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THE COHOMOLOGICAL EQUATION FOR PARTIALLY
HYPERBOLIC DIFFEOMORPHISMS

by

Amie Wilkinson

Abstract. — We develop criteria for the existence and regularity of solutions to the
cohomological equation over an accessible, partially hyperbolic diffeomorphism.

Résumé. — Nous développons des critéres pour l'existence et la régularité des so-
lutions de 1’équation cohomologique au dessus d’un difféomorphisme partiellement
hyperbolique et accessible.

Introduction

Let f: M — M be a dynamical system and let ¢: M — R be a function. Consid-
erable energy has been devoted to describing the set of solutions to the cohomological
equation:

(1) ¢p=d0f -9,

under varying hypotheses on the dynamics of f and the regularity of ¢. When a so-
lution ®: M — R to this equation exists, then ¢ is a called coboundary, for in the
appropriate cohomology theory we have ¢ = d®. For historical reasons, a solution ®
to (1) is called a transfer function. The study of the cohomological equation has seen
application in a variety of problems, among them: smoothness of invariant measures
and conjugacies; mixing properties of suspended flows; rigidity of group actions; and
geometric rigidity questions such as the isospectral problem. This paper studies solu-
tions to the cohomological equation when f is a partially hyperbolic diffeomorphism
and ¢ is C", for some real number r > 0.

A partially hyperbolic diffeomorphism f: M — M of a compact manifold M is
one for which there exists a nontrivial, T f-invariant splitting of the tangent bundle
TM = E° ® E° ® E* and a Riemannian metric on M such that vectors in E*® are
uniformly contracted by T'f in this metric, vectors in E* are uniformly expanded, and
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76 A. WILKINSON

the expansion and contraction rates of vectors in E° is dominated by the corresponding
rates in E* and E°®, respectively. An Anosov diffeomorphism is one for which the
bundle E°€ is trivial.

In the case where f is an Anosov diffeomorphism, there is a wealth of classical
results on this subject, going back to the seminal work of Livsic, which we summarize
here in Theorem 0.1. Here and in the rest of the paper, the notation C** for k € Z,,
a € (0, 1], means C*, with a-Hélder continuous kth derivative (where C%%, a € (0, 1]
simply means a-Holder continuous). For a € (0,1), C* means a-Hélder continuous.
More generally, if 7 > 0 is not an integer, then we will also write C” for Clm"—LrJ,

Theorem 0.1. — [23, 24, 25, 15, 16, 28, 19, 26] Let f: M — M be an Anosov
diffeomorphism and let ¢ : M — R be Holder continuous.

I. Existence of solutions. If f is C! and transitive, then (1) has a continuous
solution ® if and only if 3, cg #(x) = 0, for every f-periodic orbit ©.

I1. Holder regularity of solutions. If f is C1, then every continuous solution
to (1) is Hélder continuous.

II1. Measurable rigidity. Let f be C? and volume-preserving. If there erists a
measurable solution ® to (1), then there is a continuous solution U, with ¥ = & a.e.

More generally, if f is C™ and topologically transitive, for r > 1, and p is a Gibbs
state for f with Hélder potential, then the same result holds: if there exists a measur-
able function ® such that (1) holds p-a.e., then there is a continuous solution ¥, with
U =9®, y-ae

IV. Higher regularity of solutions. Suppose that r > 1 is not an integer, and
suppose that f and ¢ are C". Then every continuous solution to (1) is C".

If f and ¢ are C*, then every continuous solution to (1) is C*.

If f and ¢ are real analytic, then every continuous solution to (1) is real analytic.

There are several serious obstacles to overcome in generalizing these results to
partially hyperbolic systems. For one, while a transitive Anosov diffeomorphism has
a dense set of periodic orbits, a transitive partially hyperbolic diffeomorphism might
have no periodic orbits (for an example, one can take the time-t map of a transitive
Anosov flow, for an appropriate choice of t). Hence the hypothesis appearing in part
I can be empty: the vanishing of 3~ ¢ ¢(x) for every periodic orbit of f cannot be a
complete invariant for solving (1).

This first obstacle was addressed by Katok and Kononenko [20], who defined a
new obstruction to solving equation (1) when f is partially hyperbolic. To define
this obstruction, we first define a relevant collection of paths in M, called su-paths,
determined by a partially hyperbolic structure.

The stable and unstable bundles E* and E* of a partially hyperbolic diffeomor-
phism are tangent to foliations, which we denote by W° and W" respectively [5].
The leaves of W and W" are contractible, since they are increasing unions of sub-
manifolds diffeomorphic to Euclidean space. An su-path in M is a concatenation of
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THE COHOMOLOGICAL EQUATION 7

finitely many subpaths, each of which lies entirely in a single leaf of W* or a single
leaf of W". An su-loop is an su-path beginning and ending at the same point.

We say that a partially hyperbolic diffeomorphism f : M — M is accessible if
any point in M can be reached from any other along an su-path. The accessibility
class of ¢ € M is the set of all y € M that can be reached from x along an su-path.
Accessibility means that there is one accessibility class, which contains all points.
Accessibility is a key hypothesis in most of the results that follow. We remark that
Anosov diffeomorphisms are easily seen to be accessible, by the transversality of E*
and E° and the connectedness of M.

Any finite tuple of points (zg, 1, ...,Zx) in M with the property that z; and ;41
lie in the same leaf of either W* or W, fori =0,...,k—1, determines an su-path from
T to zx; if in addition zx = xo, then the sequence determines an su-loop. Following
[1], we call such a tuple (zo,z1,...,Zx) an accessible sequence and if zo = x, an
accessible cycle (the term periodic cycle is used in [20]).

For f a partially hyperbolic diffeomorphism, there is a naturally-defined periodic
cycles functional

PCF': {accessible sequences} x C*(M) — R.

which was introduced in [20] as an obstruction to solving (1). For z € M and 2’ €
W*(z), we define:

PCFond =Y ¢(f7(z)) — ¢(f (),

=1

and for ' € W*(z), we define:

oo
PCFgond =Y ¢(f(2') — ¢(f(z)).

i=0
The convergence of these series follows from the Hélder continuity of ¢ and the expan-
sion/contraction properties of the bundles E* and E°. This definition then extends
to accessible sequences by setting PCFq,....c,)® = Ef;ol PCF g, 2.,,)(9).

Assuming a hypothesis on f called local accessibility™, [20] proved that the closely

related relative cohomological equation:

(2) ¢p=Pof-d+ec,
has a solution ®: M — R and ¢ € R, with ® continuous, if and only if PCF,(¢) =0,
for every accessible cycle .

The local accessibility hypothesis in [20] has been verified only for very special
classes of partially hyperbolic systems, and it is not known whether there exist

(1) A partially hyperbolic diffeomorphism f: M — M is locally accessible if for every compact subset
M1 C M there exists k > 1 such that for any £ > 0, there exists § > 0 that for every z,z’ € M with
z € M and d(z,z’) < 4, there is an accessible sequence (z = xo, ...,z = z’) from z to =’ satisfying

d(z;,z) <e, and do(zit1,2:) <2, for i=0,...,k—1

where dqy« denotes the distance along the W*® or W leaf common to the two points.

SOCIETE MATHEMATIQUE DE FRANCE 2013



78 A. WILKINSON

C'-open sets of locally accessible diffeomorphisms, or more generally, whether acces-
sibility implies local accessibility (although this seems unlikely). Assuming the strong
hypothesis that E* and E° are C* bundles, [20] also showed that a continuous
transfer function for a C* coboundary is always C°.

The starting point of the results here, part I of Theorem A below, is the observation
that the local accessibility hypothesis in [20] can be replaced simply by accessibility.
Accessibility is known to hold for a C'! open and dense subset of all partially hyper-
bolic systems [14], is C" open and dense among partially hyperbolic systems with
1-dimensional center [36, 7], and is conjectured to hold for a C” open and dense
subset of all partially hyperbolic diffeomorphisms, for all » > 1 [32]. Thus, part I of
Theorem A gives a robust counterpart of part I of Theorem 0.1 for partially hyperbolic
diffeomorphisms.

Another of the aforementioned major obstacles to generalizing Theorem 0.1 to the
partially hyperbolic setting is that the regularity results in part IV fail to hold for
general partially hyperbolic systems. Veech [37] and Dolgopyat [13] both exhibited
examples of partially hyperbolic diffeomorphisms (volume-preserving and ergodic)
where there is a sharp drop in regularity from ¢ to a solution ®. These examples are
not accessible. Here we show in Theorem A, part IV, that assuming accessibility and
a Cl-open property called strong r-bunching (which incidentally is satisfied by the
nonaccessible examples in [37, 13]), there is no significant loss of regularity between
¢ and P.

Part III of Theorem 0.1 is the most resistant to generalization, primarily because a
general notion of Gibbs state for a partially hyperbolic diffeomorphism remains poorly
understood. In the conservative setting, the most general result to date concerning
ergodicity of for partially hyperbolic diffeomorphisms is due to Burns and Wilkinson
[9], who show that every C?, volume-preserving partially hyperbolic diffeomorphism
that is center-bunched and accessible is ergodic. Center bunching is a C'-open prop-
erty that roughly requires that the action of T'f on E° be close to conformal, relative
to the expansion and contraction rates in E° and E" (see Section 2). Adopting the
same hypotheses as in [9], we recover here the analogue of Theorem 0.1 part III for
volume-preserving partially hyperbolic diffecomorphisms.

We now state our main result.

Theorem A. — Let f: M — M be partially hyperbolic and accessible, and let ¢ : M —
R be Hélder continuous.

I. Existence of solutions. If f is C', then (2) has a continuous solution ® for
some ¢ € R if and only if PCFg($) =0, for every accessible cycle €.

II. Holder regularity of solutions. If f is C1, then every continuous solution
to (2) is Holder continuous.

III. Measurable rigidity. Let f be C?, center bunched, and volume-preserving.
If there exists a measurable solution ® to (2), then there is a continuous solution ¥,
with ¥ = ® a.e.
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THE COHOMOLOGICAL EQUATION 79

IV. Higher regularity of solutions. Let k > 2 be an integer. Suppose that f
and ¢ are both C* and that f is strongly r-bunched, for somer < k—1 orr = 1. If
® is a continuous solution to (2), then ® is C".

The center bunching and strong r-bunching hypotheses in parts III and IV are
C'-open conditions and are defined in Section 2. Theorem A part IV generalizes all
known C® Livsic regularity results for accessible partially hyperbolic diffeomorph-
isms. In particular, it applies to all time-t maps of Anosov flows and compact group
extensions of Anosov diffeomorphisms. Accessibility is a C* open and C* dense condi-
tion in these classes [8, 6]. In dimension 3, for example, the time-1 map of any mixing
Anosov flow is stably accessible [6], unless the flow is a constant-time suspension of
an Anosov diffeomorphism.

We also recover the results of [13] in the context of compact group extensions of
volume-preserving Anosov diffeomorphisms. Finally, Theorem A also applies to all
accessible, partially hyperbolic affine transformations of homogeneous manifolds. A
direct corollary that encompasses these cases is:

Corollary 0.2. — Let f be C*, partially hyperbolic and accessible. Assume that T f|g-
is isometric in some continuous Riemannian metric. Let ¢: M — R be C*°. Suppose
there exists a continuous function ®: M — R such that

p=®of— .

Then ® is C*°. If, in addition, f preserves volume, then any measurable solution ®
extends to a C* solution.

For any such f, and any integer k > 2, there is a C' open neighborhood U of f
in Diff* (M) such that, for any accessible g € U, and any C* function ¢: M — R, if

¢=(Dog"_(p7

has a continuous solution ®, then ® is C* and also C", for allT < k — 1. If g also
preserves volume, then any measurable solution extends to a C" solution.

The vanishing of the periodic cycles obstruction in Theorem A, part I turns out to
be a practical method in many contexts for determining whether (2) has a solution.
On the one hand, this method has already been used by Damjanovié¢ and Katok to
establish rigidity of certain partially hyperbolic abelian group actions [12]; in this
(locally accessible, algebraic) context, checking that the PC'F obstruction vanishes
reduces to questions in classical algebraic K-theory (see also [11, 21]). On the other
hand, for a given accessible partially hyperbolic system, the PC'F' obstruction provides
an infinite codimension obstruction to solving (2), and so the generic cocycle ¢ has
no solutions to (2). This latter fact follows from recent work of Avila, Santamaria and
Viana on the related question of vanishing of Lyapunov exponents for linear cocycles
over partially hyperbolic systems (see [1], Section 9).

As part of proof of Theorem A, part II, we also prove that stable and unsta-
ble foliations of any C! partially hyperbolic diffeomorphism are transversely Hélder
continuous (Corollary 5.3). This extends to the C! setting the well-known fact that
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80 A. WILKINSON

the stable and unstable foliations for a C'*% partially hyperbolic diffeomorphism are
transversely Holder continuous [33]. As far as we know, no previous regularity results
were known for C! systems, including Anosov diffeomorphisms.

In a forthcoming work [3] we will use some of the results here to prove rigidity
theorems for partially hyperbolic diffeomorphisms and group actions.

We now summarize in more detail the previous results in this area:

— Veech [37] studied the case when f is a partially hyperbolic toral automorphism
and established existence and regularity results for solutions to (1). In these
examples, there is a definite loss of regularity between coboundary and transfer
function. The examples studied by Veech differ from those treated here in that
they do not have the property of accessibility (although they have the weaker
property of essential accessibility).

— Dolgopyat [13] studied equations (1) and (2) for a special class of partially
hyperbolic diffeomorphisms — the compact group extensions of Anosov diffeo-
morphisms — in the case where the base map preserves a Gibbs state p with
Holder potential. Assuming rapid mixing of the group extension with respect
to u, [13] showed that if the coboundary ¢ is C°°, then any transfer function
® € L*(u x Haar) is also C*. Dolgopyat also gave an example of a partially
hyperbolic diffeomorphism with a C*° coboundary whose transfer map is con-
tinuous, but not C'. This example, like Veech’s, is essentially accessible, but not
accessible. We note that when the Gibbs measure p is volume, then the rapid
mixing assumption in [13] is equivalent to accessibility.

— De la Llave [27], extended the work of [20] to give some regularity results
for the transfer function under strong (nongeneric) local accessibility /regularity
hypotheses on bundles. De la Llave’s approach focuses on bootstrapping the
regularity of the transfer function from LP to continuity and higher smooth-
ness classes using the transverse regularity of the stable and unstable foliations
in M. For this reason, he makes strong regularity hypotheses on this transverse
regularity.

While there are superficial similaries between these previous results and Theo-
rem A, the approach here, especially in parts II and IV, is fundamentally new and
does not rely on these results. In particular, to establish regularity of a transfer func-
tion, we take advantage of a form of self-similarity of its graph in the central directions
of M. This self-similarity, known as C” homogeneity is discussed in more detail in the
following section.

1. Techniques in the proof of Theorem A

The proof of parts I and IIT of Theorem A use recent work of Avila, Santamaria
and Viana on sections of bundles with various saturation properties. In [1], they apply
these results to show that under suitable conditions, matrix cocycles over partially
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THE COHOMOLOGICAL EQUATION 81

hyperbolic systems have a nonvanishing Lyapunov exponent. Parts I and III of The-
orem A are translations of some of the main results in [1] to the abelian cocycle
setting.

The regularity results in Theorem A — parts II and IV — comprise the bulk of this
paper.

To investigate the regularity of a solution ®, we examine the graph of ® in M xR. If
¢ is Holder continuous, then the stable and unstable foliations %° and W* for f lift to
two “stable and unstable” foliations ‘WZ, and (M/; of M x R, whose leaves are graphs
of Holder continuous functions into R. These lifted foliations are invariant under
the skew product (z,t) — (f(z),t + ¢(z)). The fact that & satisfies the equation
¢ =Pof—®+c for some ¢ € R, implies that the graph of ® is saturated by
leaves of the lifted foliations. The leafwise and transverse regularity of these foliations
determine the regularity of ®. In the most general setting of Theorem A, part II, these
foliations are both leafwise and transversely Holder continuous, and this implies the
Holder regularity of ® when f is accessible.

The proof of higher regularity in part IV has two main components. We first de-
scribe a simplified version of the proof under an additional assumption on f called
dynamical coherence.

Definition 1.1. — A partially hyperbolic diffeomorphism f is dynamically coherent if
the distributions E€ @ E*, and E° @ E° are integrable, and everywhere tangent to
foliations W and W .

If f is dynamically coherent, then there is also a central foliation W°, tangent
to E°, whose leaves are obtained by intersecting the leaves of W and W®. The
normally hyperbolic theory [18] implies that the leaves of W are then bifoliated by
the leaves of W and W, and the leaves of W are bifoliated by the leaves of W*
and W°.

Suppose that f is dynamically coherent and that f and ¢ satisfy the hypotheses
of part IV of Theorem A, for some £ > 2 and r < k — 1 or r = 1. Under these
assumptions, here are the two components of the proof. The first part of the proof
is to show that ® is uniformly C” along individual leaves of W*, W" and W°. The
second part is to employ a result of Journé to show that smoothness of ® along leaves
of these three foliations implies smoothness of ®.

To show that ® is smooth along the leaves of W*° and W", we examine again the
lifted foliations for the associated skew product. The assumption that ¢ is C* implies
that the leaves of these lifted foliations are C™ (in fact, they are C*). This part of the
proof does not require dynamical coherence or accessibility.

