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Sphere-geometrical Unitary Field Theories
by
Tsurusaburo Takasu

Sendai

In this paper I will give proofs of the conclusions 1, 2, 3
and 41!) stated below as well as in my previous paper [21] 2).
1 and 2 correspond respectively to the Kaluza—Klein’s
unitary field theory [1], [2] and the Einstein—Mayer’s [3],
3 and 4 respectively to the Hoffmann’s generalization of the
Kaluza—KIlein’s [4] and Einstein—Mayer’s [5]. Then I add six
further sphere-geometrical unitary field theories 5, 6, 7, 8,
9 and 10 stated below, of which 5, 7 and 9 correspond to the
unitary field theories of P. G. Bergmann [19], B. Hoffmann
[17] and B. Hoffmann [18] respectively, while 6, 8 and 10
are new. To each of these ten theories there corresponds a new
sphere-geometrical connection-geometry, of which the Laguerre
connection-geometry finds its origin in the work of Y. Tomonaga
[18], [20], [26]. The main purpose of this paper is to indicate the
four-dimensional sphere-geometrical laws for the wunitary field
theories, so that the assumptions made therein are fulfilled automati-
cally and we are able to avoid the fifth or the sizth dimension in our
line of thought, though the fifth or the sixth dimension survives in
abstract sense. The principal importance of this paper seems to
lie in the following points: (i) all the figures representing the
generalizations of the ‘“Weltpunkte” are realized within the
Einstein space V,, so that the question of four-dimensionality
exists no longer; (ii) thus we are lead to the connection geometries
of Laguerre’s carrier instead of those of the conformal ones, although
we have long waited for the latter one. (It is to be noticed that the
space of special relativity is the three-dimensional Laguerre space).
(iii) My theories have lead us to new sphere-geometrical con-
nection geometries, which have hitherto been considered to be

1) The heading numbers 1, 2, ..., 10 will be retained throughout.
?) The numbers in the square brackets refer to the bibliography at the end of
this paper.
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rather difficult to develop, since the elements of space are other
things than points.

In all cases the Einstein space V, as basic space is considered
to be provided with tangent

N.E. ” Euclidean
space in the sense of the
N.E. || limiting

case of the Veblen’s projective theory (cfr. [16] and [10]. Also
[10], [28]). If we denote the tangential spaces arising in the
theories 1, 2, ..., and 10 by (1), (2), ..., and (10) respecti-
vely, then the tangential spaces, which are realized in the tangent

N.E. ” Euclidean
manifold, are situated among them as follows:

(N.E. space) : (Euclidean space) : (N.E. equiform space) : (equi-
form space)
=(1):(2):(7):(8) = (8): (4) : (9) : (10) = (5) : (6) : () : (¥),
where

(1) = dual-conformal (i.e. N.E. Laguerre) space,

(2) = Laguerre space,

(8) = Space of Lie’s higher hypersphere geometry,

(4) = “parabolic Lie space’” which is new,

(5) = the space which arises from the dual-conformal space by

a kind of expansion of each hypersphere and is new,
(6) = the space which arises from the Laguerre space by a
kind of expansion of each hypersphere and is new,

(7) = “equiform dual-conformal space” which is new,

(8) = “equiform Laguerre space’ which is new,

(9) = “equiform Lie space” which is new,

(10) = “equiform parabolic Lie space” which is new.

The existence of (z) and (y) is thus suggested. The reader will
see below what the new ones are.

The corresponding connection geometries (spaces) will be called
respectively:
dual-conformal connection geometry (space),
Laguerre connection geometry (space),
Lie connection geometry (space),
parabolic Lie connection geometry (space),
B-dual-conformal connection geometry (space),
B-Laguerre connection geometry (space),

Al ol ol
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7. equiform dual-conformal connection geometry (space),
8. equiform Laguerre connection geometry (space),

9. equiform Lie connection geometry (space),

10. equiform parabolic Lie connection geometry (space),

z. B-equiform Lie connection geometry (space),

y. B-equiform parabolic Lie connection geometry (space)
when the base manifold is a general Riemannian space X,, the
details of which will be developed in a separate paper. 3)

Since all these geometries are substantially Riemannian
geometries, the procedures are comparatively easy as long as
one is concerned with normalized vectors. The techniques of the
Riemannian geometry will help us very much for sphere-geome-
trical interpretations.

