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Integral transformations and their resolvents in
Orlicz and Lebesgue spaces
by
A. C. Zaanen
Delft.

§ 1. Introduction.

Suppose that 4 is a bounded or unbounded interval in real
m-dimensional Euclidian space R,,. It is therefore permitted that
4 = R,. By 4 X 4 we mean the set of all points (z, y) in the
product space R,, X R,, for which €4, y e 4.

L, (4) (1 =p < ) is the Lebesgue space of all measurable

complex-valued functions f(z) for which || f |, = ( J- [ 7]? dw)llp
Y|
< oo (all integrals are Lebesgue integrals). If no confusion is pos-
sible we write shortly L, L_(4) is the Lebesgue space of all
measurable f(z) for which ||f ||, = ess. u. b. | f(z)| <co. Every
L, (4) (1 <p = ) is a complete Banach space provided f 4 g
and of (« a complex number) are defined in the natural way.
The spaces L, (4 X 4), having functions T(z,y) on 4 X 4 as
elements, are introduced similarly.
Let 1 =p = 0, 1/p + 1/g =1 (hence ¢ = oo for p =1 and
g =1 for p = ). It is well-known that f(z) ¢ L, if and only if
fg is summable over 4 for every g(z) e L, and that

11, = Lub. [|fg]de for llgl, <1.
a4

For 1 < p < o we may even replace l.u.b. by max. Consider
now Ly(4 X A4). Then similarly T'(z, y) e Lo(4 X 4), that is

NTlle= (] | T(@ ) |2dedy)" <o,
a4x4
if and only if T(z, y)S(z, y) is summable over 4 X 4 for every
S(z,y) € Ly(4 X A). In particular, if T (z,y)e Ly(4 X 4) and
/> 8 € Ly(4), then T(z, y)f(y)g(z) is summable over 4 X 4. The
inverse of this last statement is not true however. T(z, y) =
| #—y |~ with 1/2 <« <1 is a counter example. The class
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Lyy(4 x A) of all T(z, y) such that T'(z, y)f(y)g(x) is summable
over A X A for f, g € L,(A4) is therefore larger than L,(4 X A4).
Defining the norm | T |5, by

IT g =Lub. | | T(z, y)(y)e(@)| dedy for If1,<1, llgla=1,
4x4

we shall prove that L,, is a Banach space with this norm. An easy

application of Schwarz’s inequality shows that || T |ls < || T |||
Extending these remarks to spaces L, (1 < p =< ), Ly, has

its analog in the class L,, of all T'(, y) such that T'(z, y)f(y)g(z)

is summable over 4 X 4 for all feL, geL, We shall prove

that L, is a complete Banach space with norm

1T o = Lub. [ | T(@ y)(y)e(e) [ dady for 1f1, <1, gl <1.
Ax4

Using Holder’s inequality it is easily seen that || T ||, = [ T |ll,,

where

|” T Hlv = | t(z) “2)9 t(w) = || T(w’ Y) "q = || Tc(y) llo-

Hence,
[ ([17@y1a)™da]™, 1 <p <o,
4 4
Ny, =1 [17@y) lde p=1,
4
l”IT(w,y)Idy“w , p= .
4

We make two remarks. Firstly it follows already from the simple

inequality | T ||, < || T |||, that it is natural to introduce || T ||,
into the theory and not the ordinary norm (J- | T(, y)| z”d.’/vdy)lh’

AxAa4
as one might think at first by comparison with the L,-case.
Another and even stronger reason for doing so will be mentioned
below. Secondly we observe that we have used the measurability
of t(z) = || T,(y) |l,, For 1 <p =< oo this measurability is a
consequence of Fubini’s Theorem and for p =1 it is implied by

1 Ta®) o = lim,q, [m(4,0} [ | T(a, y) |"dy) ¥,
4,
where 4, is the common part of 4 and the interval [—r, ;.. .;—7r, 7],
and where m(4,) is the measure of 4,.
It follows from the definition of L, (4 X 4) that T(z,y)e L,,
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if and only if f| T(z, y)f(y) | dy € L,(4) whenever feL,(4).
4

We shall prove that in this case the linear integraltransformation
T with domain L, defined by Tf = J‘ T (z, y)f(y)dy, has its range
a4

in L, and is bounded. Concisely expressed, if T(2, y) ¢ L,, then T
with kernel T'(z, y) is bounded on L, into L, (compare Banach
(1], p. 87). If moreover 1 <p << w and || T ||, < o than T
is even completely continuous (that is, T transforms bounded
sets in L, into compact sets). This was proved by Hille and
Tamarkin in 1934 [2]; the case p = 2 was known earlier. On
account of the importance of completely continuous integral
transformations for the theory of integral equations, this is the
other and stronger reason to introduce || T ||,. For p =1 the
inequality || T |||; < oo does not necessarily imply the complete
continuity of T (cf. the example of von Neumann in [2]). In 1940
however Dunford and Pettis [8] and Phillips [4] proved indepen-
dently of each other that in this case the iterated transformation
T? = TT is completely continuous. For p = oo it is possible, that
although || T |||, <oo, neither T itself nor any of its iterates
T" (n = 2, 8, ...) is completely continuous. An example (cf. [2])
on the linear interval 4 = [0, 1] is furnished by

z, 0=y =uw,
T(2, y) ={ Y

0, z<y=1.
Then || T ||, = ”f| T(,y) | dy ILo - “j @-1dy |L —1, and for
a4 0

u =1, f(z) = a#1, we find

Tf = ["wiyttdy = ptatt = p Y, T =p~f (n=2,8,...).
0
This shows that all values A = u1 (0 < 4 < 1) belong to the
pointspectrum of 7™ where n is a positive integer. Then, by a
well-known theorem, 7" is not completely continuous.
It is our object to extend all these results to a class of function
spaces which contains the Lebesgue spaces L (4) as special cases.

We want to include e.g. the space of all f(z) for which f¢| f|dz< o,
4

where @(u), w = 0, is roughly a non-negative convex function
with @(0) = 0 which behaves for large u like « log » or, more
generally, like u?log ™ (p = 1, r = 0). For this purpose it will
be useful to work in Orlicz spaces. These spaces, introduced by
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Orlicz in 1932 [5], were also considered by Zygmund [6]. Their
original definition was such that all spaces L,(4), 1 <p < o0,
were included but not L,(4) and L_(4). A somewhat more
general definition which remedied this defect was given by
Zaanen [7]. Recently Morse and Transue [8] have considered a
generalization into a different direction.

We shortly give the definition of the Orlicz space Lg(4). Let
v=gp(u), u =0, satisfying ¢(0) =0, be non-decreasing. We sup-
pose furthermore that ¢(u) is left-continuous (hence ¢(u) = ¢(u —)
for v > 0) and not vanishing identically. The function ¢(u) =1
for u > 0 is an example. u = p(v) is the left-continuous inverse,
suitably defined for those v for which v = ¢(u) has an interval
of constancy. If lim, . ¢(u) =1 < oo, then p(v) = oo for
v > I. In the example above yp(v) = 0for 0 = v < 1 and y(v) =©

for v > 1. Writing ®(u) = [“p(w')dw’, ¥(v) = ["p(v')dv’, we have
0

0
Young’s inequality wv < @(u) + Y(v), 4 = 0, v = 0. The class
L;(A) is now the class of all measurable f(z) for which

J.Q)I f| dz < co. The class Ly(4) is defined similarly. In the
a4

example above @(u) = u, P(v) =0for 0 < v =<1 and ¥(v) =00
for v > 1; the class L;(A) is therefore identical with L,(4) and
L’;,(A) is the class of all f(z) satisfying ||/ |, = 1. This shows
already (@ and ¥ are interchangeable) that L; and L.’;, are not
necessarily linear classes. For this reason linear classes Ly and Ly,
are defined containing Ly and L}, as subclasses. If f(x) is mea-
surable on 4 we write

I/ llg = lu.b. f|]‘g|dw for f![flgldwél,
4 A4

Il f Il = lu.b. f|jh|dw for J.tplhldxgl.
4 A4

The Orlicz space Lg(4) is now the class of all f(x) satisfying
I llpg < co and similarly Ly(4) is the class of all f(z) for which
I/ llg < o0. Choosing @(u) = u?/p (1 =p < o) the corresponding
Orlicz space L4 contains the same functions as L, and ||f |lp =

{1, (¥ =1 for p = 1). The complementary space con-
tains the same functions as L,(4) and || f ||y = P || f ||, It has

been proved that L and Ly are complete Banach spaces with
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norms | f|lp and | f |y, and that f(z) e Ly if and only if fg
is summable over 4 for every ge L’;,.
The class Lgy is introduced as the class of all T(z, y), mea-

surable on 4 X 4, such that T'(z, y)f(y)g(x) is summable over
A X A for all feLgy, geLy. We shall prove that Lgy, is a com-

plete Banach space with norm

IT gy = Lub. [ | T(@ y)f(y)e(2)| dedy
4x4

for [O|f|ldy=<1, [¥|gldz=1.
a4 a4

In analogy with the L ,-case we should await [T |lgu <[ T ||,
where

T llg = Nt@) llg, #x)=1T(@y)lly=1T.(y) g
Here however a difficulty arises, because it is not & priori evident
that #(z) is a measurable function of z. If #(z) should not be
measurable, ||#(z) [l is not defined. To overcome this difficulty
we denote by #,,; (z) an arbitrary measurable majorant of #(z),
hence {,,; (z) = t(x) almost everywhere in A. || T ||p is now
defined as g.l.b. |[¢y,; (z)|lp over all majorants. Evidently, for
P(u)=u’lp (1 =p< o), |[T||p is except for a constant
factor equal to || T ||,.

We shall prove that it follows from T'(z,y) e Lgy that the

integral transformation T with kernel T'(z, y) is bounded on Lg
into L. If moreover there exists a constant M such that ®(2u) <
MP(u), ¥(2v) = MP(v)forallu =0, v =0 and if || T ||g5 < co,
then T is completely continuous (cf. Zaanen [9]). This is a state-
ment which covers the case L, (1 < p < o) mentioned above.
In the case L, we have already seen that || T |||, < oo implies
the complete continuity of 72. There remains a gap to bridge.
e.g. for those spaces Ly with @(u) behaving like ulogu for
large u. We shall prove:

THEOREM A. If there exists a constant M such that ®(2u) < MP(u)
for all u =0 and if || T ||p < oo, then T? is completely continuous
(on Lg into Lg).