To show that ® is smooth along leaves of the central foliation, one can use ac-
cessibility and strong r-bunching to show that the graph of ® over any central
leaf W(z) of f is C" homogeneous. More precisely, setting N’ = W°(x) x R and
N = {(y,®(y)) : y € W(x)} C N’, we show that the manifold N is C" homogeneous
in N': for any two points p,q € N, there is a C" local diffeomorphism of N’ sending
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82 A. WILKINSON

p to ¢ and preserving N. C'-homogeneous subsets of a manifold have a remarkable
property:

Theorem 1.2. — [35] Any locally compact subset N of a C' manifold N' that is C*
homogeneous in N’ is a C' submanifold of N’

If » = 1, we can apply this result to obtain that the graph of ® is C! over any center
manifold. Hence ® is C! over center, stable, and unstable leaves, which implies that
® is C. This completes the proof in the case r = 1 (assuming dynamical coherence).

In fact we do not use the results in [35] in the proof of Theorem A but employ
a different technique to establish smoothness, which also works for 7 > 1 and in the
non-dynamically coherent case. Our methods also show:

Theorem B. — For any integer k > 2, any C* homogeneous, C' submanifold of a C*
manifold is a C* submanifold.

Theorem B also follows from the results in [35] (thanks to Bruce Kleiner for point-
ing this out). We give a somewhat different proof in Section 7 as it motivates later
results.

Returning to the proof of Theorem A, assuming dynamical coherence and using
Theorem B, one can obtain under the hypotheses of part IV that the graph of the
transfer function ® over each center manifold is Cl”). With some more work, one
can obtain that the graph of the transfer function ® over each center manifold is C".
A result of Journé [19] implies that for any » > 1 that is not an integer, and any
two transverse foliations with uniformly C” leaves, if a function ® is uniformly C”
along the leaves of both foliations, then it is uniformly C”. Since f is assumed to
be dynamically coherent, the W and W? foliations transversely subfoliate the leaves
of W . Applying Journé’s result using W° and W°, we obtain that ® is C" along
the leaves of W°. Applying Journé’s theorem again, this time with W and W", we
obtain that ® is C".

We have just described a proof of part IV under the assumption that f is dynami-
cally coherent. If we drop the assumption of dynamical coherence, the assertion that
® is “C" along center manifolds” no longer makes sense, as f might not have center
manifolds. One can find locally invariant center manifolds that are “nearly” tangent
to the center distribution (as in [9]), but the argument described above does not work
for these manifolds. The analysis becomes considerably more delicate and is described
in more detail in Section 8. As one of the components in our argument, we prove a
strengthened version of Journé’s theorem (Theorem 8.4) that works for plaque fami-
lies as well as foliations, and replaces the assumption of smoothness along leaves with
the existence of an “approximate r-jet” at the basepoint of each plaque.

The main result that lies behind the proof of Theorem A, part IV is a saturated
section theorem for fibered partially hyperbolic systems (Theorem C). A fibered par-
tially hyperbolic diffeomorphism is defined on a fiber bundle and is also a bundle
isomorphism, covering a partially hyperbolic diffeomorphism (see Section 9). In this
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THE COHOMOLOGICAL EQUATION 83

context, Theorem C states that under the additional hypotheses that the bundle dif-
feomorphism is suitably bunched, and the base diffeomorphism is accessible, then any
continuous section of the bundle whose image is an accessibility class for the lifted
map is in fact a smooth section. Using Theorem C it is also possible to extend in part
the conclusions of Theorem A part IV to (suitably bunched) cocycles taking values
in other Lie groups. The details are not carried out here, but the reader is referred
to [31, 8, 2], where some of the relevant technical considerations are addressed (see
also the remark after the statement of Theorem C in Section 9).
Theorem C would follow immediately if the following conjecture is correct.

Conjecture 1.3. — Let f: M — M be C", partially hyperbolic and r-bunched. Then
every accessibility class for f is an injectively immersed, C™ submanifold of M.

For locally compact accessibility classes, it should be possible to prove Conjec-
ture 1.3 using the techniques from [35] to show that the accessibility class is a sub-
manifold and the methods developed in this paper to show that the submanifold is
smooth.

2. Partial hyperbolicity and bunching conditions

We now define the bunching hypotheses in Theorem A; to do so, we give a more
precise definition of partial hyperbolicity. Let f : M — M be a diffeomorphism of
a compact manifold M. We say that f is partially hyperbolic if the following holds.
First, there is a nontrivial splitting of the tangent bundle, TM = E* & E€® E*, that
is invariant under the derivative map T f. Further, there is a Riemannian metric for
which we can choose continuous positive functions v, 0, v and 4 with

(3) vip<l and v<y<yl<p?

such that, for any unit vector v € T, M,

(4) IT foll < v(p), if v € E°(p),
(5) 1) < ITfoll <4)7',  ifve E%p),
(6) p(p)~! < | Tfol, if v e E*(p).

We say that f is center bunched if the functions v, 7,7, and 4 can be chosen so
that:

(7) max{v, 0} < v§.

Center bunching means that the hyperbolicity of f dominates the nonconformality
of T'f on the center. Inequality (7) always holds when T f|g. is conformal. For then we
have (T, fv|| = || Tpf|ge ()|l for any unit vector v € E°(p), and hence we can choose
7(p) slightly smaller and 4(p)~! slightly bigger than

1Ty f1Ee ) l-
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84 A. WILKINSON

By doing this we may make the ratio v(p)/4(p)~! = ~v(p)¥(p) arbitrarily close to
1, and hence larger than both v(p) and P(p). In particular, center bunching holds
whenever E° is one-dimensional. The center bunching hypothesis considered here is
natural and appears in other contexts, e.g., [5, 4, 2, 31, 29].

For r > 0, we say that f is r-bunched if the functions v, ?,, and 4 can be chosen
so that:

(8) v<y, D<A
9) v<~4", and U <yy".

Note that every partially hyperbolic diffeomorphism is r-bunched, for some r > 0.
The condition of 0-bunching is merely a restatement of partial hyperbolicity, and
1-bunching is center bunching. The first pair of inequalities in (8) are r-normal hy-
perbolicity conditions; when f is dynamically coherent, these inequalities ensure that
the leaves of W, W, and W* are C". Combined with the first group of inequali-
ties, the second group of inequalities imply that E* and E*° are “C" in the direction
of E°.” More precisely, in the case that f is dynamically coherent, the r-bunching
inequalities imply that the restriction of E* to W leaves is a C” bundle and the
restriction of E° to W leaves is a C” bundle.

For r > 0, we say that f is strongly r-bunched if the functions v, 7,v, and 4 can be
chosen so that:

(10) max{v, 0} <47, max{v, 0} < 4"
(11) v<v¥", and ¥ <Ay

We remark that if f is partially hyperbolic and there exists a Riemannian metric in
which T'f|ge is isometric, then f is strongly r-bunched, for every r > 0; given a metric
Il - || for which f satisfies (4), and another metric || - || in which T f|gc is isometric,
it is a straightforward exercise to construct a Riemannian metric || - || for which
inequalities (10) hold, with vy =4 = 1.

The reason strong r-bunching appears as a hypothesis in Theorem A is the follow-
ing. Suppose that f is partially hyperbolic and that ¢: M — R is C'. Then the skew
product fy: M x R/Z — M x R/Z given by

folz,t) = (f(z),t + o(z))

is partially hyperbolic, and if f is strongly r-bunched then f4 is r-bunched. This skew
product and the corresponding lifted skew product on M x R appears in a central
way in our analysis, as we explain in the following section.

2.1. Notation. — Let a and b be real-valued functions, with b # 0. The notation
a = O(b) means that the ratio |a/b| is bounded above, and a = Q(b) means |a/b]|
is bounded below; a = ©(b) means that |a/b| is bounded above and below. Finally,
a = o(b) means that |a/b] — 0 as b — 0. Usually a and b will depend on either
an integer j or a real number ¢ and on one or more points in M. The constant C
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THE COHOMOLOGICAL EQUATION 85

bounding the appropriate ratios must be independent of n or ¢t and the choice of the
points.

The notation o < (3, where a and 3 are continuous functions, means that the
inequality holds pointwise. The function min{a, 3} takes the value min{a(p), 5(p)}
at the point p.

We denote the Euclidean norm by |-|. If X is a metric space and r > 0 and z € X,
the notation Bx(z,r) denotes the open ball about z of radius r. If the subscript is
omitted, then the ball is understood to be in M. Throughout the paper, r always
denotes a real number and 7, k, £, m,n always denote integers. I denotes the interval
(=1,1) C R, and I™ C R™ the n-fold product.

If 4; and v, are paths in M, then 7 - 72 denotes the concatenated path, and 7¥;
denotes the reverse path.

Suppose that & is a foliation of an m-manifold M with d-dimensional smooth
leaves. For r > 0, we denote by ¥ (z,r) the connected component of z in the inter-
section of ¥ (x) with the ball B(z,r).

A foliation boz for & is the image U of R™~¢ x R% under a homeomorphism that
sends each vertical R%-slice into a leaf of &. The images of the vertical R%-slices will
be called local leaves of F in U.

A smooth transversal to & in U is a smooth codimension-d disk in U that intersects
each local leaf in U exactly once and whose tangent bundle is uniformly transverse
to TH. If ¥1 and X, are two smooth transversals to & in U, we have the holonomy
map hg : X1 — Yo, which takes a point in ¥; to the intersection of its local leaf in U
with 22.

Finally, for r > 1 a nonintegral real number, M, N smooth manifolds, the C" metric
on C"(M, N) is defined in local charts by:

der(f,9) = doiri (f, 9) + deo (DU £, DLl g).

This metric generates the (weak) C” topology on C"(M, N).

3. The partially hyperbolic skew product associated to a cocycle

Let f : M — M be C* and partially hyperbolic and let ¢ : M — R be C%¢,
for some integer £ > 0 and « € [0,1], with 0 < £+ a < k. Define the skew product
fo : M xR— M xR by

fo(p,t) = (f(p),t + ¢(p))-

The following proposition is the starting point for our proof of Theorem A.

Proposition 3.1. — There exist foliations Wy, W of M x R with the following prop-
erties.

1. The leaves of ‘W;, ‘W; are CHe,
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2. The leaves of ‘W; project to leaves of W, and the leaves of ‘Wj, project to leaves
of W*. Moreover, (z',t') € Wy(z,t) if and only if ' € W’(x) and

lim inf d(£} (z, ), f3 (z',1')) = 0.

3. Define T: M xR —» M x R by Ti(z,8) = (2,8 +t). Then for all z € M and
s, t € R:

Wylz,s +1) = T, Wy(z,s).
4. If (z,t) € M x R and («',t') € Wy(z,t), then

t—t=3"9(f'(@) - $(f(2)) = PCF and,

=0

and if (z',t') € ‘W;(m,t), then
t'—t=2 ¢(f7'(2)) - $(f (a")) = PCFz.z1d.
i=1

Proof. — The map f, covers the map (x,t) — (f(x),t+ ¢(z)) on the compact man-
ifold M x R/Z, which we also denote by fy

In the case where £ > 1, (1) and (2) follow directly from the fact that f, is C4* and
partially hyperbolic. The invariant foliations on M x R/Z lift to invariant foliations
on M x R.

For £ = 0, (1) and (2) are the content of Proposition 5.1, which is proved in
Section 5.

Since Ti o fy = fp o T; for all t € R, (3) follows easily from (2). Finally, (4) is an
easy consequence of (3). O

Throughout the rest of the paper, we will mine extensively the properties of the
foliations ‘W; and ‘Wg: the regularity of the leaves, their transverse regularity, and
their accessibility properties.

This focus on the lifted foliations ‘W; and ‘W; is not entirely new. Notably, Nitica
and Torok [31] established the regularity of solutions to equation (2) when f is an
Anosov diffeomorphism by examining these lifted foliations. The key observation in
[31] is that the smoothness of the leaves of ‘W; and ‘W; determines the smoothness of
the transfer function along the leaves of W* and W". The advantage of the approach
in [31] is that it allowed them to prove a natural generalization of Theorem 0.1
to cocycles taking values in nonabelian lie groups; provided that the induced skew
product for such a cocycle is partially hyperbolic, the smoothness of the lifted invariant
foliations determines the smoothness of transfer functions when f is Anosov. This
focus on the foliations for the skew product associated to the cocycle turns out to be
crucial in our setting.
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4. Saturated sections of admissible bundles

In this section, we define a key property called saturation and present some general
results about saturated sections of bundles. In the next section, we apply these results
in the setting of abelian cocycles to prove parts I and III of Theorem A. Throughout
this section, f: M — M denotes a partially hyperbolic diffeomorphism.

Let N be a manifold, and let m: 8 — M be a fiber bundle, with fiber N. We
say that B is admissible if there exist foliations Wy, Wy, of B (not necessarily
with smooth leaves) such that, for every z € B and * € {s,u}, the restriction of
to Wy (2) is a homeomorphism onto W* (m(2)).

A more general definition of admissibility for more general bundles in terms of
holonomy maps is given in [1]; we remark that two definitions are equivalent in this
context. If 7: B — M is an admissible bundle, then given any su-path v: [0,1] —» M
and any point z € 7~ ((0)), there is a unique path 4,: [0,1] — B such that:

- 7‘-5/2 =7

- % (O) =2,

— A, is a concatenation of finitely many subpaths, each of which lies entirely in a

single leaf of Wy, or Wi
We call 7, an su-lift path and say that 7, is an su-lift loop if 4,(0) = 4,(1) = z. For
a fixed su-path v, the map H,: 77(y(0)) — 7~ !(y(1)) that sends z € 7~ 1((0))
to 4,(1) € 7~ 1(y(1)) is a homeomorphism. It is easy to see that H,,.,, = H,, o H,,
and Hy = H;'.

Recall that any accessible sequence J = (z1,...,z%) determines an su-path .
We fix the convention that <, is a concatenation of leafwise distance-minimizing
arcs, each lying in an alternating sequences of single leaves of W*° or W". Using this
identification, we define the holonomy Hy: n~!(x1) — m~! () by setting Hy = H, ;
since the leaves of W*, W°, Wy, and W), are all contractible, H 4 is well-defined.

Definition 4.1. — Let n: B — M be an admissible bundle. A section o: M — B is:

u-saturated if for every z € o(M) we have Wy, (z) C o(M),

s-saturated if for every z € o(M) we have W (z) C o(M),

bisaturated if o is both u-and s-saturated, and

bi essentially saturated if there exist sections o* (u-saturated) and o® (s-satu-
rated) such that

|

o =0"=0 a.e. (volume on M)

It follows from the preceding discussion that if o: M — @ is a bisaturated section,
then for any 2 € M, for any accessible sequence ¢, from z to ', we have Hy(o(z)) =
o(z').

Theorem4.2. — [1] Let f: M — M be C' and partially hyperbolic, let m: B — M be
an admissible bundle over M, and let c: M — B be a section.

1. If o is bisaturated, and f is accessible, then o is continuous.
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2. If f is C? and center bunched, and o is bi essentially saturated, then there exists
a bisaturated section o°* such that o = 0% a.e. (with respect to volume on M)

Since we will use a proposition from the proof of Theorem 4.2, (1) in our later
arguments, we give a sketch of the proof here, including a statement of the key propo-
sition (Proposition 4.3 below). We remark that the proof of (2) adapts techniques
from [9], where it is shown that if f is C? and center bunched, then any bi essentially
saturated subset of M is essentially bisaturated; in effect, this is just Theorem 4.2 for
the bundle B = M x {0,1}, with W}, (z,j) = W*(z) x {j}, for j € {0,1}.

Sketch of proof of Theorem 4.2, (1). — We give a slightly modified version of the
proof in [1], as we will need the results here in later sections. The key proposition in
the proof is:

Proposition 4.3 ([1], Proposition 8.3). — Suppose that f is accessible. Then for every
ZTo € M, there exists w € M and an accessible sequence (yo(w),...,yx(w)) connect-
ing xo to w and satisfying the following property: for any € > 0, there exist § > 0
and L > 0 such that, for every z € Bp(w,d), there exists an accessible sequence
(yo(2),...yk(2)) connecting zq¢ to z and such that

dM(y](z)7yJ(w)) <e and d‘W*(yj—l(z)ayj(z)) <L, fOT j=1,.. . K,

where dqy~ denotes the distance along the stable or unstable leaf common to the two
points.

For K € Z; and L > 0, we say that  is an (K, L)-accessible sequence if J =
(zo,...,zK) and
dw*(ibj_l,(ltj)SL, for j=1,...,K,
where dq = denotes the distance along the stable or unstable leaf common to the two
points.
If {4, = (®o(y),.--, 2k (¥))}yev is a family of (K, L) accessible sequences in U
and z € U, we say that lim,_,, J, = d, if

lim z;(y) = z;(x), for j=0,...K,
y—a

and we say that y — dy is uniformly continuous on U if y — z;(y) is uniformly
continuous, for j = 0,...,K. An accessible cycle (z,...,Zar = Zo) is palindromic if
T; = Tok_i, for 1 = 1,...,k. Note that a palindromic accessible cycle determines an
su-path of the form 7 - 7; in particular, if  is a palindromic accessible cycle from z
to x , then Hy is the identity map on 7 (z).

The following lemma, is stronger than we need for the proof of part (1) of Theo-
rem 4.2, but will be used in later sections.

Lemma 4.4. — Let f be accessible. There exist K € Z,, L > 0 and 6 > 0 such that for
every x € M there is a family of (K, L)-accessible sequences {J,, , }yeBu (z,5) Such that
&y, connects  toy, J, . is a palindromic accessible cycle and limy_., J, , = J,
The convergence J, , — &, , is uniform in z.

