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A class of completely monotonic Functions
by
C. G. G. van Herk.
Apeldoorn

»

Non-negative integers will be denoted by 4, 7, .. ., n; real num-
bers by ¢, u, v, z, y, o, T, a,, c,; positive numbers that are ar-
bitrarily small by ¢, & ; complex values by 2 = 2 + iy, w = u + v,
s = o +ir. It will be understood that

(0.01) w* = exp (slog|w| + is arg w),

where the value of arg w has to be fixed. I shall write # = Re 3,
y = Imz, ete. The letter ¥ will stand for a bounded non-decreasing
function of a non-negative argument; y will be normalized by
the conditions

(0.02)  x(0) =0, x(t) = Hx(t +0) + 2(t—0)},

and the same will apply to y,, 7, 7. If x(t + &) > x(t — ¢) for
a fixed value of ¢ and for every ¢ > 0, ¢ will be called a point of
increment of y. An open interval a < 2 < b will be denoted by
(a, b), a closed interval a < # < b by <a, b). An empty sum will
be put equal to zero, an empty product equal to unity. If different
integrals of the same integrand occur in the same formula, the
integrand may be written only once.

A function f(z) is said to be completely monotonic in (a, b)
if it has derivatives of all orders there, and if

(0.08) (—)™@z)=0 (a<z<b k=01,2,. .. s

f is said to be completely monotonic in {a, b) if it is continuous
in {a, b and completely monotonic in (a, b).

For the sake of concision no attempt has been made to make
this paper correct in the sense of intuistionistic mathematics. I
shall speak e.g. of the class {F} of all functions F, while one
might doubt whether this is quite correct. Yet I have tried to
make proofs correct in this respect wherever I could. Thus, the
use of a well-known theorem of Helly [1]1) has been avoided;
but, to achieve this, a much longer proof of Theorem 83 had to

) Numbers in brackets refer to the bibliography.
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be given. On the contrary, the theorem of Porter-Vitali has been
used throughout. In the proofs where it has been applied (of
Theorems 1, 81, 83), it would have been easy to deduce the
uniform convergence of a certain sequence {f,(z)}7 within a
fixed domain of the z-plane by giving explicit upper bounds
Of | fo(2) — fasy (2)|, but I left this out, as it seemed to be of
little interest. Properly speaking, we could do without this
theorem.

I am indebted to Prof. van der Corput for Lemma 2, which
greatly simplified my own proof of Lemma 3. My thanks are also
due to Prof. van der Waerden for his critical remarks. With the
exception of Theorems 8—16 and 42—47, this paper was finished
in 1943, when it has been discussed with Prof. van der Corput;
by various circumstances publication has been delayed till now.

§ 1. Introduction.

The main problem of this paper belongs to the field of inter-
polation theory or rather to that of integral equations of the first
kind. This problem is a special case of the next one:

Problem (a). Let {z,}7 and {a,};7 be two given sequences. Let

(101) 2, >0; 2,y >2,(n=1,2,...); ®,—> © as n — oO;
a,>0 (n=1,2,...).

Let K(z,t) be a given kernel, and let K =0 for z =0,
0=t<1. Put

1
(1.02) f@) = [ K(@, t)dx ().

To determine the functions y that satisfy the set of equations
(1.08) f(@,) = a, (n=1,2,...).

Several cases of problem (a) have been treated in literature.
I mention the following, including the one that is dealt with here,
but I am not sure the list is complete.

Problem (b). Ifz, = n, K(x, t) = (-1 — 1), we have a problem
that is equivalent to the moment problem of Stieltjes [1].

Problem (c). If z, = n, K(z, t) = 1, the problem is equivalent
to the moment problem of Hausdorff [1], [2].

Problem (d). If we only add to (1.01) the condition

o
-

1
(1.04) 22— = oo,
1 wn
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and if K(z, t) = t°, we get a generalization of (c) that has been
treated by Hausdorff [1] and Feller [1].

Problem (e). If the sequence {z,}; is subjected to no other
conditions than (1.01), and if K(z,t) = (1 —¢t + tz)™, we get
the problem that will occupy us here. In this particular case

1ody(®)
(1.05) F(z) = f e
0
will be written instead of (1.02). The integral (1.05) is convergent
for all values of z, with the possible exception of the values
2 = 0. For the present, the function F will be made one-valued
by excluding the values z < 0, so that F(z) can always be represen-
ted by (1.05). The class of all functions F will be denoted by {F}.

The next problem, which has been solved by R. Nevanlinna [1],
is closely related to the type (a), though somewhat different
from it.

Problem (f). Let {z,}7 and {w,}7 be two given sequences of
complex numbers. Let |z,| <1, |w,| <1 (n=1,2,...). To
determine the functions w(z) holomorphic in the interior of the
unit circle, which satisfy the conditions

[wiz)| =1 (2] <1; w(z,) =w, n=1,2,...).

Obviously the theory of the cases (b)... (e) will have many
traits in common. A necessary and sufficient condition for the
existence of at least one solution consists, in each of these cases,
of a set of inequalities

(1.06) A@y ... 2y ay,...0a,) =0 (n=1,2,...).

In the cases (c) and (d) there are, in addition to (1.01), n — 1
inequalities (1.06) that correspond to a single value n. In the
cases (b) and (e) there is just one such inequality required for
every value of n. The explicit conditions (1.06) that correspond
to problem (e) will be given later; these will be shown to be
necessary (§ 8) as well as sufficient (§ 5).

Stieltjes distinguished a determined moment problem, which has
a unique solution, from an indeterminate one with an infinity of
solutions. The terms have also been applied by R. Nevanlinna
in the case (f). The same distinction will be made here. If solvable,
the problems (c) and (d) are always determined. The solvable
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cases (b) and (e) may be either determined or indeterminate.
Perhaps this second resemblance between (b) and (e) points to
a deeper analogy; at any rate, the discussions of §§ 4—6 are
much like corresponding ones of Stieltjes. A necessary and
sufficient condition for the uniqueness of a solution of (e) will
be given in § 6, where a further classification of the determined
cases of problem (e) will be made too.

Different connections between the problems (b), ..., (f) can be
stated:

(«) If all numbers z, tend to a given value # = 0, (d) tends
to the moment problem of Stieltjes as a limit case.

(B) If all numbers z, tend to a given value 2z, = exp (¢i), (f)
tends to a problem equivalent to Hamburger’s generalization of
the moment problem of Stieltjes. As Nevanlinna [1] has shown,
the solutions of the moment problem of Hamburger[1], [2] can
be obtained from the theory of (f).

(y) If all numbers z, tend to a given value z > 0, (e) tends
to the moment problem of Hausdorff as a limit case.

Since various problems are contained in Nevanlinna’s problem
(f), the question must be raised whether (e) is also in some way
contained in it. The question is too vague to be denied with
certainty, but as yet I see no way to solve (e) by means of Nevan-
linna’s formulae. On the other hand, if we add to problem (e) the
condition | F(z)| <1 for | z— 1| < 1, we get a problem that is
certainly contained in (f). For, let f(w) be holomorphic and
| f(w)| <1 within the circle | w| < 1; let f also be real when
w is real. Then, by the transformation

4w 1 — f(w)

there is a one-to-one correspondence between the functions f
and F (Wall [1]).

Now, the condition | w(z) | < 1 in problem (f) has been replaced
by Lokki [1] by the less restrictive one

1 1 27
—f f | w'(2) |2 7 dr dp < Iy < o,
T

0o o

and it may well be that problem (e) can be subsumed under
Lokki’s, or even that the two problems are equivalent. This is a
question that still has to be decided. However, it is most probable
that generalizations of problem (e) can be treated by the method
of Sticltjes used here. If we replace the particular functions F
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in the expressions (8.27)...(8.30) by more general functions f
as defined by (1.02), results might be obtained that are analogous
to the basic Theorem 17, but I am sorry I had as yet no oppor-
tunity of investigating this question. Of course all these problems
are very closely related, but it still remains doubtful whether the
methods of Nevanlinna and Stieltjes are equally powerful, or
which of these is the most powerful.

In connection with his moment problem, Stieltjes examined
integrals of the type

_ (T dx(u)
(1.07) f(z) = f e
0
where ¥(00) < c0. By the transformation
dy(t
(1.08) w = 11, F(w) =f _XZ(_)

t
we get an integral of the type (1.05). Hence the functions (1.07)
belong to the class {F}, and they are characterized by

Jldx(t)

(1.09) < ®

t
0

As it has been shown by Feller [1], the Newton series represents
the solution of problem (d). The same holds in certain cases of
(e), and Theorem 48 states a result that is much like Feller’s.
There is also a remarkable similarity between the determinants,
defined in (3.44)... (8.51), and those studied by Barkley Rosser
[1], and one might be inclined to look for more general connec-
tions here.

A solution of problem (a) will be called degenerate, if x only
increases for a finite number of values ¢, and the problem (a)
itself will be called so if it has a degenerate solution. Perhaps the
study of degenerate problems is not quife uninteresting. In the
case of a degenerate moment problem of Stieltjes, only a finite
number of the usual expressions 4(z;, . . . a,) in (1.06) is positive.
On the contrary, the solution of a degenerate moment problem
of Hausdorff satisfies a set of inequalities (1.06) with all left hand
members positive, except for the very special case when y only
increases for the value ¢t = 1. A degenerate solution of problem
(e) is rational. Conversely, it will be shown that any rational
solution of (e) is degenerate (Theorem 16). The degenerate
cases of (b) and (e) are always determined.
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Without loss of generality we can add to (e) the conditions
(1.10) wl = al = 1.
For, if we put
z
(1.11) i,=—, d,=— (n=12...),
the sequences {Z,}7, {d,)y will satisfy (1.01) and (1.10). Now
if F(z) is a solution of (e), and if we put

dy(t)
1—t+ tx,

tz, i

1.12 =\ 7 = gt
12)  w=p 2w = o
0

the function

_ / 1 g
F(z) = a'F(zay) — J T%

0
will satisfy the conditions F(#,) =d, (n = 1,2,...). For this
reason the restrictions (1.10) will always be made, unless the
contrary is expressed. By (0.01) (1.05) and (1.10) we then have
(1.13) 2(1) = 1.

Before solving problem (e), some generalities concerning the
functions F will be discussed in the next section.

§ 2. Elementary Properties of the Functions F.

Any function F(z) is bounded in a half plane # = & > 0. It
is easy to prove that F is bounded in a much bigger part of the
3-plane.

e

EL//OI

Fig. 1.

LemMMA 1. Let the closed region G(e, p) in the z-plane be
defined by the inequalities.
(2.01) || =mn—e¢,
(2.02) ly| = o if 2z <0,
(2.08) 2] = ¢ if 2> 0,
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. . 4
where 2z = a + 1y = r exp (¢i), O<a<—-2—, e >0. Let

0=<t=<1. Then
osine

— >_f>7°
|1 t+tzl=2(g+sine)

for any z in G.

Proor. The lemma is true when ¢ = 0; let us first take
0 <t =< 4. By (2.01) we have cos ¢ = — cos ¢; hence, if 1 >0,
we have

| A+ re?|2 = 22 + 24r cos p + 12 = A—2Arcos e + r2=| A—re |3,
and
|A+2| =|A—re®| =| Ae®—r| =| A(cos e +isine)—r| = Asins,
or, putting A =¢t1—1,

|1—t+tz| = tisine = §sine,

hence the lemma is true. Next, take } <t < 1. If 2 < 0 we
have

|1 —et+tz]| =t|y] >%
by (2.02); if # > 0 we have
|t—¢ + tz] ={(l—t-}—t.z)’—l—t’yz}y’>t\/m2+y’=t|z|>%

by (2.08); hence the lemma is true again.
THEOREM 1. The functions F(z) are uniformly bounded in a
given domain G(e, ). We have

2(o + sin e)
gsin ¢

| Fz) | <

Proor. By Lemma 1 and by (1.13) we have, for any z in
G(s o),

1
[1— t+tz| gsms Qsme
0

THEOREM 2. Any function F is holomorphlc for all values of
z, with the possible exception of the values 2 < 0.
Proor. If we put
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v+ 1 v
F,,(z)=”2_11x( " )—x(;) (n=1,2,...)
=0 1+——:—;—(z—1)

the sequence {F ,(z)}{ converges uniformly, by the Porter-Vitali
theorem, in any domain G(g, g). For, this sequence converges to
F(2) for any z different from the values z < 0, and the expressions
F . (z) belong to the class {F}, hence they are uniformly bounded
in G(, o).

Since F®(z) — F®(z) as n - oo we also have

1 kd
(2.04) F”"(z):(—)"k!f q thdy (1) (k=0,1,2,...)
0

—t + tz)*t!

for every z different from the values z < 0.

THEOREM 3. Any function F(z) is completely monotonic for
z > 0.

Proor. By (2.04) we have (—)* F®(2) > 0 for any k and
x> 0.

The converse of this theorem does not hold. The inequality
1 > 1
1—¢t+ 2 = 201 —1¢ + tz)
yields F(2z) = }F(z) for any function F. Now, when f(z) = 273,
we have f(2z2) = }f(z). Hence f does not belong to {F}, though
it is completely monotonic for 2 > 0.

THEOREM 4. In order that a function f(z) be contained in the
class {F}, it is necessary and sufficient that an expansion

(>0 0<t<1)

(205) 1) = £ (s — 1),

where

(2.06) Cp = J' dyt)  (k=0,1,2,...),
0

be valid within the circle |z — 1| < 1.

Proor. First let f belong to {F}. Since f(z) will be holomorphic
within the circle | 2—1| <1, it can be expanded in a Taylor
series (2.05), where

*)(1)
= {— k———,
ck ( ) kl
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Now (2.06) will hold, by (2.04); hence the conditions are
necessary. Next, let (2.05) and (2.06) hold. Substituting we have

1 1 d
fz) =X (-——)"(z—l)"f tdy(2) =J‘ %(t)

1—t -+t
0 0

hence the conditions are sufficient.

THEOREM 5. The function gx(¢) in (1.05) is uniquely determined
by F(z).

ProoF. According to (2.05) the sequence {c}; is uniquely
determined by F(z). Now, by (2.06), {c;}5 is a sequence of
moments of Hausdorff, and the corresponding moment problem is
determined.

Hence there is a one-to-one correspondence between the func-
tions F and y. Two functions F and y, connected by (1.05), will
henceforth be called corresponding.

THEOREM 6. Im F(2) < 0 for y > 0, unless F(z) =1.

Proor. Since

‘ tdy ()
Im F(z) = f|1 t+ |

the theorem holds whenever the integral in the right hand member
differs from zero. Now this integral can only be equal to zero if
x(t) is a constant for £ > 0, or, by (1.18), if y({) =1 for t > 0,
ie. if F(z) =1.

On the other hand, a function may be contained in the class I
of Nevanlinna [1], i.e. be holomorphic and satisfy Im f(z) < 0
in the upper half plane, without belonging to {F}. An example is
furnished by f(z) = 27! —=z. Hence {F} is a subclass in the
strict sense of I, and this also points to a difference between the
problems (e) and (f).

By Theorem 6, a function F that is not identically unity can
take no real values in both half planes ¥y > 0 and y < 0. Since
F(z) is positive if 2 > 0, we have as a special case:

THEOREM 7. Any function F() is different from zero outside
the half line 2z < 0.

Another proof of this theorem is as follows. It will be shown
in § 7 that to any function F there is a function F* of {F} with
the property F(2)F*(z~!) = 1. Now F*(z~!) is holomorphic for
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all values of z outside the half line 3~ < 0, i.e. outside the half
line 3 £ 0. Hence F can have no zeros for these values of z.

I now proceed to the inversion of (1.05). Any algorithm that
solves the moment problem of Hausdorff will yield an inversion
formula, which is clear by the proof of Theorem 5. However,
%(t) can only be expressed in this way by means of the values
F{#) (k=0,1,...). Of course the formulae may be transformed
afterwards into results of a more general type. The formulae
given here are of a different kind. Theorems 8 and 9 are results
of Stieltjes [1] and Hilbert 2), extended to the class {F}. Though
Theorem 9 may be considered as a limit case of Theorem 8, an
independent proof of Theorem 9 will be given.

THEOREM 8. If 0 <7 < 00, & = (1 4 7)™, then

f—od_x.t(t_) + %rd_’it@—_—__l- lim Im fis F(z)dz

T g>+0
—r+tie

for any function F; the limit in the right hand member exists

for any r.
Proor. Using the proof of Theorem 2, it can immediately be

shown that the inversion of the order of integrations:

f“F(z dx = f dy(t) f 1_____t —

—r+ie 0 —rtie
is legitimate. Hence we may write

i€ 1 0 dz
2.07 =—I F(z)dz =¢ | tdy(t
(20) J(o) =—Tm [ Fa)s=e [ udy) [ gy
—r+ig 0 —-r
Putting
1—t+ tx =t du
2.08 _— —_ te
( ) u te ’ (P(t’ 8) f 1 +u2’
1—97!
te
we have, by (2.07),
1
3
(209) J(e) = f 02 g

a- 1/8)19 '9 0 (1+\/e)0 1—Ve
-] [T T T T T

1—Vep 90 9+0 1+ved 1—-+ve 190

1) A. WiINTNER [1], while speaking of the ,Hilbertsche Residuenformel”,
probably refers to Hilbert [1].
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Let the integrals in the right hand member of (2.09) be denoted
by Ji ... J. If t <&, we have, by (2.08),

° du < °° du_ te
¢p(t,s)<j 1 + u? I ut  1—tr

1—t97! 1—tH?
te te
and hence
a—ved dy(t 1—Verd
[} 0

T
We also have ¢(, ¢) <——, hence

(2.11) _.[ L(Q — o(1).
1—-ved
By (2.08) we have
28 +0)—x(8—0) r==
f 1+ u2

Js= 3

+0(e),

_ (19+0)—x(19——0){___ ® du} ® x(8+0)—x(9—0)
- ) 2 f 1+u2 2 ?

