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Two theorems on product complexes
by
Wilfrid Wilson
Urbana, Il

Let A be a finite n-dimensional complex and 4° the ns-dimen-
sional product complex 4 XA X -+-xXA of sfactors 4; then we
have the theorems.

I. The Betti numbers of 4 are uniquely determined by those
of A4°.

Let P; and p; represent the ¢-dimensional Betti numbers of
A® and A respectively, then we have ')

P,= X pupy,-cpi, (1=0,1,2,...,ns).
Gt it ot i=1
Assume that when all the P, (¢=0,1,2,..., ns) are assigned,
the p, are uniquely determined for ¢ =0, 1, ..., m; then Kiin-
neth’s formula gives

Py =5PnaPo '+ X Py D
BTyt ig=m+1
G=m (G=1,2,...,5)
thus uniquely determining p,,.;; again Kiinneth’s formula gives
P, = p; so that p, is uniquely determined by P, hence I follows
by induction.

II. If A and B are finite complexes the Betti numbers of B
are uniquely determined by those of 4 and 4 x B.

Assume that when all the Betti numbers of 4 and 4 x B are
assigned, the ¢-th Betti numbers of B for ¢=0,1,..., m are
determined, then Kiinneth’s formula gives

Pm+1(AXB) = po(A)Pm(B) + 012 Pm-j1(4) ps(B),
j=0,1,..., m
thus uniquely determining p,,1(B); hence II follows by induction.
These theorems are related to the problem of Ulam 2):
If the squares A2 and B? of the topological spaces A and B

') H. Kinxyera [Math. Ann. 90 (1923), 65—835 (18)].
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respectively are homeomorphic, are 4 and B homeomorphic?
It might be noted that in theorems I and II we may replace
,»Betti numbers’ by ,,Betti numbers and coefficients of torsion’
since Kiinneth’s formula is valid for the modular Betti numbers
and the modular and absolute Betti numbers determine ®) the
coefficients of torsion.
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