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On the directions of Borel of meromorphic
functions of finite order >}
by
Kwok Ping Lee *)

Paris

The object of this paper is to prove the following:
TueorEM IV. f(z) is a meromorphic function of finite order
0> -;— Let V(r) be a continuous function satisfying the conditions
(E)1). Suppose that, in an angle A of vertex 0 and of measure
LR
- (? <k < Q), we have
. N(T9 a, A)
lim ———— =8>0,
v P
for a value of a.
There exists, in an arbitrary angle A’ containing A and of vertex 0,
al least one semi-infinite line D such that for an arbitrary angle 2
of vertex 0 and of bisector D, we have

— n(r, 7, Q) -

r—>w V(1) -

for all elements =, except at the most two, in the family K(n, f),
where K(n, f) denotes the aggregate of all the distinct constants
and the meromorphic functions (z) satisfying
T(r, ) <n(r)V(r), r>ry(x), limy(r)V(r)= oo,
r—>®

where n(r) is an infinitesimal.

In reality, the foregoing theorem is a complement to the
theorem due to Valiron as follows:

THEOREM of Valiron 2). f(z) is a meromorphic function of

*) Research fellow of the China Foundation for the Promotion of Education
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1) Seep. [3] ...

2) Acta Math. 47 (1926), 137—138.
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finite order o > % Let V(r) be a continuous function satisfying
the conditions (E). Suppose that, in an angle A of vertex 0 and
of measure % (% <k < g), we have

—-— N(r,a,4)

lim
r—>o v(r)

=f>0

for a value of a, and let A’ be an arbitrary angle containing A and
of wvertex 0.

There exist three positive finite numbers h, by, hy, and an infinite
sequence of positive numbers (R,,), such that

10g T(Rus f)

lim =90, R,,1>hR,

m—>c0 log R,
in relation with the following property: in the region A,, being
the common region of A’ and the circular ring R, <|z| <hR,,
the function f(z) takes kT (R,, f) times all values ¢ except at the
most two provided that m > m, where hy <<k << hy.

In the whole paper, n(r, ¢, £2) denotes the number of zeros
of the function f(z) — ¢(z) in the common part of the region Q
and the circle | z| =< r; and N(r, ¢, 2) denotes the corresponding
density

f "n(r, p, Q) —n(0, , 2)

0 T

dr + n(0, ¢, 2) log r.

1. The present work is based principally upon the following

TueoreM of Rauch 3). Let f(z), P(z), Q(z), R(2) be four distinct
meromorphic functions in a region (4) and (D) a region contained
in (A). Divide the region (D) into p partial regions (D;) and
let (I';) be the circle concentric to the smallest circle containing
(D;) and radius 20 times larger. Suppose that the following con-
ditions are satisfied:

[ The number of the zeros of f(z) — ¢ in (D) is superior fo

(Cy) 1 M for all values of ¢ in a certain circle of radius % on the

Riemann sphere.

1 + 1
(G) { area of (1) f(ziolog (lp(Z) Fe@lT 7@ —o@l T

1 1
+ |Q(z) — R(2)| T | R(z) — P(z)]

)da<%.
p

3) Journ. de Math. (9) 12 (1933), 133
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The number of the zeros and poles of the functions P(z),
Q(z), R(z), P(z) —Q(2), Q(z) — R(z), R(z)— P(z) in
(Cs) in (4) is inferior to e—]g, where € is a numerical constant

<o < 1.
Then there exists at least one circle (I';) in which the number

. , . M
of the zeros of the function f(z) — m(3) is superior to cl—; for at

least one function n(z) out of the three P(z), Q(z), R(z), where ¢,
is a nmumerical constant. .

This theorem is valid when — is superior to a numerical constant.
p

It is to be remarked that, for the condition (Cs;), the num-
bers of the zeros and the poles of the constans 0 and oo are
counted as zero.