§ 1. The Unitary Field Theories of Kaluza—Klein and
Einstein—Mayer as seen from the View Points of the
Sphere-geometries.

In the case of the unitary field theory of
1. Kaluza—Klein [1], [2], | 2. Einstein—Mayer (3],
the fundamental quadratic differential form was
do® = y,gdatdaf = g,\(a*) da* da! + (p,(2*) da™)?,
(@t 5, ...=1,2,84; ¢,8,9,...=1,2,...,5),

where ¢; =1 and g,,dz*dz’ is the fundamental quadratic form of
the Einstein space V, and

e dz* oy " .
“7;: ‘pa,jd'; = '}’aﬂlpﬁy Uy = 6ﬂ¢puy =@ Uy = Ug

r

= sin — %) =r

= const.,
the r being the radius of the hypersphere with the center
(*pp) = (¢*) = (0,0,0,0,1)
in the tangent .
N.E. || Euclidean
3) There exist a series of sphere-geometrical connection geometries, based

upon a hyperplane manifold. (In preparation).
prep:
¢) The k will be expressed in terms of the constant R below in Theorem 2°.
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space as well as the geodesic radius of the corresponding gene-
ralized (i.e. geodesic) hypersphere with center (¢*) in V,. Then the

dab (y da® dwﬂ_l) daP da”*

=Ygy Vb gy g ) | T e gy M Yy =P

are the oriented hyperplane coordinates in the four-dimensional

tangential N.E. || tangential Euclidean

space of V, as well as the coordinates of the totally geodesic
hypersurfaces enveloping the geodesic hypersphere in V,.
The field equations were
(R — 3g"R) —2(¢" ¢ 9 + 42" #) =0,
0'7’! pu— ¢ ‘ 0’

09,
ox*

where the latter two are Maxwell’s equations and
a¢j a(pk i ij
¢ik=%(awk 5;,)’ @ = 8" @jx-

The equations of motion were
d*z’ i |da’ da* e da’
7k

ot ¥ige =

do do do‘

The space with which we are concerned is a four-dimensional

=0,

dual-conformal | Laguerre

connection space which is special in the sense that the base
manifold is V, instead of a general four-dimensional Riemannian
manifold. If we interpret the geodesic hyperspheres as points it
is nothing but a special five-dimensional Riemannian space which
will be realized within the Einstein space V, as a special

dual-conformal ” Laguerre

connection space by means of a minimal projection %) of the
points of the tangent five-dimensional

N.E. ” Euclidean

space of V, as well as by its generalization in the five-dimensional

5) T. Takasu, [24].
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Riemannian space. This fact is legitimated by the formula (O.
Veblen, [16], p. 46):

dlog (y,5 X*XP)

ox¥ N

as wel as by the following theorems (S. Sasaki—K. Yano, [28]):

THEOREM 1°. If the group of holonomy of a space with a
normal projective connection P, is a subgroup of the group of
all projective transformations in P, which fix a non-degenerate
hyperquadric Q, the P, is a space with a projective normal con-
nection corresponding to the class of affinely connected spaces
with corresponding paths including an Einstein space with non-
vanishing constant scalar curvature. In other words the P, is
projective to an Einstein space with non-vanishing scalar cur-
vature. The converse is also true. Correspondingly for the case of
vanishing scalar curvature.

THEOREM 2°. Let the group of holonomy of the space with a
normal projective connection P, corresponding to Einstein
space V, with positive definite fundamental tensor and of non-
vanishing scalar curvature fix a real or imaginary hyperquadric
according as the scalar curvature R is negative or positive. Then
the arc length of a geodesic segment P(Q is expressed by

0

PQ=E’°{1og(PQ,YZ), k=+v3[|R|,

where Y and Z are the points of intersections of PQ with the
invariant hyperquadric in the tangent N.E. space.
Correspondingly for the case of vanishing scalar curvature.
Thus the lengths as well as angles are common to the base manifold
V, and the tangent N.E. or Euclidean space, so that the so-called
geodesic polar coordinates are also common to them:

ri = sin —i:—C", (C‘ = cos 0",) l tt = rCt, (C‘ = cos 6°, )

1% =cos %, g,;CiC = =1 \g,CiCi=1

(g2 + 2% = 1.) (8i8'x = 1%)

