an integral function of finite order p.
Further, p,(r,) and p,(r;) be defined as proximate orders.



[10] Integral functions of two complex variables 219

Now, for those functions which satisfy (5.1), the relation (4.6)
appears in an especially simple form, and it may be written

log M(r,, r5)

lo {3 (r UL SRTIN, )+3}
» , -
=[1+0 £ ! »1(ry5 73) ? v9(7ys 73) ]
log p(ry, 73)

log u(rys73)s

0<f<l.
Hence
log M(ry,7y) 1

7y, Fg—>00 lOg /-"(rl’ r2) N
We may also define order as

log log M(ry, ry)

5.2 Lt
( ) 7y, rg—>00 log (7‘1 T2 )

We will now prove the equivalence of the two definitions.
Let us start with the definition (5.1). From (4.83) and (4.4) and
the definitions of p;, p, and p, we have

log u(ry, ry) < log '“(rsx’ Ts,) + klr{’”ﬁ' x,z,—1+e da,,
€
or

log pu(ry, r3) <log plre,, 7e,) + kyrg*e ""1 2 day,
dfel
where ¢ = max.(g, &) and k; > 1, k;, > 1, and so

(ry79)P"* + K, k= max (k,, k),

1 s
og u(ry, 72) <p+8

whence, in virtue of (4.6)

(5.3) I log log M (ry, 73) I log log u(ry, 75) <
1, T log(r,7,) 73, £4—>00 log(ry7,)

Next, if we suppose that
log M(ry,75) < (ry72)?*%, for 7, > rg 1y > 14,

then
2""’ 0; ZX. 2'11} v ;x
{r2(0;75) 49y (vy57,,75)} log 2 <J 2(x 2)dx2 —I—f —__-—1( 2 l)dml’
e 2

= log u(2r,, 2r;)
< (rame)?*e,

r 1
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or
{1(0; 71) + vo(v15 715 79)} log 2 < log u(2ry, 2r;) < ("'17'2)p+€-

Hence
7 log v(ry,72) < I log log pu(ry, 7s)
LS UL mad log('rl'rz) Ty, Tg—00 log (7’17‘2)
(5.4) _ 1 loglog M(r;, 1)
£y, 1g>00 log (r475)

Thus, from (5.8) and (5.4), the equivalence of the two definitions
follows.

6. We shall now come to the necessary and sufficient condition
for an integral function f(z,, 2,) to be of finite order p. The result
is as follows:

THEOREM IV. The integral function

(215 22) E [ A
my, mg=0

is of finite order, if and only if
— log(mT1my?)
My, My— 00 log(lllaml,m,[)

is finite; and then the order p of f(3,, 2,) ts equal to u.

(6.1) w=

Proor: We first prove that p = u. We may note that in case
u = oo the above statement is to be interpreted as meaning that
the order is infinite, or else f(=2,, 2,) is not an integral function.
We know that

1
my ! my!

ogmtmse f

a =
1%y m 01 O

1 )“J f (215 %)
=\ d leZ
(27!74 |21‘ Izsl ,.2 "+1 ’+1

< M(ry,'re)

(6.2)

=1

My, My °
7'117‘23

(i) If . = 0, p = pu, since p is not negative. Let us suppose that
0 < e<p< oo. Then, from (6.1), we have

(/‘—8) IOg (I/Iaml,mnl) = log (m:’lnlm,znl)
ie.,

(6.3)  loglap, m| = —(u—e)7(my log my 4 m,log my),
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for an infinite sequence of values of m; and m,.
Also (6.2) may be written as
log M (ry,73) = loglap, m,| +log(r*75")

= —(u—e)7(my log my + my log m,)
+ m, log r; + m, log 7,

1 1
=1m, (log ry— log ml) + mz(log ry — ——log ma) .
Let 7, = (em;)"#~ and r, = (em,)Y#~%. Then

4—E H—E
log M(ry,715) = e M T 7 .
p—e p—e  e(u—e)

Since u—e¢ is independent of r, and r,, therefore,
7 log log M(ry,73)

7y, 3= 00 lOg (7‘1 "'2)

p= = p—e.
Further, ¢ is arbitrary and so p = u.