71:.
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Proof of Lemma 4.4. — Fix an arbitrary point 9 € M. Proposition 4.3 gives a point
w € M, a neighborhood U, of w, and a family of (Kj, Lg) -accessible sequences
{(yo(w'), ..., yko(w')) }uwev, such that (yo(w'),...,yx,(w’)) connects zo to w’, and
(yo(wl)a -y YKo (wl)) - (yO(w)a -+ YKo (w)) uniformly inw' € Uy.

Lemma 4.5 (Accessibility implies uniform accessibility). — Let f be accessible. There
exist constants Ky, Ly such that any two points z,x’ in M can be connected by an
(K, Lpr)-accessible sequence.

Proof of Lemma 4.5. — First note that, since any point in U, can be connected
to 2o by an (Kj, Lo)-accessible sequence, we can connect any two points in U, by a
(2K, Lg)-accessible sequence.

Consider an arbitrary point p € M and let (p = qo,q1,.--,9x, = w) be
an (Kp, L,)-accessible sequence connecting p and w. Continuity of W’ and W*
implies that there is a neighborhood V, of p and a family of (K, L,)-acces-
sible sequences {(p' = qo(p'),q1(?'),...,qk,(p'))}pev, with the property that
' = (q0(),---,axk,(p")) is uniformly continuous on V;, and the map p’ — qx, (p')
sends V, into U, and p to w. It easily follows that any two points in V, can be
connected by an (Ko + 2Ky, Lo + Ly)-accessible sequence. Covering M by neighbor-
hoods V,, and extracting a finite subcover, we obtain by concatenating accessible
sequences that there exist constants Kz, Ly such that any two points z,z’ in M
can be connected by an (K, Las)-accessible sequence. O

Returning to the proof of Lemma 4.4, we now fix a point z € M, and let (z =

20,21,---52K, = w) be an (K, Lar)-accessible sequence connecting z to w. As

above, there exists a neighborhood V, of z and a family of (K, Las)-accessible

sequences {(z’' = zo(2'), 21(2'), ..., 2K, (2')) }2rev, With the property that the map
z' = (20(x'),. .., 2K, ("))

is uniformly continuous on V, and the map z’ — zk,,(z’) sends V,, into U,, and z
to w.

For z' € V,, we define «,z» DY concatenating the accessible sequences
(z = Zo(.’lf),zl(l‘), ce 7ZKM(1’.) = w)v (w = yKo(w)a ce ayo(w) = .’L'()), (mO =
Yo(zka, (21), -y UK (2K (2)) = 2k, (2') and (zk, (2'),...,20(z") = z’). Then
{dz,2}arev, is a family of (K, L)-accessible sequences with the property that , ..
connects z to =/, where K = 2Kg + 2K and L = Lo + Ly,.

Since z’ — (20(z'), ..., 2K, (¢')) is uniformly continuous on V,;, and

wl,iin'w(yo(w,)’ <y YKo (wl)) = (yO(w)» <+ YKo (w))v

we obtain that limgy/ . o, ,» = d, .- By construction, , , is palindromic.

Finally, observe that all of the steps in this construction are uniform over z, and so
we can choose § > 0 such that By (z,d) C Vs, for all z, and further, limgy/ .z J, ,» =
{4 uniformly in . This completes the proof of Lemma 4.4. O
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Returning to the proof of Theorem 4.2, part (1), fix a point £ € M, and
let {J, o }2'eBu(z,5) be the family of accessible paths given by Lemma 4.4. Since
limg dz’z, = dzx and the lifted foliations are continuous, it follows that

lim Hy , =Hy
uniformly on compact sets. Since dzm is palindromic, we have Hd,,, = id|r-1(z)-

Let 0: M — B be a bisaturated section. Then for any accessible sequence ¢f from

z to ', we have Hy(o(z)) = o(z’). But then

lim o(z') = lim Hy _ (o(z)) = Hy__(o(x)) = o(z),
T'—T T —T ’ ’
which shows that ¢ is continuous at . O

Proposition 4.6 (Criterion for existence of bisaturated section). — Let f be C', partially
hyperbolic and accessible, and let m: B — M be admissible. Let z € B and let x =
m(z). Then there ezists a bisaturated section o: M — B with o(z) = z if and only
if for every su-loop v in M with v(0) = v(1) = z, the lift 4, is an su-lift loop (with
¥2(0) = 3.(1) = z).

Proof. — We first prove the “if” part of the proposition. Define 0 : M — B as follows.
We first set o(z) = z. For each ' € M, fix an su-path v: [0,1] —» M from z to z’.
Since B is an admissible bundle, v lifts to a path 7,: [0,1] — 9B along the leaves
of Wy and Wy, with 4,(0) = z. We set o(z') = 7,(1). Clearly 7o (z') = z'.

We first check that o is well-defined. Suppose that 4': [0,1] — M is another su-path
from z to z’. Concatenating v with 7', we obtain an su-loop v¥' from z to z. By the
hypotheses, the lift of ¥4’ through z is an su-lift loop in 6. But this implies that
¥=(1) = 4,(1).

The same argument shows that o is bisaturated. Fix y € M and let ¢/ € W*®(y). We
claim that o(y’) € Wy, (o(y)). To see this, fix two su-paths in M, one from z to y, and
one from z to y’. Concatenating these paths with a path from y to y’ along W*(y), we
obtain an su-loop v through z. By hypothesis, the lift 7, is a lifted su-loop. It is easy
to see that this means that o(y’) € Wy (0 (y)). Hence o is s-saturated. Similarly, o
is u-saturated, and so ¢ is bisaturated.

The “only if” part of the proposition is straightforward. O

Remark: Upon careful inspection of the proofs in this subsection, one sees that the
existence of foliations W}, and W/, is not an essential component of the arguments.
For example, instead of assuming the existence of these foliations, one might instead
assume (in the context where B is a smooth fiber bundle) the existence of E* and
E? connections on B, that is, the existence of subbundles E}; and EY of T'B, disjoint
from ker T'w, that project to E* and E°® under T7. In this context, at least when E};
and E; are smooth, there is a natural notion of a bisaturated section. In particular,
for every us-path v in M and z € 7=1(y(0)), there is a unique lift 4, to a path in B,
projecting to vy and everywhere tangent to E} or E. Bisaturation of o in this context
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means that for every su-path -y from z to z’, one has 4,(;)(1) = o(z’). The same proof
as above shows that a bisaturated section in this sense is also continuous.

For this reason, [1] introduce the notions of bi-continuous and bi-essentially con-
tinuous sections, which extract the essential properties of a bisaturated section used
in the proof of Theorem 4.2. While we have no need for this more general notion here,
it is worth observing that bi-continuity might have applications in closely related
contexts.

4.1. Saturated cocycles: proof of Theorem A, parts I and ITI. — We now
translate the previous results into the context of abelian cocycles. Let ¢ : M — R be
such a cocycle, and let 8 = M x R be the trivial bundle with fiber R. Then 3 is an
admissible bundle; we define the lifted foliations W}, * € {s,u} to be the fs-invariant
foliations ‘W;, given by Proposition 3.1. There is a natural identification between
functions ®: M — R and sections 0¢: M — B via 0g(z) = (z, ®(z)). Definition 4.1
then extends to functions ®: M — R in the obvious way, where saturation is defined
with respect to the ‘W;-foliations.

Proposition 4.7. — Suppose that f is partially hyperbolic and ¢ is Holder continuous.

1. Assume that f is accessible, and let ®: M — R be continuous. Then there exists
c € R such that

(12) p=of-D+c,

if and only if ® bisaturated.
2. If f is volume-preserving and ergodic, and ® : M — R is a measurable function
satisfying (12) (m-a.e.), for some c € R, then ® is bi essentially saturated.

Proof. — (1) Suppose that ® is a continuous solution to (12). Then (12) implies that
for all x € M and all n, we have:

f3 (@, ®(x)) = (f*(z), 2(f"(2)) + cn).
Let ' € W*(z). Then

lim inf d(f7 (z, ®(2)), £ (2", (z"))) =

Jim d((f"(@), @(S(@))), (f"(), &S (@) =0,

and so (z, ®(z)), (z', ®(z')) lie on the same W leaf. This implies that @ is s-saturated.
Similarly ® is u-saturated, and hence bisaturated.

Suppose on the other hand that ® is continuous and bisaturated. Define a function
c: M — R by c¢(z) = ¢(z) — ®(f(x)) + ®(z). We want to show that c is a constant
function. Proposition 3.1, (3) implies that, for all z € M and s,t € R:

(13) W (2,8 +1t) = T,WS(2,9).
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Suppose that y € W°(z). Saturation of ® and f4-invariance of W, Wy imply
that:

(14) Wo(f(z), (f(2))) = We(f (), ®(f(y))), and
(15) fo(Wy(z,®(2))) = fo(We(y, 2(1)))-
On the other hand, invariance of the ‘W;-foliation under fy implies that, for all z € M:

fo(Wy(2,0(2))) Wy (f(2), ®(2) + ¢(2))
Wo(f(2), 2(f(2)) + (2(2) — B(f(2)) + 6(2)))
= To(s)-a(f(=)+a(z) (We(f(2), 2(f(2)))) -
Equations (14) and (13) now imply that
O(z) — 2(f(2)) + ¢(z) = (y) — 2(F () + ¢(v);

in other words, c(z) = c(y). Hence the function c is constant along W°-leaves; simi-
larly, c is constant along W"-leaves. Accessibility implies that c is constant. Hence ®
and c satisfy (2).

(2) Let ® be a measurable solution to (12). We may assume that (12) holds on an
f-invariant set of full volume; for points in this set, we have

3 (2, @(x)) = (f*(2), ®(f"(2)) + cn),

for all n.

Choose a compact set C C M such that vol(C) > .5vol(M), on which ® is uniformly
continuous. Ergodicity of f and absolute continuity of W° implies that for almost
every © € M, and almost every z' € W*(z), the pair of points 2 and 2’ will visit C
simultaneously for a positive density set of times. For such a pair of points z,z’ we
have

lim inf d(f§ (z, ®(z)), f3 (z', (")) =
lim inf d((f"(z), ®(f"(2))), (f" ("), 2(f*(2")))) = 0,
and so (z, ®(z)), (z’, ®(z')) lie on the same W leaf. This implies that ® is essentially
s-saturated: one defines the s-saturate ®° of ® at (almost every) z to be equal to
the almost everywhere constant value of ® on W°(z) (see [29] for a version of this

argument when f is Anosov).
Similarly & is essentially u-saturated, and hence bi essentially saturated. O

Proof of Theorem A, part I. — Let f be C! and accessible and let ¢ : M — R be
Holder continuous. Part I of Theorem A asserts that there exists a continuous function
®: M — R and ¢ € R satisfying (2) if and only if PCFg(¢) = 0, for every accessible
cycle 6.

We start with a lemma:

Lemma 4.8. — Let v be an su-loop corresponding to the accessible cycle €. Then
PCFyg(¢) = 0 if and only if every lift of v to an su-lift path in M X R is an su-lift
loop.
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Proof of Lemma 4.8. — Let x € M Proposition 3.1, part (4) implies that if & =

(zo,...,Tkx = To) is an accessible cycle, then for any t € R
k—1
i=0

Let v be an su-loop corresponding to ©. Then for any ¢ € R, H,(t) —t = PCFg(¢)
Fix t € R, and let 4 = dgy,¢: [0,1] = M x R be the su-lift path projecting
to 7, with 4:(0) = (zo,t). Then 4(1) = (xo, Hy(t)) = (x0,t + PCFg(¢) = 0). Thus
PCFyg(¢) = 0 if and only if 4¢(1) = t if and only if 4; is an su-lift loop. Since ¢ was
arbitrary, we obtain that PCFg(#) = 0 if and only if every lift of y to an su-lift path
is an su-lift loop. O

By Proposition 4.6 and Lemma 4.8, if PCFyg(¢) = 0, for every accessible cycle &,
then there exists a bisaturated function ® : M — M x R. Theorem 4.2, part (1),
plus accessibility of f implies that ® is continuous. Proposition 4.7 implies that there
exists a ¢ € R such that (12) holds.

On the other hand, if ® is continuous and there exists a ¢ € R such that (12)
holds, then Proposition 4.7, (part 1) implies that @ is bisaturated. Proposition 4.6
and Lemma 4.8 imply that PCFg(¢) = 0, for every accessible cycle &. O

Proof of Part III of Theorem B. — Assume that f is C?, volume-preserving, center
bunched and accessible. Let ® be a measurable solution to (2), for some ¢ € R. We
prove that there exists a continuous function ® satisfying ® = ® almost everywhere.

Since f is center bunched and accessible, it is ergodic, by ([9], Theorem 0.1).
Proposition 4.7, part (2) implies that ® is bi essentially saturated. Theorem 4.2,
part (2) then implies that ® is essentially bisaturated, which means there exists a
bisaturated function ®, with & = & a.e. Since f is accessible, Theorem 4.2, part (1)
then implies that & is continuous. O

5. Holder regularity: proof of Theorem A, part II.

Let f: M — M be partially hyperbolic and let ¢: M — R be a-Hélder continuous,
for some o > 0. As above, define the skew product fs: M x R — M x R by

fo@,t) = (f(p),t + &(p)).

We start with a standard proposition showing that the stable and unstable folia-
tions for f lift to invariant stable and unstable foliations for fy.

Proposition 5.1. — There exist foliations ‘WZ, ‘W; of M x R with the following prop-
erties.

1. The leaves of Wy, W, are a-Hélder continuous.

SOCIETE MATHEMATIQUE DE FRANCE 2013



94 A. WILKINSON

2. The leaves of ‘14/; project to leaves of W", and the leaves of ‘W; project to leaves
of W°. Moreover, (z',t') € ‘Wi(w,t) if and only if ' € W*(x) and

R n 0\
liminf d(fg(z,t), f (', ') = 0.

Proof. — This result is by now standard (see [31]), although strictly speaking, the
proof appears in the literature only under a stronger partial hyperbolicity assumption
(in which the functions v, ?,v,% are assumed to be constant). We sketch the proof
under the slightly weaker hypotheses stated here.

Forz € M,let §_= {g: W“(z,6) » R:g € C% g(z) = 0}. The number § > 0
is chosen so that for all z € M, if y € W*(x,§), then d(f(z), f(y)) > o(z) " 1d(z,y).
Notice that the function ¥(y) = ¢(y) — ¢(x) belongs to _. The a-norm of an element
g € g, is defined:

lg()|
lglle = sup :
“ ye W (x,8) d(:l:,y)o‘
The bundle & over M with fiber §_ over x € M has the structure of a Banach bundle.
The fiber is modelled on the Banach space B = {g: Br«(0,6) —» R: g € C*,¢(0) =
0}, with the norm

v
lola = sup WL
veBgu (0,8) |v]
The restriction of f to W"-leaves sends W"(x,d) onto W*(f(z),?(z)~14), which
contains W*(f(z),d). On W*(z) x R, the map f4 takes the form fy(p,t) = (f(p),t+
¢(p)), and the induced graph transform map Y, : §, — ﬁf(z) takes the form:
T(9)(y) = 9(f ') + ¢(f ' (¥) — 6(f ' (2)).
Suppose that ||g]lo < C. Then

) 72(0)e)
Igz(g)la - ze(wgl(l})(z),é) d(f(w)a z)a

l9(y) + ¢(y) — ¢(2)|

S e s AT @), F)°
~ l9(w)] 16(z) — 6(v)]
T e 5 A (@), F@)  a(f(@), Fw)®

~ e u lg)| | lo(z) — d(w)l
< e) (ye?wgp(z) Az, v T d(my) )
< @)% (lglla + 16— $@)]a)
< »(2)*(C+K)<C,

provided that C is larger than sup, K/(1 — &(z)).
Hence the closed sets §F_(C) = {g € G, : |lglla < C} are preserved by the maps 7.
Next we show that 7, is a contraction in the a-norm. To this end, let g, ¢’ € F_(C).
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Then
3 , _ |T2(9)(2) = T=(g')(2)]
172(9) — T2(@)lla = zewg?}zw),&) A @).2)°
l9(y) + ¢(y) — ¢(z) — (¢'(y) + ¢(y) — ¢(x))I
S e (@), f())°
l9(y) — 9'(y)|

T ewrites dF (@), F))®

< 2@)lg - 9'lla-
The invariant section theorem ([18], Theorem 3.1) now implies that there is a unique

T -invariant section o : M — §_(C). It is easy to check that the set /‘M\/;(p, t) =
{(y,t + 0p(y)) : y € W*(p,d)} is a local unstable manifold for fs. The rest of the
proof is standard. O

Fix a foliation box U for W°. For any two smooth transversals ¥, ¥’ in U, there
is the W°-holonomy map from ¥ to X' that sends z € ¥ to the unique point of
intersection z’ between W°(x) and ¥'. For any such X, %’ there is also a well-defined
W;-holonomy between ¥ x R and ¥’ x R, sending (z,t) € ¥ xR to the unique point of
intersection (z’,t') between Wy (#,t) and £’ xR. Since the W* leaves lift to W;-leaves,
the ‘W; holonomy covers the W° holonomy under the natural projection.