2. Let f(z) be a meromorphic function of positive finite
order o. We are going to show that there exist continuous
functions V(r) adjoined to the characteristic function 1'(r,f)
of f(z), satisfying the following conditions:

( V(hr)
v(r)

lim

r—>w

= h?, for every h >0,

. log V(r)
lim =
(E) | r—>o logT
T(r,f) SV(r), >

=— T(n,f) 1

lim
r—>w V()

b

In fact, after Valiron %), there exist continuous functions g(r)
differentiable in adjacent closed intervals of which the end
points are finite in number at finite distance, satisfying the
following conditions:

lim o(r) = o, lim (ro’(r)logr) =0,

(1) r—>o r—>®
— T(r,
T(r,f) <re®, Gim 200 _
70
r—>0

o(r) is known as a proximate order of f(z). If we put V (r) = 2",
evidently, the last three conditions in (E) are satisfied. Let us
show that it satisfies also the first condition.

‘) C. R. 194 (1952), 1305—1306.
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The case h = 1 is trivial, and the case b < 1 follows imme-
diately from the case h > 1. Consider this case. Put

€

r=e¢% V(r) =29 o) = o(e),
then

limw(z) = o,
r—>0

and from (1) the first condition in (E) is equivalent to

(2) lim[(H + 2)o(H + 2) —ao(z)] = oH, H =logh.
—>

But

lim [(H + 2)o(H + 2) — aw(z)] =

Tr—>®

x+H
= lim f (mw(x) dz = lim J o' (x)dx + Ho,

T—> o T—>0 o

and from (1)

lim J. mw’(m)daz =0,

T—> @
hence we have (2) and we see that the function V(r) = r2®
satisfies all the conditions (E).

3. In this section, we shall prove the theorem as follows
which is analogous to the foregoing theorem of Valiron and also
of fundamental importance:

TueoreM L. f(z) is a meromorphic function of finite order
o > —;— Let V(r) be a continuous function satisfying the condi-

tions (E). Suppose that for an angle A of vertex 0 and of measure
7T

- (% <k < Q), we have

3) fim Y024
' r—s>w V)

:ﬂ>—0

Jor a value of a.
There eaists at least one sequence (R,,) of values of r, lim R, = o0,

such that n—>x

(4) n[S(n, B), f=c] > K(g, K")V(R,)

. . | .
for all values of c in a certain circle (C,,) of radius - onthe Riemann

sphere, where n[S(n, B), f == ¢] denotes the number of the zeros

of f(z) — ¢ in the common part S(n, B)
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and an arbitrary angle B containing A, of vertex 0 and of measure
—k”-, (—;— <k < k), and s is a suitably chosen positive constant.
This theorem is established in modifying a method due to
Valiron as follows.

From the second fundamental theorem of R. Nevanlinna, we see

easily that for every value of a except at the most two, there exists

at least one angle 4 of vertex 0 and of measure i]:- (% <k < Q),

such that (3) is satisfied. Hence, that hypothesis is possible.
It follows from (3),

(5) n(r,a, A) < (1 + &)oeV (r)
for r > r,, and
(6) n(r, a, 4) > BH(o)V (r)

for a sequence of values of r tending to infinity.
Let B be an arbitrary angle containing A4, of vertex 0 and
of measure % (—;— <k < Q). Without loss of generality, we may

suppose that the bisectors of 4 and B coincide with the positive
real axis. Make the transformation Z = z~*, where Z is real
when 2 is so, and then the transformation Z =1 —zg, so that
the function f(z) in the angle B corresponds to a meromorphic
function F(z) in the unit circle | z| < 1. From (6) we have

(7) n(r, F = a) > pH,(e)V (r)

for a sequence of values of r tending to 1. Hence

T(T,Fl )gN(r, a)>(1—rm@2r—1, F =aqa)>

- > st v (i) ]

for a sequence of values of 7 tending to 1. But

x|~

(8)

;r(r, F‘_a) — T(r, F) + h(r, a)

h(r, a) being bounded when a is fixed, therefore

(9) T(r, F)>ﬂHa(e)(1—7‘)V[( ! )—]

1—r7r
for a sequence of values of r tending to 1. On the other hand,
it is known that

19
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, 219
v 1 L4
(10)  TEF) < Hylo) (1—r)V[(l_,) ]
for r > r,, which shows that the hypothesis is essential and that
F(z) is of finite order.
The foregoing calculations are due to Valiron.
Now, from another well known theorem of Valiron ), we

deduce that there exists at least one circle C(r) of radius % on

the Riemann sphere, such that for all values ¢ in that circle,
we have +

1—r

(11) N(T’F:c)>-§Hs(0)(1—r)V[( ! )]

for all values of r > r} in the sequence for which (9) is satisfied,
and that for all values of R > R,,