Let T'(x, y) € L 5y and consider the integral equation Tf—Af=¢

in the space Lg. If 25 0 is in the resolvent set of T, that is if
T — AI (I is the identical transformation) has a bounded inverse
R; = (T — AI)™* with domain Lg, then
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Tf— =g =R
The set of transformations R; where A runs through the resolvent
set of T is called the resolvent of 7. In most of the classical
treatises on integral equations a somewhat different terminology
may be found. Writing first Tf — Af = g for 4 # 0 as

f—A1Tf =—2A"1g and then putting A-'!=pu and —1i71g =
—ug =g, we find f—uTf=g;,. The transformation H; is
now introduced by R; = — A1 — A2H; = —ul — u®H, so
that f = Ryg = — pg — pu?H;g = g + pH,g,. Hence

|—uTf =g, [ =8 + pHg.
It may be asked now whether it follows from T'(z, y) € L4y that
Hj is also an integral transformation with kernel H)(, y) € Lgy-

Should this be so, we could call Hy(z, y) in accordance with the
classical custom the resolvent kernel of the integral equation.
The answer however is still rather unsatisfactory. Roughly stated
we can prove only that H)(z, y) € Lgy for large values of | 2]

If however || T™ || < oo for a positive integer » we can show
the following statement to hold:
TueOREM B. Let O(2u) < MP(u) for all u =20, T(2,y) € Lgy

and || T" ||p < o0 for an integer n = 1. Then, if A # 0 is not
in the pointspectrum of T, H, is an integral transformation with
kernel Hj(z, y) € Lgy, and

Hy(z,y) =T (2, y)+ puTo(x,y)+ ... +p" 2T,y (2, y) + pu"K;(z, y)

where || K || < o0. The functions T ,(z,y), p=1,2,..., are
here the kernels of T®. In particular || T || < co implies
Il By llg < oo.

The next question to be answered is what conditions are suf-
ficient to ensure that Hj(z, y) be the quotient of two power series
in 4 = A7, the coefficients of these series being the well-known
Fredholm determinant expressions. For the L,-case Carleman
proved in 1921 [10] that || T |||; < oo is sufficient. Smithies in
1944 [11] gave a considerably simpler proof. For the L -case
(1 < p < o) Nikovi¢ in 1948 [12] announced the result that

. ” a/p -lllq .
Il T ||, < oo together with gg | T(, y) | dw) dyl "< oo is
sufficient. All methods of proof are based on the approximation
of T(z, y) by continuous or degenerate kernels. We shall state,
and prove, a result which includes all these cases. For this pur-
pose it is necessary to introduce for a measurable T'(z, y) besides
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Il T llp the number |7 [|5* by
1715 = I 7% lly T y) = T(g, @)

Then we have:

TrEOREM C. Let D(2u) =< MP(u) for all u =0, || T || <
and || T ||g° < . Then, if A # 0 is not in the pointspectrum
of T, we have Hy(, y)—Hj (@, y)/3(u) where Hy(, y)=Z2 H (@, y )"
and 8(u) =1+ 27 8,u" The coefficients 8, and H,(z, y) are the
(modified) Fredholm expressions. Both series converge for all u,
the series for Hy(x, y) almost everywhere in A X A. This last series
even converges relative to the norm ||| . ||| 5.

Our proof will be free of approximation methods. That this is
possible is probably due to our first proving Theorem B.

The reader will have observed the importance of || T |||g for
the problems in question. An integral transformation T in L,(4)
satisfying || T ||, < oo was called of ,,finite norm” by Stone
([18], p. 66) and Smithies [11]. By considering the L -case for
p # 2 it is seen however that ||| T ||, is essentially a double norm.
We shall therefore call || T ||| the double-norm of T relative to
Ly, and an integral transformation T with || T [|p < co will
be said to be of finite double-norm relative to Lg. This has the
additional advantage of avoiding confusion with the ordinary
norm || T || of T. A transformation T for which || T || < oo,
Il T llg® < co will be called completely of finite double-norm

relative to L. Note that for Ly = Lywehave || T ||g = || T ||3°

so that in this case any transformation of finite double-norm is
also completely of finite double-norm.

In § 2 we shall list some properties of Orlicz spaces and prove
Theorem A. In § 8 kernels belonging to L gy, are considered, and

in § 4 we introduce the Banach space of all kernels of finite
double-norm. Theorem B will be proved in § 5. In § 6 the main
properties of an abstract completely continuous linear transfor-
mation are listed, and this makes it possible to prove our principal
theorem, Theorem C, in § 7. Finally, in § 8, we show that under
somewhat stronger hypotheses the expansions for the resolvent
kernel converge uniformly.

§ 2. Properties of Orlicz spaces and the proof of Theorem A.

We suppose that @(u) and ¥(v) are complementary in the sense
described in the introduction and that Lg(4), Ly(A4) are the
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corresponding complementary Orlicz spaces. We list here some
properties of these spaces. For the proofs we refer to [7] and [6].
1. Ly and Ly are complete Banach spaces with norms

I/ llg and | f lly respectively.
2. If feLy,then fe Ly and ||/|{q)§f<p|f|dw+ 1. Fur-
4

thermore | f [ig = 0 if and only if f(z) = 0 almost everywhere
in A. Similarly for L.

8. If feLy and | fllg # 0, then I@[|f|/l|f!l¢]dw<1
Similarly for L.
4%, There exists a positive p such that ¥(p) < 1.

f |fg| dz =< ||/l Il g lly for measurable f and g.
A

6%, If f is measurable on 4 and fg is summable over 4 for
every g e Ly, then fe L. In the same way ge Ly if fg is sum-

mable over 4 for every fe L;,.

In case ®(u) satisfies the additional condition that there
exists a constant M such that &(2u) =< M®(u) for all v = 0,
the following extra properties hold (proofs in [7] and [9]):

7% Lg and L;, (but not necessarily Ly, and L’;,) contain

the same functions.
80, If there exists a non-negative integer ! such that

M? f ®|f|de <1, then ||fllp < 2/2. In particular, if

nmf(p | fa| dz = 0, then lim || f, |l = O.
a4

9%. L4 is separable. More precisely, the set of all rational
simple functions is dense in Lg. A rational simple function is
a finite linear combination with rational complex coefficients of
functions g,(z), each g,(x) being the characteristic function of a
rational bounded interval.

10%. Every bounded linear functional g*(f) in L is of the form

= f f(z)g(a)da

with g(z) e Ly and [ g(z ||q,/2 < llg* Il = llg(@) lp- It follows
that g* <> g(z) is a one-to-one correspondence between (Lg)*
and Ly which preserves addition and multiplication by complex
numbers.
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The measure of the measurable set X C R,, will be denoted
by m(X).
DEeFINITION. If f(z) is defined on 4 and X C A, then the
function fy = f(z)x is defined by
{ f (z), zeX,
Ix =

0 elsewhere in A.

LeEMMmA 1. If p > 0 is such that ¥(p) =1 (such a p exists by
4%) and X is a measurable bounded subset of A, then

[1#]de < p7m(X) + 1) || f+ llg-

Proor. Using 5° and 2° we find

[Ilde=[1p71|pde < 15 fxllg Ip)x lly <

P Il fx g [ #(p)dz 4-1) < p7m(X) +1) Il fx llgr

LemMMA 2. Let ®(2u) =< MP(u) for all w = 0, and let all f(x)

of the set {f} belong to Ly, and hence to L& by 7% We furthermore
suppose that to each n > O there is assigned a number t(n) > 0

such that for all f € {f} we have Iq) | 7] dz < 7 if only m(X) <.
X

Moreover, in the case that A is unbounded, we assume that for each
n >0 there exists a bounded subinterval E, CA such that

f @D|f|de <n for all fe{f}. The set functions f(D | /| dz are
A-Ey x
therefore uniformly absolutely continuous.

Then, if € > 0 is given, there exists a number 6(¢) and (if 4 is
unbounded) there also exists a bounded subinterval A, C A such
that for all f € {f} we have || fx |l < € if only m(X) < 6, und also
1 fg_4,lp <& Furthermore there is a constant A such that
1 llp =4 for all feff}.

Proor. If ¢ > 0 is given we choose the positive integer ! such
that 2/2' < e. Then take n = M~" and determine (). This 77)
may be chosen as d(¢). Indeed, if m(X) < d(e) = 7(n) then

J‘leﬂ de <n = M, hence |fyllp = 2/2'<e by 8% Similarly
X
the interval E, may be taken as 4,.

Now take = 1 in the hypothesis. Then there exists a bounded

set £, CA such that J.(D | f| dz <1 for all fe{f}, Now deter-
A-E,
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mine N such that E; may be covered by N sets of measure smaller
than 7(1). Then [®|f|de <N for all fe{f}. This yields

E,
f¢|f|dw<N+1; hence ||fllp <N +2 =24 for all fe{f}
4

by 2°.

The proof of Theorem A rests essentially upon the theorem
which follows now.

THEOREM 1. Let ®(2u) < M®(u) for all u = 0, and let the set
{f} of functions f(x) e Ly have the property that the set functions

f@ | /| dz are uniformly absolutely continuous as defined above.
X

Then this set {f} is sequentially weakly compact, that is, it contains
a sequence f, converging weakly to a function f, € L 5; expressed as
a formula

lim j f.gdx = f fogdz
Vil Vi

for every g e Ly.

Proor. Let A4, d(¢), 4, have the same meaning as in Lemma 2,
and consider the set of all bounded linear functionals f*(g) =

f fgdz in Ly where f runs through {f}. Obviously | f*(g)| <
a4

17 llpllglly = Allglly for all f* in this set.

We now let g(z) run through the characteristic functions of
all bounded rational intervals 4, C 4; the set of these g(z) is
countable and each g(z) e Ly. Then, on account of the diagonal

process, there exists a sequence f,e{f} such that J. fagdx =
a4

f f.dz converges for every A4,. This implies that .f f.dz converges
a, z
for every 2 which is a finite sum of non-overlapping 4,.