Proposition 5.2. — Suppose that f is C' and ¢ is a-Hélder continuous, for some
a € (0,1]. Then the Wy and Wy holonomy maps are uniformly Hélder continuous.
Any 6 € (0, a] satisfying the pointwise inequalities:

(16) v< i) and vyl < (vp)?/e

is a Holder exponent for the ‘W; holonomy, where v,v, i : M — R are any continuous
functions satisfying, for every p € M and any unit vector v € T,M:

v € E°(p) = || Tpfv| <v(p), veE(p)= () <|Tpfvl,
and
v e EYp) = | Tpfoll < alp) ",

for some Riemannian metric.
By considering the trivial (constant) cocycle, we also obtain:

Corollary 5.3. — The stable holonomy maps for a C* partially hyperbolic diffeomor-
phism f are uniformly Hélder continuous. Any 0 € (0,1] satisfying

v <~(vp)’

is a Holder exponent for the stable holonomy, where v,, i are defined as in Proposi-
tion 5.2.
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Remark: In ([33], Theorem A) it is shown that the holonomy maps for W* and
W?® are Holder continuous if f is at least C? (or C'*+<, for some o > 0). The proof
in [33] uses a graph transform argument and an invariant section theorem to show
that the plaques of W" and W* form a Holder continuous family. Here in the proof of
Proposition 3.1, as in the first part of the proof in [33], we have exhibited the plaques
of ‘Wf; as an invariant section of a fiber-contracting bundle map &. It is not possible,
however, to carry over the rest of the proof in [33] to this setting: the low regularity
of & prevents one from using a Holder section theorem to conclude that the invariant
section is Holder continuous.

Hence we employ a different approach to prove that the holonomy maps are Hélder
continuous. The proof here has some similarities with the proof that stable foliations
are absolutely continuous. We fix two transversals 7 and 7’ to ‘Wj, and a pair of points
z,y € 7. We iterate the picture forward until f§() and f3(7') are very close and
then push ff(z) and f(y) across a short distance to points f3(z'), f3(y') € f3(7').
The points z’,y’ are the images of z,y under ‘W‘;-holonomy; the iterate n is chosen
carefully so that the distance between x and y can be compared to some power of the
distance between z’ and y'. Unlike the proof of absolute continuity of stable foliations,
in which n is chosen arbitrarily large, the choice of n is delicate and depends on the
distance between x and y. We will employ this type of argument again in later sections.

As a final remark, we note that for every partially hyperbolic diffeomorphism f
and every Holder continuous cocycle ¢, there is a choice of 8 > 0 satisfying (16), for
some Riemannian metric.

Proof of Proposition 5.2.. — In this proof, we will use the convention that if ¢ is a
point in M and j is an integer, then g; denotes the point f7(q), with ¢o = ¢. If
a: M — R is a positive function, and j > 1 is an integer, we set

a;(p) = a(p)a(p1) - - - a(pj-1),
and
a—j(p) = a(p-;)talp-j+1) "t alp-r) T

We set ag(p) = 1. Observe that o; is a multiplicative cocycle; in particular, we have
a_j(p)~! = a;(p-;). Note also that (af); = a;B;, and if « is a constant function,
then o, = a™.

Fix 6 € (0, o] satisfying (16). Next, fix a continuous positive function p: M — Ry
satisfying:

— p < min{1,v}, and

_ Vp_l < (Vﬂ—l)e/a_
We say that a smooth transversal ¥ to W’ is admissible if the angle between TS and
E?¢ is at least /4.

The next lemma, follows from an elementary inductive argument and continuity of
the functions v, i and p (cf. [9], Lemma 1.1).
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Lemma 5.4. — There exists 6o > 0 such that for any p € M, and for any p' €
(Ws(pv 60):

1. for anyi >0,
d(pi,p;) < vi(p)d(p,p");

2. for any admissible transversal ¥’ to W*® at p', and any point ¢’ € X', if d(p, q}) <
bo, fori=1,...,n, then

pi(p)d(®, ¢') < d(p},q}) < fu(p)~'d(¥',q),

fori=1,...,n.

Let 6o > 0 be given by this lemma; by rescaling the metric, we may assume that
8 = 1. Fix p € M and p’ € W*(p,1). Let & and X’ be admissible transversals to W°,
with p € ¥ and p’ € ¥/, so that the W*-holonomy h® : ¥ — X', with h®(p) = p’ is
well-defined. Let 7 = ¥ x R, and let 7/ = ¥/ x R. Fix ¢ € ¥ with d(p,q) < 1, and
let ¢' = h°(q).

For (2,t) € M xR and n > 0, write (zn,t) for f7(2,t). We introduce the notation
Snd(z) = Z;‘;OI #(2;), and note that S1¢(z) = ¢(z). With these notations, we have
(2n,tn) = (2n,t + Sn¢(2)). Denote by h%: £ x R — £ x R the Wy-holonomy, which
covers the map h°. We first establish Holder continuity of the base holonomy map
he: ¥ - Y.

Since v < 47!, there exists an n so that d(p,q) = ©(vn(p)iin(p)); fix such an
n. Lemma 5.4 applied in the transversal ¥ implies that d(p;, ;) < fi(p)~td(p,q) <
O(vp(p)), fori=1,...,n.

On the other hand, since p’ € W*®(p,1), we have d(p;,p}) < O(v;), for all i; in
particular, d(p,,p,) < O(vy). Similarly, d(gn, q),) < O(v,). By the triangle inequality,
we have that

A

d(P,,a,) < d®n,qn) +d(Pn,p;,) + d(gn, q,,)
= O(vn(p)).

Now applying f~™ to the pair of points p],, g, we obtain the pair of points p’, ¢/,
which lie in the admissible transversal ¥'. Lemma 5.4 then implies that d(p’,q’) <
pn(0)71d(P,,qn) < O(pn(p)™'wa(p)). Since pp(p) 'vn(p) < (Va(P)iin(p))?* =
O(d(p, q)?/*), we obtain that d(p’,q’) < O(d(p,q)?/*) < O(d(p,q)?), and so h® is
#-Holder continuous.

We next turn to the Holder continuity of hj. Since hj covers h?, it suffices to
establish Holder continuity in the R-fiber. Fix a point (p,7) € ¥ x R and write

he(p,r) = (p',7') and hy(q, s) = (¢, 5").
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Holder continuity of ¢ with exponent « implies that

n—1

1S.6(p) — Snd(@)] < > O(d(pi, :)®)

=0

3 O e D) ™)7)

IA

n—1
= vn(p)* D O(i—i(pn)™®)
1=0
n—1
< (@) Y O(E™) = O(va(p)?)
1=0

where & < 1 is an upper bound for ji. This means that |r, — s,| < |r —s|+O(v,(p)%).

Note that (p),,r}) € ‘W;’,(pn,rn). Proposition 3.1 implies that ‘Wz,(pn,rn) is the

graph of an a-Hélder continuous function from W (p,) to R. Hence
Irn —rnl < O(d(pn, pn)*) = O(vn(p)®),

and similarly, |s, — s},| = O(v,(p)®). Now, by the triangle inequality,

(17) Irn = snl < | = snl + |t — o] + s — 85,

(18) < Jr—sl+ O0@a(p)?);

Since d(pl,_;, @h—;) < O(Wn(p)p—i(pn)), for i = 1,...n, the a-Holder continuity of ¢
implies that |5,6(s')) — Sn(¢)| < STy O(n()o-(pn))*) = O((n(P)on(p) ™)),
since p < 1. The inequality (vp~1)® < (vf1)? now implies that
(19) 1S20(#") = Snd(@)] < O((vn(P)itn(p))°)-

Combining (17) and (19), we obtain:

(r = s7) = (Snd(P") — Sne(d))]
I = 5| + O(vn(p)*) + O(((P) 2 (1))°)
Ir = 5| + O((n (9) 2 (1))°),

Ir' &'l

IANIN

since v < (vjr)®.

We would like to compare |’ — 5’| to d((p, 1), (¢,))?; the latter quantity is equal
to (Ir — s| + d(p,9))? = (Ir — s| + O((vn(p)fin(p))?); by the preceding calculation,
|r' —s'| < O(d((p,7),(g,5))?). Hence hg is 6-Holder continuous. O

Having completed this preliminary step, we turn to the proof of the main result in
this section.

Proof of Theorem A, part II. — Suppose that f is accessible and ¢: M — R is
Holder continuous. Let ®: M — R be a continuous map satisfying ¢ = ®o f — & +¢,
for some ¢ € R. We show that ® is Holder continuous. The key ingredient in the
proof is the following lemma.
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Lemma 5.5. — There exist C > 0, 19 > 0 and k € (0,1) with the following properties.
For any pair of points p,q € M, there exist functions a: Bpr(p,m0) — Bum(g,1)
and B: By (p,ro) — R with the following properties:

1. a(p)=4q
2. for all 2,2’ € Bp(p, 7o),

d(a(z),a(2") < Cd(z,2')",

and
18(2) — B(z')| < Cd(z,2)",
3. for all z € Bp(p,10), az) is the endpoint of an su-path in M originating at 2,
4. for all z € Bp(p,m0), and t € R, A(z,t) is the endpoint of an su-lift path
in M x R originating at (z,t), where A: Bpr(p,ro) X R — Bar(g,1) x R is the
map A(z,t) = (a(z),t + B(2)).

Assuming this lemma, the proof proceeds as follows. Let C,rg,x be given by
Lemma 5.5. Fix zg,z1 € M with d(zo,z1) < 7ro. For ¢ > 1, we construct a se-
quence of points x; and maps «;: Bys(zo,70) — Bam(zi, 1), Bi: Bm(zo,70) — R and
A;: Bp(zo,m0) X R = Bps(z;,1) X R inductively as follows. The point z; is already
defined. Assume that z;, for ¢ > 1 has been defined. Let «; and §; be given by the
lemma, setting p = 7o and ¢ = z; (so that h(zg) = z;). Define A;, as in Lemma 5.5,
by A;(z,t) = (ai(2),t + Bi(z)). We then set z,11 = a;(x1).

We next argue that, for any ¢ > 1, the map A; has the property that, for all
S BM(.’L‘o,'I"o),

Ai(z,2(2)) = (a(2), B(2) + Bi(2)) = (a(2), ®((2)))-

Since @ is a continuous solution to (2), Proposition 4.7 implies then the graph of ®
is bisaturated. That is, for any p,q € M, if (g,t) is the endpoint of any su-lift path
originating at (p, ®(p)), then ¢t = ®(q). But properties 3 and 4 of the maps A; given
by Lemma 5.5 imply that «;(z) is the endpoint of an su-path originating at z, and
A;(z, ®(2)) is the endpoint of an su-lift path originating at (z, ®(z)). Hence we obtain
that A;(z,®(2)) = (ai(2), ®(ei(2))), as claimed.

It now follows from the properties of A; and the definition of z; that, for ¢ > 1:

B(z0) + Bi(z0) = B(ai(z0)) = ®(zs),

and
®(z1) + Bi(z1) = ®(ai(z1)) = Y(Tis1).
Thus:
(20) ®(z1) — ®(x0) = (B(ziv1) — (@) + (Bi(@o) — Bi(z1)) -
Summing equation (20) over ¢ € {1,...,n}, we obtain:

n(®(z1) — ®(z0)) = (2(@nt+1) — P(z1)) + Z (Bi(wo) — Bi(=1)) ,

i=1
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and so:
[0(e1) — 8@ < 1) ~ @)l + -3 |fi(z0) — i)
i=1
< 2o+ 13 Cdlro, o)
= n 0o n 0,41

=1
2
< ;”‘I’”oo + Cd(zo, z1)".

Sending n — oo, we obtain that |®(z1) — ®(z¢)| < Cd(zo,1)"; since zo and z;
were arbitrary points within distance ry of each other, this implies that ® is k-Holder
continuous. This completes the proof of Proposition 5.2, assuming Lemma 5.5. O

Proof of Lemma 5.5. — Let 0 be given by Proposition 5.2, and let Ny, Ly be given
by Lemma 4.5.

We first describe how to construct the maps o and B in the case where q €
W?(p, Lar). The analogous construction works for ¢ € W"(p, Lys). Lemma 4.5 im-
plies that any p and g can be connected by an (Ks, Las)-accessible sequence. We can
therefore construct a, 3 for a general pair of points p and ¢ by composing at most
K maps along stable and unstable segments.

Suppose then that p’ € W’(p, Las). We define @ = ay, , as follows. Fix a foliation
box U of W?* containing W*(p, Ls), and let {£;},cv be a (uniformly chosen) smooth
foliation by admissible transversals to W* in U. For z € U, we define o, ,(2) to be
the unique point of intersection of W’ (z, L) with £, in U. The map app: U —
Y, sends p to p’ and is §-Holder continuous when restricted to any transversal 3.
Since {¥;}zcwe(p) is a smooth foliation, it follows that ay, is 6-Holder continuous,
uniformly in p’ € U.

Similarly, for (z,t) € U x R, we define A, ,(2,t) to be the unique point of inter-
section of Wy (z) with ¥, x R in U x R. Proposition 3.1 implies that A, takes the
form

App(2,t) = (appr (2),t + Bppr (2)),
for some function B, : U — R. Proposition 5.2 implies that A, ,/, and so 8y p, is
f-Holder continuous, uniformly in p’ € U.
The same construction defines o, ,» and By, for p’ € W*(p, K ). Finally, for p, g

in M, we fix an (K, Lps)-accessible sequence (yo, y1,.-.,Yk,,) connecting p and g
and define

[e]

Qp,g = Oyk,,—1,9ky © Cyky—2,0k,-1 © 7 ©C Qyoys -

By construction, a; 4(p) = ¢. Similarly define §p 4.

Then there exists ro > 0 such that for every pair p,q, opq and B, , are defined
in the neighborhood By (p, o) and oy, 4 takes values in Bys(g,1). Furthermore, there
exists C > 0 such that (1) and (2) in the statement of the lemma hold, for k = 6%
Finally, property (4) holds by construction. O
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Remark: The Holder exponent for & obtained in this proof can be considerably
smaller than the exponent for ¢. In particular, the largest possible exponent for the
‘W; or ‘W; holonomy given by Proposition 5.2 is % Concatenating these holonomies
along K steps of an accessible sequence reduces this exponent further to 2%( In
contrast, the exponents for ® and ¢ in Theorem 0.1 are the same. This is because the
transverse Holder continuity of ‘W; and ‘WZ does not play a role in the proof when f
is Anosov, and so only the Hélder exponent of the leaves, which is the same as for ¢,
determines the exponent for ®.

6. Jets

In this section we review basic facts about jets and jet bundles that will be needed
in subsequent sections. The reader is referred to [17, 22] for a more detailed account.

If N; and N, are C* manifolds and £ < k, we denote by T'¥(N;, Ny) the set of
local C* maps from Ny, No; each element of T'¢(Ny, Ny) is a triple (p,#,U), where
¢ is a C* map from a neighborhood U of p in Ny to N,. For p € Nj, we denote
by I'4 (N1, N2) the set of elements of I'/(Ny, N;) based at p. We denote by J*(N1, N2)
the bundle of C* jets from N; into No: each element of J*(Ny, N,) is an equivalence
class of triples (p,¢,U) € I'4(Ny, N3), where two triples (p, ¢,U) and (p,¢',U’) are
equivalent if p = p’, and the partials of ¢ and ¢’ at p up to order £ coincide.

We denote by [p, ¢, U], the equivalence class containing (p, ¢, U), which is called
a f-jet at p. Alternately, we use the notation jﬁqﬁ. The point p is called the source
of (p,¢,U) and ¢(p) is the target. The source map o gives J¢(Ny, N3) the structure
of a C*—¢ bundle over N;; we denote by sz(Nl,Ng) the f-jets with source p € Nj.
We also denote by J*(N1, N2), the set of jets with target g.

More generally one has the ¢-jet bundle associated to a fiber bundle. If 7: 8 — M
is a C* fiber bundle, and £ < k, we denote by I'*(7: B — M) the set of C* local
sections of B, and by Fﬁ(ﬂ: B — M) the set of C* local sections whose domain
contains p € M. We then define the ¢-jet bundle J*(7:  — M) to be the set of pairs
(p, ¢), where ¢ € I'j(m: B — M), and two pairs (p,¢) and (p’,¢’) are equivalent if
p = p, and the partials of ¢ and ¢’ at p up to order £ coincide. Then Jé(7: B — M)
is a C*=* bundle over M. Observe that J(Ni, N3) = J*(projy,: N1 x Ny — Nyp)
under the natural identification of sections of N; x Ny with functions ¢ : N; — Na.

For ¢ < ¢, there is a natural projection 7, from the ¢-jet bundle to the ¢'-jet
bundle that sends jf;qﬁ to jﬁlqﬁ. Under this projection, J¢ has the structure of a C*—¢
fiber bundle over J¢. Moreover, J¢=¢ (J¢) = JE.

The bundle J¢(R™,R™) is a trivial bundle over R™. The fiber space J‘(R™,R")
is the £+ 1-fold product P(m,n) = II{_oL¢ . (R™,R™), where L} (R™, R") is the
vector space of of symmetric, i-multilinear maps from R™ to R™. Each {-jet [v, ¢, U],
in JE(R™,R™) has a canonical representative, which is the £th order Taylor poly-
nomial of ¢ about v. To denote an element of J*(R™,R™), we sometimes use the
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notation (v, p) with v € R™ and p a degree £ polynomial (suppressing the neighbor-
hood U, since polynomials are globally defined). These give C*° global coordinates
on J¢(R™,R™); in this way we regard J*(R™,R™) as a finite dimensional vector space
with a Euclidean structure | - |.

6.1. Prolongations. — If ¢ : N; — N, is a C* function, then ¢ gives rise to a
section of the bundle Je(Nl, N3) over Nj via the map v — jf,qﬁ. This section, denoted
j*¢ is called the £-prolongation of ¢. In the case £ = 0, the jet bundle JO(Ny, Ny) is
just the product N; x N, and the image of N; under the prolongation j%¢ is the just
the graph of ¢.

The function ¢ : M — M is C* if and only if the ¢-prolongation of ¢ is C*~¢. Not
every continuous section of J¢(M, N) is the prolongation of a C* function; however,
the set of prolongations of smooth functions is closed:

Proposition6.1. — If f, € CYM,N) and j'f, — j'f in the weak topology
on C°(M, J*(M, N)), then f € C¢(M,N).