(12) T(R, FL_C) < T(R, F) + C(F),

(13) 7(R 72) < T@.1) + G

C(F), C,(f) being constants depending only upon F(z) and f(z)
respectively.
From (9), (10), (12), we have for all values of ¢ in C(r)

(14) n(r, F = ¢) > H(p, k")V(r)

for at least one sequence of values of 7 tending toward co. In
passing back to f(z), it follows from (14), for all values of ¢ in (C,),

(13) n(R,, ¢, B) > Hy(e, K')V(R,)

for at least one sequence (R,) tending toward infinity with =.
Moreover, from (18) we have

R, 2 e R,
(16) n(m,c, B) <,Ua(1+s) V(Rn) (1+S>R0)

for all values of ¢ in (C).

It follows from (15) and (16), by choosing s such that
’ 2 Q ’
HI(Q,k )_/‘(m) >K(Q!k ),

5) VaLIrON, L c.2), 136.
§) Variron, L. c. 2?), 128—124.
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n(S(n, B), f =c¢) > K(o, k' )V(R,),

where n(S(n, B), f—¢) denotes the number of zeros of the
function f(z) — ¢ in the region S(n, B) common to B and the

R
ring 1—_:—5 < |z| = R,, and for all values of ¢ in (C,).

Thus the foregoing theorem is proved.

4. For the sake of convenience, we shall employ the follo-
wing notation. Let T*(r, ) be T(r, ¢) if ¢p(z) £ o0, and be 0 if

() = 0. Let C*(¢) be C(p) = T(r, %) — T(r, ¢)if plz) 20, cc,

and be 0 if @(g) =0, oo. T(r, ¢) is the characteristic function

of p(z).
TueoreM II. f(z) is a meromorphic function of finite order

o> —;~ LetV (r) be a continuous function salisfying the conditions (E).

Suppose that for an angle A of vertex 0 and of measure % (-;~< k< g) s
we have
— N A
fim Y@ ):/3>O
r—>w V()

for a value of a, and let (R,) be the sequence of values of r in
Theorem I.

There exists, in an arbitrary angle A' containing A and of ver-
tex 0, at least one sequence of circles I'(n)

(17) |z —a(n)| = o] x(n), 1?5 < |&(n)| < R

such that if P(z), Q(=), R(z) are any three distinct meromorphic
functions satisfying the conditions

TH[(1 + o)R,, ¢] <«V(R,), ¢(z)= P(z), Q(z), R(2);
(18) § C*(p) > — atV(R,),

¥(2)="P(2), Q(2), R(2), P(z)—Q(2), Q(3)— R(2), R(z)—P(3),
then we have
(19) n(l(n), f— n) > a3V (R,)

for at least one function out of the three P(z), Q(z), R(z), where
n(I'(n), f— n) denotes the number of the zeros of f(z) — z(z)
in I'(n).
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This theorem is valid when % and o«*V (r) are greater than a

certain constant.

Let B be an angle having the properties given in Theorem I,
and contained in A4’.

We are going to apply the theorem of Rauch. Let the region
S(n, B) defined in theorem I be the region (D) and let
M = K(p, k')V(R,). Then by Theorem I, the condition (C,) in
the Theorem of Rauch is satisfied. Divide the angle B into
equal sectors of measure a—’;c— by semi-infinite lines issued from

the origin and describe the circles

o] = 22 (1 4 a) (

R,
1+ S

— (14+a)2=R,; i:1,2,...,q).

The region (D) is thus divided into

,\ log (14 5)
P:“'C(k)——;g—

similar curvilinear rectangles D (n), where «, is sufficiently small
and c(k') is a constant depending only upon k. Let D;(n) be
the partial regions (D;) in the theorem of Rauch and I(n)
the corresponding circles I';. Then the circles I';(n) are contained
in the ring

(1 — 15a;)

R,
1+s<|z| < (1 4 150)R,
which is taken for each n as the region (4).

Let o;(n) be the modulus of the center of I';(n), then its radius
is k;(n)ouy0;(n), kin) lying between two numerical constants
h, and h,.

In modifying suitably a method due to Rauch ?), we see that
the conditions (C,), (C3) in his theorem given above are satisfied
if the conditions (18) have been imposed, where « is taken to

be the largest of 16«; and hyo;, and when % and «V(R,) are

greater than a certain constant.