5
and this may be written, by (0.01),

mmn.h=n“”+2““wx+mﬂ=nf H 1 o)
If t > 39, we have ¢(t, ¢) < =, hence ’
(2.18) Ji< nf““/ewﬁ‘z(t—) = o(1),
4+0
1—-0 d
(2.14) Jo<m J' _’-‘-ti) — o(1).
1—-Ve

If in addition we have (1 + \/e)z‘} =t =<1— /¢ then
1—t9-1

T

J“” du <J‘°° du_ te
1+ u? u2~1—t<\/€’

1—¢

te

¢uﬂ—n—f

Now

8|1



12 C. G. G. van Herk. (2]

1—9"  dy ©  du o du te (1 fy/e)de
.[ te 1+u2=f1+u2<f u2_t191—-1 Ve = 0(+/¢),
—00 W11 911

hence
p(t, &) = n + 0(v/2)
and
—Ve
(2.15) I = ”fl dx(t) L o(ve)
(1+Ve)d
Finally we have
(2.16) J; = {x(1)—x( 1—0)}f = u2
1—97?
d
= 2t~z — o) + 0(e) = 2 [ Y @) o
1-0

Now by (2.09)...(2.16) we obtain

B+0 dy(t) 1-Vedy(t) 1 pldy(t)
](8)=ﬂ{;! —t_+f T_l_?f —t——}-l-o(l),

(1+Ve)d 1-0
which proves the theorem.

Fig. 2.

The proof of Theorem 8 was based on an estimation of the

integral
J’ F(z)dz
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extended along the path AB + CD (fig. 2). If this path is replaced
by CEB, a slightly simpler result can be obtained, viz.

(2.17) v _ lim Jm F(re¥ )ePdep.
9

t 27 e +0
—7+te

The proof can best be given in a direct way.
THEOREM 9. Suppose (0.02) to hold for 0 < ¢ < 1 only, and
define x(1 4+ 0) = x(1). Now if 0 < r < oo, and if we put
= (1 4+ r)~%, then
2O+ 0 =20 =9 _ iy se F(—r + ),
Ul &>+0

The limit in the right hand member exists for any r.
Proor. First take r > 0. Putting

1€

1— (1 +7) + ite

(2.18) vty €) =

we have, by (1.05),

(2.19) ie F(—r +ie) = [ w(t, e)dz(t)
J

0

(1—1Ve)® (1—eVe)d (1+&Ve)® (1+Ve)d 1
ot R R R I |

(1-Ve)d (1—eVe)d (+eved  (1+Ve)d
Let the integrals in the right hand member of (2.19) be denoted

by Ji..-Js. If
[1—t(1 +7)| = e

we have, by (2.18),

l—t(.1+r)+t‘2|1—t(l+r)] 1
i€ € Ve

v

[(t, e)| 1= l
hence |y (¢, &) | = +/¢ and
(1—Ved
FAERYZ f dy(t) = O(+/e),
(1]
1

(2.20)
[Jslsve [ & =owe.
1+ Ve)d
Next, if ¢ is constant, | v (2, e)[ is a maximum in 0 <t <1
when
1+7r
T
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hence
vt e) 2= (1 472+ ¢
| Tl S VA+77 + & f OV ) = o),
(2.21) (1—+/¢)d
|l = VI [ a0 = o),
(1+&4/€)B

Finally, if
|1 —t(1 +7)| < ev/e,
and we have

1 <_|1—t(1+r)|+|t(1+r)—1|

| —t(14r) 1
p(t, ) 1+7| PR W e 1+r =0lve
and since p(t, ¢) = O(1) as ¢ — 0 we now obtain
v(t, e) =1+ 7 + O(Ve),
hence
(1+evVerd 1+eVerd

L= rrowvendr =aan [ o) +0(ve),

(1-eVeyd (1-eVe)d
or

P4+ 0)—x(®—0

(2.22) Jy= MO0 o),

Now, by (2.19)...(2.22) we have

x(@+0)—x(9—0)

5 + o(1),

ieF(—r + i) =
which proves the theorem if » > 0. If r = 0 the proof is similar.

Using (2.17), we can now discuss some elementary properties
of the functions F on the half line 2 < 0. If, in the folowing
theorems, F(z) is investigated within a domain D of the z-plane
that also contains a set of values 2 < 0, it will be understood
that appropriate intervals of the half line ¥ < 0 have been ex-
cluded from D in order to make F one-valued.

TreorEM 10. Let 0 = r, < r, <00, & = (1 4+ r)7
¥ = (1 4 7,)7%, and hence 0 = ¥, < ¢, = 1. In order that F()
be holomorphic in the interval (—r,, —7,) it is necessary and
sufficient that y(t) be constant in (&, &,).
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Proor. First let F be holomorphic in (— 7, — r;). Take
r, <r <ry, and put 4 = (1 4 r)~%. By (2.17) we have

(2.23) Jl dx(t)

F(z)dz,
2711,[ (z)dz
) |z]=r

where the integral in the right hand member is taken in the
positive sense. This integral must be independent of 7, hence
x(t) is constant if ¥, < t < &#,. The converse is an immediate
consequence of the definition of the Stieltjes integral.

THEOREM 11. Let 7, >0, ¢, = (1 4+ r;)"L. In order that
F(z) be holomorphic within the circle | z| <7, it is necessary
and sufficient that x(f) be constant in (&, 1).

Proor. First let F be holomorphic when |z| < r. Take
0<r<r and put ¢ = (1 4+ r)™2. According to the former
proof, (2.23) holds; hence

1
[240_,,
. t
3
which proves the condition to be necessary. The converse is trivial.
THEOREM 12. Let r > 0, ¢ = (1 4+ r)~L In order that F(z)
be holomorphic when | z| > 7, it is necessary and sufficient that
x(t) be constant in (0, ).
Proor. According to Theorem 10 the condition is necessary.
Next, if x(t) is constant in (0, 4), we can write, by (1.05),

dy(t)

F(z) = 7(+ 0) + [ s

9-0

Since the integral in the right hand member is holomorphic
for | z| > r, the condition is sufficient.

THEOREM 13. Let 0 =r < . Put ¥=(1+4+ 7)1 and
2(1 4+ 0) = x(1). As in Theorem 9, (0.02) is supposed to be
valid only for 0 < ¢ < 1. In order that the value 3 = — 7 be a
pole of F, it is necessary and sufficient that ¢ = 9 be an isolated
point of increment of .

Proor. First suppose r > 0. When z = —r is a pole, the
function F is holomorphic in the intervals (—r—e¢, —7) and
(—r —r +e¢), if & is sufficiently small. According to

Theorem 10, x() can have no points of increment, say in
an interval (¢ — ¢, 9 + &), and different from ¢ = ¢. We then
have, by (1.05),
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2@ +0)—y(B—0) & dx(t) '
2.24) F(z)= —
(2.24)  F(z) 1+ @z—1)9 +f 1—t+tz+J
0 D+g
Since both integrals in the right hand member are holomorphic
in the point 2 = — r, the remaining term must have a pole there.

Hence 4 increases when ¢t = ¥, so the condition is necessary. The
converse is trivial.

For r = 0 the proof is similar.

THEOREM 14. Any pole of F(z) is of the first order with a
positive residue. ’

Proor. Let 3 = — r be a pole of F; by Theorem 2 we have
r = 0. If we put & = (1 4 r)~L, the value ¢ = ¢ will be an isolated
point of increment of yx(¢), by Theorem 13. Hence (2.24) holds,
which proves that 3 = —r is a pole of the first order with a
residue {y(¢ 4+ 0) — x(# — 0)}9-1, which is positive.

TueoreMm 15. In order that F(z) be meromorphic it is necessary
and sufficient that the set of points of increment of ¥ be denum-
brable and have a single cluster point ¢ = 0. The formula

&, =QQ+r,)Y, r,=—z, determines a one-to-one corres-
pondence between the poles z, of F and the points of increment
¢, of y.

Proor. If F is meromorphic, F has an infinity of poles
z,(n =1,2,...) on the half line z < 0, and the sequence {z,};
has the value 2 = oo as a single cluster point. According to
Theorem 18, a jump of x(¢) for the value t =&, = (1 4 r,)?
corresponds to the pole 2, = — r,, and the value ¢ = 0 is a single
cluster point of the sequence {#,};. According to Theorem 10,
x increases for no other values of ¢. Hence the condition is neces-
sary. The converse is trivial.

THEOREM 16. Any function F that is meromorphic can be
represented by the series

23, +0) —y(3,—0)
2.25 F(z)=y(+0)+ X ,
(225)  Fla) = z(+0) + ZE A
where the summation has to be extended over all poles 2, = —r,,

of F, and where ¢, = (1 4+ r,)7%, x(1 + 0) = x(1).
Proor. The theorem is an immediate consequence of Theorem
15, and of the notion of Stieltjes integral.

The series (2.25) converges absolutely and uniformly in any
domain D of the z-plane, if we exclude terms that have a pole
in D. Evidently the representation (2.25) also holds when F is
rational. Hence any rational solution of problem (e) is degenerate.
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§ 3. Existence of a Solution: necessary Conditions.

Let us first discuss the determinants

(8.01) D("tl T ‘52"‘)

tooitn
1 E ém—l
=|1,§,.,...,§;"—1, , e, ¢ ,
I*tl_l_tlé-t 1_t2+t2£i l_tm+tm§i (i=1...2m)
£
(8.02) D*(s,...,zm)
tyo..tp,
=|1 £ gr-l i £ i
T T — A E Lty 8 T T — At [ mr . amy

(8.08) D(gl‘ “52"'“)

tieeotmi
1 3 gm
T1—t FE Tty 0E, T It s

=|1a 53‘9 L] 6:”_1

(i=1...2mi 1

§1+ v amn
(8.04) D*(tl---tm )

& & &

L—t+0 1—t+ 68" 71—ty tufificr.. omeny
The following formulae hold:

(8.05) D(él’ o 52"‘)

teeolm

=|1’§i’---9§‘¢m9

g gm-1
1—tgttené 1—t,+t,8,

= d2m(k). 1, Ei’ ..oy ;n+k—~1’

(i=1...2m)

£ b
(3.06) D*(t1 o )

k
gt &

1—tattendl 1 —t,tt,é

= d;,,,(k). 1, &,..., Entet

b4

(i=1...2m)

(8.07) D(f1 T 62"‘“)

tl LIS ltm+l

¥ m
=d2m+1(k)‘ 1, Ei’ . Ez"'f'k-—l Ei gi

’ 1 _tk+l+tk+1§i, I 1 “tm+1+tm+15i

(i=1...2m: 5

'Sl e §2m+1)
(8.08) D*(tl e

s &

1— gt tenél 7 L—ty+t,é,

= d;m-f-l(k) I 1’ 5.‘, ceey 5:_»-}-7:’

’
(i=1...2m+1)
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where 0 < k < m, except in (8.07), where 0 <k =<=m + 1, and
where the expressions d,(k), d¥(k) are defined by

11 (1 — ;)1
(8.09) dyu(k) = (—)*m 25, I
H H(l—tl—}—t;_é) i=1A=111

t}._ L

I =

A=1i=1
k
H ti”_l(l _—'tl)l k m
(3.10) df, (k) = (—)tom—b 2= m =t
H H(l—tl—{—tzf)l 1i=11
A=1i=1
}.Hl t}. (l_t}.)}' -1 k m+1 t}._t
(3'11) d2m+l(k) = (_)km k 2m+1 H AH T‘ﬂ
H (l—tl + tl&.) 1=1 A=1+1 A
A=1 i=1
1 2
tm(l—tl) " _
(8.12) d5,, (k) = (—)em —A=L o1 t‘t b
II H(l—tl—l—t;éi) 1=1A=1+1 2
A=1 i=1

The proof will be given by induction; (8.05) is true when k = 0;
let (8.05) hold for an arbitrary value of k. By putting factors
outside the determinants and by repeated substraction of columns
we get

D(EI, --fzm) . d2m(k)
ty ooty | 2
1 m ‘1:11 (1 — 2ty + tiaés)

l 1— tk+l + tk+l£i9 5£(1 _—tk+1 + tk+1£i)’ e E:‘_l( 1 _tk+1 + tk-f-lgi)’

Eik(]' _tk+1 + tk+1£i)’ cr e §?+k_1(1 —tk+l + tk+1§i)’ Ef’

§k+1 1 tk+1 + tk+15£ Em_l 1 tk+1 + tk+1f,‘
i s oo
1—tppg + by ! L —ty + tmés

— d2 m(k)t;cn+l(1_tk+l)k

2m
H:ll - tk+1 + tk+1§£)
i=

(i=1...2m)

k—1 k gk
115;’9'--,55 ’ ?+1’ L) E;n+)£u

k+1( tk+l + tk+2_— tk+1 1 )
: .
tlc+2 Leto 1— Lo + Lo ‘Si
é-m—1(tk+1 + b — e . 1 )
¢ tn tm 1—t, + t,&/ li=1..2m)
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_ ()Rt (1 — t)* 1 e gni bers —tea g
2m 9 Sy o o oy t 1 t +t 5 ’
(l—tk 1+tk 15) k+2 k+2 k+251i
+ +
i=1
tm tk+1 57_1

tm 11— b+ tnéilti=1..2m)
(“‘) Ao m(E)tep1 (1 — teyq)® ﬁ L—ten )

21-["' A=x+2 I
(1 — tppa + teabs)
i=1
k+1 v gm—1
Ilsfi,---,fz""'k, ! y e ey ——
I —frig + teraf,s L—t, + £,& lu=1..2m

et gm—1 ,
1—tyg + ol 71—t 4t =1 .. 2m
hence (3.05) is true for any k. The formulae (8.06). .. (3.08)

can be proved in a similar way. Giving & its maximum value
m or m + 1 we get

(8.18) D(Sl '52"‘)

bivvitn
|1, & ., 8™

=dy,(k + 1)‘1, Ei ooy EPTE

=(—)™ r -2m) H tm‘1+1(1—tl)l_ II (t,— ),
HH(I——t;.-i-tzf) A=1 1Su<Asm
5.- DY Ezm
(8.14) D*(tl o tm)
2m—1
_ | 1;5,-,27.”..5,- l(i=1...2m) H t"“l(l—tl) I (B —1,),
1 (l_tl_i_tlff) A=1 1su<Asm
=14=1
E ... ¢
3.15 D( 1 2m+1)
(8.15) et
2m
_ I }njz;':h;l & ’(.~=1 .2m+1) H t"‘_l“(l——t;_)}“ II (t)._tp)’
10 (l—t;_—i— tlf ) A=1 1Su<Asm+1
A=1 i=1

51 '§2m1
(3.16) D*(l..t +)

*¥m

2
_ ’ 1,§&,...¢ m|(¢=1 .2m+1) H tm—l+l(1__t ) II (t,—t )
- ( m 2m+1 A A ne

I II a — 4+ t)_é ) A=1 1Su<is=m
A=1 i=1
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Let (ky, . ..k,) be a permutation of the set (1,2,...¢), and
let sgn (k; . . . k,) be equal to 1 or — 1, whenever the permutation
(kys - - .ke) is even or odd. The product

I (—t,)

1su<Asp

is transformed by the permutation (f, ...%,) = (&, . . . t,c ) into

II (t,— t,,)—sgn( k) I1 (t).—t)

1su<lisp 1§p<lsg
Hence we have, by (8.13)...(8.16),

(8.17) D(El 52"')

R
II (55_51) m
=(—)msgn (k,... ky) - Si=im I g (1—g, 2 TT (4 —t,),
IT IT (1 —t; + ) 2 15pu<ism
A=11i=1
(3.18) D*(fl""fz'")
b -+ o b
o ¢—&) .,
=sgn (ky...k,) =2l — I g2 —g ) T (--1,),
I H(l—tl‘*‘tlf;)l:l 1su<Asm
A=1i=1

(8.19) D(‘Sl i 52’”“)

T

H (51 - E:) m+1

2 —_ —
= sgn (ky . . Koy oot lrlltm M1 —g, P ls rals 1(1‘1—4 ),
AHI ‘Hl (I—+4¢) 1spsismy

O )

A
I (&)
= (—)msgn(ky . ..k, )AEisismmt Ht;;;-l“(l—t DI ().
T —ie0% 15p<hsm
1i=1

Let X be a summation extended over all permutations (k,, . . . k)

(@) e egs
of the numbers (1, 2, . . . ¢). According to the definition of a deter-
minant we have
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(4
2 sgn(k, ... k,) 11 ti;"*c (l—tk,)l_lm
(@) A=1
= |8 (1—4), BT (L—g), . ., tﬁ 14" 0

(4
= !tﬁ“l, tg:‘z, R | I(l—"l"'e)ll:[lti(l _tl)n
e
— (_)%9(9—1), 1, [1, o e e tﬁ—l |(1=19)ll:[1t§(1 ——t}.)"