More generally, if 0: M — P is a section (resp. local section) of a C* bundle
7: B — M, then the ¢-prolongation jéo: M — Jé(m: B — M) is a C*~* section (resp.
local section). The analogue of Proposition 6.1 holds for prolongations of sections.

6.2. Isomorphism of jet bundles. — The next lemma is used extensively in
various forms in this paper.

Lemma 6.2. — Let N1, Ny, and N3 be C* manifolds.
1. Let g : Ny — N3 be a C* map. Then for every £ < k, the map ji¢ — jt(go ¢)

is a C*~* map from J*(Ny, N3) to J¢(Ni, N3).
2. Let h: N; — Ny be a C* diffeomorphism. Then for every £ < k, the map
gl — jﬁ(m)((bo h™1) is a C*~* diffeomorphism from J*(Ny, N3) to J¢(N2, N3).

Remark: There is some subtlety in item 2. If h: N — N is a C* diffeomorphism other
than the identity, then neither of the following maps is even differentiable on J*(N, N):

a9 dhw®  Or Jzd e ja(@ohTh).
It is at first glance a fortuitous fact that the composition of these maps is C*~%.

What item 2 expresses is the fact that the ¢-jet bundle is a C*~¢ invariant under
C*-diffeomorphisms. More generally:

Corollary 6.3. — (see, e.g., [22], Chapter 14.4) If 1: B — M and =': B — M’ are
C* fiber bundles, and H: B — B is a C* isomorphism of fiber bundles, covering
the C* diffeomorphism h: M — M’, then for every £ < k there is a canonical C*~*
isomorphism of fiber bundles

H:: J4r: B— M) — J¥x': B — M')

covering h. For ¢ < £, the map H® covers H ¢ under the natural projection.
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The map H* is defined by:
H(jz0) = jiz(Hoo o h™").

6.3. The graph transform on jets. — In its local form, Corollary 6.3 tells us
that for diffeomorphisms of R™ x R™ of the form H(z,y) = (h(z), g(z,y)), the induced
graph transform on functions ®: R™ — R™ produces a map that is smooth on the level
of jets. By graph transform, we mean the map Y p: {®: R™ — R} — {®: R™ —
R"™} defined by:
Tu(®)(z) = g(h™*(z), 2(h}(2)))-

It is easy to see that if H is C*, then 7 x(C*(R™,R")) = C4R™,R™), for all £ < k;
nonetheless, the restriction of 7z to C*(R™, R") is not smooth at all, even for £ = 0.
What is smooth, however, is the induced map H*: J*(R™,R") — J¢(R™,R"):

H (i) = jhay (T u(@)).

This map on /-jets is C* ¢,

More generally, whenever a graph transform is well-defined, it induces a continuous
map on jets, which we now describe. Suppose that H(z,y) = (h(z,y), 9(z,y)) is a C*
local diffeomorphism of R™ x R™. Write

D H — A'U B’U
v Cv Ku )
where A,: R™ — R™, B,: R® - R™, C,: R™ — R" and K,: R® — R". Suppose
that there exists pg > 0 such that for all v € Bgm+n(0, pg), the map A, is invertible.
Then there exists p; > 0 such that, for every ¢ < k, there exists a C*~¢ local
diffeomorphism
H: JYR™,R") — JYR™,R"),
defined in the p;-neighborhood of the 0-section of Jf;km ©, po)(Rm, R™), given by:
H (jz1) = ey (9 0 (id,9) o (ho (id,$)7").
The map H* has the defining property that for every 1 € I'*(R™,R"), if j44) is in the
domain of H*, and ¢’ € I'*(R™,R") satisfies:
graph(y’) = H (graph(¢))
in a neighborhood of h(z,v(z)), then H*(jiv) = jfb(z,v)(w))w’. This fact motivates the
term “graph transform.”
We explore the properties of these maps in more detail; this will be used in subse-
quent sections. Writing P*(m,n) = I'Iff=0Liym(]Rm, R™), we have coordinates
(93,@) = (wapov' . wpl)
on R™ x P%(m,n), where p; = Dip € Li (R™,R™). Denote by H%(z,p); the

sym

L, (R™, R™)-coordinate of H(z, p), so that
He(w’ @) = (h((lf, 800)) He(x, KJ)O, ) He(zv p)i)
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Clearly HO(z, po)o = g(z, po). Because jets are natural, for £’ < £, we have
He(wa 00, -5 @E)K’ = Hel(:l"a 05+, PK’)Z’-

Furthermore,

-1
H'(2,00,01)1 = (Cla,p0) + K(,p0)91) (A@,p0) + Blapo)P1)

Differentiating this expression £ times (implicitly), we get, for £ > 1:

HYx,p0,--.,p0)¢ = (K(m,po)m—Hl(v,po,@1)13(m,m)m
+Se(wa 005> W—l)) o (A(ib‘,po) + B(w,po)pl)_17
where S* is a polynomial in (z,pq,...,0¢_1) and in the partial derivatives of H

at (z, po) up to order .
Notice that if B, ,,) = 0, then these expressions reduce to:

Hz(za 20y - - pl)f = (K(zvfﬂo)pl + Sl(x’ 6205« -+ pl—l)) o A(_zl@o)‘

In particular, if B(;,,,) = 0, then there exists p; > 0 such that for all (z', p) lying in
the po-neighborhood of (z, p) in J¢(R™, R™), we have:

(21) |H (2, p)e — H*(2', ")l
(22) < Qo) (02 — 92) + O (I, 00, - -, p2-1) — (&', 905 - - 90-1)]) »
where Qf, )i L&y (R™,R") — L¢,,. (R™,R™) is the linear map:

-1

e —_— p—
Q(z,po)(m) = K(z,p,) B2 © A(:c,po)'

Observe that, because P, is a symmetric map of order ¢, we have ||sz, p0)|| <
1K (z,00) | /M(A(z,00)) ", Where m(X) = || X~![|~! denotes the conorm of an invert-
ible matrix X.

For ¢ > 1, we may regard J*(R™,R") as a vector bundle over J°(R™,R"™) (=
R™ x R™) under the natural projection mgo; the fiber is II:_, L% . (R™ R"). In a
variety of contexts (see Section 10.1 ff.) we will consider the case where the map H* is
a fiberwise contraction on a neighborhood of the 0-section of this bundle. We assume
that || K o0 < m(A(x',m)) and || K (z,p0)ll < M(A(z,p0))¢ (Which together imply that
”K(z,po)” < m(A(z,po))z, for 1 <i<¥).

Continuing to assume that B, ,,) = 0, we next construct in the standard way a
norm |- | on ITf_, Lt . (R™,R™) such that:

(23) |H (2, p) — H'(z, )|

(24) < max { 1Ae.eoll 1K @p0l
- m(K(z’@O))’ m(A(%m))

for (z, p), (z, ') lying in the set {(z, 0o, P1,---,0¢): |(P1,---,P¢)| < 1}. To do this,
fix L > 0 and for (py,...,p,) € ME_, L, (R™,R™), define:

|®1,---»Pe)lL = LYy | + -+ + LIyl

g} (@, 0)e — (CE,SO/)zl,,
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It is not difficult to verify using (21) that if L > 0 is sufficiently large, then (23) holds
for ||I = ||L and all (z, p), (=, ') lying in the set {(IL‘, 0,01 - - - 1?[): |(§51’ X ’Ee)ll <
1}.

The same holds true if || B(;,,,)|| is sufficiently small. Summarizing this discussion,
we have:

Lemma 6.4. — Fiz £ > 1. For every R > 0 and k € (0,1) there existe > 0 and L > 0
with the following properties.
Let H: Bgm+n(0,1) = R™*™ be a C* local diffeomorphism such that:

— dee(H,Id) < R, and

A, B,
— writing D, H = , we have:
C, K,

inf m(A,) >0,

UGBRm+n (0,1)

TR
vEBgm4n (0,1) m(A,)’ m(A,)*
and
sup | Byl < e.
v€Bpm+n (0,1)
Then for all v = (v™,v") € R™™ and all jimi,jimy’ € ﬂZé(v), with

|j£m‘/)|» |j£m’¢'| <1, we have:
|H (5o mt)) — HE(GEm )L < Kljlmt) — Glmt|L.

7. Proof of Theorem B

Before proving our main higher regularity result (part IV of Theorem A), we give
a proof of Theorem B, as the proof conveys some of the basic techniques we will use
later, but in a simpler setting.

Suppose that N is an embedded C! submanifold of R™*" such that, for every
z,y in N, there exist neighborhoods U of z and V of y and a C* diffeomorphism
H :U — V such that HU) =V and HUNN) =V NN, where k > 2.

We prove that N is a C¢ submanifold of R™*", for all £ < k, by induction on £. By
assumption, N is a C' submanifold. Suppose that N is a C¢ submanifold, for some
¢ < k — 1. We prove that N is C**! submanifold. As the problem is local, we may
restrict attention to a small neighborhood in N.

Fix a point o € N and a neighborhood V of zo in N. By a local C* change of
coordinates in N’ sending zg to 0 € R™ x R™, we may assume that N is the graph
of a C* function ® : Bgn(0,1) — R™ satisfying j¥® = 0. The first main step in the
proof of Theorem B is the following lemma.
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Lemma 7.1. — For every u € Bgn(0,1) there exists p = p(u) > 0, and for every
i€{0,...,£}, a C*~ local diffeomorphism
H;: By~ gm)(0,p) — J'(R",R™)
with the following properties:
1. H covers H:™! under the projection J*(R™,R™) — J:~1(R™,R™), and
2. writing HY (v, w) = (hy(v,w), gu(v,w)), we have h,(0,®(0)) = u, and:

H,(59) = . wa()®
for every v such that j® € B ye(gn mmy (0, p).

Proof. — For i = 0, this follows immediately from C* homogeneity. Given u €
Bgn(0,1), select a C* local diffeomorphism

Hu = (hua gu): B]R"XR"‘ (ijO) - Rn X Rm

sending (0,0) = (0,%(0)) to (u,®(u)) and preserving the graph of ®. Under the
natural identification of JO(R™,R™) with R"” x R™, this defines the map HY:

HS('U’ w) = (hy(v,w), gu(v, w)).

Suppose ¢ > 1, and fix a point v" € R™ near 0, and a function ¢ € I'},(R",R™).
Consider the local map h,, o (id, %) € I'},(R™,R") given by:

Hi o (id, ¥)(v) = hu(v, $(0)).
Its derivative at v’ is
(35) Dy (huo i) = M0 (o! ) + T, (') D
Since DHY preserves the tangent space to the graph of ®, it follows that the map
0H, /0v(0,0) is a diffeomorphism onto a neighborhood of u. On the other hand,
plugging in v/ = 0, D,% = 0 into equation (25) we obtain that for any 3 € '} (R",R™)
with ji¢ = 0, Do (hy o (id, %)) = %2(0,0).

Since H? is C!, from this it follows that for |j?,4| and |v’| sufficiently small, the
derivative D, (hy, o (id, %)) is invertible. The inverse function theorem then implies
that h,, o (id, ) is a C* local diffeomorphism in a neighborhood of v € R™, provided
|7i4| is sufficiently small; in particular, (h,, o (id,))~! is defined.

For i > 1, we then set

H(53%) = Gh ooy ((9u 0 (id, 1)) © (B © (id, ) 71) .

Lemma 6.2 implies that H:, is a C*~ local diffeomorphism. By construction, the maps
H} satisfy properties (1) and (2). |

Remark: Notice that Lemma 7.1 implies that the image of Bg~(0,1) under j¢® is
a C' homogeneous submanifold of J¢(R™,R™). At this point, it is possible to appeal
to Theorem 1.2 to finish the proof.

Returning to the proof of Theorem B, our next step is to show:
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If ® is C* and j*® is a C'-homogeneous function (in the sense of
Lemma 7.1), then j*® is C', and so ® is C*+1.

To this end, let A: J¢(R™,R™) — J¢(R™,R™) be an invertible linear transforma-
tion, and let p > 0. We next define a subset (A, p) C Brn(0,1) consisting of the set
of all u € Bgn(0,1) with the following properties:

— For each i € {0,...¢}, there exists a bilipschitz embedding
H: Bjigngmy(0,p) > J*(R",R™)
such that:
— H} covers H}™! under the projection J*(R™,R™) — J*"*(R™,R™),
— writing H2(v,w) = (hy(v,w), §u(v,w)), we have h, (0, ®(0)) = u, and:
ﬁﬁ(gﬁ@) = jﬁu(v@(v))@a
for every v such that j°® € B se®n&m) (0, p), and

— Lip(A — HY) < mSA) on Bjegn gm)(0,p), where m(A) = [|[A7!||~! denotes the

conorm of A.

Fix a countable dense subset {4;}jez, C GL(J*(R",R™)) of invertible linear
transformations.
Lemma 7.2. — For each A € GL(J¢(R™,R")), and p > 0, the set G(A, p) is compact

in Bgrn(0,1). Moreover:

B]R"(Oal) = U g(Ajnj;l)‘

J1,§2€Z+

Proof. — Suppose that §(A, p) is nonempty. Let u; be a sequence in (A, p), and for
each ¢ € {0,...,4}, let I:IZ]- be the associated sequence of bilipschitz embeddings. Since
the space of bilipschitz embeddings is locally compact in the uniform topology, there
exists a convergent subsequence uj, — u € Bgn(0,1) with fIije — H uniformly for
all i. The maps HY are bilipschitz embeddings, with H? covering H:~!, and Lip(H} —
A) < #. Since the £-jet j¢® is a closed subset of J¢(R™, R™), the limiting map H’
preserves j¢®. Hence u € §(A4, p), and so G(A, p) is compact.

Lemma 7.1 implies that for each u, and each i there exists a C"~* diffeo-
morphism H! satisfying the first two properties. Let ¢ = m(DoH!)/11. Fix
Aj, € GL(JYR"™,R™)) such that |DoH: — Aj,|| < e. A simple estimate shows
that | DoHY — Aj,|| < =Y4). Next, fix j; such that Lip(DoH: — HY) < ™)
on Bjegm gny (0,75 "). Then Lip(4; — HE) < % on Bjegn gmy (0,75 "), which
implies that u € §(A;,,j5 ). Hence:

Ber(0,1)= |J Y(4j.,5"),

J1,j2€Z4

completing the proof of the lemma. O
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Since Bg~(0,1) is a Baire space, there exist integers j1, j2 such that G(4;,,52™")
has nonempty interior. Let U be an open ball contained in §(A4;,,4; ). For each pair

uw,u/ € U and i € {0,...,£}, we set H? y = H, o}ji—l, which is defined on a

(u,u’ u

neighborhood of ji® in J{(R™,R™). We thus obtain:

Lemma 7.3. — There exists p > 0 such that, for every pair z = (u,u’) € U x U, the
following hold:
— for each i € {0,...£}, H: is a bilipschitz homeomorphism, defined on a p-neigh-
borhood of i ®,
— H} covers H:™! under the projection J*(R",R™) — J*~1(R™,R™),
— writing H(v,w) = (h,(v,w), g,(v,w)), we have h,(u,®(v)) = v/, and:

H(§59) = jh,(v,0:) P,

for every v such that j5® € B jewn gmy (5P, p), and
— Lip(I - Hf) < % on BJE(]R",]R’")(jﬁ@»p)'

Let K = 3/2, which is a bound, over all z = (u,u') € U x U, for the Lipschitz
norm of H¢ on B Je @& ( §t®, p). Since ® is assumed to be at least C1, there exists
a constant C' > 0 such that, for all u,u’ € U,

72®@ — jur®| < Clu ~ |-

Fix a point ug € U, and let @ = d(uo,R™ \ U) (which depends uniformly on ).
Since j¢® is continuous, if u is sufficiently close to uy (uniformly in ug), we will have
Jo® € Byem vy (Jae®s P)-

Let u; € U be such a point. Fix N € Z, such that:

a <| | < «a
————— < |u; —u —.
CK(N+1) ="'~ "> CKN
We construct a sequence of points ug,u1,us,...,uy in U inductively as follows.
The points ug and u; have already been defined. For ¢ € {1,...,n — 1}, we set

zi = (ug,u;) € U x U and ujy1 = hy,(u1, ®(u1)). We need to check that if u; is
contained in U, then u;4; is also contained in U.
To see this, note that, for i < N, we have:
lus —ui—1] = [hz (w1, ®(u1)) — ke, (vo, B(uo))]

< Kljg, @ - 55,2l

< KCluy — ug|
Hence, for i < N, this implies that |u; — ug| < KCilu; — uo| < @, so that u; € U, for
allie{l,...,N}.

Then, for each i:

= ji ®—ji &+ (H: — Id)(jE @) — (HE, - Id)(§{, )

Il
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Summing these equations from ¢ = 1,..., N, and taking the norm, we obtain:

i, @ — Gt ® > Nt @ —ji 9

N
=3 (B - 1), @) - (Y, - 14)(5%, @)
i=1

v

N . .
E‘Jﬁlq) _.750@'7

since Lip(Hfi - Id) < %, fori=1,...,N.
Since j¢® is continuous, by assumption, there exists a constant M > 0 such that
|7t®| < M, for all v € U. Then:

. . 2. ,
75, @ ~ 36, < ity ® i, @l
4AM
<
= N
_ AMCK(N +1) @
- no CK(N +1)
12MC
< |u1—u0|.