It follows that f:(g) = f fngdx converges for every g(x) which is a rational

4
simple function. If now ¥(2v) < M,%(v) for all v = 0, the set of all rational simple
functions is dense in Ly by 9°, hence f:(g) convergent for every ge L. The limit

f;' (g) is again a bounded linear functional in Ly so that f: 8) = j f.gdz with

4
foe Lg by 10°. This completes the proof for this special case. Observe that the

uniform absolute continuity has not been used but only ||fllp = 4.

Let the set O C 4 be open and bounded, and let ¢ > 0 be given.
Then there exists a set 2 C O of the kind above with m(0 — 2) <
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é(¢). Hence, using Lemma 1,

|[ Go—twae| <[]+ [1 fu—tulde =

o X o0-z

|[|+ 27 m O + )1t —fno_zle < | [ |+ 2(m(0) + 1)
z z

which shows that J. f.dz converges. In a similar way we find that
)

I f.dz converges for every bounded measurable X C 4.

x

Assume now that the measurable set 4, CA4 is bounded.
For X C A, we define F(X) = lim j fodz. Then F(Z'X,) =
b's

ZP F(X,) for sets X, no two of which have common points. Fur-
thermore m(X) < 8(¢) implies Uf,,da:l =pH04+1) || (f)x llo <
x

p~1(6 + 1)e, hence lim F(X) = 0 for lim m(X) = 0. It follows
that the set function F(X) on 4, is additive and absolutely con-
tinuous, so that, by the Radon-Nikodym Theorem (cf. [14],
Ch. 1, § 14),

lim [ ,dz = F(X) = [foda,

where f, is summable over 4,. Since 4 = 24, where all 4,
are measurable, bounded and non-overlapping, we may extend

fo(z) on the whole set 4 in such a way that lim f fodze = J- fodz for
X bs
every bounded measurable set X C 4. Then also limf (fn—1o)gdz=0
4

for every simple function g(z) (a simple function assumes only
a finite set of values and vanishes outside a bounded interval).

Next, let g(z) be measurable, essentially bounded (hence
llglle <o) and vanishing outside a bounded interval 4,C A.
We may assume g(z) = 0 without loss of generality. There exists
a sequence of simple functions g.(z) with g(z) = g,(z) =0,
g(z) = lim g,(z) and all g,(2) vanishing outside 4,. Furthermore,

if £ > 0 is given, there exists a positive §’(¢) such that J. |fo|dz<e
X

if only m(X) < d8’(¢), X C 4,. Take 6" = min [d(¢), ¢'(¢)]. Then
Egoroff’s Theorem guarantees the existence of an index N(¢) and
aset Q C 4, with m(Q) < é” and | g,(z) — g(z) | < eforn =N,
xzed, — Q. Hence
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f<f~fo)<g gN)dw|—|f|<2ugnwf|f, foldx+ef|f, folda

4,-0

g2ngnw{e+flf'~|dw}+e{flfoldw + [ Ilda}
Q a4, 4,

<2llglla {&+ P38 + 1)} +e{ [| folde + o (m(4) +1)4 },

4,

and this shows that limf f:gdzx = I fogdx.
a4 a4

By 4, we shall denote the interval [—n, n; —n, n; . . .; —n, n]
(n=1,2 ...) in R,. Supposing that g(z)e¢Lyp we define
g.(z) (m=1,2,...) by

_Jlg@) /sgnf(w), |g@)| =m, zed .4,
g(2) = {I | ’ elsewhere in A.

Then g,(z)fo(z) = | ga()fo(2)|, lim|g, ()| =|g(z)| and ||g, [y =
g lly on account of | g,(z)| < |g(x)|. Furthermore, since g,(z)

is bounded and vanishing outside 4,,, fg,, fodz = lim, J. g.f.dx
a4

with |[ g.fide| < £, lp g Iy < 4 1€ Iy, hence [g.fode <
a4 4

A g lly for all n. It follows by Fatou’s Theorem that

f{gfo| dz < lim infj'|g,,/o| de = lim inf [ g,fodz < 41¢ g,
a4 a4 a4

which shows on account of 6° that f,e Lg.

It remains to prove that lim f (f;— fo)gdz = 0 for every
a4
g e Ly. Let first g(z) = 0 outside a bounded interval 4,, and
define g,(z) (n=1,2,...) by

g(z), I gz)| =m, zed. 4,
0 elsewhere in 4.

gn(w) = {

Then |g.(z)| <|g(2)|, g(z) =limg,(z) and | g, Iy < I2llp-
If £ > 0 is given, there exists a positive d,(¢) such that || (fo)x llp <&
if only m(X) < 6,(¢), X C 4,. Take 6, = min [d(¢), J,(¢)]. Then
Egoroff’s Theorem guarantees the existence- of a set Q C 4, and
an index N(e) such that m(Q) <4, and |g,(z) —g(z)| < e
for n = N, e 4, — Q. Hence
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| j (fe—folg—en)dz| < 2l gy Il (i—fodo Ip+e f | fi—to|de

-Q
<2lglyfe+e) +e{f|fo|dw+p-l(m<Al) +1)a},

which shows that lim I  — fo)gdw = 0 for this g(z).
a4

Let now g € Ly without any restriction. If ¢ > 0 is given there
exists a bounded interval A¥ such that | (f,) 44t lp < & Let

Q be a bounded interval which contains 4, and A4¥. Then
| (fs—o)g_llg < 22 forall f,, hence | [ (f,—fo)gda| < 2e lig -

4-0
Since lim f (f: — fo)gdz = 0 we finally find

¢ llmff‘gdw = jfogdm.
a4 Vi |

This completes the proof. Observe that the existence of the inter-
val 4, has only been used in the last lines.

THEOREM A. If ®(2u) < M®P(u) for all w = 0 and if the linear
integral transformation T with kernel T (x, y) satisfies || T ||| < o,
then T* is completely continuous on Ly into Lg; that is, if {f} is a
bounded set of functions f(z) € Lg, then {T%f} is sequentially com-
pact. This means that {T?f} contains a sequence converging according
to the Lg-norm.

Proor. Let ||f|lp = B for all fe{f}. For any feLg and for

almost every # e 4 we have
| k@) | = | [ T@ y)i)dy | < 1 T.0) Iy 11,
a4

hence ||k |lg = || T ||g Il f llg- This shows already that T is a
bounded transformation. Note in particular that || Tf s <
B|| T ||p for all fe{f}. Let now t,,;(z) be a measurable majorant
of || T.(y) lly such that || £, |l < . A majorant of this kind

exists since || T ||g < . Then, on account of 7° also
J- @ | Bty (#) | de < 0. It follows that to each # > 0 there are

a551gned a number 7(n) > 0 and a bounded subinterval E,C A4
such that f @ | Bly,i | dz < 7 if only m(X) <7 and such that

f¢] Bt . | dx < n. But, since for any h =T}, f € {f}, we have

4-E,
| h(w)l = ”f “qj tmaj(w) =B tmaj(m)’
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this implies f@l h|dz <n and f¢]h|dw<n for m(X) <.
4-Ey X

Theorem 1 is therefore applicable on the set {A}; there exists a

sequence h,(z) = Tf,(z) and there exists a function hy(z)e Ly

such that

lim [ b (y)g(y)dy = [ holy)e(y)dy
A4 4

for every g ¢ Ly. Since T (2, y) € Ly as a function of y for almost
every z € 4 we may take g(y) = T(x, y) for these values of ,
hence

lim k(@) = lim [T(e, y)h,(y)dy = [ T(x, y)ho(y)dy = ko(e)
a4 4

or lim | k,(z) — ko(z) | = O almost everywhere in 4. Then, D (u)
being continuous, also

(1) lim @ | k,(z) — ko(z) | =0

almost everywhere in A. Furthermore |k, (z) — ko(z)| =
lha—hollg | To(®) lhy = (B T lllg + Il o llp) tmaj (@) = q(),
where ¢(z) € Lg. This implies

(2) ®|k,—k|=®|q|, [®|q]dz < oo.
4

In view of (1) and (2) Lebesgue’s well-known theorem yields now
limf(bl k,—ky| dz = 0, hence by 8°
a4

lim || k, — ko o = 0.
But k, = Th, = T2f,, so that the sequence T3%f,, f, € {f}, con-
verges in Lg to a function k, € Lg. This was to be proved.

If ¥(2v) < M,¥(v) for all v = 0, the set {f} itself already contains a weakly
converging sequence f,, so that in this case the sequence Tf, converges. This
shows that now T itself is completely continuous (cf. [9]).

§ 3. Integral transformations with kernels belonging to
Lgy and their resolvents.
We repeat the definitions of Loy and || T ||pyp-

DEFINITION. Loy is the class of all T(x,y), measurable on
4 X A, having the property that T(z, y)f(y)g(x) is summable over
4 X A for all feLp, geLy.

DEeFiNITION. If T (2, ) %5 measurable on A X A, then || T gy =

Lub. [| T(z y)f(y)e(@)|dady for [@|f|dy <1, [¥|g|dz<1.
4 4 4 a4
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TurorEM 2. T(2, y) e Low if and only if f | T (2 y)f(y)|dy € L
for every fe Lg.

Proor. Follows immediately from 6° and 5°.

THEOREM 3. If T(z, y) € Loy, then the integral transformation
T with kernel T (z, y) is bounded on Ly, into Lg. Similarly T, with
kernel | T(x, y) | is bounded on Lg into Ly We have

ITI=IT, I =T llgy =21 T, |-

Proor. Since T(z, y)f(y)g(z) is summable over 4 X A for all

Je€Lgp, g e Ly, it follows from 6° that J'T(a:, y)f(y)dy € Lp. The

a4
integral transformation T with domain L4 has therefore its range

in Lg as well. Similarly fT(w, y)g(z)dzx € Ly for g e Ly.
a4

We shall prove now that T is closed, that is, supposing that
lim | f,—fllg =0, lim || Tf, —k || = 0, we shall prove that
k = Tf. Indeed, for every g e Ly we have

[kgdz =lim [ ([ T(2, y)t.(y) dy) () dz
a4 4 4
=1lim [ 1,(y) ([ T(2, y)g(z) dz) dy
a4 4

= [1) ([ T(@ y)a(@)dz) dy = [ ( [ T(2, y)f(y)dy)e(@)da,
4 a4 a4 4

hence k& = Tf. But a closed linear transformation, having a com-
plete Banach space as its domain is bounded (cf. [1], p. 41 or
[15], p. 80). Hence T is bounded. Similarly, since T(z, y) € Loy
if and only if | T(2,y)| ¢ Low, the transformation T, with
kernel | T(z, y) | is bounded.