(4
= (—)hee I a —gyy I (t—1,)
A=1 J1su<ise
Hence, putting (g, {, #) equal to (m, 1, 0), (m, 0,1), (m + 1, 0, 0),
(m, 1, 1) successively, we obtain

m m
X osgn(ky .. k) It (1—g pt = (—) %m0 1Ty TT (5 —1,),
(m) A=1 A=1 1=u<i=m

m m
T osgn(ky ... ky) g2 (1—g Pr=(—) %D II(1—g) I (5—,),
(m) A=1 A=1 1su<ism

m+1
T osgn (ky ..o k) I EM(1—g, Pl (—)tmmtd TT (1 —1,),
(m41) A=1 1Spu<Asm+l

2 osgn (ky. .o ky) g (1—g p=(—)%mn D [T (1—1;) TT  (—4),
() A=1 A=1 1Su<Asm

and, by (3.17)...(8.20), we finally have the identities

(8.21) X D(El Tt 52"‘)
(m)  \bi - - by,
B H (f,- - 5:’) m
= (—)hmm+y  1si<is2m ] , I (4 — t,)%

m 2m

l’I H (1 . t}_"l‘ tlE‘) A=1 1§ﬂ<l§m
A=1i=1

9 6 5 .. 5 m
(3.22) X D*(t:1 o ti..)
I (-8
— (‘“)yzm(m_l)_»»lét<f§2m___ H (1___t;.) H (tl_t‘“)z,

m

2m
AH H (1 "'tl _‘_ tl'fi) A=1 1Su<Asm
=1i=1

(8.23) X D(fl"":“'”)

(m+1) tkl o . . tkm{-l
I (—¢&)
— (—\¥em(m+1) 15i<jsS2m+1 7 \2
- ( ) * m+12m+1 H (tl t[l) ’

I (1 —t; + 4E,) 1Sp<Asm+1

A=1 i=1
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(8.24) X D* (5 ‘52"‘“)

m) Ve b,
I §—E&) 1
— (_)Vzm(m+1) mlszz:ifmn-%-l( j ) Htl(l—t}') H (tl—t )2
AH 1| (l—t;_ + t;&) 1Spu<ism
1 i=1

From these identities it is easy to obtain a set of necessary
conditions for the existence of a solution of problem (e).

TuHeoREM 17. Let N = N(x) denote the number of values,
for which the corresponding function y of F increases; hence
N < oo if and only if F(z) is rational. If N < oo, the set {z;}}_,;
of values t = 7,, where y(t) increases, is supposed to be decreasing:

(3.25) 1Z27,>1,>...>17y=0.
Let £, >0 (¢ =1,2,...), & #& if ¢ 5%7; put
(3.26) F(&) = «,,

(3:27) A(&y - ba) = (=) E"I L, &, 817N oy iy ey 0T mr 2y
(8.28) A*(&y...&5m) = (—)yzm(m—” I 1L,&, . 5?_19 ;&5 O('i&?’ ceey 06 I(i=1...2m) ’
(8.29) A4(4... 52m+1):(—)1/2m(m+1) I L&y 5:"—1’ Oy €4 wny 0, EF I(i:l...2m+1)s‘
(8.80) 4*(¢, ... ‘52m+1):(”‘)l/2m(m+” l 1, &, . &7 ady, “if?’ ceey & I(i=1...2m+l)'
If no ambiguity is to be feared, we shall write
(8.81) A, =A4(&... &), d¥ = 4%& ... &)

We then have the cqualities

O (¢—¢) fn My I (4,

(38.82) 4y, = 10<I52n b (1) - - (L),
) o o JI ITQA—t448)
A=1i=1
I (¢t pall(i—y) I (—t,)?
(3.33) 45, = 1$f<9'5_21"'_,,ﬂ fl ,1;;, z”...,léﬂ_dém_#__*_ dy(ty). .. dx(tm),
" o0 I Ha—t+ 48
=1¢=1
1 1 H (fl_tu)z
(8.34) dypy= ‘f—'ii““";? L‘, —— f Jrspedsmdy(t). - - dy(te)s
0 o IT II (0—¢t4¢¢)
A=1 i=1
I (6—¢&) Htl(l——tl) I (4—1,)
(8.35) A2m+1“‘1<i<’<z;::.'l f f tsp<Asn -dx(ty) ... dx(tm),

m 2m+1
0 H H l—tl‘f'tlfi)
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and in particular

(8.36) dyp=43,=A3n1=453,,=0 if N(y) <m,

2m
(8.87) 4;,,=A45,.,,=0 if N(x) =m, 7,, =0,
(8.88) 4%, =4%,...,=0 if N(x) =m, 7, =1,
(8.839) A2m+1 0 if N(x) =m+1, 1,,,=0, 5, =1

Moreover, if
(3.40) & < & (G=1,2...),
we have the inequali;:ies
(8.41) 4,>0, 4*>0 (n=12...),

in all cases different from (8.36)...(8.39).
Proor. By (1.05), (3.26), (3.27) and (8.81) we have

1
Ay = (—)#mmtD) |1 £ gm-l J‘ dy(tx,)
m 254 > > 1——————

tkl+tk1£i’
0
Z. J‘ dy( tk, gm-1 J‘ ! dy(tr,)
U P 1—t, + e, &ili=1...2m)
0 i
where k,, ..., k,, can be any numbers. Hence
__\am(m41) 1 dv(t.
I g, [ )
m! (m) l_tk1+tkl§i
)
ff dl(tx 5,_,,_1JJ dy(t,,)
9 R o J 1—t, + e, &ilizt...2m)

where the summation is extended over all permutations (k,...k,,)
of the numbers (1 ...m). The right hand member can be wntten
as an m-fold Stieltjes integral:

(_)Vzm(m+1) 1 1
Agm=——o | o | dy(ty) ... dyglt,) =
. [ [t e 2

m—1
— L&, ... &m0

0

0
1 & &t
1—t, + 4,6 1—t + 4,8 T 1—t, + 1, &
hence, by (3.01) and (8.21) we obtain (8.82). The proof of (8.83)...
(8.85) is similar.

The integrals in the right hand members of (3.82). .. (8.85)
are non-negative. They can only be equal to zero (as they actually

’
(i=1...2m)
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are), if the corresponding integrands vanish for all combinations
(... .ty) =(vy...74,), where 7, ...7, are any values, dif-
ferent from one another or not, for which y(¢) increases. This is
always true, whether F is rational or not. If N(y) < m, every
combination of m values T must contain at least two of them that
are equal, hence, owing to the factor IT(t;— t,)%, these integrands
vanish for -all combinations (v, ...7,,), which yields (8.86).
If N(x) = m, there are always possible combinations where the
values v are different from one another. In this case, it is only
owing to a factor IIt; or II(1 —¢;) that an integrand can vanish
for such a combination (7, ...7,,), and this requires that one
value 7 be equal to zero or unity. Evidently this leads to the cases
(8.87)...(8.89). In all other cases (8.40) implies (8.41).

I now return to the conditions (1.01) and F(z,) =a, (n =1,
2, ...) of problem (e). In the rest of this section the notations
of Theorem 17 will be used throughout. Let F(z) be a solution
of (e), and let us put
(8.42) D,(z|F)=A(x,xy...x,), DY(a|F)=4%a, ay...2,)(n=1,2,.
By (8.27)...(8.80) we can write

).

(8.48) D, (a|F)=—P,(x)+Q.(z)F(z), D}(z|F)=P;(z) —aQ5(z)F(z),

where the expressions P, ..., Q¥ denote the following poly-

nomials:
m—1
(3.44) P, ,(2x)=(—)%mm+0 11 Lz ..,z2"% 0, 0, ..., 0
La,..,e7 a,am, ..., a0 2.,
1) m
(3.45) Quu(a) = (—mimsn | 2D 0% B B oo
Lay..,al", a8 ..., a7 |;o1
1,2, ...,2™ 0, O, ..., O
(3.46) Py (z) = (—)hmomeny 27 trmr v T
Lz,..,z,ax,a%;,...,08%; |;j=1..
m—1
(8.47) QF (z) = (—)timomenr | O Qoo O L 8 @
La,..,2 ez, a; 23 . .., ax (i=1..
Lz, ..., 2™ 0 o ...,0
(3:48) Py, yy(2) = (—)khmem-—n| 207 Tl o
Lz, ..,20a,a,2; ..., 62" |;-1..
0,0, ..., 0,1, & ...,2"
(849) Qypy(@)=(—)hmimueny * 2T L T
La,..,.2%a,a;2; ... 62 |;_,..
L,z,...,2™ 0 O, ...,0
(3'50) P2*m+l(w) — (_)ng(m.;.]) s &y ’ m, ) ,2 P et
1 z,..., 2, @z, a5, . . s a2 |1,

.2m)

0 :2m)

2m)
2
2m)

’
2m+1)

I
2m+1)

bl
2m+1)
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0,0,...,,0 1, =z ..., 2™

(8.51) 0F . (z)=(—)%mm++1
em+1(2)=( L&y oo 7, 020 A% . . @™ |21 2min)

TaeoreMm 18. If F(z) is a non-degenerate solution of problem
(e), we have, for any n > 0,

(8.52) (—)*D,(z/F) > 0, (—)*Dy(z| F) > o,

where either z < 2, k=0, orz, <z < a3, (k=1,..., n—1),
or z, <z, k = n. In particular we have, for any n > 1,

(8'53) (_)n{Pn—l(‘l’n)_anQn‘—l(wn)}>0’ (_)n+l{P:—l(‘l"n)_——ana‘nQ:—l(mn)}>0'

If F(x) is a rational solution of problem (e), the expressions
D, and D} satisfy (8.52), the following cases excepted:

(x) T54>0, 7, <1;then D,=0 forn 22N and D¥ =0 for n = 2N + 1;
(B) ty=0,7,<1; then D, =0 forn =2N —1 and D¥=0 for n = 2N;
(y) t¥>0,7,=1; then D, =0 forn =2N and D¥=0 for n = 2N —1;
(8) Tty =0, 7, =1; then D,=0 for n = 2N —1and D¥ =0forn =2N—2.

8.54)

A rational solution F(z) is unique; hence a degenerate problem
(e) is always determined.

Proor. If F(z) is not rational we have N(y) = oo, hence the
inequality (8.41) can be applied to the expressions 4(z, zy, . . ., ,)
and 4*%(x, @, . .., ,) as soon as the values «, z,, ..., ¢, are so
re-arranged as to form an increasing sequence, which can be
effected by a permutation of the rows of the determinants 4 and
4*. In this way (8.52), and (8.58) as a special case, can be ob-
tained.

The inequalities (8.41) can also be applied when F is rational,
and hence (8.52) generally holds, except if we have to do with
one of the cases (8.86)...(8.89), which yields (8.54).

Now, by (1.08), the expressions D,(z, | F) and D}(z,| F) are
independent of the choice of the solution F. Thus it follows from
(8.52) and (8.54) that problem (e) cannot have both a rational
and a non-rational solution. Moreover, two rational solutions F,
and I, would satisfy the equations F,(z,) = Fy(z,) (n=1, 2,...),
hence they would be identical.

§ 4. Discussion of the Polynomials P,, . . ., QX. Degenerate
Solutions.

A further analysis of problem (e) requires a more detailed dis-
cussion of the polynomials P,, . . ., ¥, defined by (3.44) . . .(8.51).
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We begin by supposing that the values z, are different from one
another and different from zero, and that the values a, are quite
arbitrary. By elementary properties of determinants we have

(4“01) Pl(w) =0, Ql(m) =1, Pr(w) = %y, Qf(w) =1,
(4.02) P, () = a,Q.(2:), Pr(z) = am,0n(@) (k=1,2,...,0),
and

P:(O) = (_)nwl D n{Pn—l n) _—anQn—l(wn)}s
600) | o%0) i et 1)

TueorEM 19. The following recurrence formulae hold for
n>1:

(108 QualO0Pa(a) = 0ul0)Pars) + 200 P (0),
P*
(4.05) Qn_1<o>on<w>=Q,.<o>on-1(w)+wl.'j(f’; 20%4(@),
(100) L0 pre) = 0, 00p, 1) + L TN P2 o)
* n—1 s L S |
P*

wom) T=0 01) = 0,000 0 + 0 02 o)

Hence the expressions P,(z),...Q%) are uniquely deter-

mined by (4.01), (4.03), ... (4.07) if and only if
(4.08) P¥(0) #0, 0,(0) #0 (k=1,2,...,n—1).

Proor. Let the rows and the columns of an n-rowed deter-
minant A be successively denoted by the numbers 1, 2,...n.
Suppose n > 1, and let, for p < n,

1Sy <p < o . <pp,E=n, 1S9 <rn<...<7,=n

Let AL:‘;:) be the subdeterminant obtained from A4 by leaving
out the rows u;,...p, and the columns »,...», and let
Ajn = 1. We then have the well-known identity
(4.09) AADED = AL ALD — AT A,

Byltg

P

If =1, pp=2m+1, vy =m+ 1, v, =2m + 1, and
|La ...,2"% 0 0, ..., 0

A = 1 v m—1 m
sy oo 0y Xy 75 Qyy ATy o o oy B;X; (§=1...2m)

this yields
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m—1 m—1
o Xy Ty Ay - .. AT I(i=1...2m—1)

L N L,z ..,2™Y 0,..., 0
e Ly T Ay« ey ATy |(5=1...2m)

m—1 m—1
Lz,..,x; 5 @y ..., a5

1,2z, ...,z 0, ..., O

m—1 m
La,..,x7 ", axy, ..., ax;

m—1

m—1
s 8y T By e ey ATy '(i=l...2m)

hence, by (8.44)... (8.51),

P*
Qam—1(0)Py () = Q3m(0)Pypy(z) + ___"‘_(0_)__

2
.. .2

P;m—l(w)'
2m

Next,if weput yy =1, gy =2m + 2, », =m + 1, v, = m+2,
and

4 — Lz,...,2,,0, 0, ..., O,
B 1,2 ...,27.a; am;, - . ., axy (i=l...2m+l’
we obtain, by (4.09),
0 P . P P;km+1(0) P*
Q2m(0) Py i1 () = Q3 1n41(0) Py (@) + —————— P53, (),

Ty« - Tamyn

hence (4.04) is right. In the same way (4.05) can be obtained,
both for even and odd values of n, by putting ; =1, gy = 2m + 1,
n=m-+1, v, =2m + 1 and

0,0..., 0,0 1, & ... x™

m—1 m
La,..,a"a,ax, ... ax;

A =

’
(i=1...2m)

resp. by putting u; = L, yp =2m + 2, v, =m + 1,v, =m + 2and

0,0...,0 1, =z ... 2™
m m
Lx,..,x"a,ax, ..., ax]

A:

(i=1...2m+1)

The equalities (4.06) and (4.07) too can be obtained as par-
ticular cases of (4.09). However, they can also be deduced from
the recurrence formulae for P, and @, by means of a transfor-
mation, which will also be useful afterwards. Let ¢ be a function
of a;,...a, (which may also depend of z;,...,), and put

T,p(ay ... a,)=a,...a,9@... a})
4.10
(4.10) { Uiy -« o ) = @@y + « o Git).

We then have
(4.11) { UT,UT.p=2...2,9,

T (91p2) = a7t . .. ' T (@) To(@2)s Un(@192)=U .(91)U u(2)-

Moreover, if ¢ is independent of a,, we have

(4"12) Tﬂ(p = anTn—1¢9 Un‘p = Un—l(p'

(¢=1...2m—1)

(i=1...2m—1)
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Now we have, as an immediate consequence of (8.44) . .. (8.51),
and both for even and odd values of n:

(4.13)  U,T,P,(2) = Qi(z), U,T,Q.(z) = Py(@),
and hence, by (4.11),
(414) U,T,PH2)=2y...2,0,(@), UnT,0X @) =a...2,P,(2).

By effecting the transformation U,T, on the equalities (4.04)
and (4.05), we thus obtain the recurrence formulae for P¥ and QF.

The condition (4.08) is evident.

THEOREM 20. The following equalities hold for » > 1 (and
(4.15) for n = 1):

(4.15) PX(2)Q.(@) — 2P, (2)Q¥(z) = P,’{‘(O)Q,,(O)k[l (1 _%),
P* n—1
(4.16) Q,_,(2)P (@)— P,_4(2)0, (m)___n_—l(_")_(i) (1“2),

1...11,’,, k=1 wk

n—1
(117) Q0rs@)PHo)—2P, )03 )=0u s PYO) T (1—2),

n-1
(818) PL(@)0n(@) 202 ,(0)Pa(a)=P10)0u(0) TT (1 2),

k=1

(119) P (@003t A@ Y@ =21 2410000000 T (1— )
= Ty
Proor. First (4.15) will be proved by induction. When n = 1
(4.15) holds; let (4.15) hold when n is replaced by n — 1. We
then have, by (4.04) ... (4.07),

PE(0)0n sO)(PE@0 (@) — 2P,(2)0%(@)}
= PHOI0NO1— ) {PEs(@)0us(e) — 2P, 1(@)0%- 1)

= P2_,(000,a0)P20)0,0) T (1 -2},
k=1 Ty
hence, if P¥_,(0)Q,_1(0) #0, (4.15) holds for the given value n.
Thus (4.15) holds for any n that satisfies (4.08). Since (4.15)
is an identity between polynomials, which is true for arbitrary
values of z;, ...z, a,,...a, that satisfy (4.08), the equality
also holds if (4.08) is not satisfied.
Moreover we have, by (8.44)... (3.49), (4.15),
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Qn-l(o){Qn—l(w)Pn(w) - Pn-—l(m)Qn(w)}

P*
= w‘l_.".(.o a)z (Pr-1(@)Qna(2) — 2P s(2)Q5-1 (2)}
Pp_1(0)Py(0)"=1 x
= 0 TR (=)

hence (4.16) is true if 0, _,(0) # 0, and consequently if Q,_,(0)=0.
The equalities (4.17) ... (4.19) can be obtained in the same way.
THEOREM 21. Ifthereisaleast valuen forwhich P}(0)Q,(0) =0,
the expressions P¥(0) and (,(0) cannot both be zero.
Proor. The theorem is true when » = 1; so let » > 1. First
suppose P¥(0) = 0. By (4.03) we then have

(4"20) Pn—l(mn) = anQn—l(wn)’

since the values x; are all supposed to be different from zero.
Now, according to our assumptions, P¥_,(0)Q,_,(0) # 0. Hence
we have, by (4.15),

n—1
P:—l(wn)Qn-l(wn)—wnpn-l(wn)Q:—l(mﬂ) = P:_I(O)Q"_I(O) H (1 _ﬁ) #0’
k=1 z

k

or, by (4.20),

Qn—l(wn){P:—l(wn) - anan:—l(wn)} # 0’
hence Q,(0) # 0 by (4.03). If Q,(0) = 0 we obtain P*(0) # 0
in the same way.
THEOREM 22. If, in addition to the assumptions made on
the sequence {z,},” in the beginning of this section, the values
&y . ..2, and a; are positive, and if

(4.21) P}(0) >0, 0,(0)>0 (k=2,8,...n),

the following properties hold:

(a) The polynomials P,(z),...Q¥x) are positive for z = 0;
the values a,, ... a, are also positive.