From this it follows that u — jﬁ<I> is Lipschitz at ug; since ug was arbitrary, the map
is locally Lipschitz on U. Hence j¢® is differentiable almost everywhere on U C V.
C*t1-homogeneity of V now implies that j¢® is differentiable everywhere on V. Taking
a point of continuity for the derivative of j¢®, and applying C**'-homogeneity one
more time, we obtain that j¢® is C', and so V is a C**! submanifold of R x R™.
This completes the inductive step of our proof, and so completes the proof that N is
a C* submanifold of R™*",

8. Journé’s theorem, re(re)visited.

Journé’s theorem [19] is widely used in rigidity theory to show that a continuous
function is smooth. The theorem states that any function that is uniformly smooth
along leaves of two transverse foliations with uniformly smooth leaves is smooth. This
theorem is typically applied in the Anosov setting as follows: according to Proposi-
tion 4.7, the graph of a continuous transfer function ® for a smooth coboundary ¢
is bisaturated, i.e., saturated by leaves of the unstable and stable foliation for the
skew product fy. Since fy is smooth, the leaves of these foliations are smooth graphs
over the corresponding foliations for f. This implies that the function ® is smooth
along leaves of the stable and unstable foliations W° and W* for f. In the Anosov
setting, these foliations are transverse, so applying Journé’s theorem, we obtain that
® is smooth (see [31]).

Here in the partially hyperbolic setting, we reproduce this argument in part. Indeed,
by the same argument, any continuous transfer function ® of a smooth coboundary
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¢ is smooth along leaves of W*° and W". Since the stable and unstable foliations are
not necessarily transverse, we cannot apply Journé’s theorem at this point. The idea
is to use accessibility and center bunching to show that the restriction of ® to leaves
of a center foliation is also smooth. One then applies Journé’s theorem twice, first to
the pair of foliations W and W", and then to the pair W and W*, to conclude
that ® is smooth.

If one assumes that f is dynamically coherent, then it is possible to turn this idea
into a rigorous argument, as we outlined above in Section 1. Here are a few more
details on how one can show that ® is smooth along leaves of W* in the dynamically
coherent setting. Bisaturation of ® implies that the graph of ® when restricted to
the 9%-manifolds is invariant under the W} and W-holonomy maps between lifted
‘W;—manifolds. The strong bunching hypothesis on f implies that these holonomy
maps are smooth when restricted to center manifolds of f;. Each center manifold
Wg(p,t) of fg is the product W(p) X R of a center manifold for f with R, and the
‘W; and ‘W;—holonomies between ‘W;,—manifolds covers the corresponding W’ and
W"-holonomies between W*-manifolds. Since f is accessible and ® is bisaturated, any
two points on the graph of ® can be connected by an su-lift path. Corresponding to any
such su-lift path is a composition of ‘W‘; and ‘Wg-holonomy diffeomorphisms between
‘W;—manifolds that preserves the graph of ®. Putting all of this together, we get that
the graph of ® over any given center manifold W°(p) is a smoothly homogeneous
submanifold of W*(p) x R and so by Theorem B is a smooth submanifold. Hence the
restriction of ® to W° leaves is also uniformly smooth.

If we do not assume dynamical coherence, then this argument fails/.\ 9ne can at-
tempt to use in place of a center foliation a local “fake” center foliation W, as is done

in [9] to prove ergodicity. However, the fake center foliation /‘M\/C available to us is
not sufficiently canomcal to allow a dynamical proof that the graph of ® is smoothly
homogeneous over ‘W leaves. Another difficulty is that the fake center foliation and
the unstable foliation W are not jointly integrable, and so we cannot apply Journé’s
theorem in the two steps outlined above. Fortunately, both problems can be overcome,
and it is possible to employ the fake foliations of [9] to prove Theorem A. The key
observations that allow is to do this are:

1. the fake center foliation /‘M\/Z and the fake unstable foliation /‘M\/: are jointly
integrable,

2. one can show that ® has continuous “approximate jets” along leaves of /‘M\/: and
/‘M\/Z, and

3. Journé’s theorem has a stronger formulation in terms of “approximate jets”.

We detail the argument in the next section. In this section, we describe the stronger
formulation of Journé’s theorem and what we mean by “approximate jets.”

Definition 8.1. — Let D be a domain in R™, C > 1, a > 0 and £ € Z;. A function
¥: D — R™ has an (¢, a,C)-expansion at z if there ezists a polynomial g, of degree
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< £ such that:
[¥(2') — p=(2)| < Clz = 2|+,
forall 2’ € D.

The following theorem was proved by Campanato (in a more general context):

Theorem 8.2. — [10] For £ € Z, and o € (0,1], a function 3 : R™ — R™ is C4* if
and only if, for every compact set D € R™, there exists C > 0 such that ¢ has an
(¢, o, C)-expansion at every z € D.

Furthermore, 1 is a polynomial of degree < £ if and only if there exists a > 1
such that, for every compact set D € R™, there exists a C > 0 such that ¢ has an
(¢, a, C)-expansion at every z € D.

Definition 8.3. — A parametrized C%® transverse pair of plaque families is a pair of
maps (w,w"), with
H: I x I S R™ and WV I x It R™H,
of the form:
wl(z) =2+ (2,8 (z)), and w/(y)=z+ (6} (¥),v),

for z € I™*", where BH € CH*(I™,R") and BY € CH>*(I",R™) have the following
additional properties:

1. BH(0) =0 and BY (0) =0, for all z € I™*",

2. ,B(Igyo) (z) = 0 for every x € I™, and ﬂ(‘gyo)(y) =0, for everyy € I™,

3. The maps z — BE € CH*(I™,R™) and z — wY € CH*(I",R™) are continuous.

If (wH ,wv) is a parametrized Ch® transverse pair of plaque families, we define the
norm ||(w?,w")|¢,e as follows:

[, w")lea := sup |8 |lce.a(gm gn) + 18 llcta(rn gm)-
z€1m+n

Remark: A pair of transverse foliations with uniformly C%* leaves, after a C%®
local change of coordinates, becomes a parametrized transverse pair of plaque families.
Similarly, a pair of continuous plaque families (where the plaques depend continuously
on the their center point in the C%* topology) transverse at every point gives a
transverse pair of plaque families.

Theorem 8.4. — Fiz £ € Z, and a € (0,1). Let (w,wV) be a parametrized C%*

transverse pair of plaque families in I"t™ C R™ x R™. For every C > 0 there exist

C'=C'(C, (W, wY)|le,a) and p = p(C, ||(wH,w")|le,) such that the following holds.
Suppose that 1 : I"t™ — R has the properties:

(1) for every z € I™*™, there exists a polynomial p¥ : I™ — R of degree < £ such
that, for allx € I™:

(i (2)) — o7 (@)] < C(lal ™ + [2/*+9),
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(2) for every z € I™*", there exists a polynomial pY : I" — R of degree < £ such
that, for ally € I™:

YW (¥) — oY ®)] < C(lyl“F + |27t%),
Then v has an (¢, a, C')-expansion at (0,0) in Bgrm+. (0, p).

Remark: Note that the hypotheses of Theorem 8.4 are weaker than requiring that
Y owH and 9 o w be CH* for every z € I™t". They are also weaker than requiring
that 9 o wH and 9 o w¥ have (¢, a, C)-expansions about 0 for every z. This latter
condition corresponds to the stronger conditions:

[Y(wH(z)) — pf (z)| < Clz|**, and |p(wY () — pY (¥)] < Cly|**,

for every (z,y). Note also that the conclusion of Theorem 8.4 is in some aspects very
weak: it does not even imply that v is continuous (except at the origin).

One can recover Journé’s original result from Theorems 8.4 and 8.2 as follows.
Suppose that 9 is uniformly C%* along the leaves of two transverse foliations with
uniformly C%? leaves. Fix an arbitrary point z; in local coordinates sending z to 0,
the transverse foliations give a parametrized C%* transverse pair of plaque families.
In the coordinates given by this parametrization, 1) has a Taylor expansion at every
point with uniform remainder term on the order £+«. This implies that conditions (1)
and (2) in Theorem 8.4 hold, for some C that is uniform in the point z. Theorem 8.4
implies that 1 has an (¢, a,C’) expansion (in these coordinates) at x, where C’ is
uniform in z. Since = was arbitrary, Theorem 8.2 then implies that 1 is C%2.

We also remark that whereas Theorem 8.2 holds for @ = 1, Theorem 8.4 is false
for a =1, if £ > 1 (see [33] for an example with o =1, £ =1).

Proof of Theorem 8.4. — The proof amounts to a careful inspection of the main re-
sult in [19]. We follow the format in [30], where the structure of the original treatment
in [19] has been clarified. We retain as much as possible the notation from [19, 30],
though there are some small changes. The two differences in the way the result is
stated here and the way it is stated in [19] are the following:

1. In [19], the transverse plaque family arises from a transverse pair of local folia-
tions &5 and &,; this is not assumed here. An extra lemma (Lemma 8.9) deals
with this.

2. In [19], it is assumed that ¢ is C** along leaves of the foliations & and & .
This is replaced by (1) and (2). A slight adaptation of the proof of Lemma 8.11,
part 1, deals with this.

As in [19] and [30], we give the proof for m = n = 1; the proof for general m,n is
completely analogous. We first reduce Theorem 8.4 to the following lemma.

Lemma 8.5 (cf. [30], Lemma 4.4). — Under the hypotheses of Theorem 8.4, there is
a polynomial p = () of degree < £ with the following property. Given k > 0
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and the cone X, = {(u,v) € R? : |v| < k|ul}, there ezist positive constants Cy =
C1(k, C, |(wH,w")le,a) and p1 = p1(k, C, [|(wH,w")|le,o) such that:

(26) [¥(2) — p(2)| < Cul2[***,  forz € X N B(0,p).

We first prove Theorem 8.4 using Lemma 8.5. Fix k > 2. Applying Lemma 8.5 to
the cones K = {(u,v) € R? : |v| < k|u|} and X' = {(u,v) € R? : |u| < &lv|} (with
the roles of u and v switched), we obtain polynomials p and g’ of degree < ¢ and
constants C’, p such that

[¥(2) — p(z)| < C”lzl“"‘, for z € £ N B(0, p),

and

[9(2) = 9'(2)| < C'|2|*®,  forz € &' N B(0,p).
Note that V = B(0,p) N X N X’ has nonempty interior. But then p and g’ must
agree because they have contact higher than £ on V. Hence 9 has an (£,a,C’) jet
on Bg2(0, p). This completes the proof of Theorem 8.4, assuming Lemma 8.5. O

Proof of Lemma 8.5. — Replacing ¥ by ¥(z,y) — ¥(z,0) — (0, z) + (0, 0), we may
assume that 1 vanishes along the z-and y-axes. For z € I™*" let 7 (2) = wH (™)
and let 7V (z) = wY (I").

The structure of the proof is as follows. We construct a sequence of degree (£ + 1)?
polynomials g, on I? that interpolate the values of 1 on a carefully chosen collection
Sm of (£ 4 1)? points in R?. The terms of degree < £ in gp,, converge to a degree ¢
polynomial p that satisfies (26) on a cone K.

Sok Sok+1 Sok+2

FIGURE 1. The geometry of the sets Sy, when £ = 3.

We say more about the selection of sets S,,. Each set S,, is the union of four
subsets S, = {(0,0)}U(Hp, x {0})U ({0} x Vi) U Jy, where H,, and V,, each contain
£ distinct real positive numbers. The sets S,,, are chosen with several properties:

— the minimum and maximum distance between any two points in S,, are com-
parable by a fixed factor B > 1 and are both O(r™/2), for some fixed r € (0, 1),
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— Jy, is approximately the cartesian product H,, x V;,, with error o(r™/?),

— any “vertical” collection of £ + 1 points in S, lies on a vertical & V-plaque, and
any “horizontal” collection of £+ 1 points in S, lies on a horizontal & H—plaque,

— Sm and Sp,41 agree on ¢ (horizontal or vertical, depending on the parity of m)
collections of £ + 1 points.

These properties, combined with properties (1) and (2) of ¢ ensure both that the
degree < / terms in the polynomials p,, converge and that the limiting polynomial is
a good approximation to ¢ on any cone K .. We will say more about the construction
of S,, shortly; we note that it will be necessary to construct more than one such
sequence, in order to prove that p is a good approximation at all points in X, and
not just those points on which ¢ was interpolated.

The starting point in Journé’s argument is to prove a higher dimensional version
of the following interpolation lemma.

Lemma 8.6 (Basic interpolation lemma. [19]). — Fiz £ > 1. For each B > 1, there
exists Co = Co(B) > 0 with the following property. If the collection of points
{20, 21,...,2¢} CR satisfies R/n < B, where

R =sup|zj| and 7= inf |z; — 2|,
j J#3’

Then for any values {bo,...,bs} C R, there ezxists a unique polynomial
¢
p(z) = Z cpz?
p=0

such that p(z;) = bj, for 0 < j < £. Moreover,

Z |lep| R < C sup |b;].
j

P

Journé’s generalization of Lemma 8.6 allows one to interpolate values of a function
on a collection of (£ + 1)? points in R? that lie in a rectangle-like configuration —
like the sets S,, described above — by a degree (£ + 1)? polynomial whose C° size is
controlled on the scale of the grid:

Lemma 8.7 (Rectangle interpolation lemma. [19], Lemma 1; cf. [30], Lemma 4.5)

Fiz £ > 1. For each B > 1, there ezist 6y = 6o(B) > 0 and Cy = Co(B) > 0 with
the following property. If the collections of points {zjx :0< j < ¢,0<k < {} C R?,
{z; :0<j <t} CRand {y: 0 <k < £} CR satisfy:

R/n< B, and |zk— (zj,yk)| < 6on,

where

R=sup|zk| and n=

inf IZ’k—Z'/kll
. . 7 7% )
ik (4,k)#(4",k')
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IN

Then for any values {b; : 0 < j 0,0 < k < U} C R, there exists a unique

polynomial
p(z,y) = Z Cpe@’y?
0<p,q<t
such that (2 k) = bjk, for 0 < j,k < €. Moreover,
> lepq| RPH9 < Cosup [bj k.
p.q sk

As mentioned above, to create the sets S,,, we will intersect plaques of our trans-
verse plaque families. The next lemma gives control over the location of the intersec-
tion of two transverse plaques.

(z,y)

[("E? y)7 (0, y/)}

Ficure 2. Lemma 8.8

Lemma 8.8 (Local product structure). — For every K,0 > 0, there exist py = po(K) >
0 and p1 = p1(K,0) > 0 with py < po such that, for any parametrized C** trans-
verse pair of plaque families (W ,w") with |[(W?,WwY)|1 < K, and any 21,20 €
Bgmin(0,p0), the manifolds w) (I™) and wi(I™) intersect transversely in a single
point (21, 23] € I"™T". Moreover, if |(z,y)| < p1, and |(z',y')| < p1 then

|[(z,9), (0,4")] = (2, ") < 0(I(z,9)| + I¥/']),

and

[@",0), (z,9)] - (2", y)] < 8(|(z,y) + |]).
Proof. — This is a simple consequence of the fact that the transverse plaque families
are continuous in the C'!' topology. O
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Fix K > 0 and k > 1 and let pg = po(K). Fix (w,w") such that ||(w#,w")|s,e <
K . We now define the base grid:

9o = Gow",0") = (T }iez, uioop {T¥ Yrez,uioo)
of horizontal and vertical plaques from which we will eventually construct the sets
Sm- We fix r € (0,1), and let gfo = S"H(O, 0) and E}'Zo = S’V(O, 0), and for j,k > 1
set 9’;( =7V(r7,0) and 7} = FV(0,rF).
For each (nonzero) w € Bgm+n (0, po), we also define a new grid , as follows. We
choose j = j(w) € Z4 such that the quantity

|[w, (0,0)] 7|

is minimized. The grid &, is then the same as &, except that the vertical leaf ¥ ;/
in &, is redefined: & ;/ = 9V (w). This is illustrated in Figure 3.

FiGurE 3. Grid substitution

Each grid ¥ = ({5’;/}, {F}) defines sequences of points {2j,k}jkez, C R? and
{z;}, {we} C R via: {zx} = 7 T, {(;,0)} = I7 N T, and {(0,p)} =
9’:,/0 N 9,1:1. For each pair (7, k) with |j — k| < 1, we then define

Hjp=H;k(§) ={zj 15 <5 <j+ &, Vip =Vik(§) ={yw : k<K <k+6}
and

Jik = ij(ﬁ) = {zj',k/ ] S]/ <j+4, k< K< k+ ¢},
Lemma 8.9 (Grids are good). — For every K > 0 and k > 1, there exists ps =
pa(K, k) > 0 such that if ||(wH,wY)|1 < K, then for every 8 > 0, there ezists an

integer ko = ko(K, k,6) > 0 such that: for all k > ko, for all j with |j — k| < 1, and
for all w € Bgm+n (0, p2) N K, the grid §, has the following properties.

Rjk/njk < 6r'72, and sup |z e — (T, Y )| < Ok,

zj/,kle-]j,k
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where
. ’
Rjx = sup |z| and mjx=  inf |22
z€J5,k 2,2’ €Jj k) 272

Moreover, Rjj < 3r*=1.

Proof of Lemma 8.9. — Let K > 0 and Kk > 1 be given, and suppose that
lw™,0¥)l < K.

We choose ps such that for all w € Bgz(0, p2) N K, and for j sufficiently large
(greater than some jo), if j minimizes the quantity |[w, (0,0)] — 77|, then |w| < 2(1 +
k)r?. This is possible, by Lemma 8.8.

Let 6 > 0 be given; we will describe below how to choose a constant 6; = 0; (K, «, 9).
Assuming this choice has been made, let p; = p;1 (K, 61) be given by Lemma 8.8. We
choose kg > jg such that max{2(1+n)rk“1,Rj,k} < py,forall |j—k| <1andk > ko.

