COMPOSITIO MATHEMATICA

A.7Z1V

On special pairs of monotonic series

Compositio Mathematica, tome 15 (1962-1964), p. 147-155
<http://www.numdam.org/item?id=CM_1962-1964__15__147_0>

© Foundation Compositio Mathematica, 1962-1964, tous droits réser-

z

VES.

L’acces aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique 1’accord avec les conditions gé-
nérales d’utilisation (http:/www.numdam.org/conditions). Toute utili-
sation commerciale ou impression systématique est constitutive d’une
infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1962-1964__15__147_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

On Special Pairs of Monotonic Series
by

A. Ziv

1. All numbers considered here are real and all series and se-
quences consist of positive (non-zero) terms.

By a Monotonic Couple, or M. C., we mean a pair of monotonic
not increasing and divergent series Ya,; >b, for which

> min {a,, b,} < ©
ne=l
An example of such M. C. was first constructed by J. P. C.
Miller and is the following:
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Another simple M. C. is:
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It is easy to see that if Ya,; 3b, is a M. C. then d, = max{a,, b,}
(n=1,2,...) is monotonic not increasing and Y3 d, = oo.
But there exist series Y d, with those properties for which there is
no M. C. Ja,; 3b, such that d, = max{a,, b,}. In fact we shall
prove (theorem 1) that a necessary (and sufficient) condition for
the existence of such M. C. is lim,_,,nd, = 0. The same condition

will be shown (theorem 8) to be necessary and sufficient for Ya,
to be a series of a M. C.
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TaEOREM 1: Given a monotonic and divergent series Yd, a
necessary and sufficient condition for the existence of a M. C.
Ya,; Xb, such that d, = max{a,, b,} (n=1,2,...) is lim, o
nd, = 0. T

2. We prove first:

LemMa: If Ya,; 3b, is a M. C. then each of the two index sets
(1) A = {n|a, <b,}, B={nd, <a,}
is infinite:

ProoF: Suppose e.g. that B is finite, then there exists n, for
which n > n, implies n ¢ B or in other words min {a,, b,} = a,.
Denoting

min{a,,b,} =¢, (n=12,...)
we get
00 ”0 00
Se,=>c,+ D a,.
Ne=l n=1 n=ng+1
By the definition of M. C. 33, a, = oo and therefore 33>, ¢, = 0.
This contradicts the definition of M. C. thus proving our Lemma.

8. Proor oF THEOREM 1: We begin with the proof of the
necessity.

Suppose Ya,; b, is M. C.; we denote

d, = max{a,, b,}, ¢, =min{a,,d,}, (n=1,2,...).

Considering the two sets (1), we define by induction two mono-
tonically increasing sequences of integers {m;} and {n;}: m; will
be any fixed element of 4 and then n, is the least element of B,
greater than m, and m,,, is any element of A greater than n,.

Consider now the sequence {n,}. Our lemma assures us that {n}
is infinite; by definition n,e€ B, n;—1 ¢ B (i =1, 2,...) so that
(2) Qp,=dp, Q1 =0Cpy (t=1,2,...).
Since >, ¢, < oo and — as can be seen easily — {c, } is monotonic
we have by a well known theorem
(8) ne, =0 (n—> o0).
Recalling (2) we get

Ny, = N8y, = Wiy 1 = NiCpy = (Ny—1)Cq_1 + Cpy

now using (3)
nyd, —>0 (i ©)
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and the necessity is proved.
4. Let now Yd, be a monotonic and divergent series satisfying
lim,_, nd, = 0.
{d,} has a subsequence {d,,} for which
}I_I’I:: n,d, = 0.

We may choose the integers n; so that

(4) nd, <3 (=12...)
and

5411
(5) > d,>1.

ﬂﬂﬂ,

Let now {a,} and {b,} be defined as follows:

d, d, for n<mn,

a, = {d,, , b, = {d,,u for my , S n < my,

- d, for my =1 <My,

Since {d,} is non increasing, it follows that both {a,} and {b,}
are non increasing and also that max {a,,b,} =d,. Thus it
remains to be proved that Yo ,a4,= o0, Y%.b, = 0 and
o, minfa,, b,} < co.