For feLg we write h(z) = TH(z), k(z) = T,| f(z)|. In view

of | [ T(@ y)fw)dy| < [| T(@ y)| .| ()| dy we find | h@)| < (),
a4 a4

hence || Tf [lg < || T,| f| |- Observing that f and | f| have the
same Lg-norm, we obtain | T || = || T, |.
If ¢ > 0 is given there exist two functions fe Lp and ge Ly,

satisfying || f l = 1 and J. Y| g|dz <1 such that
a4

I Tall—e <|[ | Ty | H)e)dedy|.
a4%x4
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But | f|lp = 1 implies fdil f|dy =1 by 89 hence
a4

1T, ll—e < [| T(2, y)®)e() | dedy < || T || -
a4xA4

On the other hand, if J-¢|f| dy <1, f?[’]gldw <1, we have
a4 4

Il 7 llp §f¢|/|dy+l < 2, so that
a4

[17@ y)wee) | dedy < | [| T@ v |y,
Ax4 a4

S IT.0- e =21 T, |,
hence || T ||gy =< 2 || T, ||. Collecting our results we have || T || =<
NT I ST gy <211 T, |l
CoroLLARY. T(2,y) e Loy if and only if || T |gy < .
ReEMARKS. 1% In the L,-case (1 <p=o0, 1/p +1/g=1),
defining || T ||,, by
I T]l,q = Lu.b. fl T(z, y)f(y)g(x)| dady for ||fI, <1, gl <1,

a4xA4
we find similarly [T | = | T, = T ||ye
20, If T(x,y)e Loy, the kernels T*(z,y) = T(y,z) and
| T*(z, y) | correspond with linear integral transformations T*
and TF which are bounded on Ly into Ly, and for which
IT* < ITZ 1= IT lgy =21 77 Il
THEOREM 4. || T |lgy = 0, | T, || =0, | T || =0 and T(z, y) =0
almost everywhere in A X A are four equivalent statements.
Proor. T(z,y) = 0 trivially implies | T [gy = 0. But
I T llgy =0 implies ||T,| =0 and this in its turn implies
II| T || = 0. It remains to prove that || T || = 0 implies T'(z, y) = 0.
Obviously || T || = 0 gives f T(2,y)f(y)g(x)dzdy=0forall feLgp,
a4x4
g ¢ Ly, hence f T(z, y)dxz dy = 0 where 4, and A4, are arbitrary
4,x4,
bounded subintervals of 4. Then however JT(w, y)dxdy =0
5

for every bounded measurable set S CA4 x 4, which implies
T(z,y)=o. .

THEOREM 5. If addition and multiplication by complex numbers
are defined in the natural way, the class Loy is a complete Banach
space with norm || T || gy
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Proor. We have only to prove that Lgy is complete. Let
therefore the sequence T,(z,y)elgy (n=1,2,...) with
lim || T,—T,, |lgy = 0 be given. We suppose first that 4 is
bounded. Then there exist positive numbers p and ¢ such that
m(4)D(p) =1 and m(4)¥(q) = 1, so that, taking f(y) = p and

g(z) = q, we have_[¢|/| dy <1 andf![’lgldw < 1. It follows
4 a4

that
lim [ | Tp(2, y) — (@, y) | dady = 0
ax4
for m, n — co, from which we infer by a well-known argument

that a subsequence T',(z, y) (k = m,, ny, . . .) converges pointwise
to a measurable function T'(z, y). Letting now in

[1(Ta— Ta(y)g(@) | dzdy <,

4x4
holding for m,n = N (), the index m run through the subsequence
k = n,, my, ..., Fatou’s Theorem yields
[H(Ta—T)f(y) g() | dedy <
4x4

for n = N(¢). Hence lim || T, — T ||y = 0. If 4 is an unbounded

interval, it is necessary to introduce an extra diagonalprocess
in order to-obtain the subsequence Ty(z, y).

THEOREM 6. If T,(z, y) and Ty(x,y), corresponding with the trans-
formations T, and T,, both belong to Loy, then Ty = T,T, has the

kernel Ty(z, y) = f Ty (z, 2)T4(2, y)dz belonging to Loy.
a4

Proor. It follows from our hypothesis that

[1T3@ 2| ([1Tate 9) | -1 1(9) | dy) d < Lo.
4

a4
for every fe Lgp, hence

[-| Ta(@, 2)Ts(z, 9)f(y)g() | dudy dz <
AxA4x4
for arbitrary fe Lp, g € Ly. For A, an arbitrary bounded subset
of A this gives f | Ty(x, 2)Ty(z, y) | dedy dz < oo, hence
A,x4,x4

f Ty(z, 2) Ty(z, y)de dy dz = f (I T, (2, 2) Ty(z, y)dz) dz dy,
4,xX4,x4 a4,x4, 4
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where Ty(z, y) = f T,(x, ) Ty(2, y)dz is measurable in 4,Xx4,,
4

and therefore in 4 X 4. It is now easily seen that T3 =T, T,
has T,(z, y) as its kernel and that

[1 Ts@ 9 t@) | dy < [ ([ | Tu@ 2) To(z 9) | d2) | /() | dy < Lo,
a4 4 4
hence Ty4(z, y) € Low.

CorOLLARY. If T has the kernel T(x, y) € Loy, all transforma-
tions T"(n = 2, 8, . . .) are integral transformations with the iterated

kernels T ,(z, y) = f T, (2, 2)T(2, y)dz € Low.
4

THEOREM 7. If T, and T, have kernels T,(z,y)e Loy and
Ty(z, y) € Loy, and T,,, T,, are the transformations with kernels
| Ta(@, y)| and | To(m, y)|, then |[(T1To),ll = 1 T1uToull =
| Tag Il - | Tog l. Im particular || (T"), | = | T, " (n =2, 8,...)
for T(z, y) € Low, and hence || T" |lgy = 21| T llgp-

Proor. We have only to prove that || (T,7,), || = | Ty, g, |I-
The transformation (7',T,), has the kernel I J' T, (z, 2)Ty(z, y)dzl =

a4

'H T,(w, 2) Ty(2, y) | dz which is the kernel of T, Ty, The rest

a4
of the proof is similar to that of | T || =< || T, | in Theorem 8.

THEOREM 8. Suppose that ®(2u) = MP(u) for all u = 0 and
that T (x, y) € Loy 1s.the kernel of T. Then, if g* e (Lgp)* is represen-
ted by g(z)e Ly according to 10° and T* is the adjoint of T (hence
(T*g*)(f) = g*(Tf) for all feLg, g*e(Lop)*), the functional
k* = T*g* is represented by

k(@) = [ T(y, 2)e(y)dy.
a4

Hence T* corresponds with the kernel T*(z,y) = T(y,z) of a
bounded transformation on Ly into Ly. If T, and T, have the
kernels T (z, y) e Loy and Ty(x, y) € Loy and if Ty = T,T,, then

T¥ corresponds with T¥(z, y) = T4y, z) = f T,(y, z) Ta(z, z) dz.
Proor. We have 4
k*(f) = (T*g*)(f) = g*(T}) =
| T4 o(@)ew) dedy = [ ([ T, 2)et) dy) H@)da,
a4x4 4 4
hence, since k(z) is uniquely determined,
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k(z) = [ T(y, 2)e(y)dy.
a4

The statement on T3 = (T,T,)* follows now immediately from
what we proved in Theorem 6 on T; = T,T,.

Let E be an abstract complete Banach space and T a bounded
linear transformation on E into E. By I we denote the identical
transformation and, provided the complex number A belongs to
the resolvent set of 7, the bounded linear transformation
(T — AI)™! is denoted by R;. The following two statements are
well-known:

If | A| > || T ||, then A belongs to the resolvent set of T and

Ry=—AT—22T—A37%—..,

where this series converges uniformly (that is, if S, is its n-th
partial sum, then lim,_,, || R;— S, | = 0).

If 2, (either > || T || or < || T || in absolute value) belongs
to the resolvent set of T, then all 1 in a sufficiently small neigh-
bourhood of 4, also belong to the resolvent set of T and, writing
Ry= (T —AI)', Ry= (T — AI)™%, we have

Ry=Ry+ (A—2)R2+ (A—2)*R3 + .. .,
where this series converges uniformly, certainly for | 1 —2,| <
Il Ry I

Both formulas are easily proved on multiplying by T — Al =
(T — AoI) — (A— AL

As in the introduction we define Hj for any A # 0 in thd"
resolvent set of T by R; =— A1 — A"2H;, hence H; =
— M —2Rj,and H; =T + A 1T2 + 1273 . .. for | 4| Il
Writing 4 = 12-! we have already seen in the introduction that
I + pHy = (I —pT)™

THEOREM 9. If A # 0 belongs to the resolvent set of T, then

(T—AI)Hy = H)(T — M) =— AT
or
H; = —ITR;= — AR,;T.
If T* is completely continuous for an integer n = 1, the same holds
for (Hy)"

If 2y # 0 belongs to the resolvent set of T and we write Hy = H,,

to = A3, u = A7, then

Hj = Hy + (u— po)Hg + (p— po)*Hy + . ...
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uniformly for all A in a sufficiently small neighbourhood of A,
certainly for | p— po| < || Hy [

Proor. The first statement follows immediately from the
definition of H;. The second statement follows from (H,)" =

(— A)"R3T™.

For | u— po| < || Ho || the series X3 = Hy + (p— po)Hi + . ..
obviously converges uniformly. Since (uT —I)H; = —T, we
find

(T —1) X3 = (ue T—1I) Z (n — po)* Hg*
+ (e —po) T 25 (1 — po)* Hg*' =
— T X9 (n—po)  He + T ZP (u—po)*Hg = — T
or X; =H,.

We return to the space Lgp.