(b) The degrees of these polynomials are determined, for
n = 2m resp. n = 2m + 1, by

[Pem]=m—1, [sz] =m, [P;m] =m, [Q;m]__‘m_l’
[Pemul=m, [Qimnl=m, [P;m-}-l]:m’ [Q:m-{»l] = m.

(¢) The zeros of these polynomials are simple and negative.
In what follows the zeros of P,, Q,, P¥ and Q* will be denoted
by (®n,:)s (Ba,:)s (ax ;) and (ﬂ:’,) respectively, and, if we take
i=1,2,..., the absolute values of the zeros will be supposed
to form an increasing sequence.

(4.22) {
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(d) The zeros of P, as well as those of QF are separated both
by the zeros of P} and by those of (,; conversely, the zeros of
P} as well as those of Q, are separated by the zeros of P, and
of QF. Compared to P, and Q¥, the polynomials P¥ and Q, have
the zeros with the least absolute values:

*
Ui < Uy < Uy gy Uy < B s < %y i1y

(4.23) {
i < “:,i < By i1 i <Bni< B i

Proor. By (4.01) the properties (a) and (b) hold when n = 1.
By induction they hold for any n, which is evident by (4.04), ...
(4.07), (4.21) and (4.02).

If n = 1 the statements (c) and (d) are meaningless. If n = 2,
(e) is true by (a) and (b), and (d) is also true, since there is a
single zero of P} and of Q,, and no zero of P, or QF. Let us take
n > 2 and assume that (¢) and (d) hold for n — 1. By hypothesis,
there will be at least one zero a}_, ; of Pk, and we have, ac-

cording to (4.23),
sgn Pn—l(a:—l, )= (=),

hence, by (4.04) and (4.06),
sgn P (e, ) = (—)*,
sgn P:(“:—l. )=

If n = 2m, we have P,,(0) >0, P} (0) >0 by (a), hence
P, ..(x) changes sign in at least m — 2 points, and P, () in at
least m — 1 points of the interval (a3,_; m_1, 0). If n =2m 4 1,
we obtain in the same way that P,, ., changes sign in at least
m — 1 points, and Pj,,., in at least m points of (a3, ., 0). Since
P, and P} are positive if > 0, the coefficient of the highest
power of z of these polynomials must be positive. This yields,
for z < 0 and | z | sufficiently large, and for even resp. odd values

of n,
(4.25) {sgn Pou() = (—)™,  sgn Pha(@) = (—)™,
sgn Popa(2) = (—)™ sgn Py, (@) = (—)™
Comparing this result with (4.24) we obtain that P,,, and
P} change sign at least once in (—o0, 3, ; ), and that
P, .., changes sign at least once in (— o0, o3, ,,). Hence, if we

denote the number of negative zeros of a polynomial f by »(f),
we have, for even resp. for odd values of n,

v(Pyp) Z2m—1, ”(P;m) =m, "(Pypp) =m, ”(P;mﬂ) =m,

(4.24) (t=1,2,..., [P* ).

and, by (4.22), all zeros of P, and P} will be simple and negative.
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Now the recurrence formulae (4.04)...(4.07) are invariant,
by (4.18) and (4.14), for the transformation U,T,. Moreover,
by (4.10), (4.18) and (4.14), we have for k < n:

U, T, Pi() = Gpyy--. 0,2 . ..2,0:(),
U,ToQu(@) = Gpyn - - - sy - - - 2, P¥(),
and since the values a; and 2; are all positive, the set of inequali-

ties (4.21) is also invariant for the transformation U,T,. Hence
the zeros of the polynomials

U,T,P,(z) = Qilz), U,T,Pi(x) =2;...2,0.(2)

are simple and negative, which completes the proof of (c) for
the value n.

Next we prove that the zeros of P, and P%* separate one another,
and that (aj;, 0) contains no zeros of P,. In the particular case
n = 8, P, as wel as PJ have a single zero, and, by (4.24), we have

sgn Py(az,) = 1, sgn Pg(ag,) = —1,

hence our statement is true. If n > 8 there is at least one zero
of P,_,, and we have, in virtue of our hypothesis,

sgn P:—l(“n—l,i) = (—)5
hence, by (4.04) and (4.06),

(4.26)  sgn Py(en,:) = (=), sgn Pi(en,) = (—)
(=12 ..., [P.]).

If n = 2m, both P,, and P}, will change sign at least m — 1
times in the interval (3,3, m-1,,0); if n = 2m 4- 1, both P,
and P3,, ., will do so at least m — 1 times in (¢, m_y 0). Com-
paring (4.26) for n = 2m and ¢ = m — 1 with (4.25), we obtain
that P}, changes sign at least once in (— 00, ay,_;, m_y); the
same holds for P,,., and Pj,,, with respect to the interval
(— o, @3, m-1)- Now, by (4.22), we can infer that both the
zeros of P, and of P¥ are separated by those of P,_,, hence

*
(4.27) Ly, <] Qg ] K iy Xpgs < Xy < Xy 4y

Moreover, it follows from (4.24) and (4.25) that both the zeros
of P, and of P¥ are separated by those of P}_,, hence

* * * * *
n—1,i+1 < a’n,i < ¢x'n-—l.i an—-l,i < a’ﬂ,i < an—l, i—1»

and by (4.27)

4

* *
g < Uy, KOy g < Ry iy < Epy gy

which proves the statement. Applying the transformation U,T,
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to the polynomials P, and P}, we get the result that the zeros
of Q, and QF also separate one another, and that Q, has the zero
with the smallest absolute value.
From (4.15) we get, by putting z = «, ,,
P:(“n,i)Qn(an,i) > 0 (i = 1’ 2’ MRS ] [P'n])’
and since we have just shown
sgn Ph(a,,,) = (—),
we also have )
sgn Qu(en, ) = (—)"
Since @, has at most one zero more than P,, the zeros of P,
and Q, separate one another, and evidently (, has the zero with
the least absolute value. Applying the transformation U,T, we

get the corresponding property for the zeros of P} and Q¥, which
completes the proof of (d) for the value n.

From now on it will again be supposed that (1.01) and (1.10)
hold, which implies, by (4.01),

(4.28) Py(z) = Qy(z) = Pf(z) = Qf () = 1.
Let us put
P, Py
(4.29) R, (z) = Q”((:)), R¥z) = Euo—:'((% m=172,...)
hence, by (4.28),
(4.80) R(z) =1, R¥(z)= %

and, by (4.02),
(4.81) R, (z,) = Ry(z;) = a, (k=1,2,...n),
in all cases where these expressions are not indeterminate.
THEOREM 23. The following statements are consequences of
(4.21):
(a) R, and R} are positive for 2 > 0.
~(b) Putting 2z, = 0 we have

(4.82) (—)* {R3(z) — R,(2)} > 0
for . <z <2y (k=0,1,...,m—1), or 2, <@ k=mn,
while

(4.33) (—)*{Ra_,(@)—R;(@)} >0, (—)*{R,(z) — R,,(2)} > 0,
forzg, <<y (k=01,..,n—2)ore, , <z, k=mn—1.
(¢) R, and R} belong to the class {F}.
(d) R, and R} are increasing functions of a, for z > ,_,.
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Proor.

Ad (a). According to Theorem (22a), the polynomials
P, ...QF are positive when z > 0. Hence R, and R} are
positive, by (4.29).

Ad (b). We get (4.82) and (4.83) as immediate consequences
of (4.15), (4.16), (4.19) and (4.21).

Ad (c). According to Theorem 22(c), the zeros §, ; and ,B:,,
of Q, and Q* are simple and negative; according to Theorem
22(d), P, and Q, have no zeros in common, nor have P¥ and
Q¥. Hence the poles of R, and R are of the first order, and, except
for a pole of R} in the origin, they coincide with the zeros of Q,
resp. of Q¥. We thus obtain

* *
+Gaa) Ri@ =220 4 5 Ane | ox,

(i) —ﬂn i 2 (6) 83— P4

”(Z) -

where G, and G} are polynomials, and where the residues 4, ,,
Ay ; must be positive, according to Theorem 22(d). If the degrees
of P,,, ..., QF are taken into account, it is clear that G, and
G¥ are constants. Let them be denoted by u, and u?X. This
yields

A A* A*
4.84) R, (z) = Bl Ly, RYR)="204 3 Tmi gl
(4.84) Ryle)= (s)z**ﬁn: z 0&— B,
hence
(4.85) u, = lim R,(z), u¥ = lim R¥(z).

2> >

According to (a), these limits are non-negative, so now it fol-
lows from (4.34) that R, and R can be represented by a
Stieltjes integral of the form (1.05). Finally we have, by (4.81)
and (1.10),

Rn(l) = R:(l) =1,

hence R, and R} belong to the class {F}.
Ad (d). By (4.03), (4.04) and (4.05) we have

0
(—)Qnea(0) 2

2,05 1(%0) Py(2) — Qua (@) Pr_y (@),

n

0
(—)0urs(0) 222

‘IIQ l(wn)Q'n—l<w)_an—l(mn)Q:—l(w)’

hence, by (4.16) and (4.18),



34 C. G. G. van Herk. [84]

a

oR
Qa0 ) — (g, )] 02
= Qn(w){an:—l(wn)Pn—l(w) - Qn—l(wn n-—l(‘r)}
— P (2){@,0%_1(2,)Qnaa(@) — 2Q1(,)0n_1(2)}
= an:—l(wn_){Pn—l(w)Qn(w) - Qn—l(w)Pn(w)}
+ Qua(@,){@Q5_1(2) Po(@) — Pr_i(2)Q4(2)}

n

* n—1
—— P 1<o>{—(—’— * (@) + Q,,m)o,._l(w,.)} (-2,
n—1 k=1 mk
or
oR n—1
(130) @3o) 227 = (Lo TL (1 —2).

In the same way we obtain

487)  20¥@) 2@ _(yrotay 2,0, (0)0K @) T (1_i),

da, k=1 Zy

which proves the statement.
TueoreEM 24. The set of inequalities (4.21) is equivalent to

the system
(4.88) a, = Ry y(2;) + 9% RE_1(2),  + 95 =1, 0 <P, <1
(k=238,...,n).
Proor. First let (4. 21) hold. According to theorem 22(a) the

polynomials P, .. Qk are positive for £k =2,8,...n and
z = 0. We thus have by (4.08),
sgn {R,_(z;) — a;} = (—)*, sgn {Rk (@) — ap} = (—)*H,

hence a, is included in the strict sense between Rk_l(mk) and
RY_, (z:), which yields (4.38).
The converse can be proved by induction. If (4.38) holds, we

have, for k = 2,
%

2
Ay = Py + —,
g

and, since z, > 1,
a, <1 < ayx,.
Moreover we have, by (4.03) and (4.28),
P3(0) = 2,@5(1 — a3), Q5(0) = — 1 + ax,,
hence (4.21) holds for &k = 2. Let (4.21) hold for £ < » — 1, where

» < n. By Theorem 23(a) the functions R, , (¢) and R}, (x)
arc positive for # > 0, while, by (4.82),
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(—) YRy (=) — Ry4(2,)} > 0,
and, by (4.88),
a, = ﬁvRv—l(wv)"_'ﬂ*Rv—l(wv)s 9, + 19: =1, 0<d, <L
Hence we have
—)"*Y{Ry_(2,) —a,} > 0, (—){R,4(z,) —a,} >0,
and, by (4.03),
PXo0)>o0, Q,(0) >0,

which completes the proof.

The necessary conditions for the existence of a solution of pro-
blem (e), which have been obtained in the preceding section, can
now be expressed in a somewhat different way, and the explicit
solution of a degenerate problem can be given.

THeorEM 25. If problem (e) has a solution, all values

P}(0), 0.(0) (n=2,8,...)

are positive, except for the following cases, where the problem
is degenerate:

«) Ty > 0, 7, < 1; then P¥(0) = 0 forn = 2N + 1, 0,(0) = 0 for n = 2N + 2;
B) Tty =0, 7, < 1; then P¥(0) = 0 forn = 2N, Q,(0) = 0 for n = 2N + 1;
y) 7y >0, 7, = 1; then P¥(0) = 0 forn = 2N + 1, Q0,(0) = 0 for n = 2N;
d) 1y =0, 7, = 1; then P¥(0) = 0 for n = 2N, (,(0) = 0 for n = 2N — 1.

Here the values N, 7, and 7y have the same meaning as in Theo-

rem 17.
Proor. By (8.43) and (4.08) we have, for any solution F

of problem (e),
P(0)=(—)""2y . . . &y Do y(@]oF), Qu(0)=(—)""1D}_;(z,|F).

Hence, by Theorem 18, the values P%(0) and Q,(0) are positive,
except for the cases («)... (d).

According to Theorem 16, any rational function of the class {F}
can be represented by an expression of the form

4.39) F(a)= u0+2—— ——(uOZO 0<t,<1,u;>0fori=1,..., »—1;u,=0).
iml—t 4t ’
If this representation contains n positive parameters w, ¢, I
shall denote F(z) by r,(x) if the origin is a regular point, and
by r¥(z) if it is a pole. This agrees with the notation of the func-
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tions R,(z) and R¥(z): if these belong to {F}, they depend, by
(4.22), of exactly n positive parameters.

THEOREM 26. If a rational function r,(z) of the class {F}
satisfies the equalities

ra(z) = a, k=1,2,...,n),

(4.88) holds for £k =2,8,...n, and we have identically
T.(2) = R,(2).

Proor. First let m = 2m. Since r,(z) satisfies (1.08) for
k=1,2,...,n, we can apply the preceding theorem, where

N=m,1<1, 1y > 0.

Hence (4.21) holds, and, by Theorem 24, the inequalities
(4.88) hold also. Moreover, by (8.43) and Theorem 18, we have
DZm(w|r2m) = sz(w) + QZm(w)TZM(w) = O’
which proves the identity of r,,, and R,,. If n = 2m 4 1, we

have in the same way
N=m+1,1,<1, 17y =0,
which yields (4.21) and (4.88), whereas

D2m+1(wlr2m+l) = — Pypi1(@) + Qamia(@)rami(z) =0,
which proves that r,,,, and R,, ., are identical.
THEOREM 27. Let a rational function r}(z) of the class {F}
satisfy the equalities

) =a, (k=1,2,...n).

Then (4.88) holds for k£ = 2,8,...,n, and 7}(z) = R¥(x).

Proor. It is similar to the preceding one.

THEOREM 28. If problem (e) has a non-degenerate solution,
all values #, and ¥, defined by
(4.40) a,=9,R,_,(2,) +9*R* [(2,),9,+9*=1 (n=2,3,...),
are positive. In the case of a degenerate problem we have

$, >0 95 >0 (k=238,...,n—1), 99%=0,
for a definite value of n. According as @, = 0 or 9F = 0, the
solution of the problem is RY  (z) or R,_;(z).

Proor. If the problem is solvable and non-degenerate, all
values P¥(0), Q, (0) are positive, by Theorem 25. Hence all
values #,, ¥ are positive, by Theorem 24.

If the problem is degenerate, we have, for a definite value of n,

P}(0) >0, Q,(0) >0 (k=2,8,..,n—1), P%0)0,(0)=0.
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In particular we have, by Theorem 25, P}(0) =0 if 7, <1,
and Q,(0) = 0 if 7; = 1. Hence the solution of the problem can
be represented by r,(z) in the first case and by 7)(z) in the second
one, where » has still to be determined. In both cases we have,
by Theorem 24,

0<¥ <1 k=238,...,n—1),
hence, by Theorem 23,
R, y(z,) # Ry y(z,).
Thus we can always write
a, = 9,.R, (2,) + 7R ,(2,), O, + 95 =1L
Now by (4.03) we have

(4"41) { P:(O) = (—)"0:‘711 e ann—-l(‘z’n){Rn—l(wn) - R:—l(wn)}’
Qn(o) = (—)nﬁnan:—l(wn){Rn—l(wn) - R:—l(wn)}’

hence 9* = 0 or #, = 0 according as P¥(0) =0 or Q,(0) = 0.
In other words: the degenerate problem (e) has either a solution
r,(z) when 9F = 0, or a solution r}(z) when ¢, = 0. In both
cases we have v < n, by Theorems 26 and 27, and, by the same
theorems, the solution is equal to R,(z) resp. to R}(z). On the
contrary, the equations a,_; = R,(z, ) resp. a,_; = R¥(z, ;)
are incompatible, by Theorem 28, with0 < ¢, <1(k = 2,8, ...,
n—1) and » <n—1. Hence » =n—1, which proves the
theorem.