Let w € Bgm+n(0,p2) N K, and consider the grid &, . For j,k € Z, satisfying
|7 — k| <1, and k > ko, fix a point 2z € J;, which by definition is the point of
intersection of 57;/, and o, for some k — 1 < j', k' < k+ £+ 1. Write z = (z,y)
and w = (z,y’). There are two possibilities. Either & ;f, is in the base grid §,, or
gy =" (w).

In the first case, since z € ¥ ;/, nNg ,5, we have |z| < p;. Lemma 8.8 implies that

11(0,0), (z,9)] = (0,9)] = lye —y| =¥ —y| < 61](z, )]
and
(@), (0,0)] = (,0)] = |zjs — 2| = 17 — 2| < 61|(z,y)l.

and so |z — (zj/,yk)| < |zj — | + |ye — y| < 261|2|. Since |(z;7,yw)| < 2rF1, we
therefore have, for #; sufficiently small:

(27) lz| < 3rF1
and
(28) |z - (.Z'jl,ykl)l S 6017"0—-1.

Suppose, on the other hand, that 9’;’ = &Y (w). Then the point (zj7,0) = [w, (0,0)]

has the property that
./ 1 v o ]_ —_ . jl

|.’L'j/—7"1|5-2‘|'l”] -7 +1|:(2—T)’I“7 %
Since w € Bgz(0, p2) N K «, and j' > ko, we have that |w| < 2(14)ri'~! < p;. Hence
Lemma 8.8 implies that |z;; — 2’| = |[w, (0,0)] — (2’,0)| < 61 (|w| + |2|); This implies
that |z; — 2’| =< 6;(Jw| + |2]) < 26 |w| < 46;(1 4 k)ri'~1,

Now z = [w, (0,7*")] and |[w, (0,7%")] — (z',7*")| < 01 (jw| + r*") < 6;(3 + 2k)rk—1.
Using the triangle inequality, we conclude that, for 6; sufficiently small, we have

(29) |z|] < 3kt
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and
(30) |z — (2, up)| < |z — (&, 7F)| + |z — 2| < 61(7 + 6K)r* L,
Hence, in either case, we conclude that
(31) Rjx < 3rk!
and
(32) sup |z k — (25, )| < 61(7 + 6m)r" !
21 1 €5,k

On the other hand,

(33) Mik = inf |yy —yi|—  sup [z — (25, el
J'#3 Z; l’kleJ]‘,k
(34) > ,re+k+1 _ 01(7 + 65)7',‘:_1,

and for 6; sufficiently small, we get n;x > r+¥+1/2. Combining this with (31), we
have R;x/njx < 6r*~2. Combining (33) with (32) we also get:

61(7 + 6rk)rk—1

sup Zjr ke — (%7, Yrr )| < My —7-
zjlyk/EJj,kI 7 ( ” )l ! Te+k+1 - 01(7+6H)Tk 1

Choosing 6, = 61(K, &, 6) small enough, we obtain that
sup  |zjr ke — (@5, Yr)| < Ok,
241 gt GJj,Ic

which finishes the proof. O

Let B = 6r°~2 and let p; = p2(K, k) > 0 be given by Lemma 8.9. Let 6y = 6(B) >
0 and Cy = Cy(B) > 0 be given by Lemma 8.7. Now let kg = ko(K,k,6p) > 0 be
given by Lemma 8.9.

Fix w € Bgrm+r(0, p2). We now define the sequence S, of rectangles associated to
the grid . For |j — k| < 1, we set:

Sje ={0,0} U (Hjx x {0}) U ({0} x Vj,) U Jj k-

Now, let Sor = Sk and let Spx+1 = Sk k1. Define the sets H,,, V,,, and J,,, anal-
ogously, for m € Z,. Let R, = sup,c; |z| and let n, = inf, ey, 22 |z — 2/|.
Lemma 8.9 implies that for m > 2k, we have |R,,| < 3r(™~1/2 and R,,/nm < B.

By Lemma 8.7, there exists a constant Cy = Co(B) > 0 such that for each m >
2ko, and any function 1, there exists a unique (degree (£ + 1)?) polynomial p,, =

pm (W, w"), w,9):
(z,y) = Z Cp. qxp

0<p,q<t
that interpolates i on the rectangle S,,. Furthermore:
(35) >l |REFT < Cosup{t(2) : € S},

p,q
where R,, is defined above.
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Lemma 8.10. — For every K,C > 0, there exist constants C; = C1(K,C) > 0 and
p = p(K,C) > 0, such that for all (w,w") with ||(w?,wY)|ea < K, for allw €
Bg2(0, p2) NK and for all ¢ satisfying hypotheses (1) and (2) of Theorem 8.4 for this
value of C, the sequence cp’, = Z””q(ﬁw,w) has the following property.

Let g, (z,y) = Y pta<t CpigZPY?. Then there exists a polynomial H such that p =

lim,,— 00 @, (uniformly on compact sets). Furthermore:

5(z) - 9(2)] < Cilal™™ for z€ KN |J T N Bamin(0,p).
k>ko

We first finish the proof of Lemma 8.5, assuming Lemma 8.10. Let C' > 0 and v be
given satisfying hypotheses (1) and (2) for this value of C. Let Cy = C1(K,C) > 0 and
p = p(K,C) > 0 be given by Lemma 8.10. Given w € Bg2(0,p) N K, let p = (G, ¥)
be given by Lemma 8.10. By construction of the grid &, we have that w € x>, & ,‘C/
This implies in particular that

[p(w) — (w)| < Cilw|™e.

Let w' € Bg2(0,p) N K be another point, and let &' = ©(§,,,%). By the same
reasoning,

7' (w') = 9(w')| < Crfw'[*Fe.
Note that the sequences c;’,(¥,,%) and ¢, (&, ,%) differ in only finitely many
places. This implies that ' = . The polynomial p = % satisfies the conclusions
of Lemma 8.5. This completes the proof of Lemma 8.5. O

Proof of Lemma 8.10. — The proof follows the proof of Lemma 4.4 in [30] very
closely; the only slight change occurs in the proof of Lemma 8.11, part (1) below,
which corresponds to Lemma 4.8 in [30]. We outline the proof and refer the reader
to [30] or [19] for the details.

Fix k and let p = por and p’ = gy, ; be the interpolating polynomials on Sp; =
Sk,k and Sog+1 = Sk,k+1, respectively. Denote their coefficients by ¢, , and c;’q re-
spectively. Let Ty = 3r*~!. We will show that

fto—p—
lep,q — c;,ql = O(Tk+a P=9).

By Lemma 8.7, it is enough to consider the polynomial p — p’ and find an upper
bound for |p — | on Sk x+1. Note that p and g’ agree on Sk k41, except at the £
points zj ke, K < j < k + £. On these points we have p'(2; k+¢) = ¥(2;k+¢). Hence
we need only estimate |1(2j k+e) — 9(2j,k+¢)|, for k < j < k + £. For such a j, write
5’;/ as a graph of a function of the second coordinate: g;/ = {(z;(y),y): y € I},
and let z;(y) = (z;(y),y). Notice that, in the case where j = j(w), we have z;(y) =

w¥ (Y — Yuw), Where w = (Zy, Yu); otherwise, 2z;(y) = w&j ,0)(%)- Note that in either
case, £;(0) = z;, and the function z;(y) would be constant if the curve 9’;{,6 were
truly vertical. The following estimates would be trivial if z; were a constant function.
The hypothesis that (w”,w"") is uniformly C%* will be used as in [19, 30] to estimate
the C% size of z;(y).

SOCIETE MATHEMATIQUE DE FRANCE 2013



120 A. WILKINSON

Choose a constant C; > 0 so that {z;(y) : y € I} contains all the points
in w&jyo)(I) N Sgx N K, for all k > ko and k < j < k + £, where I} is the in-
terval I := [—CoTk,CoTx]). We next show that [4(2;(y)) — p(2;(¥))| = O(T,f+°‘),
for k < j < k+£and any y € Ij. Fix such a j. For h: I? — R, write h(y) for h(2;(y)).
‘We will restrict attention to the domain Ij,.

Lemma 8.11. — There exists C3 > 0 such that if k > ko, k< j<j+ ¥ andy € I,
then:

G- o0 < G| 5@ 187+ cartre,
2. ifp,g<{landp+q > then
dd—;a;?(y)yq i} < C3TPH %zl cenn 1y
3. ifp+q< ¥ then
de D q
‘ d—yﬂj(y)y i < Cs,

4. and therefore

——
< Gsllzjllceary) Z |cp,q|Tlf+q “+Cs Z lep,ql-

« p+g>¢ p+q<¢

dt .
[
Proof. — To prove (1), recall that z;(y) = wy (y — yw), if j = j(w), and z;(y) =
w&j 0) (y) otherwise. The hypotheses of Theorem 8.4 imply that
b(2(y)) = YWy, (¥ = v0)) = 0 (y — yo) + 75 (y — o),
where 2o € {w, (;,0)} and yo € {0,y }, and |r} (y — yo)| < C(|2[*+* + |y — yol*+*).
Now |20| = O(T%) and |yo| = O(Tk) (since w € K), which implies that |r} (y)| =
O(TE+), for y € Iy.
Writing the Taylor expansion of of the C*® function & about 0, we have
p(y) = Q) + R;(y),

where Q is a degree £ polynomial and |R;(y)| = O(|y|*t*

5| ) = ot &5 ),
for y € Ix. Recall that, since k < j < k + £, the polynomial p interpolates
on the £ 4+ 1 points in Sgx+1 N T V(wj,O). Therefore the degree ¢ polynomial
Q) = Q(y) — ¥ (y — yo) on Iy, takes the value r (t;) + R;(t:) at the £+ 1 points

{0="to,ts,....te} = WG, 0) " (Skks1 N TV (25,0)) .
Lemma 8.8 implies the points {0,t1,...,t,} in I are spaced ©(T}) apart. Since
Qt:)] < IrY (t:) + Ry (t:)] = O(TF+* + TE+e “d—‘i;PH ), for i € {0,...,£}, Lemma 8.6
«

then gives the desired inequality in (1).
The last three parts are proved in [30] (part (4) follows from (2) and (3)). O
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Given § > 0, we may assume that kg > 0 was chosen sufficiently large so that
lz;llce.a(r,y < . Then we have

(% — 9)(2®))] < CsTt* +Ca8 Y lep gl TEH +Cs Y lepl TiH,
p+g>t p+q<t
for all y € Ij. Plugging y = 2; k+¢ into this equation (and recalling that ©'(z; x4¢) =
¥ (2zj,k+2)), and using (35) for p — p’ on Sk k41, we get:

Z |C;9,q - cp,q|Tlf+q <Gy Tlf+a +0 Z |Cp,q|T1€+q Z |cp,q|T,f+°‘
y20] pt+q>¢ p+q<{
(cf. equation (4.11) in [30]).
Now the proof proceeds exactly as in [30], and we obtain a polynomial § satisfying
the conclusions of Lemma 8.10. O

9. Saturated sections of partially hyperbolic extensions

We recast Theorem A, part IV as a more general statement about saturated sections
of partially hyperbolic extensions.

Definition 9.1. — Let f : M — M be C* and partially hyperbolic. A C* partially
hyperbolic extension of f is a tuple (N, B, =, F), where N is a C*° manifold, m : B —
M is a C*™ fiber bundle over M with fiber N, and F : B — B is a C*, partially
hyperbolic diffeomorphism satisfying:

l. toF = fom, and

2. By = Tr'(ES).

We say that (N, B, w, F) is an r-bunched extension if there erists a Riemannian
metric < -,- > on B and functions v,D,7y, and 4 on B satisfying (4)-(6) such that,
for every x € M':

sup v(z) < inf {v(2),7"(2)}, sup #(2) < inf {§(2),4"(2)},
zem—1(z) zew~1(z) z€n—1(z) z€n~1(z)

su ~1(p) V(2 SUP,cn-1(g) V(2
—_—— Peer () (=) < inf 47(2), and ————— Pze 1(1)A( ) < inf 4"(2).
lnfzeﬂ.—l($) ’)’(z) z€n—1(z) 1nfz€,,—1(z) ’)’(Z) ze€m—1(z)

If (N, B,n, F) is an r-bunched extension of f, then f is r-bunched. To see this, we
construct a Riemannian metric on M in which the inequalities in (8) and (9) hold.
This is achieved by fixing a horizontal distribution Hor C T3, transverse to ker T'w
and containing E% @ F%, and defining, for v € T, M, the metric < -,- >’ by <
v1,V2 >h=sup < wi,ws >,, where the supremum is taken over all w; € Tn~1(v;) N
Hor(z), with z € #~!(z). In this metric, the r-bunching inequalities hold for f, with
V(T) = SUP -1 (q) ¥(2), D(T) = SUD,cr-1(s) P(2), 7(2) = infren-1(2) V(2), and H(z) =
infzew—l(:c) 4(2).
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If (N, B,n,F) is a partially hyperbolic extension of f, it follows that 8 — M
is an admissible bundle with W}, = Wy and Wy, = Wx. We say that a section
o : M — B is bisaturated if it is bisaturated with respect to these lifted foliations (see
Definition 4.1). We have the following theorem.

Theorem C. — Let f : M — M be C*, partially hyperbolic and accessible, for some
integer k > 2. Let (N, B,m,F) be a C* partially hyperbolic extension of f that is
r-bunched, for somer < k—1 orr =1.

Let 0 : M — B be a bisaturated section. Then o is C™.

Remark: One might ask whether the same conclusion holds if ¢ is instead assumed
to be a continuous F-invariant section. The answer is no. De la Llave has constructed
examples of an r-bunched extension of a linear Anosov diffeomorphism with a contin-
uous F-invariant section that fails to be C'. What is more, this section is C'(}/7)—¢,
for all € > 0, but fails to be C'/" (see [31], Theorem 4.1).

What is true is the following. Suppose that (N, B, m, F) is an r-bunched partially
hyperbolic extension of f. Then there exists a critical Holder exponent oy > 0 such
that, if o is an F-invariant section of N that is Holder continuous with exponent
«q, then o is bisaturated, and hence C". The exponent ag is determined by v, 7 and
the norm and conorm of the action of T'F on fibers of N. When F' is an isometric
extension of f (as with abelian cocycles, or cocycles taking values in a compact Lie
group), then ap = 0, and any continuous invariant section is bisaturated. In general,
if F is an r-bunched extension, then ap < 1/r, but it can be smaller, as is the case
with isometric extensions. The proof of these assertions is similar to the proof of
Proposition 4.7; see also ([31], Theorem 2.2).

9.1. Proof of Theorem A, Part IV from Theorem C. — Suppose that f is
C*, accessible and strongly 7-bunched and that ¢ is C¥, for some k > 2 and r < k—1
or r = 1. Then the skew product fs: M x R/Z — R/Z is a C*, r-bunched, partially
hyperbolic extension of f. If ® is a continuous solution to (2), then Proposition 4.7
implies that @ is bisaturated. Then the map z — (z,®(z) (modl)) is a bisaturated
section of M x R/Z. Theorem C implies that this section is C”. This implies that ®
is C".

10. Tools for the proof of Theorem C

We finally delve into the details of the proof of Theorem C, which is the heart of
this paper.

10.1. Fake invariant foliations. — Recall that to prove Theorem A, part IV,
when f is dynamically coherent, one can make use of the stable and unstable holonomy
maps for f and F between center manifolds; more generally this strategy can be used
to prove Theorem C when f is dynamically coherent. Since we do not assume that
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f is dynamically coherent, we use in place of the center foliation a locally-invariant
family of center plaques (see [18], Theorem 5.5). The stable holonomy between center-
manifolds is replaced by holonomy along locally-invariant, “fake” stable foliations, first
introduced as a tool in [9]. These foliations are defined in the next proposition.

Proposition 10.1 (cf. [9], Proposition 3.1). — Let f : M — M be a C" partially hyper-
bolic diffeomorphism. For any € > 0, there exist constants p and p; with p > p1 > 0
—~Uu
such that, for every p € M, the neighborhood Ba(p, p) is foliated by foliations W,
‘Ws /‘M\/c ‘Wcu and /‘M\/CS with the following properties:
1. Almost tangency to invariant dlstrlbutlons For each q € By (p, ) and
for each * € {u, s,c, cu,cs}, the leafW (q) is C' and the tangent space T, w, »(2)
lies in a cone of radius € about E*(q).
2. Local invariance: for each q € Bp(p, p1) and * € {u, s, ¢, cu, cs},
F(Wy(g,m)) C Weipy(f(9), and f~H (W, (g,0m)) C Wi-ry(fH (@)

3. Exponential growth bounds at local scales: The following hold for all
n > 0.

(a) Suppose that q; € By (pj, p1) for0<j<n—1.
Ifq' € Wy(g,p1), then g, € W, (an,p1), and
d(gn, 45) < va(p)d(g,9")-
Ifq; € /W:s(qj,pl) for0<j<m-—1,thenq, € /‘M\/;S(qn), and
(4, a7) < An(p) "' d(q, q).
(b) Suppose that q—; € Bu(p- ],pl) forO <j<n-1.
Ifq' € ‘W (g,p1), then ¢_,, € ‘W (q=n,p1), and
d(q-n,q,) < D_n(p) 'd(q, 7).
Ifq ;€ /‘W:u(q_j,pl) for0<j<mn-—1,thenq , € /‘M\/:u(q_n), and
A(g-n,4-n) < 7-n(p)d(q, ).
4. Coherence: /‘I/Z/\:sand /‘M\/; subfoliate /‘M\//z; /‘M\/: and /%7; subfoliate /‘M\/;u
5. Uniqueness: W,(p) = W*(p, p), and W, (p) = W*(p, p).