Hence, by the theorem of Rauch, for each large integer =,
there exists at least one circle defined by (17), such that (19)
is satisfied.

It is evident that when « is less than a certain constant, all
the circles I'(n) are contained in A’

) Ravuch, L c., 133—138.
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5. Let H(«, f) be the family of meromorphic functions 7(z)
satisfying the condition

TH[(1 + a)r, @] < &V (r), 7> o).

Consider a certain infinite sequence of circles I'(n) in theorem II.
We are going to show that for all functions =(z) of the family
H(a, f), except at the most two, we have

n(I'(n'), f—x) > 3V (R,), n' > my(m).

Suppose that there are two functions P(z), Q(z) in the family
H(a, f), such that

n(L(n'), f— P) = &*V(R,),

n(I'(n'), f—Q) < a3V(R,})
for an infinite sequence of values of n’. Let R(z) be a function
in the family H(«, f) distinct from P(z) and @(z). Evidently when

n’ > ny(R) the conditions (18) are satisfied, hence by tl:eorem 11,
we have
n(I'(n'), f = R) > «®V(R,), n' > ny(R).
The statement is therefore proved and we have the following
TueoreM III. f(z) is a meromorphic function of finite order
o> —;— LetV (r) be a continuous function satisfying the conditions (E).
Suppose that in an angle A of vertex 0 and of measure % (—;- <k< Q),

we have

- N(r, aaA)_

r—>

for a value of a. Let H(a, f) be the family of meromorphic functions
satisfying the condition

TH (1 + a)r, @] <atV(r), 7> o).

There exists, in an arbitrary angle A’ containing A and of vertex 0,
al least one sequence of circles I'(n) defined by (17) such that

(20) n(I(n), f— =) > a3V (r), n > ny(w),

for all functions n(z) of the family H(a, f) except at the most two.
This theorem is valid when —;— and o2V (r) are greater than a certain
constant.
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6. Let A, be the smallest of the angles contained in 4’ and
of vertex 0 in which there are an infinite number of the circles
I'(n) in theorem III. Then

(21) lim 207

s V) T o14a)?

ol

Ay) -~

from (20).

Let («,) be a sequence of values of «, tending to 0 with %
Let (D, ) be the bisector of A, and D a limit-line of the semi-
lines D, . An arbitrary angle £ of vertex 0 and of bisector D
contains then an infinity of the angles 4, .

Let K(r, f) be the family of meromorphic functions z(z) satis-
fying the condition

T*(r, m) < n(r)V(r), r > 1o(w), lim n(r)V(r) = oo,

where #(r) is an infinitesimal. It is evident that the family K(#, f)
is contained in the family H(e, f) for every fixed value of o.
Hence from (21) we have

— n(r, 7w, 2)

V(r) >0

r—>00

for all elements 7(z) in the family K (7, f) except at the most two.

It is also evident that the family K(#,f) is the aggregate of
all the distinct constants, and the meromorphic functions (non-
degenerated to constants) m(z) satisfying

I(r,m) = n(r)V(r), r = 19(7).

We have therefore the following
THEOREM IV.8) f(2) is a meromorphic function of finite order

o> % LetV (r)be a continuous function satisfying the conditions (E.).

Suppose that, in an angle A of vertex 0 and of measure % (—;— <k< @),
we have
7~ N(ra 4)
lim ————— = >0,
r—> o V(T) ﬁ
w".

for a value of a.
There exists, in an arbitrary angle A’ containing A and of ver-

tex 0 at least one semi-line (D) issued from 0, such that for an

arbitrary angle Q of vertex 0 and of bisector D, we have

8) This theorem has been stated in a Note in Comptes Rendus 206 (1938),
811--812.
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l—i_r;l n(r, 7, 2)

7—>00 V(T)

for all elements =t of the family K(r, f) excepi at the most two.
It is to be remarked that the foregoing theorem and the
theorem IX ?) in the These of Rauch do not contain each other
and that the family K(«, f) in the latter must be stated analo-
gously to the family K(», f) in our theorem IV.
Finally, the writer wishes to thank Prof. Valiron for his useful
criticisms.

(Received April 12th, 1938.)

%) Rauch, L c.3), 157.