THEOREM 29. In order that problem (e) be degenerate it is
necessary and sufficient that

0<d <1 k=28,...,n—1),
and either
Aniy = Ry 1(@04y) (»=0,1,2,...)
or
Ay = R 1(Zary) (»=0,1,2,...)

for a definite number n > 1. In the first case the solution of the
problem is R,_;(x), while ¥ = 0; in the second case it is R¥  (z),
while ¢, = 0.

Proor. By Theorem 28 the conditions are necessary; by
(4.31) and Theorems 23 and 24 they are sufficient.

From now on I shall leave degenerate problems out of con-
sideration; so henceforth a solution of problem (e) will always be
supposed to be non-rational.
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§ 5. Existence of a Solution: sufficient Conditions.

In Theorem 28 the conditions

(5.01) a, = R, ,(,) + 9XRE [(2,), 9, +9F =1, 0 < ¥, <1
(n=2,8,...)

have been shown to be necessary for the existence of a solution
of problem (e). We shall now prove that these conditions are also
sufficient. So in this section it will always be supposed that (5.01)
holds; hence (4.41) is also true for any n > 1.

TueoreM 80. For any z > 0 the sequences {R}(x)}._, and
{R}(x)},Z, are monotonic and bounded; hence the limits
(5.02) R(z) = lim R,(2), R*(x) = lim R¥(z)

n—>® n—> o

exist (for the present only for @ > 0). Moreover we have

(5.08) R(z,) = R*(a,) = a, k=1,2,...)
and
(5.04) {R:(w)>R*(w)gR(w)> R, (z) for y <w <@gy, n=21,
' Ry (z)<R*(z)<R(z)<R,() for @y <@ <@y i9, n=21+1,

A solution F(z) of problem (e) satisfies the inequalities

(5.05) (—)"{R*(z)—F(z)} 20, (—)*{F(z) —R(z)} =0
(wk <X < Tpyys k= 0,1,2,.. ')1

hence any solution is included (in the wide sense) between R
and R* (for x > 0).

Proor. According to (5.01) and Theorem 24 the conditions
of Theorem 23 hold for any n. We thus have

Ry(x) > Ry, (2) > Rya(e) > R,(2) for @y <z <@gy, n =2,
Ry (z) < Ry,i(2) < Rypq(e) < Ry(@)for @y <@ <@y 49, n22l+1,

hence the sequences {R,(z)}._, and {R¥(x)}7_, are monotonic and
bounded, which proves (5.02). In particular, when z is different
from a,, @,, . . ., there is always one sequence increasing and the
other one decreasing.

Moreover, (5.03) holds by (4.81), and (5.04) by (4.83). Finally
(5.05) holds by (3.48), (8.52) and (4.29).

TrEOREM 31. For all complex values of z, with the possible
exception of a set of values on the half line 2 < 0, the functions
R(z) and R*(z) are holomorphie, while
(5.06) R(z) = lim R ,(z), R*(z) = lim R*(z)

n—> n—>w
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holds uniformly in any domain G(, g), such as it has been defined
in Lemma 1.

Proor. By Theorems 1 and 28, the functions R, and R}
are uniformly bounded in any domain G(e, ¢). Hence the theorem
is an immediate consequence of (5.02) and of the Porter-Vitali
theorem.

By (5.08) the functions R and R* have the required value a,
when 2 = x,, for every k = 1. Hence, if we show that R and R*
belong to {F}, we are sure that the conditions (5.01) are sufficient
for the existence of a solution of problem (e), since there will
be at least one solution indeed (R and R* may be identical).
This will be done by means of Theorem 383. The real difficulty
of this theorem, however, is how to prove (5.16). The formula
(5.16) can be obtained in a very elegant way by means of a
theorem of Helly [1], which has also served to overcome a similar
difficulty in the theory of continued fractions 2). Yet, the theorem
of Helly is based on Zermelo’s axiom of choice, and the well-
known objections can be raised against it. For this reason I shall
proceed in another, though more complicated way.

THEOREM 32. Let y be the corresponding function of F, and

1
(5.07) c(s) = f tdy(t).
0
We then have

1 o+§00 F d
(5.08)  cfs) = — (1_(_3)272:1

(0<a<1l,0=Res>0),

if we put
| arg (1 —2) | <%

along the path of integration.
Proor. By the theory of residues we have

a+io dz
5.09 = 2mit® 0=t=<1),
(5.09) f i —i @ e 0=t=1)
a—{®
for, if we shift the path of integration to the left, we only pass
the pole z = 1 —¢-1. Moreover we have, along the path of in-
tegration in (5.08),
[1—t+tz| =« 0=t=<1),

3) See e.g. J. GROMMER [1].



40 C. G. G. van Herk. [40]

and

(5.10) |(1—-z)"‘1|=|exp [—(0+1+it){log|1—=z|+ iarg (l—z)]l}
! =exp{—(o+1)log|1—=| +rarg (1—z)} <|1—z| O le%I 7],

if we put s = ¢ 4 7. Hence

x4 §00 dz 00
f Sa—-le}’znl‘r] Il_zl—a—ldy
(1 —z)* (1 -—t4t2) | —

a+if

a0
< a“‘ey”’mf y o ldy = o, 79,
B

where the value «; is independent of ¢. By (5.09) we thus have

a+if
o= j dz + 0(87),

T 2m (1 —2)* (1 —t + tz)
a—if
uniformly for 0 < ¢ < 1. By (5.07) we obtain
1 1 a+if dz
- O(B~%) rdx(t
(1] a—:f
1 o8 dy 1 dy(t)
= — 0 -0 ,
2ni (1—z)'+1J1—t+tz+ ()
a—if 0

which yields (5.08).
Lemma 2. If

é a,B, < Ve
1

Proor. The lemma is true when n =1, so let n > 1.

(a) Since a, <1, ,<1 (»=1,2,...n), we have 0<e¢=1.
When ¢ = 0 or ¢ = 1 the lemma is trivial. Hence we can take
0 < ¢ < 1, which implies that at least one product «,f, is different
from zero, and that 4 and B are positive.

(b) Putting

a:,:ﬁ;:\/avﬂ, (»r=1,2,...n),
we have

= Ma

a;=2ﬂ;=21:\/a,ﬁ,§\/A_B§1, max o, f,=¢, :Z«;ﬂ;:?a,ﬂv,
1

1sysn
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hence we may confine ourselves to the case a, = §, (v=1, 2,...n),
which implies 4 = B.
(¢) Let the restrictions of (a) and (b) hold. Putting

’
a, = A7la, (»=12,...n),
we have
i ’ ”
2 a,=1 max «, = A~ %.
1 1=Sv=n
Now
d 2
r
-1
2, <A le
1

would yield

'l'=

"‘M’

a2 = A2 X% a:;’ < Ave = 4e,
1

so if the lemma were true for the set (a,,...a,), it would also
be true for the set («, ... a,). Hence we may confine ourselves
to the case 4 = 1. -

(d) So now we can put

«, =0 (»=1,2,...1n); Xa,=1; max ol =c.

1 1svsEn
This yields
max «, = 4/¢,
1sysn
hence

lIA

n n
2 a2 < X o, max «, = /¢,
1 1 1svsn

which proves the lemma.

It can easily be shown that in the preceding lemma the equality
n
? a,B, = ¢

can hold only if e=n"2 (n=1,2,...).
LEmMMa 8. Let ¢(u) be of limited variation in 0, 1). Let

(511)  9(0) = ¢(1) =0, max | f ‘pu)du| = e,
and let the total variation of ¢ be limited by
(5.12) [ dgu)| < 2.

We then have ’
(5.18) f‘ | ) | du < V2.

0
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Proor. Without loss of generality we may suppose that the
range <0, 1) can so be divided into a finite number of subintervals
%35 Tgs « + « T, that either ¢ = 0 or ¢ < 0 within each ¢,, while ¢
takes a different sign in every pair of consecutive intervals
iy 1,.1. For, as easily can be shown, any function @(u) of limited
variation in (0, 1) is the limit of a sequence of functions ¢, (%)
with the property just mentioned.

Let 8, be the length of 7,, and put

U«P(u)du | =ap, (»=12...n)

Hence «,f, < 2¢ by (5.11). Moreover we have X g, = 1. Ob-
viously a, is equal to the maximum value of | ¢ | in %, at the
utmost, and, since ¢(0) = ¢(1) = 0, the expression 22«, is equal
to the total variation of ¢ in <0, 1) at most, hence, by (5.12),

n
> a, < 1.
y=1

Now it follows from Lemma 2:

[1ow)] du = 3 0,8, < /2.
o =1

By (5.11) and (5.12) we have ¢ <. 1. Now put
191\/5—6 when 0 < u < &,V2e,
@(u) =} — 9,2 when 9,V2e < u < (9 + D5)V 26
(—)¥V'2e when (9,48,+k)V2e<u< (9 +03+k+1)V 2,

1 1
S )
where ¥, and ¢, are defined by
1 1 1
el Eat ] b ek
and where ¢ is defined, in the remaining points of the segment
(0,1), by

p(u) = Hop(u + 0) + ¢(u—0)}.
This example shows that the coefficient 4/2 in (5.18) cannot
be replaced by a smaller one. For, the integral

1
flfp(u)ldu
0
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attains its maximum value
V2 + 26(92 + 92 — 9, — 9,)

when ¢ is the function just mentioned, and here the expression
92 + 92 — 9, — 9, is bounded and negative (hence equality is
only possible in (5.18) when & = 0). I leave out the proof which
is rather long.

Of course Lemma 8 can be given in a less restricted form, where
the total variation of ¢ has an arbitrary positive value.

THEOREM 83. Let,£, >O0fork=1,2,...,andlet & — & >}
for k — co. Let the functions F, all belong to the class {F}, and
let the limits

(5.14) lim F (&) = 4,
7—> 00

exist for £k = 1,2,... We then have

(5.15) lim F,(z) = F(z),

uniformly in any domain G(e, ¢) as defined in Lemma 1. The
limit F belongs to {F}, while the corresponding function yx
satisfies
(5.16) lim f‘ | 2(8) — xa(t) | dt = 0.

n—>w® 0

(The theorem also holds when &, and & are arbitrary complex
numbers, different from the values z < 0, but we need not use
this generalization, which requires less elementary estimations
in part (a) of the proof).

Proor.

(a) By Theorem 1, the functions F, are uniformly bounded
within a given domain G(e, ). Moreover, if ¢ < & which can
always be supposed, the sequence {F,(z)},., converges in an
infinite set of G. By the Porter-Vitali theorem (5.15) holds
uniformly in G.

(b) Putting

(5.17)  cn(s) = j‘ pdy,(t) (=12, ... 0=0),
(1]
we have, by (2.04),
ca(k) = (—# F®(1) (k=0,1,2,...).

By the uniform convergence of the sequence {F ,(z)}a., We have
F(1) = lim F{¥(1),

n—>w



44 C. G. G. van Herk. (44]

hence the limits

__\k
(5.18) ¢(k) = lim ¢, (k) :(_k’—) F®1) (k=0,1,2,...)
exist. According to the theory of the Hausdorff moment problem,
the sequences {c,(k)};—, are completely monotonic, i.e. the

inequalities
y N
2y () e+ 20
y=0 v

hold for any N =0, £k =0 and n = 1. Hence, by (5.18), the
sequence {c(k)},-, is also completely monotonic, which implies
that the moment problem

e(k) = j‘ ttdy(t) (k=0,1,...)
0

has a uniquely determined non-decreasing solution x. Since
¢,(0) =1 for any n = 1, we have also ¢(0) =1 and g(1) = 1.
Now it follows froni Theorem 4 and (5.18) that F(2) belongs
to the class {F}.

(¢) The expression (5.07) is bounded in the half plane ¢ = 0,
since | ¢(s) | < ¢(e) < 1; it is also holomorphic in the half plane
o > 0. The same holds for the expressions c,(s). Moreover we can
prove
(5.19) lim ¢, (s) = ¢(s),
uniformly in any rectangle 0 < oy < 0 < 03, | 7| = 7. For, let
0 < « < 1. Since the sequence {F,(z)}; converges uniformly
on the line Re 2 = «, we can assign to any ¢ > 0 a N(¢) such that

| Fo(z) — F(z) | <&
for n > N and 2z = « + ¢y. Hence, by (5.08) and (5.10)

1| (' F,() — F(3)
|ens)—e(s)| =5 f T ®

€ ® dy
o

€ dy dy }

— W, v J A
<on” o{f |1——z|"l+1+f | 1—z %t

J1-2] <1 |1—z|>1

which proves (5.19).
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(d) Now (5.16) remains to be proved. According to Burkill [1],
the transformation of Mellin can be applied to the integral (5.07),
which yields

1 O+iw —8
(5:20) 1—50) = [ dx(w) = 5 ok

o ~—ds (0>0, 0<t<1).
g—-i®

If we replace dy(u) in this formula by udy(u), and next replace
s by s — 1, we obtain

1 1 0+iwc(8)t1—s

(5.21) j udy(u) =-—

27t s—1
t o—i®

ds (6>1,0<t<1).

Since
1

1

[ rtwyn =1 — ) — [ )
¢ . t

we have, by applying (5.20) and (5.21),

1 1 O'+i o c(s)tl"

fx(u)du=1—t—§7~t;. s—1) %

t o-1®

hence, by (5.17),

fwmk@r—%w»w*“

1 1
[ i) —zowrydn = — —

Qg—i®
(c>1,0<t<1)
Now the integrand in the right hand member is holomorphic
for ¢ > 0, with the exception of the pole s = 1. Since ¢(s) — ¢,(s)
is bounded for o = 0, this integrand is O(r~2)as | z| - co, uni-
formly in a strip § < ¢ < 2. By a change of the path of integration
we thus get
1 LA o) —eno)i 1
[ trtwr —atupin = — [ e a— |
t Yo—im (1+)
The integral round about the point s =1 can be evaluated,
which yields

1 (B (o(s)—e,(s) )
= j o) et

Yy—ico 0<t=1).
According to (c) we have, for any ¢ > 0 and T > 0,
| C(S) - Cn(-S‘) I <e

(5.22) j () — () = —
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for < ¢ =<1, |7| =T and n > N(s, T). Hence

]r{l(u)_h(“)}du §% J"/z+iT {c(s)s(—s—c—n(:))}tl_ads
F L[+ o=y | = 0wt + 01y +
Yo+iT

for e >0, T - o0 and 0 <t <1. Putting T = ¢! we thus
obtain

1
(5.28) | [ tew) — za@)} du| = 0(e)

t
for 0 <t =1 and n > N(g, ¢1). Since the left hand member is
continuous for t =0, (5.23) also holds for 0 = ¢ =<1, which
yields

max
0=st<1

fl{x(u) — xn(u)}dul = Ae,

where 4 is a positive constant, and n > N(e, e71). Now

while the total variation of 2(t) — x,(t) in <0, 1> is equal to 2
at the utmost. Hence, by Lemma 3,

Il | 2(t) — 24(8) | dt < V'24e,
0
so (5.16) is true.

Using the theorem of Helly, we would have obtained

lim 2, (2) = (?)
n—>a
for every t where y is continuous. It can easily be shown that this
result is equivalent to (5.16), but I prefer the latter statement
from the standpoint of intuistionistic mathematics.
TueEoREM 84. The functions R and R*, defined by (5.02),
bclong to the class {F}.
Proor. All functions R, and R¥ belong to {F}. Hence the
thcorem is right, by (5.02) and Theorem 33.
TaEOREM 85. The conditions (5.01) are sufficient for the
existence of a solution of problem (e).
Proor. By Theorem 84 the functions R and R* are solutions
of problem (e), hence there is at least one solution,
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§ 6. Questions of Uniqueness.

In this section it will always be supposed that problem (e) is
solvable, i.e. that (5.01) holds. If the solutions R and R* are
identical, the problem is determined, by (5.05); if not, the in-
determinacy of the problem is a tautology. Hence the question
whether a problem (e) is determined or not comes to the question
whether R(z) — R*(x) is identically zero.

I begin by replacing the polynomials P, ... Q¥ of § 38 by
other ones, which satisfy recurrence formulae that are somewhat
simpler. Let

Py_1(0)P;(0)
Lyeoo w‘nQn—l(O)Qn(O)
for n > 1, hence, by (4.41),

— P:—l(o)Qn—l(wn) ?_:
T 2 0ua(0)0F () B,

The first factor in the right hand member is positive, and
independent of 4,; hence 7, > 0. The converse also holds: to any
set {n,}% of positive values there is a corresponding set of values
#, that satisfy 0 < ¢, < 1. Putting

(6.01) Np =

(6.02)

_ P,(2) _Qul®) . . PXx) On (@)
(6.08) @,(z) = 0.0y Ya(z) = 0.007 pn(@) = P*0) ¥a(z) = PH0)
we have, by (4.28),
(6.04) 9i(2) = pi(2) = ¢f(2) = pf(z) = 1.