From (5) follows

oo 00/ ngy—1 0 [ Byl
za”gz(z an)=2(2 d”)=oo
n=1 k=1 \n=ng, , k=1 \n=ng; ,

$025 () -3 (8 0) -

n=1 k=1\ ne=n,, k=1 \ ne=ng,

Further, using the definition of {a,} and {,} we get

d, for n<n

min{a,, b,} =‘d,,m for n, =n<mn,,

hence by (4)

2 min{a,, b,} = E d, + Z (11—, = Z d + Z"Hldum <

n=1
n,—1
ngl n + z '27:I< oo

and the proof is completed.
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5. For a further discussion of M. C. we need the following
theorem:

THEOREM 2: Let f(z) be a positive, monotonic and continuous
function, defined for # = 1 and such that
lim zf(z) = 0.
00

Given any positive number p, define y = y(z) by (y—=z)f(z) = p.
Then there exists an infinite sequence {z,} for which both

(6) lim z,f(z,) =0
and
(7) lim [ f@t)it =0 g, being y(,).

6. ProoF: Denoting v = (t—az)f(x) we get

(®) :m’“) _f i (7 + =) &

We prove first that if {z,} satisfies

. 1 T
(9) 332 f(wn)f (f(w,.) ) 0 for each v >0

it also satisfies

(10)

T
Jim [y (o) e =
which by (8) is equivalent to (7).

7. To prove this, we shall use the monotony of the integrand
of (10) with respect to the variable v from which it follows, that
for any » and p > >0

! ) = e g+ ) 2=

and also
LS | T
d
Jan! (f<w,.)+ o)

= :mtﬁf (g * =)=y (=)
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Given now any e > 0 we substitute = ¢/2 in the preceding
inequalities and add them to get

&
1 T £ [ X ( E )
4 de<fai P =2 .
oJan! (ﬂw,,) +an)de <5 + @ ey T

Assuming that (9) holds we see that there exists such n, that

n > n, implies
1 T
o}—(w—”)'f(m—l- w,,)dt < &

proving that (7) follows from (9).

8. We are going to show the existence of {z,} which satisfies
(6) and (9).

First let us verify — for a given v > 0 — the existence of a
sequence {z,(z)} satisfying

(11) lim z,,f(z,) =0

m-—>00

and

(12)

lim s (ay 7e) =

By multiplying numerator and denominator by the same factor

we get from (12)
T T
L (e =) * =)
m—>00 T4 sz(z )

implying for a fixed v > 0 that (11) together with (12) is equlva-
lent to (11) together with

(13) Jim (2 {75 + n) = 0.
We have then to find {z,,} which satisfies (11) and (13).

=0

9. Since lim, ,,zf(z) = 0 there is a sequence {s;} (s, =1;
83 = o) for which

(14) lim s,f(s,) = O.
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For an « =1 we get as,f(xs;) < as,f(s;) and therefore

(15) lim («s;)f(as;) =0 for each « =1.
k—>00

Since s, — o0 and f(z) is continuous there exists for each « = 1
and k > ky(«, ©) (k, appropriate constant) a number z{*(z) for
which

(16) ) = as,.

/ (z(“))
Using (15) it is clear that for any « = 1 {z{*)} satisfies (18) (sub-
stituting z,, for 2{* and m for k).

Define now N, = N,(t) for each « = 1 as some limit point of
the sequence

g(%} (N, = oo is not excluded)
k

by (16)

xSy

17 _k
( ) z}f‘) z(“) f(z(“) )

+ 1.

Now, if for some a, N, = o0, {z{*'} contains a subsequence {z,,} for
which

lim ( + 1)

m—00 \Zp f(2pm)

This subsequence obviously satisfies (11) and (13). It remains to
consider the case that N, is always finite. Suppose that for some «,

N, < a. In this case denote by {z,,} some subsequence of {z\} for
which

4

(18) limﬂ=N¢<u

m—>00 zm

s,, being those terms of {s,} which correspond to z,, by (16).