It is well known that the Einstein space V, is totally umbilical
and the oriented hypersphere (as well as the oriented geodesic
hypersphere in V,) with center (¢*) is given by the equation:

r = const.,
The N.E. | The
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Laguerre coordinates of the oriented hypersphere (as well as of
the oriented geodesic hypersphere in V,) (z% ) are

& = ¢'/cos -;-:-, g =1,
S=ilgyrd +0° z‘)* tan % £ = ip,

£8 = t8/cos %—, %=1,

(g, 808 + &8585 4 £88% = 1). (68 = ¢® =1).
The N.E. The

Laguerre coordinates of the oriented hyperplane (as well as of
the oriented totally geodesic hypersurface in V,) (u,) are

U.U‘=u;,

.Uy =u,,
o . Ui=i, (@70 6. Uy—u—i, 70
(YaﬁUuUﬂ+ UgUg = 0), 0.Ug=—p,

(87U, U, + UsUy = 0),
so that the equation to the oriented hypersphere (as well as to
the oriented geodesic hypersphere in V,) (&4(z®)) is
#U,=0, (4=12,...6),
which forms a hypercomplex (a system of co? oriented geodesic

hyperspheres).
The space of

Kaluza—Klein ” Einstein—Mayer

may thus be considered to have arisen from the Einsteinean V, by
expansion of each point of V, to an oriented geodesic sphere of
constant radius r such that e/m

=17.

. T
= sin -~ |
From this I have concluded as follows:
1. The Kaluza—Klein’s " 2. The Einstein—Mayer’s
space is equivalent to the Einstein’s space V, (special-)
dual-conformal | Laguerre

connection geometrically so that the points in V4 correspond to the
geodesic hyperspheres of equal geodesic radii, whose developments
in the

N.E. | Euclidean

tangential spaces are hyperspheres of equal radii.
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[N.B.] According to the new view points in differential
geometry in the large of Shing-Shen Chern [27], the fundamental
orthogonal differential form for do? is, except for quadratic trans-
formations, expressible in the form

d® =0l + ol +...+ o},
where w, are Pfaffians. In our case we have
Wy = @, da*
r
=sin—d ” =rd
sin - do a
and the part
—ds? = o} + o} + i + o}

corresponds to the Einsteinean V,.

§ 2. The Hoffmann’s Generalization of the Unitary Field
Theories of Kaluza—Klein and Einstein—Mayer as seen
from the View Points of the Sphere-geometries.

In the Hoffmann’s generalization of the
3. Kaluza—Klein [4] | 4. Einstein—Mayer [5]
space, the fundamental quadratic differential form was
dS? = y,pda’ da® = g,(a*) da'da’ + (p,(2*) da’)? + (y,(2*)da’ )2,

(a,by,...,%7,...=1,2,8,4;0,8,...=1,2,...,5;
4,B,...=1,2,...,6),

where g, dr*dz’ is the fundamental quadratic differential form of
the Einstein space V,, and

ps=1, g =0, Y5 =0, yg=1,
dz* dat
e/m=‘PAF ulm ='/’AE'
. T . r ’
=s1nf- " =r =sm7 ” =7
= const. %),
the r " the 7’

¢) The subsequent interpretations of (p4,r) and (y4,r’) will be made in two
ways exposed on the both sides of |.
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being the radius (generalized in the sense of common tangential
segment) of the oriented linear hypercomplex (of oriented hyper-
spheres with equal radii

r') I )

with its “‘center” (oriented hypersphere with radius

r’ and center r and center
(»*Pyp)=(y*)=(0,0,0,0,0,1)): || (y*®@z)=(¢*)=(0,0,0,0,1,0)):
(¢*) (v*)

in the tangential four-dimensional
N.E. | Euclidean

space as well as the geodesic radius (generalized in the sense of
common geodesic tangential segment) of the corresponding
oriented linear hypercomplex (of oriented geodesic hyperspheres
with equal geodesic radii

r') | r)
with its “center” (oriented geodesic hypersphere with geodesic
radius

r’ r
and center (y*)): (¢*) and center (¢%)): (y*)
realized in the Einstein space V,. Thereby the
daz® dz® dz® dz®
=YaB 57 Ua="YaB 75> Ue=YaB 35" Yo =YwB 5"
dz? dx® ¢ dz? d2® 1) [l dz® p dz® P
—_— — — e = j—4 — —— s Ur— — e s
B dS dS ) YaB dS dS 6~ ¥V Be dS 5— ¥ B5 dS
(6=1,2...,5) |(@'=12, ..., 4¢

are the coordinates of the oriented linear hypercomplex ?) of the
oriented hyperspheres touching properly two oppositely oriented
hyperplanes in the tangential four-dimensional

N.E. " Euclidean

space of V, as well as the coordinates of the corresponding oriented
generalized totally geodesic linear hypercomplexes (belonging to
the generalized linear hypercomplex of the oriented hyperspheres
under consideration realized in V).