(ii) Next we prove that p =< u. We note that if u = oo, the
result is obvious. So we suppose that 4 < co. Let ¢ > 0. Then
from (6.1) follows

log (mi'rma*) _

=S = -
Tog (Wl o) ="

for m; > m? and m, > m3,

ie.
m, mg

log m #¥& + log my#*¢ = log |apm |,

or
my ms
| ml,m,I = my p+e m2p+8
Hence
0 Mo
M(ry, 1) < Arytrgv + 0 Iaml,m,lf'{"’?'
mym=m 041, ma=myO+1
m,° )
m
+ 2 2 laml, m.l ritry 2° + 2 2 ml,m, ri”x r;n.
my=0 mgmmyOt1 Mmg=0 my=m,"4
o o m ms
(6.4) S A Y my PTE gy TE 11T
m,, Mg

o M o = .
+ Bris 2 my FFE P Crfn’ Y my e,

mg=mgO+1 my=m,0+1
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Let 2, be the part of the double series in (6.4) for which
m; < (2r)Pe < my, < (2r,)**%. We estimate X by taking the
largest value of *T17ys. Then

my my
= 2 S my ey KE Ty
my<(2r)AHE mgy< (2rg)HHE
m m
(6.5) g 7';.2'1)[”_5 r(zz,.’)[l'f'ﬂ 2 ml_";f‘é mz_”’fe‘
m,, mg

+2€ 426
=0(e(2rl)l‘ + (2rg)# ),

since the seriesin (6.5) is cé)ﬁvergent andisindependent of 7, and r,.
Let X, contain the terms for which m; = (2r,)#*® and m, =
(2r,)*** and so in Z,, we have rym;V#*® < 1 and rymz*Fte < 1,

and hence
m m

L= X S my #rEm, #FE g™y
my=(2r,)AHE my 2 (2r,) HHE
£ 3 GmEmst
my, My
Let 23 be the part of the series for which m, < (2r;)**¢ and
my = (2r,)**¢, then

™ My
Zy= X m#Er 3T my#te g,
m,<(2r,) A€ mg = (2ry)btE
Since
s §
my AT s < 1
mgg(zfg)lﬂ- €
and
m,
- 2
Y my s < (){8(271)"+ 9}’
my<(2r)WtE
therefore,

Z; < ofe@rt ey

Let the remaining part of the double series in (6.4) be denoted
by Z, i.e. for m; = (2r,)*** and m, < (2r;)**%, then

Z, < ofenty

Further,
s
Br™’ Y mg #e ¢ < O{e(z'a)""' 25}
m
t § my

Cr’,"t" 3 m:m ™ < O{e(ﬁ'n)“ 2‘3}

my
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Hence, substituting these values in (6.4), we get
M(ry, 75) < 23+ Zy + Zy 4 Z,+0{eC" 75 4 ofelr" 2
<o {e(zr,)l‘+35+ lzr,)ﬂ+2€}
< ofelrraFtey
and hence

log log M (r,, 75) -

6.6 Lt
( ) 1y, rg—>00 log (rl ’2)
since ¢ is arbitrary and independent of r;, and 7,.

7. Suppose 0 < p < o and let us define

— 1
(7.1) a= Lt {mrm3%a, ,|°}"t"
m,, my—>00

and

t= Lt ———— -,
ry, Tg—>00 rll’ + 7"2’

The functions which satisfy the latter equality are said to be
functions of exponential type 7.
If « = erp and using the Sterling’s formula

my ! ~ mPre ™ (2m, e 03m)

(7.1) takes the form

1

— 1 1
TP =m ft m- {m’ln‘mg"lam,, m,lp} motm,
1 Mg—>
— 1 1 mitm, ,
= Lt —{(m™rm™s m1+m,( 215 % )m +m },
(7 2) my, mg—>00 :( 1 2 ) mllmzllazi"; z;n'f( 1 2) 1+mg

- m. me  1—p am +mig
= Lt :(ml e )"'1""": —*——1-——-,(21, Z3)

P
ml+ml},
m;, my—00 e"'1+"" 331”1 az;"

where 2, 2, are any (fixed) complex numbers.
If in this we put p =1, then

1My

o
o [ (R15 %2)

1
"'1"'"':} .
021 023

1=L‘z{

my, me—>00

We now deduce the following result:

THEOREM V. If 0 < a < 00, the function

oo
/(zls zz) = z aml,m,z:’lnlz;n'
my, my=0
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is of order p and type T, if and only if a = erp.
Proor: From (7.1), we have

Mty T T
(7.8) O, myl = (xt+€) ¢ m P myep,

for ¢ > 0 and m,, m, large.