From (18) we get for every m > my(«, ) (m, some appropriate
constant)
’
, s
Sm <%, and —7> 1N,
zm
consequently

[(#m) < f(s,,) and z,,.<;—°‘s;,,

a
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and therefore for m > m,

Znf (2m) < m/(sm)

Regarding the inclusion {s,,} C {s,,} we get by (14) that {z,}
satisfies (11). This implies by (18)

N,=1im°‘i'2=1im( v +1)= o
m—00 gy m—soo \Zp [(Zn)

so that the case N, < a cannot actually exist.

10. There remains the case
(19) N,=a for any o =1.

Recalling that {z{®} satisfies (18) for any a = 1 (after replacing
%, by 2 and m by k) and using the definition of N, and (17),
there exists a term of {z{'} denoted z,(z), for which both

(20) (ﬁ + z)f(},—é—) + z) < i
and
(21) J(G)+1>1}N

Take now « = m. The sequence {z,,} (m =1, 2, . . .) thus obtained
satisfies (18), as implied by (20). Furthermore, by (19) we get
from (21)

lim( LA 1) = o
a—>»c0 za/ (za) '
which implies (11).

11. Thus the existence of {z,(z)} satisfying (11) and (18) or
— their equivalent — (11) and (12) is proved.

Now, since {z,,(7)} satisfies (11) and (12) there is a term of this
sequence, denoted z(” for which both

(22) M) <7
and
1 T
) ey 7)<
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Let now n range over the natural numbers and denote 2" = z,
for v = 1/n. From (22) we get

z,f(z,) <% n=12...)

which implies (6). In addition, (23) implies

1
1 [ = .
?@34R£T+%)<; (n=1,2,...)

Since f is monotonic, we get for any v > 0 that if » > 1/v then

1
1 T 1 n ) 1
Han! (f(w—) +) S TTAY (f(w,.) T <

which implies that (9) is valid for any 7= > 0.
Thus our theorem is proved.

12. THEOREM 3: Given a monotonic and divergent series Ya,,
a necessary and sufficient condition for Ya, to be a series of a
M. C.is
lim na, = 0.

1—00

Proor: The necessity of lim, . na, =0 is an immediate
consequence of theorem 1 since if Sa,; Xb, is a M. C. and
d, = max{a,, b,}, we have na, < nd,.

To prove the sufficiency we use theorem 2. Let f(z) be any
continuous monotonic function passing through the points
(n,a,) (n=1,2,...) (e.g. the poligonal function obtained by
connecting the points (n, a,) by straight lines). Clearly f(z)
satisfies a, = f(n) and have all the required conditions of theorem
2. Hence there exists a sequence {z,} for which (6) and (7) are
true. Now the sequence {z,} should be thinned out until it satisfies
the following three demands:

Y < 2, (n=2,3,...)

(24) 3 af(@) < o
(25) s [“Heyat < co.

n=1J 2,
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Denoting y, = 1 we define a function g(z):
g@) = f(z,) for Yo, Sz<y, (n=12...)
{b,} is defined now by
b,=g(n) (n=1,2,...).
It is clear that {b,} is monotonic.

18. To show that ¥o>,b, = o0 and 33, min{a,, b,} < c© we
use the integral test for convergence:

f, OLEDS g(t)dt—z f(w )it =3 (ya—an)f (@) = 3 p = o0

n=1 n=l1

and therefore

Define now A(z) = min{f(z), g(z)}. It is clear that min{a,, b,} =
h(n). We can see that

f@,) for y,,=z<a,

h(z) = {f(w) for 2, =z<y,

therefore

[[roa=3[" faga+ 3 ["How =3 @yt +

n=1Jy,_ , n=1

+Z NWSZ%MJ+E “fepa

by (24) and (25) we get then
f:oh(t)dt <

and therefore Y32 min{a,, b,} < oo proving that Ja,; b, is a
M. C.

It may be added that in each relevant statement the condition
of weak monotony could be replaced by the stronger condition
of strict monotony without any alteration in the results of
theorems 1 and 3.
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