7) A four-dimensional generalization of the system of oriented spheres touching
properly. a pair of oppositely oriented planes.
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The field equations were

(R™— g™ R) + 2(g"prp; + 1™ 9ipt) — 2(g" vy + 1™ viv:) = 0,

M = (p,s =0,
Y=
aq)li
— =0,
% ox*
opy; _o,
a k
where
d9;, atrk _3 oy, 3%)
=% oz*  da’ Yir = 2\ozt o)

P = £" 9y Ve = €79
The equations of motion were
a2z i |de'da* e da' p dt
as? {ﬂc}EEJ“ Y5t mas
(i) The space in consideration is a four-dimensional
Lie || parabolic Lie

connection space which is special in the sense that the basic
manifold is ¥, instead of a general four-dimensional Riemannian
space. If we interpret the linear hypercomplexes of geodesic
hyperspheres as points it is nothing but a special six-dimensional
Riemannian space which will be realized in the Einstein space V,
as a special

Lie || parabolic Lie

connection space by means of two successive minimal projections®)
of the points of the tangent six-dimensional

N.E. " Euclidean

space of V, from two different mutually orthogonal directions
upon the four-dimensional

N.E. ” Euclidean

tangent space of V, as well as by their generalization in the
six-dimensional Riemannian space.

8) T. Takasu, [24].
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(ii) The space under consideration which is a special four-
dimensional

Lie || parabolic Lie
connection space is nothing but a special five-dimensional
dual-conformal || Laguerre

connection space if the oriented linear hypercomplexes of oriented
geodesic hyperspheres are interpreted as oriented hyperspheres
and this

dual-conformal || Laguerre

connection space will be realized in the Einstein space V, by
means of one minimal projection of the points of the tangent
five-dimensional

dual-conformal ” Laguerre
space upon the four-dimensional
N.E. " Euclidean

tangent space of V, as well as its generalization in the five-
dimensional

dual-conformal | Laguerre

connection space.

These facts are also legitimated by remembering that the
analytical apparatus is common to the tangential space of ¥, and
the space realized in V, itself, which is stated in § 1, the meaning
of k being the same. The four-dimensional

Lie . || parabolic Lie

coordinates of the oriented hypersphere (as well as of the oriented
geodesic hypersphere in V) may be constructed as follows:

O'.CA=EA, c¢=£¢’
(0#0) || =¢8=1,
0.07 =1i(g, &'+ EE5H£88%) || | {7 = de.
=1,
(vagl*L® 4+ 707 =0).
The Lie The parabolic Lie
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coordinates

(UL) = (VLMUM)9 a = Yap Uﬂ’
(VLMULUM=1), Ug=—DP,
(L,M=12,...,7) U,=U"=1, (U*U,+UU,=0)

of the oriented linear hypercomplex of the oriented hyperspheres
(as well as of oriented geodesic hyperspheres) ((*) are such that ?)

Utl=0, (L=12,...,17).

The space of the Hoffmann’s generalization of the
Kaluza—Klein | Einstein—Mayer
space may thus be considered to have arisen from the
Kaluza—Klein’s | Einstein—Mayer’s

by expansion of each oriented geodesic hyperspheres (¢*, r) of V,
to an oriented linear hypercomplez of the constant geodesic generalized
(in the sense of common tangential geodesic segment) radius r’
such that

Nad
m
= sin | =7
= sin —’? =7r.
From this I have concluded as follows:
The Hoffmann’s generalization of the
Kaluza—Klein’s | Einstein—Mayer’s
space is equivalent to the Einstein’s space V, special

Lie || parabolic Lie

connection geomelrically so that the points in the Einstein space V,
correspond to the special linear hypercomplexes of generalized
(geodesic) hyperspheres, whose developments in the tangent

N.E. | Euclidean
space are hyperspheres of equal radii.