Moreover, the recurrence formula
(pn(m) =(pn—1(w) + nn(p:—l(w)’ <p,",'(w) :(p:—l (.Z') + (wnnu)hlw‘pn—l(w )1
V(@) =p01(@)+ 00295 (2), ¥H (@)=} (@) + (@,7,) 9,y (2),

can be obtained from (4.04) ... (4.07) for any n > 1. By (4.15)
we have

(6.05) {

(6.06) P —opa(alpie) = (1 — ),
while (4.29) yields

| 0@ e ora)
(6.07) R, (z) = 'l’n(f'?)’ R, (z)=: ‘”Tl’f(;)’

hence
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fi(—7)
*() =1 "k
o) = Role) = )
By Theorem 81 we now have
1 (1 _f_)
(6.08) R*(z) — R(z) = lim 2 x

n>o 2Pa(2)Pn(2)
for all values of z, except the values 3 < 0.
LEmMA 4. Let 4, = B, = 1;leta, >0,b, > 0forn=2,3,...;
let
An = An—l + aan—l’ Bn = Bn—l + bnAn—l'

We then have
A, =21+ 2Xa, B, =1+ 2Xb, mn=1,2...).
2 2
(A confusion with the values @, = F(x,) might be excluded).
Proor. The lemma is true for » = 1. Assuming the lemma
holds for » — 1, we have

n—1 n—1 n
A, =21+ 2a, +a,1 4+2b,)=1+ Xa,
2 2 2

n—1

n—1 n
B, =1 +Zbk+bk(1 +Zak)gl+2bk'
2 2 2
LEMMA 5. Let the assumptions of the former lemma hold; let
2 (a + b,) = oo.
" .

We then have A,B, - o as n — 0.
Proor. According to Lemma 4 we have

AB,=(1+Za)(1+2b) >3 (ay + by,
2 2 2

hence 4,B, increases indefinitely as n — co.
THeEorREM 36. If the series

oo

(6.09) ) (77,. +

2

)
diverges, problem (e) is determined.

Proor. According to our assumption, at least one of the series

oo [+ 1
X, B —,
2 2 wnnn
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is divergent, hence

s 1
Z(wnn —+ ) = 00
2 w’ﬂn’ﬂ

for a given positive value of z. Putting

An = ‘(p"(w), Bn = 'P:(w), a, =an, b,= (wnnn)_—l,
we have, by Lemma 5,
Pal@)yy (@) > (n — ).

Moreover, if n — 00, the product

n x

IT (1 — —)

1 Ty,
tends to a finite limit, which is either zero or different from zero.
In both cases the right hand member in (6.08) will be zero for

g2 =a > 0.
TueoreMm 37. If

o 1
6.10 > —— = o0,
(6:10) e,
the problem (e) is determined.
Proor. Since
1 2
nn + (nn\/w + ) = —
TNy \/w Ny '\/«'IJ \/w,,

(6.10) implies the series (6.09) to be divergent.

Since problem (e) is determined if (6.10) holds, it will so much
the more be determined if
(1.04) s _ o

1 2,

This is a special case of a well-known result of Hausdorff and
Feller, which has already been mentioned in the introduction.

LeEmMA 6. Let A, = B; = 1; let a, and b, be arbitrary com-
plex numbers; let

An=Au——l +aan—1’ an Bn—l +bnAn——1
for n =2,8,... We then have
| Au| SITQ+[a| +[be]) | By STTQ+ | ax+ ] be])
2
(n=1,2,...)

Proor. If n =1 the lemma is true. Assuming the lemma is
true for n — 1, we have
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n

n—1
|40 S|4l HlanBoa| (1+an]) T+ ar] +[b4]) < TT(1+ |aa] + [54]),

2

and similarly for | B, |.
LemMA 7. Let the assumptions of the former lemma hold. We
then have

| Am —AI<H(1+IakI+Ika)— (1 + [a| + [ ])

| Bu— B ST+ (] + 18— 110 + ] 0] + b))

for m =2n =1.

Proor. If m = n the lemma holds; suppose it holds for
(m — 1, n), where m — 1 = n. According to the former lemma
we have

[Adp—A,|=|Ana+amBuny—A4,| =|Adp— A4, +|a,B .y

m—1

m—1
IZI( +|ak|+|bk')_—l—[(l+lak|+|bk')+|amlﬂ +|ak|+lbk|)

élg(1+|akl+|bk|)—gl(1+|akl + | b |)s

and similarly for | B,,— B, |.

THEOREM 388. If the series (6.09) converges, the sequences
{@a()}2_1s - - - {¥(z)}2_, are uniformly convergent within any
circle |z| < o. The limits

(6.11) g(z) =lim 9, (2), ¢*(z)=lim ;(2), p(z) =lim p,(z), y*(z) = limy;(z),

n—»wo n—>o n—>w n—>w

are entire transcendental functions of 2.
Proor. Putting

An = q)n(z)’ Bn = (p:(z)’ A, = N bn = (wnnn)_lz
we have, by Lemma 7,

lwf..(Z)—wn(z)lél:I(l+m.+|—z'—){ ﬁ(1+n,,+ IZI)_I},

Zn n+l TN

| @h(z) —on(2)| = H(1+nk+ = I){ﬁ(1+nk+ 'zl)——l},

TN/ Un+1 Mg
where m > n. For | 2| < o the first factor in the right hand mem-
ber of these inequalities is uniformly bounded, since
0
z (nn + -2
2 X

nnn

)<

For the same reason the second factor tends to zero as n — oo,
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which proves the uniform convergence of the sequences {g,}
and {p}}. Hence ¢ and ¢* are entire functions. The statements
concerning {y,} and {y¥} can be obtained in the same way.

By (6.05) the functions ¢(z),..., y*(z) are increasing more
rapidly than any polynomial of arbitrarily given degree, when
x — 00; hence these functions are transcendental.

THEOREM 39. If the series (6.09) converges, the functions R
and R* are meromorphic and not identical.

Proor. If the series (6.09) is convergent, we have, by Theo-
rems 31 and 38,
(612) R(e) =2, pogz) = £

p(z) 2y*(z)

for all z except the values 3 < 0. By analytic continuation (6.12)
holds for any 2, so R and R* must be meromorphic. Moreover

Ellflle, b) (a' E)’
( m)

* _ — _“",
(6.18) R*(2)— R(2) = () 7 )
Since
-] 1 (-] -]
- <1
2o gx/_,,——zzz"(ﬂﬁ— m,.)<oo’

the product

i(-7)

is not identically zero, hence R and R* are not identical.

Summarizing the results of Theorems 36 and 89 we can now say:
THEOREM 40. In order that problem (e) be determined, a
necessary and sufficient condition is

@

2 (77,, + ! —) = 0.
2 ZpNy

Some remarks on the indeterminate case may be inserted here.

Evidently there is no criterion which, analogous to Theorem
37, only depends on the values x,, and which implies the indeter-
minacy of problem (e). For, whatever the values 2, may be,
we can always take
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which implies a determined problem, according to Theorem 40.

By Theorem 40 it is also evident that both the determined and
the indeterminate case of problem (e) can occur. Hence, if we
change our problem by requiring that solutions only have to be
completely monotonic, and thus leave the condition (1.05) out,
this new problem can still more be indeterminate. I do not know
whether an example of this case is known, but at any rate an
explicit example of an indeterminate problem (e) will be given
in the next section.

THEOREM 41. The zeros of ¢(z),...y*(2) are simple and
negative. The zeros of ¢, as well as those of y*, are separated both
by the zeros of ¢* and by those of y, and conversely. Compared
to @ and y*, the functions ¢* and y have the zeros with the least
absolute values. The functions ¢, ... y* are of genus zero.

Proor. By (6.03) the zeros of ¢,, ...y} coincide with those
of P,,...Q¥ they will be denoted as in Theorem 22. According

to the proof of this theorem we have
(6 14) L < Xyt <0, ‘1:,{ < “:.H,i <0,
’ ﬁn,i<ﬂn+1,i<0’ ﬂ:,i<ﬂ:+l,i<0‘

Hence the limits

a; =lima,,, B, =lm§g,,,
6.15 e e i=1,2,...
( ) of =lime},, BF=Iimp}, ( 02 -)
n—w ’ n—>

exist; they are all real and =< 0. Moreover it is evident, by (6.14),
that the values «,,...BF and the cluster points of the sets

{2, ... {n .} are identical. Hence, by a well-known theorem
of Hurwitz [1], the values «; ... B coincide with all zeros of
@ -+ -y

Next we have, by (4.28) and (6.15),
(6.16) o, Sof Sy g, o0, i Sty ﬁ?§°‘?§ ?—1' B =8 <B%,
Now, by (6.12) and (6.13),

® 2
EI) e — e = (1 —2)

and since the right hand member is different from zero for z < 0,
the expressions ¢*(2)p(2) and 2¢(3)y*(z) cannot be zero at the
same time when z < 0. Hence (6.16) implies

(6.18) o, <of <ot g, o, <Py <o,y Pr< «f <Py BF<Bi<Bru

which proves that the zeros of ¢, ...y* are simple. Moreover
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(6.18) proves that the statements about the separation of the zeros
hold, and that ¢* and y have the zeros with the least absolute
value. Putting z = 0 we have, by (6.17),

#*(0)y(0) > 0,
hence af < 0 and B, < 0, hence all zeros of ¢, . . . * are negative.

We still have to discuss the genus of ¢, ...y*. Take 2 > 0.
By (6.14) we have | a, ;| > | @, |, hence

@ x z
1———=14+—<14+—=1——
%n,i ' l“n,il |a'n+l,i| %nt1,i

which implies that the product

L] x
(-2
i=1 Ln,i

is an increasing function both of » and j. Since

j
@) _ o eal@) (1__1)’
(P(O) n—>o 'Pn(o) n>mw j—>mo i=1 o

n,t
we thus obtain

P _ lim tim 11 (1—-£)=lim 1 (1-—{£)=ﬁ(l—£),

®(0) j—>® n—>w i=1 LT j>o 1 & 1 *;

where the infinite product in the right hand member is convergent.
Hence

and the function ¢ must be of gepus zero. For similar reasons v,
¢* and y* are of genus zero.

We thus have, for any finite value of z,

o) = 9(0) 1 (1—2). v = v (o —pi)
(6.19) ' :
#@ =0 1t (1=Z%), v -voll(1—%)

where, by (6.04) and (6.05),
(6.20) <P(0)=1+2:a M. ¥(0)=1, ¢*(0)=1, 'P*(O)=1+2:(wm s

An indeterminate problem (e) remains indeterminate, if one of
the conditions F(z,) = a, is left out. This leads to the question
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what becomes of an indeterminate problem, if a condition F(§)=a,
where £ is positive and different from all values z,, is added. I
begin with

Lemma 8. Let the polynomials @, (), @*(x), ¥,(z) and Y(z)
satisfy

Py(z) = Pf(zx) = ¥i(z) = P{(z) =1
and
¢n = ¢n—1 + j’n(p:—l’ ¢: = ¢:‘—1 + :unmd)n-l’

Yln = Wn—l + Anw'{,*—l’ yl: = ’:p:—l + :unyjn—-l,

for n > 1, where 4, and p, are arbitrary positive values. We then
have:

(a) the zeros of these polynomials are simple and negative;

(b) the zeros of @, as well as those of ¥ are separated both
by the zeros of @ and by those of ¥,; conversely, the zeros of
®F and ¥, are separated by those of @, and ¥¥; compared to
the zeros of @, and ¥}, the polynomials ®* and ¥, have the
zeros with the least absolute values.

Proor. The proof is nearly the same as that of Theorem 22,
which is .only a particular case of the present lemma.

THeoREM 42. Let the condition F(£) = a be added to an
indeterminate problem of type (e), where & is positive and diffe-
rent from all values 2,. If « is included (in the strict sense)
between R(&) and R*(&), the new problem will still be indeter-
minate. If « is equal to R(&) or to R*(&), the new problem has a
unique solution R(x) resp. R*(z).

Proor. Since a is included in the strict sense between R(§)
and R*(&), it will still more be included between R, (&) and
R¥(£), by Theorem 30. Hence the value

oulf) —opa(§)  pa(d)  Ru(E) —o
vaE) —afyl(E)  Eyi(§) T RI(E) —a
must be finite and positive. Now we can introduce a set of poly-
nomials @,(z), . .. ¥%(x) by putting

(6.21) ¢, =—

P == *9 —n: & *’
(6.22) { P = Pn+ CaPns ¥u =V, + 29,

P = on + (E02) 2@, By = vy + (60,) I,
By (4.31) and (6.07) we have

@ n(@y) — ‘l_’:(mk) _
Pal(@r) wk?’:(mk)

while, by (6.21),

a, (k=1,2,...n),
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Palé) _ Ful&) _

(6.23) o el o
Pa(6)  E9,(8)
Hence, if we put
= Pal@) = P (@)
R =—" R,
ey ) T ey

the functions R, and R} take the values required for the argu-
ments z,, ...x, and & By (6.22) and Lemma 8 these functions
belong to the class {F}. Now, if n — oo, {, tends to a positive
value £, since both the numerator and the denominator in (6.21)
tend to finite values different from zero. Thus the limits

$(z) = lim §,(2) = @(2) + Lp*(2), . .

P*(z) = limg;(z) = p*(z) + (§0)79(2)
exist for all values 0;" 3. Putting
P(2) 7*(2)
R(z) = =——, R*(z) = ,
5w P T e

we have R,(z) > R(z), R*(z) > R*(z) for any # >0 and
n — o0. Hence, by Theorem 83, R and R* belong to {F}. The
functions R and R* are solutions of the original problem (e);
by (6.23) they also satisfy the condition

R(£) = R*(¢) = .

Finally, R and R* cannot be identical, which is immediately
evident by (6.06) and (6.22). Hence the first part of the theorem
is true.

As to the second part, we may suppose a=R(&) and zy, <& <@g 4y
in order to fix the ideas; the other cases can be treated in the same
way. Now, if we add the condition F(&) = «, the problem
remains solvable, since F' = R is a solution. By Theorem 30 any
solution of the new problem will be included (in the wide sense)
between two such solutions R(z) and R*(z), whether these be
identical or not. Hence, by Theorem 30,

R*(2) = R(z) = R(a), (20 < @ < ),
R*(x) < R(z) = R(z) (& <z <ayy)
Now R and R* are solutions of the original problem too. Hence
R(z) = R(z), R¥(z) = R(z) (2 <@ < Zypa)s
which yields
R(z) = R(») (2 < @ < &),
R*(z) = R(2) (¢ <z <ayy)
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Since R, R and R* are holomorphic for 2 > 0, these functions
are identical, which proves the statement.

Theorem 42 contains a slight improvement of Theorem 30. For
we now have:

THEOREM 43. Any solution F(z) of an indeterminate problem
of type (e), which is not identical with R or R*, is included (in
the strict sense) between R(z) and R*(z), for any positive z
different from the values z,.

The results of Theorem 42 can be extended without difficulty
to the case where a finite number of conditions F(§,) = «, (v=1,
2,...N) is added. Yet, the fact that there are special cases,
where an indeterminate problem becomes determined if a single
condition is added, only leaves room for generalizations of Theorem
42 that are rather cumbrous. Perhaps it is useful to introduce a
notion here which seems to be new. If a determined problem of
type (e) can be made indeterminate by leaving out a certain set
of N conditions F(z,) = a, (v = %, %,, . . . vy), but not by leaving
out less than N conditions, the number N will be called the degree
of definiteness of the problem.

THEOREM 44. Let a problem of degree 1 become indeterminate
when the condition F(z,) = a, is left out. The problem will
also become indeterminate when any condition F(z,) = a, is
left out.

Proor. In what follows any problem of type (e) will be
denoted by P(z), where (z) is the set of the values # for which
F(z) is given. Moreover, it will always be supposed that the
sequence {z,}; belongs to (z); for the sake of concision the z,
will be dropped in the notation. Thus, in the case of P(&, &,)
the values of F will be prescribed for @ = @, @5, ..., &, &
whereas in the case of P these values are given for z = @, @5, . . .
only. It will also be supposed that the arguments z,, x,, ...,
&, &, ... are all different and positive. Finally we shall put
F(&,) = a; whenever the value F(§,) is given.

Now let P(&;, &,) be determined, and let P(&,) be indeterminate.
In order to prove the theorem it will suffice to show that P(£;)
is indeterminate. Since P(¢;) is indeterminate, P will be still
more so. Hence all solutions of P will be included (in the wide
sense) between two non-identical solutions R(x) and R*(x) of
P, and in the same way all solutions of P(&,) are included between
R(z) and R*(z). According to Theorem 42, «; must be included
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in the strict sense between R(£;) and R*(£;). Hence R and R*
cannot be identical with R and R*, so it follows from Theorem
43 that R(&,) and R*(&,) are included in the strict sense between
R(&,) and R*(&,). Now P(&,, &) is determined, while P(¢;) is
indeterminate; hence, by Theorem 42, «;, must be equal either
to R(&;) or to R*(&,), so «, is also included in the strict sense
between R(&,) and R*(&,). Now P(£,) must be indeterminate,
again by Theorem 42, since P is indeterminate.

THEOREM 45. A problem of degree N becomes indeterminate
if N arbitrarily chosen conditions F(z,) = a, are left out.

Proor. According to the former theorem the statement is
true when N = 1; let it hold for any degree << N. Using our
previous notation, we can suppose, without loss of generality,
that P(&,, ... &,y) is of degree N, and that P(&, ... ¢&y) is in-
determinate.

Let 1 < k =< N. According to our assumptions and to the defi-
nition of degree, P(&;, ..., &y Eniryrs -+ &Soy) is of degree
N —k, hence P(&, ..., & Enirirs -+ &oy) is indeterminate
(according to our hypothesis). Hence it remains to show that
P(&ytys - - - &gy) is indeterminate.

Now P(&,...&pn_,) is of degree N —1 (according to the
definition of degree), hence P(&;, éy.y, - - . &ay_1) is indeterminate
(according to our hypothesis), while P(&;, &y,q, - - - &oy) is deter-
mined (according to the definition of degree), hence P(&y.,,...&on)
is indeterminate (according to Theorem 44).