We shall first prove that v < a/ep. Since we may add a polynom-
ial to f(z;, 3;) without affecting its type, we may suppose that
(7.8) holds for all m, and m,, interpreting its right hand side as 1
for m; = 0, my = 0. Then

)
If(zl’ zz)l = Z |am1'm'|1-‘i”17"2"|
my, "‘s [}
mytmy,  m; my
z (x+€)" 2 my pmyp rTrrye
ml,m,—o

The general term of the right hand side does not exceed its maxi-
mum.

Let
my+my
$(my, my) = log(a—l—s)——-—log my + my log ry
— —z’log my + my log 7,.
P
Then for ¢ to be maximum,
0
2 o ana 22 _ 0,
om, om,
i.e.
p p
my =£§+—:)Ll and m, = (a+e)rz.
e

Therefore,

my

max. term = exp {ml log (a+¢) — ™ log m,
P

my
- 7 log my + m, log r, + m, log 1'2}

— exp {“;';8 (rt +rg)}.

Thus the maximum term is exp {(r{+r2)(«x¢)/ep}, attained for
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m, = r{ (a+¢)/e and my, = 74§ (x+¢)/e. Let Z; denote the part of
the series for which m; < («+42¢)r{ and m, < (x+42¢)rs. Then
o+

pe

=0 [exp {a;l;)e (v + rg)}] .

Let 2, denote the part of the series for which 7 < m,/(ax+2¢)
and 7§ < m,/(x+2¢). Then

2, S (ak 2o exp [0 (ri’+r’z’)}

myt+my my my

2, < > > (ate) » my P m, P

m>(a+28)r P my> (a+28) ryP
m; \2t [ m, \™:
() ()
a+2¢ a+2¢

ate\2t ate\T2
== 2 ) 14 z P
my> (a+26)r,P a-t2¢ my> (a+26)ryP x+2¢

= 0(1).

Let 2, denote the part of the series for which m; < (x-+2¢)r{ and
my > (a+2¢)r5. Then

m my my _my
(xte)e m, » o7t 3 (xte)r m, P 132
my < (a+28)ry P my> (a+26)ryP
m ™
=K > (x4-e)p my ¢ 1,
my < (a+28)r, P

23

since
= 0(1).

my> (a+26)ryP

Therefore
Eﬁrlp
X, < 0feer 7 L
Let the remaining part of the series be denoted by 2, i.e. for
my; > (x+2¢)rf and my, =< (x+2¢)rf. Then, as in X, we obtain
ote p
Zy,<0feer " }.
Thus

1f(215 22)] = 214+ 22+ 254+ 2,

+E (. Pir,p)

a+€
< ofeer 3
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Hence
o

IIA

T s

ep
since f(2;, 2,) is of exponential type 7.

Next, to show that T = «/ep, we have again from (7.1), for an
infinite sequence of values of m, and m,,

S W
Gy myl = (x—€) 2 my P My p, 0< & < a.

If we take r; and 7, such that

mge

and 7§ =

9
x—¢ a—e
for these values of m, and m,, we have
a.——
ep

for a sequence of values of r; and r,, tending to infinity. Hence

M(ry, ry) = [aml,m’|r'1n1'r'2"s > exp{

° (o+78)

o

T o
ep

v

It remains now to show that f(2,, 2,) is of order p at most if
o << o0, and is of order p at least if « > 0.
For large m,, m,, we have from (7.1)

1
ate= {m;.nlm,;.laml, m,lp}md—m” e>0,

and hence
log(mpumgs) _ p
10g(1/lap, m) — | _(miFmy)log (ate)
m, logm,+m,logm,

By (6.1), the order of f(z;, 2,) is p at most. Similarly if « > 0 the
order of f(2,,%,) is at least p.
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