THEOREM 10. If T has the kernel Tz, y) € Loy and | 2| > || T, ||
(so that A belongs to the resolvent set of T on account of ||T,|| = ||T ||),
then H; is an integral transformation with kernel H;(z, y) ¢ Low.
The series

T(x,y) + 21 Ty(z, y) + A2 T4z, y) + . . -

(Neumann series) converges pointwise to H,(x,y) almost every-
where in 4 X A.

Proo¥. Since | 2| > || T, | 2 || T ||, we have Hy = T 4 A~1T?
+ A-273 4 ... uniformly, and the partial sums of this series are
integral transformations with kernels belonging to Lgy. The series
Z| A= || T, ||*** also converges. From

| 53 AnTm4Y ||y < 52| 2] || T gy <
20| A= | (T™), || < 258 4] || T, I+

(cf. Theorem 3 and Theorem 7) follows then that the series for
Hj converges in Lgy. The completeness of the space Lgy guaran-
tees now that Hj has a kernel H;(z, y) € Loy.

The convergence of 2§ || A=" T+ || 5y, implies that

z f | Thya(@, y) A | dedy < o for every bounded interval
A4,x4,
4,CA4, hence X| T, (z,y)A"| < oo almost everywhere in
4, x A,. Tt follows that Xy A—"T,.,(», y) converges almost every-
where in 4 X 4. That its sum function is H;(z, y) may be seen
by applying Fatou’s Theorem as in Theorem 5.
REMARK. If &(2u) < MP(u) for all w =0, so that the adjoint
transformation T* corresponds by Theorem 8 with the kernel
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T(y, ), the transformation H} in (Lp)*, defined by (T*—Al)' =
— A-] — A~2H}Y, corresponds with the kernel H; (y, ). We have
used here that 2 is in the resolvent set of T* if and only if 1 is
in the resolvent set of T.

THEOREM 11. If T has the kernel T (z, y) € Loy and if A,, belonging
to the resolvent set of T, has the property that Hy, = H; 1is an
integral transformation with kernel Hy(x, y) € Loy, then Hj is
an integral transformation with kernel H;(x,y) e Loy for all A
satisfying | A7t — 51 | < || (H,), I

Proor. For | A1— 5| < || (Hy), It we have
2| 2t — 25 ¥ |l (Ho)s ¥ <0 and Hy = Z§ (A7t — A5h)* Hgt!
uniformly by Theorem 9. The desired result follows now in a
similar way as in the preceding theorem.

ReMARK. The series X (A-1— A51)*H .., (2, y) converges almost
everywhere in 4 X 4 to Hj(z,y). Proof as in the preceding
theorem.

It seems difficult to say more about the character of the trans-
formation H; without making additional hypotheses. Our next
theorem will show that under certain conditions H} is an integral
transformation with kernel H,(z, y) for every 4 s 0 in the resol-
vent set of 7. It will not follow from our proof however that this
H;(z, y), as a function on 4 X 4, is measurable and hence even
less that H;(z, y) € Low.

THEOREM 12. Let D(2u) S MD(u) for allu =0 and T (z, y) € Low.
Let furthermore T (z, y) = T .(y) € Ly for almost every x € A. Then,
if A # 0 belongs to the resolvent set of T, there exists a function
Hj(z, y), belonging to Ly as a function of y for almost every x € 4,
such that g = H,f is given by

g(z) = [ Hyw, y) f(y) dy.
Vi |

Proor. Note first that T(z, y) €e Loy does not always imply
T.(y) e Ly. If Ly is the Lebesgue space L, we have an example
in T(z,y)=|e—y[™* 12« <L '

By hypothesis T(z, y) = T,(y) € Ly for all z e 4 — E, where
E, is of measure zero. Using now the one-to-one correspondence
between all functionals g* € (Lg)* and all functions g(z) e Ly we
apply the transformation — ).RI to T,(y) e Ly, and we obtain
a function H,(z,y) = H, ,(y) e Ly for all xe 4 — E,. Hence
(—ARY)T,(y) = H; ,(y). Then, if fe Lg is arbitrary, we have for
zed—E,
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[ Bz, y) f(y) dy = {(— AR}) T (y)} |
4

= {T.()} (— ARy f) = [ T(=, y) h(y)dy,
A .

where we have written h = — AR;f. But evidently ke Ly, so
that g(z) = f T(xz,y)h(y)dye Lp as well. Since g(z) and
a4

J. H;(z, y)f(y)dy are identical for 2e¢ 4 — E, we may say there-
4
fore that

[ Hy@, 9)1(y)dy = g(a) = Th = T(— ARyf) = — ATR;f = Hyf.
a4

This completes the proof.

Remark. If in particular 4| > || T, || it is to be expected
that the function H;(z, y) in the present theorem is identical
almost everywhere in 4 X 4 with the function Hj(z, y) found
in Theorem 10. To show that this is true denote for a moment
the H;(z, y) of the present theorem by Kj;(z, y). Then

.[(J.{Hl_Kl}f(y)dy)g(w)dm =0
4 4

for all fe Lp, g € Ly. Note that it is not permitted to replace
this repeated integral by a double integral because we do not
know that H,(z, y) is measurable. It follows that for arbitrary
bounded subintervals 4, and 4, of 4

I(j{Hl_KA}dy)dw = 0.

4, A4,
Keeping first 4, fixed this implies j {H;—K;} dy = 0 for almost
. Ag
every x € A. The set of exceptional # however may depend on 4,.
Nevertheless, observing that the set of all rational 4, is countable,
we may say that for almost every z e 4

[tH,— K dy = o
4,

for all rational A4, simultaneously, and this is sufficient for
drawing the conclusion that H; — K; = 0 almost everywhere in
a4 % A.
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§ 4. The space Dg of all kernels of finite double-norm.

Suppose that T'(z, y) is measurable in 4 x 4. For the definition
of the double-norm ||| T ||| of T(, y) relative to the Orlicz space
Lg we refer to the introduction.

TueorEM 18. If T(z, y) is measurable, then || T |lpy < || T [lgp-
Hence, if T(x,y) is of finite double-norm (|| T ||, < ), then
T(z, y)e Loy.

Proor. For f(b | /| dy =1 we have

a4

[1T@9)1@)| dy < 1| Ta(®) Iy = tuaj (@),
a4

where #,,;(z) is an arbitrary measurable majorant of i(z) =
Il T,(y) llp- Hence, provided also fT[ glde <1,
a4

[ 1T@y) 1) e@) | dedy < [| tai(2) 8(@) | d2 < [l tma; llg-
a4x4 4
Since this holds for all ¢,,,;(z), we find || T llgp = ||| T |||p-

DEFiniTION. The class Dy, is the class of all measurable T (z, y)
satisfying || T ||p < co.

THEOREM 14. For elements T, T,, T, of Dg we have

leT llg =[«|-NlTllg for all complez a,
T+ Telle =l Tallg + Il T2 llg

Il T|llg =0 if and only if T(x, y) =0 almost everywhere in A X A.

Proor. Trivial.

THEOREM 15. The class Dg is a complete Banach space with norm
I Tl

Proor. We have only to prove that Dg is complete. For this
purpose let the sequence T ,(z,y)eDgp (n=1,2,...) with
lim || T, —T, || = 0 be given. Since this implies T ,(z, y) ¢« Low
and lim || T, — T, |lgy = O, there exists a subsequence T(z, y)
(k = ny, ny, . ..) converging almost everywhere in 4 X 4 to a
measurable T(z, y) (cf. the proof of Theorem 5). Hence for n
fixed, by Fatou’s Theorem,

[1T@y)— T y) || Hy) | dy
a4
< liminf [ | Ty(@,y) — Tu(z,9) | - | f(y) | dy
a4

for almost every z e 4, where k runs through n,, n, ... and
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f € L. If in particular [ @|f|dy <1, the integral on the right
a4

does not exceed || Ty(z, y) — T (2, y) |ly, hence
dz) = T(@ y) — Ta(@, y) llp
< liminf || Ty(z, y) — T (2, y) llp = lim inf d,(z).
Let now m,(xz) be a measurable majorant of d,(z) (k= n,,

Ny, . ..). Then m(z) = lim inf m,(z) is a measurable majorant
of d(x). The majorants m,(z) may be chosen so that

lmy(z) llg < 2| Te— Ta||@- For fT| g| dz <1 we have now
a4

j m(z)|g(x)|dz= f lim inf m,(2) | g(2) |dz < lim inf f my(z)|g(z)|de
4 4 Y]

< liminf || m; lp S liminf2 || T, — T, ||
hence ||m (g <liminf2 || T, — T, ||p, so that certainly
I T—T,llg =liminf2 || T, — T, |lo

This shows that ||| T — T, || tends to zero as n — oo.

TueoREM 16. If T(z, y) € Dg, S(z,y) e Loy and V = TS, then
V(z, y) e D and

NV llg=UTlglsS lop-

In particular, if T, and T, e D, then T Ty e Dg and || TT, || =
N T1llg ll Tellg: If T € D, then [ T* [l = (I T [l (n=1, 2, ...).

Proor. We observe first that the transformation with kernel

S(y, z) is bounded on Ly into Ly by Theorem 6, Remark, and
that its bound does not exceed || S [|gy- Since both T'(z, y) and

S(z, y) belong to Ly, the transformation ¥V = TS is an integral
transformation with kernel V(z,y) = f T(z, 2)S(2, y)dz € Loy
a4

by Theorem 6. Then V, (y) = V(z,y) = f S(2, y) To(z)dz for
a4

almost every xed. Hence, by what we have observed,
1Va) g = | S gy I| T2(y) llp for these values of z. This im-

plies [ Vilg = [l T llg I'S gy

Before proceeding we recall the definition of || T ||5¥. We
have || T ||3Y = || T* ||, where T*(z, y) = T(y, z). We shall
say that T'(w, y) is inversely of finite double-norm if || T [|" < co.
In this case T*(z, y) € Lyp, hence T(z, y) ¢ Low.
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THEOREM 17. Suppose that T, € Dg and that T, is inversely of
finite double-norm. Then, defining the trace ©(T,T,) of T,T, by

W(T1Ty) = [ Tu(@, y) Toly, z) dody,
a4x4

| 2Ty Te) | < 1 Tu lll g Nl T2 13-
Proor. We have

fl Ty(2, y) Ta(y, @) | dy < | T1(x, y) g | To(y, ) llg < my(z) my(),
4

we have

where m,(z) and my(z) are measurable majorants. Hence

| €(TyTy) | < [ ma(@) ma(z) dz < [l my g, 1l my Ny
Y|

for all m,, m,, which implies | =(T\T,)| =< || Ty |l Il T2 ”|$v
CoroLLARy. If S € Dg and T is inversely of finite double-norm,
then V = ST € Dg (cf. Theorem 16) has a finite trace ©(V) and

the kernel V(z, 3) = j S(z, y)T (y, 2)dy satisfies
a4
|2(V) | =| [V 22| < ISl o I T lI5"-
a4

If moreover S = X7 S; where all S; belong to Dg and if the series
converges in double-norm (that is, lim ||| S — ZTS,||p =0 for
n— ), then ©(ST) = X ©(S,T).