Now it is natural to extend the notion of degree of definiteness
to all problems of type (e). According to this generalized notion
of degree, indeterminate problems are of zero degree, while
determined problems are either of (finite) positive or of infinite
degree. An introduction of negative degrees is not to the purpose,
since a further classification of the indeterminate problems of
type (e) seems to be impossible. Any indeterminate problem can
be made determined by the addition of an arbitrary number,
or even of an infinite number, of appropriate conditions F(£,)=a,,
which is immediately evident by Theorem 42.

In the case of a positive degree N, the number N — 1 can be
interpreted, according to Theorem 45, as the number of super-
fluous equations of the system F(z,) =a, (n =1, 2,...), which
determines F. One might connect the notion of degree with the
theory of infinite matrices, but this would give rise to questions
that are beyond the scope of this paper.
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THEOREM 46. The solution of a problem of type (e) of finite
positive degree is meromorphic.

Proor. Let N be the degree of the problem considered. Flrst
leave N — 1 conditions F(z,) = a, out. By Theorem 45, this
gives rise to a determined problem of unity degree, which has
the same solution F as the original problem. Now this new problem
becomes indeterminate if one more condition is left out. This can
only happen, by Theorem 42, if F is equal to one of the functions
R or R* that correspond to the final indeterminate problem. Since
the latter are meromorphic, F must be meromorphic too.

Some questions concerning the notion of infinite degree must
still be viewed here.

THEOREM 47. If a problem of type (e) is of infinite degree, a
denumbrable set of conditions

F(z;) = a; (»=12...)

can be left out, and still the problem remains determined.

Proor. Let, in the original problem P, {z,}; be the sequence
of abscissae @ for which the values F(z,) = a, are given. Since
P is supposed to be determined, the inequality

| R(z) — RA(@)| <e

will hold for any ¢ > 0, 2 = 1 and n = N(¢), if N(¢) is an appro-
priate function of e. Put ¢ =271 and ¢, =N(271) 4 1, and leave
the condition F(z;) = a, out, which gives rise to a new problem
P;. Instead of the sequences {R,}y and {R¥)7 of functions that
limit the solution of P, there will be two other sequences {Rn,l}l
and {R},}; that correspond to P;. Evidently we have

R,,=R, R}, =R} n=1,2..., 4 —1),

n

[R,l,1 — R} (@) <2 (@=1, n =i —1).

According to our assumption, P; is determined. Hence the
inequality
| Rpa(@) — Ry (@) | <e
will hold for ¢ > 0, @ == 1 and n = N,(¢), if N,(e) is appropriately
chosen. Put ¢ = 2-2 and ¢, = N,(27%) + 1, and leave the con-
dition F(z;) = a,, out. This gives rise to a problem P, with the
correspondmg sequences {R, .}; and {R},}7. We now have

R,;=R,., Rig=Rr, (n=12,... 1,—1),
|R, o(2) —Riy(@)| <27 (=1, n=i,—1).
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This process can be carried on. After having left out k£ con-
ditions
(6.24) F(z,) = a,,
where v =1,2,...%k and
fiv == A,'v_l(2—"l’) _l" 1,

we obtain a problem P, with the corresponding sequences
{R. iJnoy and {R¥.}°_,, which satisfy

R,wv=R, 1, RE,=Ri,, (n=12,..., 4—1),
| R, (@) — RY (x)]| < 2°* (=1, n=1—1)

Let P, be the problem that comes into being if we leave out
the denumbrable set of conditions (6.24), where now » =1, 2, ...
Evidently the solutions of P, are included between the elements
of equal order of the sequences {R,)7, {R¥};, where

R,=R,., RE=R:, (n=1,2,..., 4, —1)

for k=1,2,.... Hence P, is determined, which proves the
theorem.

Next, the question must be put what becomes of a problem of
infinite degree, when a denumbrable set of conditions F(z,) = a,
is left out. The degree of the new problem may be zero, positive
or infinite again. Evidently two cases can be distinguished here:
either a problem of infinite degree may be transformed into
another problem of positive degree by leaving out an appropriate
denumbrable set of conditions, or this may be impossible. The
problems of the first kind will be said to belong to the class 4,
while those of the second kind will belong to the class B. Neither
of these two classes is empty; for, all problems that have a non-
meromorphic solution belong to B, according to Theorem 46,
whereas the problems that arise from an indeterminate problem
by the addition of the conditions R(&,) = «, resp. R*(¢)) = «,,
where » =1, 2, . . ., all belong to the class 4. One might conjec-
ture that the set of problems of infinitive degree, which have a
meromorphic solution, is identical with the class A. However, 1
have not as yet solved this very interesting question.

It has already been said in the introduction that completely
monotonic functions can be represented by Newton series. If

1
@

(1.04) =

~ M8

n
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holds, any function f, which is completely monotonic in (z,, o),
where z, < @, and which satisfies the conditions f(z,) = a,
(n=1,2,...), can be represented by the expression

Ty) ... (x

(©25) X (aap ... 0] —a)@ Zus),

where the divided differences [a,, .. .a,] are defined by

a; ... (li - a,- ceo @
(6.26) [a,] = a, [a; ... a"”] = [ i n [ 1 1;._1]
E &, — @,

Since the functions F are completely monotonic, (6.25) will
also represent F(zx) if (1.04) holds, which implies that we have
to do with a determined case of problem (e). The question can
be put what becomes of the series (6.25) if we give up the con-
dition (1.04). An answer is given by

THEOREM 48. Let the problem F(z,)=a, (n=1,2,...)
be solvable. The series

(6.27) (ay...a,]c—x,))(8—x3) ... (3—x,_4)

1

i Ms

will then be convergent in the half plane Re z > 0. In order
that the series represents a function of the class {F} it is necessary
and sufficient that (1.04) hold (in which case the series represents
the unique solution F).

Proor. Let

1 g
(1.05) F(z) = f I—:f‘ﬁtlr -

0

be. a solution of the problem considered. We can exclude the
case where F is a constant; hence there will be at least one value
of ¢, different from zero, where y increases. For convenience put

t1—1=24A
Moreover, let

(628) Flx)=E [0 o))z =) .- (G—2ea) F0,(6).

Now we obtain from (1.05) and (6.26), by induction,

l_ﬂg)_._
e n—1 n ’
[ay...a,] (—) J 10+ 2,)

0
hence we have, by (6.28),
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’

" N dy (t)
(6.29) o,(z) =11 (1 — —) J n A
" 1 @y (1—t+tz)l](1+—)
0 k=1 Ty
and here the integral in the right hand member converges in any
domain G(e, @) as n — 00, as can be easily seen (for the definition
of G see Lemma 1).
Now we must distinguish between the case where

(6.30) pX 1
1 Ta

diverges and the case where this series is convergent.
(a) If (6.80) diverges, the product

n S

I (1 — —)

1 Ty
is divergent as n — oo, when Re z < 0. When Re z > 0, this
product converges and is equal to zero, hence

e(z) = lim g,(z) = 0.

n—>®

The series (6.27) is then convergent and, by (6.28), it represents
the unique solution F.
(b) If (6.80) is convergent, we have

| L I dx(t)
(6:81) e(z) = lim g,() =TI (1 - m_,) Ja—it+ w0 (1 +£)

0 k=1 &

for any 2, if we exclude the values 2 < 0 (since (6.30) holds in
any domain G). By (6.28), the series (6.27) will be convergent
again, even in any domain G. Yet, as g(z) cannot be identically
zero now, the series (6.27) cannot represent the solution F.
Now F(z) might be any solution of problem (e), hence (6.27)
represents no solution whatever of this problem.

We can replace (6.28) by

2la...a)—x)(z—a) ... (—2p,) = F(z) — o(z).

k=1

Since the Newton series is everywhere convergent in case (b),
the singularities of F and g on the half line 2 < 0 must neutralize
each other in the right hand member.
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§ 7. Applications.

In this section different qucstions will be treated that are in
some way connected with our subject. I begin by giving some
examples of functions that belong to {F}.

If 0 < « < 1, the function z~* provides such an example. For
we have, when |z —1| <1,

oc(a—{—l)r. .. (e+k—1)

= {14 (1)} = & ()" = (=—1)%,
k=0 .
while
a(at1). .. (a+h—1)  I(k+a) T(k+o)(1—a)

={ () (1—a)}

k! T Tk 1) () (k+1)
_ __sin naJ‘ltHa -
n
0
hence, by Theorem 4,
sin war (1 ¢*1(1 —¢)~*
7.01 %= J dt 0 1).
( ) s 4 1—1t 42 (0 <a<l)

Evidently this is a special case of well-known formulae in the
theory of the Gamma-function. Integratino (7.01) we obtain

¥ (t)dt,
fl-—t + 1z

1 0t 1 t )
’ — o—1 —0 o — — - .
2 (t) = ~ ft (1 —¢)~%sin o do = PR (g = log S

(7.02) f ety —

0
where

0
Hence the function (7.02) also belongs to {F}. According to
Theorem 4 it can be expandzad in a series

22— 1

= 3 (— el —1)%,

zlogz  x-o
valid for | 2— 1| < 1. Hence we have

- n n __ S (———)](Z—l)j < k __1)\*
I (—)el)t = B B (el
or

which yields
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__ b __ 3 251
» C2= 13> G3= 5> Ca= 7307

(S

=1 ¢ =

Since the values ¢, are moments of Hausdorff, the sequence
{c;}o must be completely monotonic.

Taking « = % we obtain from (7.01)

_ _J‘ du
1—u + u2)Vy(l —u)
hence

1 du 1 " dv

V1—2+4zt? ;! (1—ut2+zttzz)Vu(l—u)_;0 (1—v+02)Vo(—v)

where 0 <t <1 and where the square root in the left hand
member is to be taken positive when z > 0. This being so, the
integral

dt
7.08 F,(g) = —
( ) ( ) - . \/(1 —tz)(l—tz + th)

can be written in the form

Fi(z

_ J< J- dv J‘ %, (v)dv
T2 ) Vvi—e) —vte) Ve 1—v+vz
0

where

al) anf T nwvf T

Hence F1 belongs to {F} since F;(1) = 1. A more elegant way
to obtain this result is as follows. If [z —1| <1, F, can be
expressed by a Taylor series

@0

Fy(z) = Z (—)*ex(z — 1),

k=0
{1.3...(2k—1)}2
ck= .
2.4...(2k)
Now we have

— 1.3. 2k — 1 2k
2.4 (2k 7 \/l—tz

where

so the sequence {V' 4—:;}: is a set of moments of Hausdorff. The
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same must hold for the sequence {c,},, hence F; belongs to {F}
by Theorem 4.

According to Theorem 40, a problem of type (e) will be deter-
mined if and only if

ad 1 1
(7.04) 52 (A + )\/w = 00,
where
(7.05) A, =n.Vz, (n=232,...).
The case 1, =1 (n =2,8,...) is easy. By (6.05) we have
Pa(@) = @aal) + q)';;‘g), Pn(x) = gaa(e) + w¢:;;iw),
— Wn—l( ) _ Wn—l(w)

Pn(m) - 'Pn——l(w) + \/;- ’ n(w) '/)n—l( ) + \/.7

hence, by (6.04),
(P:( ) (JJ) 'pn(w) = 'pn(w) (n = 1’ 2 )’

which yields . N
(@) + Vap,(z)= (1+ ‘/wi) {Yna(x)+ \/iw,._l(w)}=I:1(I+V
) V

2).
pale)—Vap ()= %){w,._l(w)—\/5¢n_1(w)}=TZI(I—— f)

and

_ Pa L
Rlo) =@~ Va'

e V)R-
f

(7.06)

Ri(z) =

ayi(@) vz

(
galz) 1 l?(
fi

8
=
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By (7.04) the problem will be determined if and only if

L |
2 —— = .
: Ve,
In this case we obviously have
1
R(z) = R*(z) = ;/—w

On the other hand we have in the indeterminate case, by (7.06),

b)Y

R(@)= — - “
TR R ()
. \; l?l(l ——)+H(1—— ;)
i
i+ ) 2)-i(-)2)

and these solutions can also be characterized by

R(z)R*(z) = a7,
2
5 Ti( Y2 -i(-)2)

Now let us consider the particular case

z, = nt n=12...)

R*(z)— R(z) =

’ R(.Z')>0

(z > 0).

which corresponds to an indeterminate problem. Putting
(7.07) s=anavz (@F=x+1y, s=o+it),
where s > 0 will be taken when z > 0, we obtain

® T ® a2 sin ¢
VD) )
111 ( Xy kl.}l n2k? [

@ 0 2 g —0
. V£)= ( g )___e —e
fll( + &y ,,131 1+ nik? 20

72 € —e%—2singc n? ¢ —e %+ 2sino
R(z)=—. R*(z)= —
(w) . ’ (EU) . ’
D (] —0 g g 3
o e€—e%+2sino 02 ¢ —e%—2sing
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or
@ (ﬂ4w)k -] (nﬂw)k
— 2 LR A -,
R@) == & o an 2 @k T+ 1)t
o (n“w)" ) - (7I4w)k

R¥z)= X ———:a% X ————.

() koo (4k + 1)! 1o (4% + 3)!

It is immediately evident, by the last formulae, that R(z) and
KR*(z) are meromorphic functions. R is holomorphic in the origin,
whereas R* has a pole of the first order there with a residue
62, The other poles of R and R* are identical with the zeros
of the functions
g (7‘[42)k © (n4z)k
k=0(4k + 1)1 x—o(4k + 3)!

According to Theorem 84 these must be simple and negative.
By (7.07), these zeros correspond to the roots of the equations

e—e*+2sins =0, ¢ —e*—2sins =0,

and, in order to compute the first, we thus can put s = (1 4+ 1),
where ¢ > 0, which yields

cos g—sin p 7 cos g+sin g F1
.08 2":————,—=cot( —), = =t ( —)-
(7.08) e cos p-}sin g ¢ +4 COS g—SIn g g 9+4-

If the increasing sequences of the positive roots of the equations
(7.08) are denoted by {o,}] and {¢}};’, we evidently have

TT * Tt
0, = nn—z + o(1), o, =nn + T + o(1),

as n — 0. Of course more accurate asymptotic formulae can be
given.

If F,, F, belong to {F}, other functions with the same property
can be obtained by a transformation. Some of these transfor-
mations are trivial, e.g.:

F(z) = Fyz+ o) : H(1+a) (x> 0),
F(3) = Fy(az) : Fy(a) (a > 0),
F(z) = aFy(z) + (1 — a)Fy(2) (0 <a<1)

Less trivial is
THEOREM 49. Let F; belong to {F}. Let

(7.09) F(z) = z71F,(z71).
Then F belongs to {F}.
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Proor. Let

- n dzy(2)
ne = [
0

Putting w =1 —1¢, y(u) =1 — x(t), we get

1 dy(u
P = | .
0

which proves the theorem.

THEOREM 50. Let
(7.10) F(z)F,(z7!) = 1.

When F, belongs to {F}, the same will hold for F.

Proor. Firstlet F,(z)be arational function, which, if represen-
ted by (4.89), contains n positive parameters. According to the
symbolism of § 4, F, can be denoted either by r,(z), when Fjis
regular in the origin, or by 7¥(z), when the origin is a pole. Let
{z,}7 be an increasing sequence of arbitrary positive values;
put Fi(z,) =a, (k=1,2,...n). According to Theorems 26
and 27 the function F; will then be identical with R,(z) resp.
with RX(z).

By (7.10) we thus obtain the expressions

Qa(x71)  Qn(x)

P,(z71) =zP(z?)
for F; it must be shown that these belong to {F}. Let us consider
the expressions

Pam(3)=2"7105n(371),  qam(z)=2"Pp,(z7"),
Pom(2)=2"Qam(371)s  gan(R)=2""1Pyp(27Y),
P2emi1(3)=2"Qsm41(37), Gams1(2)=2"Pymu(371),
p;m+1(z):zmQ;m+1(z—l)! q;m_l_l(z):zmpgm_'_l(z_l)’
which have the following properties.
(@) Py ...qF are polynomials of z, which are positive for
% = 0. This is an immediate consequence of Theorem 22(a) and(b).
(b) The degrees of p,, . .. g are equal to those of P,, ... Q¥

(7.11)

since P,(0),...Q¥%(0) are positive and since
[Pan)=102n) [P3n)=[02n)s [Prmir)=[Qamur)s [Pomia]=[QFmss]-
(c) The zeros of p,, . . . ¢¥ are simple and negative, since these

are the reciprocals of the zeros of P,, ... Q¥ (in another arran-
gement).
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(d) The zeros of p, as well as those of q* are separated both
by the zeros of p} and ¢,, and conversely. Compared to p, and
¢¥, the polynomials p¥ and ¢, have the zeros with the least ab-
solute values. For, by Theorem 22(b) and (d), the following
couples of polynomials have zeros that separate one another:

(P2m £2*m)’ (sz’ Q2m)’ (Q:m’ B;m)’ (Q;m’ QZm)’

(£2m+l’ P;m+l)’ (_132m+1’ 02m+l)’ (92*"1+1’ P;m«l-l)’ (__Q_;m+l’ sz-f-l)'

In each of these cases the polynomial that has the zero with the
greatest absolute value has been underlined. We thus have, by
(7.11), the following set of corresponding couples whose zeros
separate one another:

@G ©n) (@ Pin) (Pams Gam) (Pams Do)
(gzmﬂ» q2*m+1)’ (22m+1, Pam+1)s (B;m+l’ q;m-l-l )s (B;m+1’ Qam+1)s
where the underlined polynomials now have the zero with the least
absolute value, which proves the statement (d).