%) This equation for the righthand side shows, when it is interpreted in a space
of six dimensions, that the point (£%, £7) lies on the minimal hyperplane (with
coordinates (Uy, U,, —P, (U*U, + U'U, =0)) expressed in its Hesse’s normal
form.
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§ 8. The Unitary Field Theory of Jordan—Bergmann as
seen from the View Point of a Sphere-geometry and a New
Allied Theory.

In the case of the

5. Jordan—Bergmann’s 6. B-Laguerre connection
space [19], space introduced in the fol-
lowing lines,

the fundamental quadratic differential form is
do* = y,gda® daf = g,,(a*) da' da’ + C¥a*)(pq(a") da™)?,
#7...=1,2,8,4; 0,8,...=1,2,...,5)
leading to the variable

da*
elm(@) = C@)py -

LT
= sin —,
k

'-_—1',

where ¢, = 1 and g,,dz'dz’ is the fundamental quadratic form of
the Einstein space V,, the r being the radius of the hypersphere
with center (¢%) = (y*f #g)=1(0, 0, 0, 0, 1) in the tangential four-
dimensional

N.E. " Euclidean

hyperspace as well as the geodesic radius of the corresponding
geodesic hypersphere with center (¢?) in V,. Therefore the

daf daf

Yo = Yap g Y=Y s’

da* daP da*
Vs g5 e =) U= Yagy = P

are the oriented hyperplane coordinates in the tangential four-
dimensional

N.E. ” Euclidean

space of V, as well as the coordinates of the totally geodesic
hypersurface enveloping the geodesic hypersphere under con-
sideration in V.

Putting

1
Aa= C‘pw y=1log C(2'), ppp = Z:y”: Vn (Ay,v_Av,y)z‘Pm,n—‘pn,m’
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the following results were obtained:
2
V‘lel = gkl Rkl + icz(p"(p" + '_C_g"C rs?

qg:‘: = — 2¢™ v, (Maxwell’s equations),
Af?e =0,
g"y,v,+4¢" 9, = 0 (the fifteenth equation)

accompanied by the identities:

Ap,v + Av,y + Y.u 4,+ '/’,vAp =0,
Qp’e AQ = 0,
(Be = 42,49, B, =—y,).

For arguments for and against the theory we refer to the
original paper of Bergmann [19].
We will refer to the connection geometry corresponding to

do? = y,gdatdaf = g, (2*) da’ do’ + C3(a")(p,(a*) da™)?
for the general Riemannian quadratic form g,dz‘dz’ as
B-dual-conformal " B-Laguerre
geometry and conclude as follows:
The Jordan-Bergmann’s || The B-Laguerre’s
space is equivalent to the Einstein space V, special
B-dual-conformal " B-Laguerre

connection geometrically, so that the points in V, corresponds to
the geodesic hyperspheres in the

Jordan—Bergmann’s space, || B-Laguerre space,
whose developments in the four-dimensional tangential
N.E. “ Euclidean

space are hyperspheres of variable radii r such that

e = € ')

' r ”
= sin —. =r.
k

10) For the reason, cfr. the conclusion of § 1.
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§ 4. The Hoffmann’s Field Theory Unifying the Gra-
vitation and the Vector Meson Fields as seen from the
View Points of a Sphere-Geometry and a New Allied
Theory.

In the case of the

7. Hoffmann [17] space 8. equiform Laguerre space
as will be introduced in the

following lines

for vector meson and gravitation fields, the fundamental
quadratic differential form is

do® = Ggda® daP = Gy (g,y(a#)d dar? + (g (2*)da™)? = Gegyopdadal,
(@b, ..niyfy...=1,2,8,4; 0,B,...=1,2,...,5),

where ¢; =1 and g,,dz*da2’ is the fundamental quadratic form of
the Einstein space V, and Gy = ®%(a?, 2°) = eNaf(2*) is a
scalar of index N and is

dz*
Gy Po %"

.o
= sin —, =7,
k

r being the radius of the hypersphere with center (¢*) = (y*f ?g)
= (0,0,0,0,1) in the tangential four-dimensional

N.E. " Euclidean

space as well as the geodesic radius of the corresponding geodesic
hypersphere with center (¢*) in V,. Therefore