§ 5. The proof of Theorem B.

In the present paragraph we shall have to deal with a bounded
linear transformation T on a Banach space E into the same
space E. This transformation T will have the property that one
of its iterates T" (n =1, 2,...) is completely continuous. The
spectral properties of a transformation T of this kind will be listed
more extensively in the next paragraph but for our present
purpose it will be sufficient to know that every complex number
A 5 0 is either in the point spectrum or in the resolvent set of T,
and that the point spectrum is either empty, finite or countable.
In this latter case the points of the point spectrum tend to 4 =0.
We recall that 2 is in the resolvent set of the adjoint transfor-
mation T* if and only if 4 is in the resolvent set of T.

THEOREM B. Let ®(2u) < MP(u) for all u = 0, T(z, y) € Loy
and || T" ||| < o for an integer n = 1. Then, if i # 0 is not
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in the point spectrum of T, the transformation H; (defined as
before) is an integral transformation with kernel H;(», y) €« Loy, and

Hy(z,y) = T(2,y) + A1 Ty(x, y) + . ..
+ AT, (2, y) + A" VK (2, y)

where || K; |lg < . The functions T (z,y) (p=2,8,...) are
here the kernels of T®. In particular || T ||p < co implies
Il 5 llg < oo

Proor. Since || T"||p < © and @D(2u) < MP(u) for all
u = 0 it follows from Theorem A that 72" is completely con-
tinuous on Ly into Lg. The transformation T has therefore
the spectral properties described above. In particular any 4 # 0
not in the point spectrum of T is in the resolvent set of T so that
H; may be defined again by (T —AI)?=— 111 — A2H,.
Writing Hy =T + A1T2 4 ... 4 A1 4 -V K, a
direct computation shows immediately that

(T — AIK; = K3(T — AI) = — AT,

The rest of the proof will be divided into three parts.

1%, Suppose that we know already that H; is an integral trans-
formation with kernel Hj(z, y) € Loyw. Then, since T (z,y) and
all iterates T;(z, y) e Loy, the transformation K, has also a
kernel K;(z, y) € Lgyp. The relation K (T — AI) = — AT™ then
implies

| T(y, 2) Ki(z, y) dy — AK(z, @) = — AT, (3, @)
Y|

almost everywhere in 4 X A. But this shows that, for almost
every z e 4, the function f(z) = K;(z, ) is a solution of

| Ty, @)f@)dy — 4(2) = — AT (2, 2) = g(@).
a4

Observing that the adjoint transformation T* in (Lg)* corresponds
by Theorem 8 with the kernel T(y, z), and that — AT (3, z) =
g(z)e Ly so that g(z) corresponds with an element g*e(Lg)*, our last
equation is seen to be equivalent with the equation (T*— AI)f*=g*
in (Lp)*. Hence, 4 being in the resolvent set of 7%, we have
NI <URII-Ig* I <1 Ryll.llg* Il By § 2, 10° this implies

@) ly =20/ =201 Rz [l- llg* I = 2l Ry Il - Il g(z)

or

I K3z ) lhy = 21 Ry |l - | AT (=, @) llp = 21 ARy || - | Ta(z, ) [lpre
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It follows that
MK llg <20 ARy 1. [l T [l < oo.

2°. Since || K} llgy < || K; [l we find under the same extra
hypothesis as in 1° that

1 Hyllgy < I T llgy + | A7 1 T2 iy + - - -
+ [ A[FOPNT" Y gy + 2[ A~ DN AR, |- I T [l = F(A).
We furthermore recall that ||(Hy), || = || H, lgp by Theorem 3,

where (H,), is the transformation with kernel | Hy(z, y) |.

8%, Suppose that 4, # 0 is an arbitrary point in the resolvent
set of T. On account of the first part of the present proof we have
only to show that H, is an integral transformation with kernel
H,(z, y) € Lgw. By Theorem 10 we know already that for | 2* | >
| T, || the transformation Hj;s« has a kernel Hj.(z,y)e Loy.
Since there are at most a finite number of points 4 in the point
spectrum of T for which | 4| = | 4, |, we may join 4, by a straight
linesegment with a point 2* in | A*| > || T, || in such a way that
every point on this linesegment is in the revolvent set of T.
The expression F(A) in the second part of the present proof is
continuous on this linesegment (cf. the formula for R; in § 3);
it has therefore a finite non-negative maximum B on the segment.
If 1, is an arbitrary point on the segment we consider the open
set | A1 — 451 | < B! in the i-plane. Obviously we may cover
the closed segment from A* to 4, by a finite number of these sets
in such a way that A* is the centre of the first set, and that each
centre is in the interior of the preceding set. Suppose now that
¢ is the centre of one of these sets and that we know already that
H,= H,_ is an integral transformation with kernel Hy(2, y) ¢ Loy
Then || (Ho), || = | Hg llgyr = B by the second part of the present

proof and the definition of B. It follows now from Theorem 11
that H is an integral transformation with kernel H;(z, y) ¢ Loy
for all A satisfying | 21— 25| < || (H,), lI™*; hence, since
Bl < || (Hy), I, certainly for all Asatisfying | A1 — 45! | < B,
that is, for all 4 in the particular set around A, which we consider.
Since we know that Hj.(z, y) e Loy, a successive application of
this argument shows that H; is an integral transformation with
kernel H,(z, y) € Low.

REMARK. Observe the curious twist in the above proof. As we
already remarked in the introduction it is probably due to our
first establishing Theorem B that the proof of Theorem C may
be kept free of approximation methods.
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§ 6. Properties of a bounded linear transformation one of
whose iterates is completely continuous.

We consider an abstract complete Banach space E. By E* we
denote its adjoint space. Let T be a bounded linear transformation
on E into E with the property that T? is completely continuous
for a certain integer p = 1. It will be useful for what follows to
list here the most important spectral properties of a transfor-
mation of this kind. For the proofs we refer to Riesz [16], Schau-
der [17], Banach [1], Ch. X. § 2 and Zaanen [18].

We observe in the first place that the adjoint transformation
T* (on E* into E*) has the property that (T*)? = (T?)* is also
completely continuous. The complex number 4 is a characteristic
value of T whenever there exists an element f 7 0 satisfying
Tf = Af or, equivalently, (I' — AI)f = 0. The set of all f (with
f = 0 included) for which (T"— AI')f = 0 is a linear subspace of
E, the nullspace of T— A1, also called the characteristic space
of 1. The dimension of this space is called the geometric multi-
plicity of 4 for T. The set of all characteristic values of T is the
point spectrum of T. The set of all 4 such that T— Al has a
bounded inverse R; = (T — AI)~! with domain E is the resolvent
set of T.

a) Every A # 0 belongs either to the resolvent set of T (and
of T*) or to the point spectrum of T (and of T*). The point
spectrum is empty, finite or countable, and in this latter case
the points of the point spectrum tend to 4 = 0. Every charac-
teristic value 1 # 0 has the same finite geometric multiplicity
m, for T as for T*.

b) For any 1 # 0 the dimensions m, of the null spaces of
(T — A" (n=0,1,2,...)form a non-decreasing sequence with
my, = 0 and m; = 0 or m; > 0 according as A is in the resolvent
set or in the point spectrum of T. This sequence does not tend
to infinity because there exists an index » = »(4) such that
m, <m,,; for n <v whereas m, =m, < 0 for n =». The
dimension m,, is called the algebraic multiplicity of A for T. The
differences m,,;—m, (n=0,1,2,...) are non-increasing.
Denoting by m¥ the corresponding dimensions for T*, we have
my =m, for all n. Every 1 # 0 has therefore the same finite
algebraic multiplicity m, for T as for T*, and also the same finite
index.

¢) For any characteristic value 1, = 0 there exists a base
{fis - - -» fm,} of the null space M, of (T — A,)” which may be
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arranged into the following pattern

ho Fyas - -

foo Fyrar - -

for oo <+ o> Fmy

The total number of elements in the last n rows (n =1,...,%)
is m,, and the elements in these rows form a base of the null
space of (T — A I)". If f, and f,,, are in the same column, then
fisn = (T — 2pI)f,. In the same way there exists a base {gf, . . .,
g%} of the null space My of (T*— A,I)” which may be arranged
into an exactly congruent pattern and which has the same pro-
perties relative to the null spaces of (T* — A,I)" (n =1,...,%).
Numbering these gf thus that the first column contains g, . . ., g¥
from bottom to top, the second column gf,,,... (also from
bottom to top) and so on, the gf may be chosen thus that
g¥, = (T*— 2, I) gf for gf and gf, in the same column, and
g =205 (Li=1..,m,).
Here 6,;, =1 for ¢ =4 and d;; = 0 for 7 #~j.

d) Denoting for any A, = 0 with index » the null space of
(T — 2,I)” by M, and the linear set of all g = (T — 4,I)’f by
L, this set L, is a linear subspace and the whole space E is the
direct sum of M, and L,, that is, any f ¢ E has a unique decom-
position f =g + h, geL,, heM, Writing g = P,f, h = Pyf,
we have P, + Py, =1, P2 = P,, P% = P,. The transfor-
mations P; and P, are therefore projections. Since they are
closed they are bounded. P, is called the projection on L, along
M, and P,, in the projection on M, along L,. We have gf(P,f)=0
for all g¥ (i=1,...,m,). Writing Ty =TP,, T, =TPF,,
Ty — 41 is nilpotent on M, into M, (because (T, — AgI)"f = 0
for all f e M, provided n = »), whereas T, — 4,1 (on L, into L,)
has a bounded inverse R, (note that R, is only defined on L,).
For 4 # A, but in a sufficiently small neighbourhood of 4, we
have

— B
R — -1
A=y

where

—‘Bv—z “‘Bo
e R
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By = (T — 3I)*Py (k=0,1,...,v—1),
RyP,=RyP,+ (A—A)REP, + (A— A)* RSP, + ...