This being so, the expressions

sz(z_l) — p:m(z) Q;m(z—l) — P2 m(z)
P2m(z_l) zq;m (Z)’ ng‘m(z_l) qu(z),
Qamsa(277) _ P2nna(3) Q;mn(z—l ) Pam1(2)

Pynin(37)  @emir(?) 2Pga(27')  2qamia ()
must belong to {F}, for similar reasons as have been used in the
proof of Theorem 23(c). Hence the theorem is true when F, is
rational.

In order to prove the theorem when F; is non-rational, we can
take @, = n and a, = F;(n). The corresponding problem (e) will
be solvable, since it has the solution F,. Moreover it is deter-
mined, since

"‘MS
S|+
I
8

Hence we have at any rate

(7.12) Fy(z) = lim R,(3)

for 2 > 0. Let
S,.(2g) =1:R,(z71).
As it has just been shown, S,(z) belongs to {F} for any n.
Moreover, by (7.10) and (7.12), the limit

lim S,(z) = F(z)

n—>wo
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exists for 2 > 0. Hence F belongs to {F}, by Theorem 83.

The function

1 dt 1
F@p:f — 8%
1—t+tz z2—1
0
belongs to {F}. Hence
—1
1: F(z1) =2
zlogz

also belongs to {F}, in accordance with (7.02).

By Theorems 49 and 50 we also have the transformation
(7.18) {F,(2)}* = 2F(=3),
which provides other couples of functions belonging to {F}.
For the rest, (7.18) is substantially equivalent to a theorem of
Kaluza [1]. Now F can be expanded, by Theorem 4, in a Taylor
series

F(z) = 3 (—)eq(z— 1)

n=0

valid for |z —1| < 1. Hence we have, by (1.13), (2.06) and

(7.18),
(4 1)} B () ealr— 1) = 1 — T (—)(epg—en)z — 1)
Fl(z) n=0 n=1
Putting
(7.14) ! =1——§A,,(1—z)" (|z—1] <1),

Fy(2) n=1

we thus have, by (2.06),

Ay = oy — ey = [1n1(1 — t)dy(t).
0

Hence the sequence {4,}; is a set of moments of Hausdorff,
which implies that it is completely monotonic.

As an example, we can take for F, the elliptic integral (7.03),
which belongs to {F}. Hence, if we replace z in (7.14) by 1 —z,
we get the development

2 1 dt ®
1:— =1—2XA4.2" ,
n JV(I—tﬂ)(l—-zﬂ 5o (=] <1

where the sequence of coefficients 4, must be completely mono-
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tonic. This is a generalization of a result of van Veen [1], who
proved that these coefficients are positive and decreasing.

If, in (7.10), we requirc I = F,, we obtain the functional
equation

(7.15) F(z)F(z1) =1,
which is satisfied by
F(z) =z O=a=s1)

It would be interesting to know whether there are other solu-
tions F of (7.15), but as yet I have not solved this problem.

No use has been made, in the preceding investigation, of con-
tinued fractions. Of course we could have done so, since the
expressions R,(z) and R}(z) are approximants of odd resp. of
even order of the continued fraction

1|, z2—1], 1|
(7.16) ,1J+|—Jl il

which is an immediate consequence of (6.04), (6.05) and (6.07).
If the corresponding problem (e) has a unique solution F, (7.16)
obviously converges for any z, different from the values z < 0;
there will also be convergence within the open intervals of the
half line ¢ < 0, where F is holomorphiec.

When the corresponding problem (e) is indeterminate, (7.16)
diverges, except for the values 3 =z, (n =1, 2, ...). However,
by contraction of (7.16) we can obtain the continued fractions

. .y

(7.17) &'_ ”2(‘“z)|__%(1 _”iz)_%( _wis) _

| 147, 1+ Js | 1+ s
N2 | UE]
2 (1—z) ZoNg (1 ___z__) 373 (1 __i)
(7.18) 1|+ TaMa |_ @373 To/ | T4My : T3/ |
3 l 1+ 3 1+w2’72 1_|_13713
| a7 T3N3 474

which have the sequences of approximants {R,(z)},_, and
{R*(2)}>_, respectively, and thus converge for every z, the poles
of R resp. of R* excepted. Evidently (7.17) and (7.18) will
diverge, as a rule, for all values 2 < 0 when the problem (e) is
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determined. These continued fractions can also be obtained
as an immediate consequence of the recurrence formulae

2a@) = (14 o) — (1= s
n—1 Nna Tp
#a® = (1 2 pars@) =2 (1 = )yt
7.19 n—1 n—1 n—1
—17n— Ly 1Mn—
o) = 1+ T o) Tty 2 or ),
* XMy TpNp Ly
e e R )
- aln TnMn Tpny

which in their turn follow from (6.05). Properly speaking, (7.17)
and (7.18) are only another way of writing the system (7.19).
Conversely, for any increasing sequence {z,};, where z; =1
and z, — o as n — oo, and for any positive sequence {7,)5, the
continued fractions (7.17) and (7.18) represent a function F,
and so does (7.16) if it is convergent. Since there are always
determined problems (e) that have an arbitrarily given function
F as a unique solution, the following theorem holds:
THEOREM 51. Any function F(2) can be represented for any
3, save perhaps for the values 2 < 0, and even in an infinity of
ways, by continued fractions of the types (7.16),...(7.18).

If F(z) is given along a line Re 2 = « (0 < « < 1), we can state
an explicit formula for y, thus solving the problem of the inver-
sion of (1.05) in a stricter sense than it had be done in Theorem 8
and (2.17). For, combining (5.08) and (5.20) we have

G +io §—3 +io  F
[T >0, 0<a<1),

1
7.20 t) =14+— —ds
(7.20) x(2) T . P
g —iw o —io

for 0 <t < 1. I have not succeeded in finding an expression for
% that contained only one integration.

Next, some remarks concerning the limit
(7.21) u = lim F(z)
2>+

may be added. Apart from the trivial case F(z) = 1 we evidently
have 0 < u < 1, and any value u contained in {0, 1) actually
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occurs. Besides, all solutions F of a problem of type (e) have the
same limit value u, since
% = lim a,.
n—> -+

For any value of u there are corresponding problems (e) that
are determined. On the other hand, we have shown by an example
that an indeterminate problem can correspond to u = 0. Now
it is clear by the transformation

that at least one indeterminate problem (e) corresponds to any
given u. Hence the question whether a problem of type (e) has
a unique solution, has nothing to do with the value of wu.
While stating problem (e) in the beginning of this paper, we
have used the sequences {z,}7 and {a,};. Now it is possible,
by the transformations (6.02) and (7.05), to express the same
problem in terms of the sequences {z,}; and {i,};, and we
can ask what becomes of the condition w = 0 in this new for-
mulation. The answer is contained in the following theorem:
THEOREM 52. Let

(x > 0)

(7.22) Mok = Agis Mgpsr = zgkl+1'

In order that a problem of type (e) be determined, it is necessary
and sufficient that

St
: Ve,

In order that its solutions tend to zero as # —> o0, it is necessary
and sufficient that

@ —
(7.23) Y (g . ..y, Ve, = 0.
2

Proor. Evidently the first statement is only a transcription
of (7.04). In order to prove the second part of the theorem, we
need an expression for the limits u, and u} defined by (4.85).
By (4.22) we have

— ok —
Upm = Ugmyy = 0
so we can confine our attention to the limits u,,, ., and us,. Let

®m - - -¥n be the coefficients of the highest powers of z in
Pu(), ... v¥x). By (4.22) and (6.05) we obtain the equations
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Pem =Pzm-11 NaemPom—15 Pom = (Z2m N2m) ™" Pem—15
(7.24) Yom = ﬂzm'/’;m;v '/’i‘m ='/’=22n—1 + (Z3m N2m) ' Yom—1s

Pom+1= Nem1Pem Pemi1=P2m T (Tami1M2ms1) " Pams

Vem1= Yom T Noms1¥ams Yamir= (Tam+1M2m 1) Pame

Hence, by (6.07),

2 *

1 _¥n_ 1 Yom 1 Lam Nom  Yom—1

= =% ¥ * c—

(7.25) Ugmir  Pem+r Uzm  MemiaPem Uzm  Momtr  Pam—y

. . . ™

2m 'P2m—l
* % + Tom N2m .
Ugm Pom Uom—1 Pam—1

Since all values in these formulae are positive, we have
* :
Uom—1 = Ugy = Ugmyy (m=12...),
whereas it is obvious that
*

(7.26) u = lim u,,,,; = lim u,,,.
m-—>w® m—>®o

Using the notations (7.05) and (7.22), we have, by (7.24),

* 2 % 2 % *
Yom+r _  TamMom¥Pom—1 AamPom—1 . Y Yam—1
- 2 - lz = Tomlom+1 ’
Pom+1 Tom+1M2m+1P2m—1 2m+1P2 m—1 Pem—1

hence, by (6.04),

Vami1
(7.27) e (/a5 « « « g ppa)
Pam+1

By (7.05), (7.22), (7.25) and (7.27) we have
1 ‘r2m77§m) '/);m—l

Pam—1

+ (w2m172m +

Usmi1  Uzm—1 N2 m+1

1

*
— —— 'l) -
+ (”zm\/wz m + ngnzmﬂ \/'732 m+l) et
Ugm—1 Pam—1

1 —
= + (”2”3 oo Tam—y )2”2m\/w2m+ (7‘27‘3 s ”2m)2'n2m+l \/m2m+19

Ugm—1
or
1 2m+1 —_—
(7.28) =14+ X (mn3...7 )%V,
2m+1 k=2

since u, = 1. Now, by (7.26) and (7.28), the condition u = 0
and the statement (7.28) are obviously equivalent.

TuEOREM 58. In order that a function F admits an asymptotic
expansion '
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d d
(7.29) Fz) ~dy+—+ — 4+ ...,
2 3

valid in any domain | argz| < ¢ < mas | 2| - o0, it is necessary

and sufficient that
1

(7.30) f t-"dy(t) < o0 n=1,2,...)

+0
and
1

(7.81) dy=x(+0), d, = (—)"? f (1—1¢)" ldy(t) (n=1,2,...).
+0
Proor. First let the moments (7.80) be finite, and (7.81) hold.
Since

L dy(t :
(7.32) F(z) = 1—:"!%2 _ +O)+J‘_x() .
we have
Fe)— 2 % = F(z) —dy— z": =
! 1
=] {—t?g + 2 () — )"“‘}dx(t)
+0
J— n ! ~ (1 )
= (—) fo(”) e tN)d %(t),
hence |
S VNG S SRR L Gl A
(7.38) ~{ F(z) 0 s } ( )Lt,,(l tht)d x(t).

Now, in any domain |argz| < ¢ <a either Imz - oo or
Rez — o as | 2| — o0; hence the integral in the right hand
member is smaller than

(7.34) ‘lzlf a—n", dz(t),

tn+1

where & only depends on ¢. By (7.30) the expression (7.34) is
finite; it tends to zero as ] zl — 00, and thus our conditions are
sufficient.

Conversely, let (7.29) hold It will suffice to suppose that (7.29)
is valid if 2 tends to infinity along the half line # > 0. First we
have, by (7.32),
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1 dy(t
dy = lim F(a) = y(+ 0) + lim 1—_%%7;0
)
Now, for # > 1 and for any ¢ > 0,

fljfcgtm f f fd(t)+_fdlt)

Since both mtegrals in the rlght hand member can be made
arbitrarily small by an appropriate choice of ¢ and z, the left
hand integral tends to*zero as # — co. Hence d, = x(+ 0). Next
we have, by (7.29),

1 zdy(t
(7.85) dy = lim 2(F(@) —dy} = lim 2dy (1)

x—>mo I“t + tm
+0

) 111 1—1
= lim {7—t—(l———t n tm)}dx(t).

+0
Since the integrand is positive we get, for any ¢ > 0,

I 1{1 1—t }d 0 <d

1im _—— = —_ ,

- t (1 —t+ )] t !
& &

hence, as ¢ — 0,

and by (7.35)

vdg(t) .. (1 1—t
d, = — ——dy(2).
1 t ::,_[t(l—t-f—tw) 2(t)
+0 +0

Since the limit in the right hand member is non-negative, we

obtain
dx(t)
=

Now, let d,, dy,...d, be expressed by (7.81). Hence (7.33)
holds, and consequently we have

. " d, g Q=
= n+1 Fu i — = (—)"
dpy = lim 2 {(r) Zw} ( ’,‘L‘Il””f F O
+0
or
o —Hr[1 1—t

3 —)n = AR S R )
(7.36) (—)"dyun ,lfi " {t t(l——t+t.1:)}dx<t)

+0
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Since the integrand in the right hand member is positive, we
get, for any £ > 0,

o a—)rf1 1—t _ra=y" »
zlirz " {T_t(l—t+m)}dx(t)_f . O =(—)"do,

hence, as ¢ — 0,

1
f (1 — ) dy(t) = (—)"dusas
+0

and by (7.86)

1
(=) g = f 11 — ) dy(t) - lim
> ®
+0 +0

Since the limit in the right hand member is non-negative, we get

1

(—)"dnpy = | t7"7H (L —2)" dx ().
+0
Hence the conditions (7.80) and (7.31) are necessary.

1 (1—¢)m#!
(1 — ¢ + tz)

dy (¢)-

Evidently one part of Theorem 53, where the conditions are
said to be sufficient, is a transcription of a result of Stieltjes %).
As to the other part, this is closely related to a theorem of Ham-
burger #) and R. Nevanlinna [2], if and only if

Ldy(t
J' 2 _

’

t
+0

for else the transformation (1.08) does not apply to F.
From (7.29) we obtain, by the transformation (1.08), the
asymptotic development of Stieltjes

F@) —2(+0) = |
0
where the moments ¢, are finite:

2+ u 2 22 28

1 ®
w = (= [V 1 dg(t) = [ wrdztu) < o0,
+0 0
TueoreM 54. Let {£,)7 be an increasing sequence. Let & =
and &, - o0 as ¢ - c0. Furthermore, let
=1L 0<a<]l (t=238,...); lima, = 0.

t—>®

4) STiELTJES [1], pp. 436, 498.
%) HAMBURGER (1], p. 268
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There are functions F that satisfy
F()>a, (:1=2,8,...); lim F(z) = 0.

>

Proor. The proof is based on the construction of a problem
of type (e), which is characterized by two sequences {z,}; and
{a,};, defined for the purpose; so in particular we must put
#; = a; = 1. The functions R,(x) and R¥(x) will have the same
meaning as before, while a, will be included, in the strict sense
and for any n > 1, between R, ,(z,) and R¥ (z,). Thus R,
and R} belong to {F} for any n, and our problem (e) is solvable.

In order to avoid the necessity of distinguishing at every turn
even and odd values of m, I shall write (R, R,) instead of
(R,, R¥), where R,(x) is the function of the couple (R,, R¥) that
tends to zero, while R ,(z) is the one that tends to a positive value
as * — oo. If we have, for a certain value of =,

“i < B‘n(ét) (i = 29 3, .. ’)’

our theorem is obviously true. Henceforth this case will be ex-
cluded.

Next, an increasing sequence {j(n)}._, of indices will be defined,
where j(1) = 1, while we shall take z, = §;,. Hence z, =1,
whereas the sequence {z,}; is increasing, and @, — 00 as n — oo,
as it is required. Moreover the following conditions, where n > 1,
can be fulfilled:

o< a, < 2« for 7 = j(n),
(7.87) o; < min {R,(&), R,(&)}  for 1 <i<j(n),
a; < R,(&;) for ¢ > j(n).

Evidently (7.87) can be satisfied if » = 2. For, if we assign
to z, and #, any provisional values (provided z, > 1 and
0 < ¥, < 1), and if we put, as before,

a; = %,Ry(w,) + 95 RY(z,), h+d=1,

there can only be a finite set of values «; such that «; > R}(£;) =
R,(&,). Now, by Theorem 23(d), Ry is an increasing function of
a,, and hence of #,. Thus by an appropriate choice of #, (while
z, remains fixed, though arbitrary), the inequalities

(7.88) a; < Ry(&,) (t=2,8,...)

will hold. On the other hand, there must be an infinite set of
indices 7 such that «; > RY(£,), according to the assumption just
made. Hence J, can so be chosen that (7.88) holds, while at the
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same, time there is an index ¢ = §(2) among the latter set that
satisfies

Xig) << Fz(fj(z)) < 2a9).

Since &, = @, we have R,(&;s)) = a,, so our statement is true.

Now let (7.87) hold for an arbitrary value of n. The argument
is the same as in the case » = 2. For any provisional couple of
values (2,,,, ©#,,,) therc is a finite set of indices ¢ > j(n) such
that o, > R,,,(£;), whereas there is an infinite set of these in-
dices such that «;, > R,(§;). Hence, by an appropriate choice
of #,,, (while ,,, remains constant, though it still has an ar-
bitrary value > ), we can obtain «; < R, ,(&;) for all ¢ > j(n),
whereas there is a particular index ¢ = j(n 4+ 1) such that
R.(&) < a; < R,.1(&) < 2a;. In this way (7.37) can be satisfied
for n + 1, and hence for any value of n.

By (7.87) we have o; < R(&;) for 1 < ¢ < j(n) (since R is
included in the strict sense between R, and R,), i.e. we have
a; < R(&,) for any value of ¢. Now R(x) tends to zero as @ — oo,
since «; > 0 as ¢ — oo, hence the theorem is true.

It was the aim of this paper to get some information about
completely monotonic functions that decrease arbitrarily slow
as ¥ — 00. The results, as scen from this point of view, are rather
scanty, and no doubt much work on this subject remains to
be done.
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