_c 9 daP

Yo = “ﬂgo? tﬁ do’

dz® dab da®
(Gaﬂ do' dO' 1) u5=Ga5'E;’_—'p

are the oriented hyperplane coordinates in the tangential four-
dimensional

N.E. " Euclidean

-\

space of ¥V, as well as the coordinates of the totally geodesic
hypersurface enveloping the geodesic hypersphere under con-

sideration in V.
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The field equations are

(R®—1g® R)—6N2g"”+ }(g"026;+ 10307 )—12N%(9°6°—$¢°6°0.) =0,

(a) 6% + 12N%6*=0,
(b) 67=0,
where
_Olog®
P, =N o (P =1),
Oy = @5 — Py

0. — 20 — op, Op, 00, 06,
@ = P = ox, oz, 02 0a*
P =2 0w o=2"eur

Here (b) is a direct consequence of (a).
The reciprocal of the index N has the significance that except
for a numerical factor, it is the range of the meson force.

o

z° is the gauge variable:
z” = a® + {log f(z*)}'

When the quadratic differential form g,;dz*dz’ is a general one
we will call the connection space corresponding to

do? = Gys(yopda™dab) = Gog(a®, 2°) [gy(a) datda’ + {pg(a*)da)?]
the equiform

dual-conformal || Laguerre

connection space and the corresponding geometry the equiform
dual-conformal || Laguerre

connection geomelry.

The space under consideration is nothing but a special five-
dimensional Weyl (i.e. equiform connection) space if the geodesic
hyperspheres are interpreted as points and this Weyl space will
be realized within the Einstein space V, as a special equiform

dual-conformal || Laguerre

connection space by means of a minimal projection (accompanied
by a kind of tangential dilatation) of the points of the tangential
five-dimensional

equiform N.E. || equiform
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space upon the four-dimensional
N.E. || Euclidean

tangential space of V, as well as by its generalization in the
five-dimensional Weyl space.
From this 1) I conclude as follows:

The special equiform dual- The special equiform Laguerre
conformal connection space of || connection space
Hoffmann

is equivalent to the Einstein space V, special equiform
dual-conformal | Laguerre

connection geomelrically so that the points in V, correspond to the
geodesic hyperspheres whose developments in the

N.E. | Euclidean
tangential spaces of V, are hyperspheres of the radii r such that
dz*
G =
55 Pox do
—_— 3 r —_—
= Sin 7. =7

§ 5. The Hoffmann’s Field Theory unifying the Gra-
vitation, the Electromagnetism and the Vector Meson as
seen from the View Points of a Sphere-geometry and a New
Allied Theory.

In the case of the

9. Hoffmann’s space [18] 10. equiform parabolic Lie
space as will be introduced in
the following lines

for vector meson, gravitation and electromagnetic fields, the
fundamental quadratic differential form is

dS?= Seq[yep(a*)dadaP + {y ,(a*)da*}?] =S , pda’ da® =S g5 s pdat da®
= V(o) [g,5(2")da'da? +{p, (a*)da"} 2+ {p., (2*)d2*}?], (s65=1),
(@b,..0%7...=1,2,...,5 B, A4,...=1,2,...,6),

1) Cfr. also the conclusion of § 1.
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where g,,dz'dz’ is the fundamental quadratic differential form of
the Einstein space V, and

o5 =1, gg = 0, I ¥s =0, yg =1,
Ses = P2(", a%) = X" f(a*),
da* dx?
Sce‘PaES“ efm = Sggp4 s
in T r sin r
= SINn —, = N = —_— =T,
S k k T

k being the same as in § 1 and

’

r l r

being the radius (generalized in the sense of common tangential
segment) of the oriented hypercomplex (of oriented hyperspheres

with radii
r) | ')
with its ‘“‘center” (oriented hypersphere with radius
r and center (s?By;) = (y*) r’ and center (s4Bp;) = (¢*)
= (0,0,0,0,0,1)): (¢*) =(0,0,0,0,1,0)):  (y*)

in the tangential four-dimensional
N.E. | Euclidean

space as well as the geodesic radii (generalized in the sense of
common geodesic tangential segment) of the corresponding
oriented linear hypercomplex (of oriented geodesic hyperspheres
with geodesic radii

r) I r’)

with its “center” )oriented geodesic hyperspheres with geodesic

radius
r r
and center (y?)): (¢*) and center (¢4)): (p*)
realized in the Einstein space V,. Therefore
da® dx® da® dz®

ty = Sup s’ uy = Syp Pk Uy = SaB'(‘iTS" Uy = Ou'B s’
. dz*da® dx? dx® dz® da®
.SAB_dg'zl—S—=1) (SAng'ag_:l) uozsseafs'=_P» “5=535E=—P',