Using the above notations we prove two theorems.

THEOREM 18. Assume that each column of the diagram in c) is
completed by an infinite sequence of zeros below. Then the transfor-
mations B, = (T — A I)*Py, (k=0,1,...,v—1) satisfy

'Bif = Z72, gl (f) b
where h; is the element in the diagram which is in the same column
as f; but k rows below. In particular Byf = Pyf = X2, g¥(f)f.
and B, f = (T — I\ *Pyf = Z7" ™ ef(f)e; where e, and
e are the elements in the last rows of the {f}-diagram and the {g*}-
diagram respectively, ordered from left to right.

Proor. It is easily seen that Byf = P, f = 27" g¥(f)f;- Indeed,
since this is true for every feL, on account of gf(P.f)=0
and also for every f=/f, (¢=1,...,m,), it holds for every
f € E. Consider now B,= (T — 4,1 )*P,,. Observing that (T — 1,1)*
transforms every f; of the diagram into the element %, in the same
column but k£ rows below, we obtain the desired result. Note that
m,—m,,_, is the number of terms in the upper row of the diagram.

THEOREM 19. Denote by B, the sum of all terms with negative
powers of A— Ay in the expression for R; in d) above. Define
again Hy by R; = — A1 — A"*H; and write S; =T — H;.
Then, for A # Ay but | A— Ay | sufficiently small,

S;=T—H; =T—H;P, + APy, + A*By,
where T — H; P, may be expanded in terms of non-negative powers
of At— A5t

Proor. Observing that P, P, = O (the null transformation)
we conclude from the expression for R; that

H)Py = (— Al — 2*R;)Py, = — APy — A*By,
hence
S;=T—H;=T—H;P,—H;P,,=T—H;P;, + AP, + i*B,.
In order to find the expansion for T — H;P; we consider

T, =TP,. We have

| —A on M,
To—A _{T—H on L,.
For | A— 2, | sufficiently small (1 = 4, included) T — Al has a

bounded inverse on L,. For A # A, this inverse is R; and for
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A = 2y it is the transformation R, introduced in d) above. Hence

(Rp)y = (T, — AI) = {— FPy + RyPy, A+

'_'l_lPM—i‘RoPL, A=loo
For 1 # 2, this implies

(H)y=—A —3(Ry); = — Al + APy, — 2R, P, =
— AP, — 1*R; P, = H, P,.
Furthermore, since 4, is in the resolvent set of T, the transfor-
mation (H_); may be expanded in terms of non-negative powers

of 271 — 45! by Theorem 9. Denoting (H,); for 2= 1, by (H}),,
we find then

T—HyP, = T— (Hy)y =
T— (Hp)o— (A — ") (H ) — (A — 45" (Hp)o— - - -
This is the desired result. We shall however write the series ob-
tained in a slightly different form. From H; = — AR;T (cf.
Theorem 9) we conclude
Hy=—M—A—212%H))T = (I + A1Hy) T,
hence with T replaced by T,, n =2, 4 = A,

(Hp)y = (HL)g {I + 451 (Hy)o} Ty = {(HL)g™" + A7 (HL)g} Ty
Furthermore, keeping in mind the general relation S; = T—H; =
— A1H;T, we find

T—(Hp)o=TPy+ Tp— (Hp)o = TPy — A5 (Hp) Ty
The final result is therefore that
T—H; Py =TPy— (3 — 1) (Hy)o+ (A — 15" R (HL 3+ .. ] T,
— A [(Hp)o + (AP —25Y) (HL)g + (A1 — 25" (Ho)g + . - ] To

§ 7. The proof of Theorem C.

We suppose that the Banach space E of § 6 is the space Lgp(4),
where @(2u) < M®(u) for a constant M and all u = 0. If T is
an integral transformation with kernel T (z, y) satisfying
Il T |llg < oo the transformation T2 is completely continuous by
Theorem A, so that T has all properties mentioned in § 6. The
elements f,, . . ., f,, in the diagram are now functions f,(z), .. .,
fm,(z), all belonging to Lg, and the linear functionals gf), . . ., g
such that gf(f;) = d,, are represented by functions g;(z), ...,

&m,(2) belonging to Ly and such that f g:(z)f;(z) dz = é,;. Theorem
4
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18 shows that the transformations B, = (T —,I)*P,, (k=0,
1, ..., v—1) are integral transformations with kernels B(z, y) =
27 8:y)hi(z) where h,(z) is in the same (extended) column as

f{(x) but k rows below. Note that f By(z, z)dz = m, and
a4

fB,,(w,w)dw =0for k=1,..., »—1.

4

THEOREM 20. Suppose that ®(2u) < MP(u) for all w = 0, and
that T is completely of finite double-norm, hence || T || < oo,
Il T llg’ < co. Then, if Ay # O is a characteristic value of T with
algebraic multiplicity m,, A # 2y and | A — A, | sufficiently small,
the transformation S; = T — H; has a finite trace ©(S;) which
satisfies

©(Sa) = my(u — po) ™ + Zlooaln — o)y m= A7 po= A"

If Ay 5~ O is in the resolvent set of T the first term in the ex-
pansion vanishes.

Proor. Suppose first that 4, 0 is a characteristic value of T
with index » and algebraic multiplicity m,. Observing that
P,, = B, is an integral transformation with kernel By(z, y) =
= 2" f(x)8;(y), we see that T; =TP, =T — TP, has the
kernel T(z, y) — 27" g.(y) Tf,(z), so that T, is completely of
finite double-norm. It follows now from Theorem B that (H.),
is of finite double-norm for all 4 in the resolvent set of T;, in
particular for 2 = 4, and all 4 in a sufficiently small neighbour-
hood of A,. Hence || (H.), |lg < ©, and, by Theorem 16,
(HL: Nl = I (ELL)o 5. Tt follows that for | u—ue) < Il (el
the series 27" (u— po)*(H, )t and 27 (u— po)* (H. )i converge in
double-norm. These series are exactly those between the square
brackets in the expansion for T — H; P, in Theorem 19. Noting
that TP, has a finite trace, we find therefore by Theorem 17,
Corollary, that

oT — HyPp) = 2 o (e — po)*
By Theorem 19 we have S; = A2B; 4+ AP, + (I — H;P,), and
we know already that A2B; 4 AP, is an integral transformation
with kernel

— B, (2, y) — By(z, y)}
2 y~1
}.{—————(1_%)’, +”'+———).—}lo + ABy(z, y),
hence
T(A2B) + APy) = — A®m, (A — A))' + Am,, =
— Mg(A— Ao)tm, = my (i — o)™
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This leads to the final result that

©(S3) = my (1 — po) ™" + Zg (e — o)™

If 2y # 0 is no characteristic value of T a similar but easier
argument (it is not necessary to introduce 7; now) shows that
in this case the term with (u — uo)~! vanishes.

THEOREM 21. Under the same conditions for ®(u) and T(z, y)
we have, for | A| sufficiently large,

*(S3) = — (uoy + ploy + ... ),
where o, = 1(T*) (n=2,8,...) and p = A1,

Proor. For small | x| we have Hy =T 4 pT? + p?T% 4 ...
(cf. the proof of Theorem 10). This series converges in double-
norm for || <|| T |||E)l Hence, since Sy = — uH,T,

©(Sy) = — (uoy + pPo3 +...).

THEOREM 22. Under the same conditions for ®(u) and T (z, y)
there exists a power series 8(u) =1+ Zy 8,u" converging for all
complex p and having the property that its logarithmic derivative
0'(u)/6(u) satisfies

6'(u)/8(n) = (Sy)
for all y = A7 for which A is in the resolvent set of T. The sum
o(u) of this power series, the Fredholm determinant of T, has a zero
of multiplicity m, in py = 25" if and only if 2y is a characteristic
value of T with algebraic multiplicity m,. The coefficients
8,(n=1,2,..) of this series satisfy 8, = (— 1)"Q,/n! where

0 n—1 O — — 0 0

Oy O n—2 — — 0 O
Q,=det | — — _ = = = -

Op1 Op—2 Opg — — Y 1

On Cn Opg — — 02
(compare Smithies [11], Theorem 4.4).

Proor. The existence of d(u) and the statement concerning its
zeros follow by a well-known function theoretic argument from
the properties of 7(S;) proved in Theorems 20 and 21.

Write 8, = 1. For small | x| we have by Theorem 21

& (u)/8(p) = ©(Sz) = — Z7 0ppap™
hence
2: (n 4 1)0,,p" = (—Z:o 0'n+1:u")(z'(‘;u 0,u")
or
6, =0, (m+1),,=—2%28,0,1-m M=1,2,...).
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Write dy=1, d, = (—1)"Q,/n! (n=1,2,...). Then it is
easily seen that

d=0, (n+1)d, = — 252 dn0pm R=1,2,...).

Hence 6, =d, (n=0,1,2,...).

THEOREM C. Let D(2u) =< MD(u) for all u =0, and let T be
completely of finite double-norm. Then, if A # 0 is not in the point
spectrum of T and A= p~', we have H;(x,y) = Hj(x,y)/5(u)
where

Hi(w’ y) =2y H,(z, y)pu"
8(u) =1 + Z7' 8, p™.
The coefficients 6, and H ,(z, y) are the (modified) Fredholm ex-
pressions. Both series converge for all u, the series for H)(x, y)
almost everywhere in A X A. This series even converges in double-
norm.