(x=1,2,...,5) |[(¢’'=1,2,...,4,6)
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are the coordinates of the oriented linear hypercomplex of the
oriented hyperspheres touching properly two oppositely oriented
hyperplanes in the tangential four-dimensional

N.E. || Euclidean

space of V, as well as the coordinates of the corresponding
oriented generalized totally geodesic linear hypercomplexes 12)
(belonging to the generalized linear hypercomplex of the oriented
geodesic hyperspheres under consideration realized in V).

The transformations are of the type:

Ii"=i"(w°),
1 -
5°=.z‘°+7v—logk, k=N
1
5°=-,—c;a:°,
so that
SAB=e2N;°-§AB’

The field equations are

(R® — }g”R) + 2(g” i vi + 1&” v vl) + (g 026 + 1262 67)
— 20N2(6°6" — }g*6°0,) = 0,

Maxwell’s equations: ¥ =0,
Vector meson field equations: 6:‘: + 20N26* = 0,
where
1 dlog ¥
V) =——, P;=0,
47 N ot d
a'pa a'l’p
Yap = *(Ew_ﬂ_—a?) ’ 'Pg = }’ay'l’yp,
0y = ¢y — Yo
0. =2 . a¢¢ a‘pb . aes aob
© =W T o0 o o ox"
¥ = 8" Pa ¢* =g 8" 9,
so that
Py, = Y*Wg =1+ 6°0,,
where

WA = SABTE, SABSAC = 62.

12) See 7).
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When the quadratic form g,,dz'dz’ is a general one we will
call the connection space corresponding to

dS? = Soo(a*, a°) [g,y(2*) da* da? + (g (a*) da®)? + {p,(2*) dx*}?]
the equiform
Lze " parabolic Lie
connection space and the corresponding geometry the equiform
Lie ” parabolic Lie

connection geometry.
(A) The space under consideration is nothing but a special
five-dimensional equiform

dual-conformal " Laguerre

connection space if the linear hypercomplexes of the geodesic
hyperspheres are interpreted as geodesic hyperspheres and this
space will be realized within the Einstein space V, as a special
equiform

Lie || parabolic Lie

connection space by means of a minimal projection (accompanied
by a kind of tangential dilatation) of the tangential five-dimen-
sional equiform

dual-conformal ” Laguerre
l
connection space upon the four-dimensional

N.E. " Euclidean

tangent space of V, as well as by its generalization in the five-
dimensional equiform

dual-conformal | Laguerre

connection space.

(B) The space under consideration is also nothing but a special
six-dimensional Weyl (i.e. equiform connection) space if the
geodesic hyperspheres are interpreted as points and this Weyl
space will be realized within the Einstein space V, as a special
equiform

Lie A " parabolic Lie

connection space by means of a succession of two minimal pro-
jections from two mutually orthogonal direction (accompanied
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by a kind of tangential dilatation) of the points of the tangential
six-dimensional

N.E. equiform ” equiform

space upon the four-dimensional

N.E. | Euclidean

tangent space of V, as well as by its generalization in the six-
dimensional Weyl space.
From this I conclude as follows:

The special equiform Lie con-
nection space of Hoffmann

The special equiform para-
bolic Lie connection space

is equivalent to the Einstein space V, special equiform
Lie ]| parabolic Lie

connection geometrically so that the points in V, correspond to the
linear hypercomplexes of the geodesic hyperspheres whose develop-
ments in the equiform

N.E. |[ Euclidean

tangent spaces are linear hypercomplexes of the generalized radii
v’ such that
dz*
S haindll
00 Po. dsS

!
= sin — ” = —1r

consisting of hyperspheres of the radii r such that

dz?
Soo ¥4 P

- T ”
= sin —. =7.
k

This paper was read at the annual meeting of the Japanese
Mathematical Society in Tokyo at the beginning of May 1950.
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