ProoF. Let 2 = u~! 3£ 0 run through the resolvent set of T,
and let é(u) =1+ Z7 §,u" be the power series introduced in
Theorem 22. Consider now the transformation Hj defined by
Hj = 8(u)H,. If | p| is small,

Hj = (27 8,u")(T + uT® + p?T* +...) = 27 H, p"
Since 6, =1, 6; = 0, we find Hy = T, H; = T? Generally, for
n=1,

H,=6,T+6,,T2+4+ ...+ 8" =4,T + TH,_,.
It follows that all H, are integral transformations with kernels
H,(x, y) of finite double-norm. Furthermore, from H, — 8,T =
0, 1 T2+ ...+ 6T for n =1,

T(H,—8,T) =10, 40+ ...+ 80pyy =— (n + 1)5,,,.
This formula also holds for n = 0, hence for all n.

One may prove now exactly as in Smithies [11], Theorem 5.8

that the recurrence formulas
H,=46,T +TH,_,, _
—nd, = o(H, ,—8,.T), P=LZ-)

imply

o, = (_n!l)”! . .J;N,,dz1 coodzy,
(="

Hﬂ(m’ y) = n'

f . J- N¥wz, y)dz, . . . dz,,
a4 4

where N, is the n X n determinant with elements T'(z, 2;)
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(4, 9=1,..., n) but with the elements T'(2,, 2;,) on the main
diagonal replaced by zeros, and where N¥(z, y) is the determinant

T@y) T@z)..... T(z, 2,)
T(z, y) ..................

T(zp ¥)

It remains only to prove the statements concerning the conver-
gence of Xy H,u" Evidently all partial sums are of finite double-
norm. Let 4, = pg! # 0 be a characteristic value of T with index
» and algebraic multiplicity m,,. Then it follows easily from what
we have proved in Theorem 19 that H} has for small | 1 — 4, |
an expansion in terms of powers of y— u, with exponents
= — », the expansion converging in double-norm. Hence, since
d(x) has a zero of multiplicity m, = » in x4 = u,, the transfor-
mation H) = 6(u)H, has an expansion in terms of non-negative
powers of u— pu,. The same is trivially true whenever 4, 7= 0
is in the resolvent set of T. These facts imply that the radius
of convergence of XH,u" (which represents H for small | x|) is
infinite, since the theorem that the sum of a power series with
a finite radius of convergence has a singularity on the circle of
convergence remains true in the case that the coefficients are
elements of a Banach space (here the space Dg of all kernels of
finite double-norm). The proof of this theorem as it is reproduced
e.g. in Hurwitz-Courant [19], Part 1, Ch. 8, § 5, may be taken
over practically without modifications. Hence H) = Zg H, u" in
double-norm for all u. The proof that Hj(z, y) = Zg H,(z, y)u"
pointwise almost everywhere in 4 X 4 is similar to that in
Theorem 10.

RemMARK. It hardly needs observing that for any 4 = u! in
the resolvent set of T the equation f — uTf = g, g € Lp, has the
solution.

[
f(a) = gle) + nHgle) = 8(e) + 5o X3 " | Ho@, v)e(y) v,
4
where this series converges according to the Lg-norm, and also

pointwise almost everywhere in 4.

The proof of Theorem C rests essentially upon the existence
and convergence everywhere of the power series d(u) = Xy 8, 4"
In order to establish these properties of é(u) we had to use an
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argument derived from the theory of complex functions. Smithies,
in the L,-case (cf. [11]), could avoid this argument because he
could find bounds for the coefficients d, by using Hadamard’s
determinant inequality. It would be interesting to know whether
Smithies’ method may be extended to the Lg-case or at least
to the L, -case (1 =p < o0).

§ 8. Uniform convergence of the expansions.

Under somewhat stronger hypotheses we may prove that the
expansions for Hj(z, y) (cf. Theorem 10 and 11, Remark) and
H;(x,y) (cf. Theorem C) converge uniformly. For this purpose
we define:

Crass B. The kernel T (z, y) € Lgy belongs to the class B whenever
there exists a constant ¢ such that, for all zx € A and all y € 4,

tz) = || T(a, y)llq,gc, s(y) = T(z y) "q; =ec
Crass Cm. In case the interval A is bounded and closed, the
measurable kernel T (z, y) belongs to the class Cm whenever, for all
Zy, Zyed and all y,, y,e A,

lim, . || T(2y y) — T(21, ) llp = O,
limv,—w, | T(, Ys) — T(z, yy) ”¢ = 0.

Whenever T (z, y) e Cm we shall also say that T (z, y) is continuous
in mean (relative to Lgp).

Obviously, if 4is bounded and T'(z, y) € B, then || T || < o
and || T |||:1’;" < oo. Furthermore, if T(2,y)eCm, the mean
continuity is uniform on 4 since 4 is supposed to be bounded
and closed in this case. It follows that #(z) = || T'(, y) |l and
s(y) = || T(«, y) || are continuous on 4, and therefore bounded.
Then T(z,y)e B so that, by what we already observed,
I T llg < oo and || T [g" < oo.

TueoreM 28. If T has the kernel T(z,y)e Band | 4| > || T, ||
(so that A belongs to the resolvent set of T on account of || T, | =
I T |l), then the Neumann series

I(z,y) + A Ty(z, y) + 2%Ts(2, y) + - . .
converges uniformly in A X A to Hy(x,y). We have H;(z, y) € B,
and S;(x,y) = T(z, y) — H(, y) is bounded on 4 X A.
If T(z,y)eCm, then H;(z,y)e Cm and all iterated kernels
T, (z,y) (p =2,8,...) are continuous on 4 X A, so that S;(z, y)
is continuous as well.
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Proor. Since Ty(z, y) may be defined now by
Ty@,y) = [ T(z, y)T(=, z)dz
a4

for all (2, y) e 4 X 4 (not, as before, only for almost all (z, y) e 4 x4),
we have, as in the proof of Theorem 16,

@) =1Tezy) ly S I T llpgp | T(@y) llp = cll T llgy-
Generally

1@) = | Tal@ ) lp < ¢ | T* g (m = 2).

In the same way

$.y) = Ta@y) llpg =c ! T" gy (n = 2).
It follows that
| Ta(, y) | < tz)s(y) <

| Tols 9)| =| [ Toa@ )T (o, )02 | S tua(@sy) < HIT 2 g

4 (n > 2).
The uniform convergence of the Neumann series for | 4| > || T, ||
is proved now by a similar argument as in Theorem 10. In
the same way it is seen that X [ 2] | T pia(@, y) lly and
2o | A" I Tpsa (=, y) lp converge uniformly in A. Hence
H;(z,y) e B and S;(z, y) bounded.

If T(2, y) e Cm, then Ty(z, y) is a continuous function of z
uniformly in y and a continuous function of y uniformly in .
This shows that Ty(z, y) is continuous in 4 X 4. The same holds
for T (2, y) (p = 8, 4, ...). It follows that S;(z, y) is continuous
for | 4| > || T, |I, so that H;(z, y) e Cm.

ReMARK. If A, is in the resolvent set of T'(z, y) ¢ B, and we
know that Hy(z,y) = H; (z, y) € B and that T(z, y) — Hy(z, y)
is bounded, then it may be proved similarly that for |2~ —43'| <
| (Hg)g |7 the series

Hy(z, y) = Ho(z, y) + (A — 45") Hop(@, )
+ (A1 — A5 Hogla,y) + - .-
converges uniformly in 4 X 4, and that all H, ,(z, y) (p = 2, 8, ...)
are bounded. Hence H;(z, y) ¢ B and T (z, y) — H,(, y) bounded
for these values of A.

In the same way, if T(2, y) e Cm, Hy(z, y) e Cm and T(z, y) —
H(z, y) continuous, then H;(z, y) e Cm and T(z, y) — H;(z, y)
continuous for | A=t — A5t | < || (H,), I

THEOREM 24. If ®(2u) < MP(u) for all w = 0, T(z, y) e B and
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T lllg < oo, then Hy(x,y) € B and T(z, y) — Hy(z, y) bounded
for all A in the resolvent set of T. If T (x, y) € Cm, then H;(z, y) e Cm
and T (z, y) — H,(z, y) continuous for all A in the resolvent set of T.

Proor. Follows from the preceding theorem by observing that,
starting from a point 2* in | 2* | > || T, ||, any 4, in the resolvent
set of T may be reached in a finite number of steps of the kind
described in the remark above (cf. the proof of Theorem B).

THEOREM 25. Let P(2u) < M®P(u) for all w = 0, and let T(z, y)
be completely of finite double-norm. Let moreover T (z, y) € B. Then,
if A # 0 is in the resolvent set of T and A = p~t, we have, with the
notations of Theorem C,

Hj(z, y) = {8(u)}* Z':H,,(w, yp"
uniformly in A X A. Furthermore H ,(z, y) — 6, T (z, y) is bounded
for n =0,1,2,... If T(z,y) e Cm, then H,(z,y) — 6,7 (x, y) is
continuous for n =0,1,2,...
Proor. In view of Hy=T, H,=68,T +6, 12+ ...+
It =4,T + H, ;T(n = 1) we find

ho(@) = | H (2, y) gy < | 05| I T(@, §) lhg + | Hay gl T (2, y) Il
= (I 6n| + I" Hn—l "I(D)c (n = 1)9
hence
I Ho(w: y) - 60T(w9 y) I =0,
| Hy(@, y) — 6,T(z, y) | = | To(z, y) | < <&,
| Hpsa(@, y) — 8,1 T (2, y) | < | Ho(@, y) g | T2, 9) llg
= (|0a] + 1 Hoa llg) e (n 1)

Since X | 8,u"| < o0 and T || H, ||g | #"| < oo, it follows that
2o | Hu(z, y) —6,T (2, y)| .| u|" converges uniformly in 4 x 4.
The same holds then for

H(z, y) —T(z, y) = {6(/“)}~1 2y [Ha(z, y) — 8,T (2, y)] u™.
The remaining statements are now evident.
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Note (added 24-1-52). The results in this paper are connected with those
of Dr A. F. Ruston in his recent paper ,,On the Fredholm theory of integral
equations for operators belonging to the trace class of a general Banach space”,
Proc. London math. Soc., II Ser. 53 (1951), 109—124. Dr Ruston shows that
for transformations in the trace class the classical methods (Hadamard’s in-
equality) yield the analogs of the classical results.
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