6. Leafwise regularlty The followmg regulamty statements hold:
(a) The leaves of ‘W and W are uniformly C", and for * € {u,s}, the

leaf ‘Wp( x) depends continuously in the C" topology on the pair (p,x) €
M x Bu(p, p1)-

(b) If f is r-bunched, then the leaves of /‘1/1\/?, /‘1/1\/:,5 and W:, are uniformly

C", and for x € {cu,cs,c}, the leaf ‘1/4\/;(:1:) depends continuously in the
C™ topology on (p,x) € M x B (p, p1)-
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7. Regularity of the strong foliation inside weak leaves: If f is C* and
~—~CS8
r-bunched, for somer < k—1 orr =1, and k > 2, then each leaf of W, is

C" foliated by leaves of the foliation /‘M\/:, and each leaf of /‘M\/;u is C" foliated by
—~u
leaves of the foliation W,.

Furthermore, the distribution Es(ac) =T, /‘M\/S isC" inz € /‘M\/cs(p), and the
map T +— E\;(x) on /‘M\/ (») depends contmuously on p € M in the C" topology.
The/iiz'ztm'bution E\g(x) T, ‘W isC"inzx € ‘W (p), and the map x — E“(x)
on W, (p) depends continuously on p € M in the C" topology.

Proof. — The proof of parts (1)—(5) is contained in [9]. We review the proof there,
as we will use the same method to prove parts (6) and (7). Some of the discussion
below is taken from [9].

Suppose that f is C", for some r > 1. After possibly reducing €, we can assume
that inequalities (3)—(6) hold for unit vectors in the e-cones around the spaces in the
partially hyperbolic splitting.

The construction is performed in two steps. The first step is to construct foliations
of each tangent space T, M. In the second step, we use the exponential map exp,, to
project these foliations from a neighborhood of the origin in T, M to a neighborhood
of p.

Step 1. In the first step of the proof, we choose pg > 0 such that exp_l is defined
on By (p,2po). For p € (0,pp], we define, in the standard way, a continuous map
f,: TM — TM covering f, which is uniformly C" on fibers, satisfying:

1. f,(p,v) = expf( of oexp,(v), for [[v| < p;

2. fp(p’ U) - Tpf(v) for ”U“ 2 2/),

3. ||f(ps) = Tpf(-)llcr — 0 as p — 0, uniformly in p;

4. p— f,(p,-) is continuous in the C" topology.

Endowing M with the discrete topology, we regard T'M as the disjoint union of
its fibers. if p is small enough, then f, is partially hyperbolic, and each bundle in
the partially hyperbolic splitting for f, at v € T,M lies within the £/2-cone about
the corresponding subspace of T,M in the partially hyperbolic splitting for f at p
(we are making the usual identification of T,,T,M with T, M). If p is small enough,
the equivalents of inequalities (3) will hold with T'f replaced by T'f,. Further, if f is
r-bunched, then f, will also be r-bunched, for p sufficiently small.

If p is sufficiently small, standard graph transform arguments give stable, unstable,
center-stable, and center-unstable foliations for f, inside each T, M. These foliations
are uniquely determined by the extension f,. and the requirement that their leaves be
graphs of functions with bounded derivative. We obtain a center foliation by intersect-
ing the leaves of the center-unstable and center-stable foliations. Since the restriction
of f, to T,M depends continuously in the C" topology on p, the foliations of T, M
depend continuously on p.
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The uniqueness of the stable and unstable foliations implies, via a standard ar-
gument (see, e.g., [18], Theorem 6.1 (e)), that the stable foliation subfoliates the
center-stable, and the unstable subfoliates the center-unstable.

We now discuss the regularity properties of these foliations of TM. Recall the
standard method for determining the regularity of invariant bundles and foliations.

Theorem 10.2 (cf. C" Section Theorem ([18], Theorem 3.2)). — Let X be a C" mani-
fold, let m: E — X be a C" Finslered Banach bundle, and let g: E — E be a C”
bundle map covering the C" diffeomorphism h : X — X. Assume that the image of
the 0-section under g is bounded.

Assume that for every x € X there exists a constant k, such that

sup |kz| <1,
zeX

and for every y,y' € 71 (z), lg(y) — 9 )Mlx-1(a()) < Kally—¥'llx-1(z). Then there is
a unique bounded section o: X — M such that g(o(X)) = 0(X), and o is continuous.
Moreover, if
sup — < 1, where Ay = m(T,h)
T€X )‘
then o is C".

This theorem is used to prove the C" regularity of the stable and unstable foliations
for a C” partially hyperbolic diffeomorphism f, once the C! regularity has been
established (via Lipschitz jets, or some similar method). We review this argument, as
it is prototypical.

Assume that the leaves of W" are C'. Note that since the leaves of W* are tangent
to the continuous distribution E*, this automatically implies that the map z — W"(x)
is continuous in the C* topology.

To prove that the leaves of W" are uniformly C” for r > 1, one fixes a C* ap-
proximation TM = E* ® E° @ E* to the partially hyperbolic splitting. One then
takes the C! manifold X to be the disjoint union of the leaves of the unstable fo-
liation and the fiber of the bundle E over z to be the space L, (E“,E“S) of linear
maps from E* (z) to Ecs(x). The linear graph transform on the bundle E covers the
original partially hyperbolic diffeomorphism f|x, contracts the fiber over z by k, =
Tz f|Ees||/m (T f|Ew) < 1, and expands X at z by at least A, = m(T, f|gu) > 1.

Since the ratio
Ko _ | Toflges ||/m(Ts fl5v)

is bounded away from 1, Theorem 10.2 implies that the unique invariant bounded sec-
tion of 0: X — E is C'. But at the point z € X, the graph of the map o(z): E“(:c)
E°(z) is precisely the bundle E*(z). Since E* is O’ along X, the manifold X is C?.

Repeating the argument, using 2-jets of maps from E* to E° instead of 1-jets,
shows that X is C3. An inductive argument using the £ — 1 jet bundle shows that X
is C*, for every integer £ < r To obtain that X is C", one applies Theorem 10.2 in its
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Holder formulation to show that the || jet bundle is C™~ L"), The leaves of W* vary
continuously in the C” topology because the jets of E* along W*“(x) are found as the
fixed point of a fiberwise contraction that depends continuously on z. This fiberwise
contraction preserves sections that depend continuously on z, and so the invariant
section depends continuously on x as well.

Returning to the map f,, we see that the stable and unstable foliations for this
map have uniformly C” leaves, and for each p € M the leaves vary continuously
inside of T, M in the C” topology. Moreover, since p — f,(p,-) is continuous in the
C" topology the leaves of unstable foliation for f, also depend continuously on p in
the C" topology.

When f is r-bunched, a similar argument shows that the center-stable, center-
unstable and center leaves for f, are uniformly C". The condition # < 4" is an r-normal
hyperbolicity condition for the center-unstable foliation, which implies that the leaves
of this foliation are uniformly C" (see Corollary 6.6 in [18]). In this application of
Theorem 10.2, the base manifold X is the disjoint union of center-unstable manifolds,
and the bundle F consists of jets of maps between the approximate center-unstable
and approximate stable bundles. The fiber contraction on £— 1-jets is k = #/4°~! and
the base conorm of the bundle map on X is A = 4. The condition k/A = #/4* < 1
implies that the invariant section on ¢ — 1 jets is C', and so the center unstable
leaves are C¥, for all £ < r. As above, one obtains that the center-unstable leaves are
uniformly C".

Similarly the condition v < 4" implies that the leaves of the center-stable foliation
are uniformly C"; intersecting center-unstable with center-stable leaves, one obtains
that the leaves of the center foliation for f, are uniformly C". The leaves of the center,
center-stable and center-unstable foliations for f, along T;, M also depend continuously
on p € M in the C" topology.

When k > 2, and f is r-bunched, for 7 < k£ — 1 or 7 = 1, another argument using
Theorem 10.2 proves the C" regularity of the unstable bundle along the leaves of
the center-unstable foliation. The manifold X is the disjoint union of the leaves of
the center-unstable foliation for f,, and the bundle E consists of linear maps from
the approximate unstable into the approximate center-stable bundles. Note that X
is uniformly C” by the previous arguments, and the first |r| derivatives of f, vary
(r — |r|)-Holder continuously from leaf to leaf. Since X and E are C”, we may apply
the C™ section theorem directly (without inductive arguments).

In this case, the graph transform bundle map has fiber constant k = /4 and
the base conorm A of f, restricted to center-unstable leaves is bounded by 7. The
r-bunching hypothesis # < 44" implies that x/A" < 1, and so the unstable bundle
for f, is C" when restricted to X. Moreover the jets of the unstable bundle along the
center-unstable leaf vary (r — |r|)-Holder continuously. Notice that we need k—1 > r
to carry out this argument, because the bundle map we consider is only C*-1 (in the
fiber it is a linear graph transform determined by the derivative of f,, and we lose a
derivative in this argument).
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Similarly, this argument shows that the bunching hypothesis v < ¥4" implies that
the stable bundle for f, is a C” bundle over the leaves of the center-stable foliation,
and we have (Holder) continuous dependence of the appropriate jets on the basepoint.
The details are described in [33, 34] in the case r = 1 and k = 2. The argument for
general 7, k is completely analogous.

Step 2. We now have foliations of T, M, for each p € M. We obtain the foliations
—~U —~C —S8

W, Wy Wy, ‘W , and /‘147:,5 by applying the exponential map exp, to the correspond-
ing fohatlons of T M inside the ball around the origin of radius p.

Ifpis sufﬁciently small, then the distribution E*(q) lies within the angular €/2-cone
about the parallel translate of E*(p), for every * € {u, s,c, cu,cs} and all p,q with
d(p, q) < p. Combining this fact with the preceding discussion, we obtain that property
1. holds if p is sufficiently small.

Property 2. — local invariance — follows from invariance under f, of the foliations
of TM and the fact that exp, (f,(p,v)) = f(exp,(p,v)) provided ||v| < p.

Having chosen p, we now choose p; small enough so that f(Bp(p,2p1)) C
Bu(f(p),p) and f~'(Bm(p,201)) C Bum(f~'(p),p), and so that, for all ¢ €
B M (p »y P1 )7

8

g € Wyg,;) = d(f(a),f(d")) <v(p)d(g,q),

deWala,p) — df~(a) /M) < o () dla @),
¢ €W, (@m) = d(f()f(d)<Ap) " dgq), and
W, (@) = dfM@)f @) <1 @) dla,d)-

Property 3. — exponential growth bounds at local scales — is now proved by an
inductive argument.

Properties 4.— 7. — coherence, uniqueness, leafwise regularity and regularity of
the strong foliation inside weak leaves — follow immediately from the corresponding
properties of the foliations of T'M discussed above. O

Since there is no ambiguity in doing so, we write /‘l/l\/cs( ), /‘1/170“(:10) and /‘M\/C(z) for
the corresponding manifolds W, (z), W, (z), and W, (). If f is C* and r-bunched,

for k> 2and r < k—1 or r = 1, then the collection of all w (z)-manifolds forms a
uniformly continuous C” plaque family in M, but not in general a foliation.

Henceforth we shall assume that B is the trivial bundle B = M x N. All of the
definitions and arguments that follow can be made for a general bundle 3 by fixing a
connection on 9, at the expense of more cumbersome notation and the need to localize
some of the objects, such as the fake foliations for F' in the following lemma. Since
Theorem C concerns the local property of smoothness, this simplifying assumption is
benign.
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Lemma 10.3. — Letk>2andr=1orr<k-—1. IfF zs g CFk, r- bunched extenszon

~—~C8 cu

of f, then we can construct the fake foliations ‘WFz,‘WFz,‘WFz, ‘M/Fz and ‘WFz
for F and ‘Wp, ‘Wp, Wp ,‘Wp and ‘Wp for f so that:

— for eachp € M and z € n~1(p), the fake foliations W;z for F are defined in the
entire neighborhood 11 (B (p, p)) of m~1(p) and are independent of z € m~*(p);
— for € {cs, cu,c}, we have:

Wr () =77 (W,(r(w),

for allp e M, all z € 77 1(p), and all w € 7~ (Bp(p, p));
— for x € {s,u}, we have:

7 (Wraw)) = Wy(r(w)),

for allp e M, all z € 7= 1(p), and all w € 7~ (B (p, p)); and
— the conclusions of Proposition 10.1 hold for the fake foliations of F' and f.

Proof. — Let N be the fiber of 6. Fix py > 0 such that the exponential map
exp,, is a diffcomorphism from Br,nm (0, po) to Bum(p, po), for every p € M. Note
that 7=(Bp(p,po)) is a trivial bundle over Bps(p, po), for each p € M. Denote
by Brar(0, po) the po-neighborhood of the 0-section of 7M. The bundle 3 pulls back
via the exponential map exp: Bras(0, po) — M to a C” bundle 7g: %0 — B (0, po)
with fiber N. The bundle %0 is trivial over each fiber @Tp M (0, po) of Bras(0, po) and
pulls back to the original bundle 8 under the inclusion M < B (0, pg) of M into
the 0-section of T M. Elements of %0 are of the form (p,v,z) C Bram(0, po) X B such
that 7(2) = exp,(v), and the projection 7o sends (p,v, 2) to (p,v). Extend By to a
C" bundle 7: % — T'M over T'M in such a way that % is also a C™ bundle over M
(with fiber R™ x N), and the restriction of B to T, M is a trivial bundle, for every
peM.

" In the proof of Proposition 10.1, we define F,. slightly differently, using the bundle
B, rather than T'B. Fix p; < po such that f(Ba(p,p1)) € Bm(f(p),po), for all
p € M. Let £: Bra(0, p1) — Bram(0, po) be the map:

f(p,v) = exp;(;) of oexp,(v).
The map F : B — B induces a map F: #71(Bra (0, p1)) — 71 (Bram (0, po)), cover-
ing f, defined by:
F(p, v, z) = (f(p, U)» F(z))
Since %ITM is a trivial bundle, we can write elements of #~(T,M) as triples
(p,v,y), where v € T,M and y € 7~ !(p) = N; we can choose this trivialization to de-

pend smoothly on p. We also metrically trivialize the fibers %ITP wm of this bundle, using
the product of the sup metric < -, >; on T, M defined at the beginning of this section
with the induced metric < -,- > on the fiber 7~!(p). If F is an r-bunched extension
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of f, then the r-bunching inequalities hold for this family of metrics on %l By (0,p)
if p is sufficiently small.
Then for each p > 0 there exists a C” bundle isomorphism

Fp:%_’%v

covering the map f,: TM — TM constructed in the proof of Proposition 10.1, with
the following properties:

- F,(p,v,y) = F(p,v,y) if [[v]| < p; in particular, we have F,(p,0,y) =

(f(p),0, F(y)),

- FP(p’ v, y) = (f(p)vaf(v)v F(pa pv/||v||, y)) if ||U|1 > 2p,

- Sup’uGTpM dCT(FP(p/U; ')7F(p7 07 )) — 0 as p— 0:

— the C” diffeomorphism F,(p, -, -) depends continuously on p in the C” topology.

The construction of F, is straightforward, once one has proven the following lemma,
and we omit the details.

Lemma 10.4. — Let N be a compact manifold and let {F,: N — N},cpgn(0,2) be a
family of diffeomorphisms of N such that (v,y) — F,(y) is C".

Then for every p € (0,1), there exists a family {Fp: N — N}ycBam(0,p) Of diff-
eomorphisms with the following properties:

- (Uv y) iand p,v(y) is C7;

— Fou=Fy, if |v]| < p;

= Fpo = Fpuypo)s 4 vl 2 2p; and

— Sup,egn dor (Fpv, Fo) — 0 as p — 0.

Proof of Lemma 10.4. — We construct F,,,, as follows. Consider the family of vector
fields { X4 }yeBgm (0,2) o0 N defined by

d
X‘u(y) == alt:OFv+tv(y)’

and let ¢, ; be the flow generated by X,. For v € R", let v, = pv/||v||.
For p € (0,1), let B,: R™ — [0,1] be a smooth radial bump function vanishing

outside of Brm(0,2p) and identically 1 on Bg(0,p) with derivative |Dj,| bounded
by 3p. We then define:

i {F,, if vl <p
pv = .
PupB@)Ioll-p) © Fo, 0]l > p.
Then the family {F, ,},crm has the desired properties. O

Having constructed F,, the proof then proceeds exactly as in Proposition 10.1, ex-

cept to construct the fake foliations for F', we consider the bundle B over M (rather
than TM over M) and take the disjoint union of its fibers. For p sufficiently small,
F, is partially hyperbolic and r-bunched, if F' is an r-bunched extension of f. The
fake foliations for F' are constructed by first finding invariant foliations for F, on 3.
One verifies as in Proposition 10.1 that these foliations have the required regularity
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properties. To construct the fake fgliations for F', we first restrict these foliations
to the bundle #~!(Brum(0,p)) C B. Fix p € M. On #*(Bz,m(0, p)), the projec-
tion (p,v,z) — z is a diffeomorphism onto m=1(Bys(p, p)); the image of the invari-
ant foliations for F, under this projection gives the fake invariant foliations for F
on 7~ (Bu(p, p))-

To construct the fake invariant foliations for f, we take instead the image of the
invariant foliations for ¥, in 7" (Bx, 1 (0, p)) under the map (p, v, z) — exp,(v). This
construction ensures that the desired properties hold. O

Fix € > 0 small and let the fake foliations for f and F' be defined by the preceding
lemmas. . .

Since it does not depend on z € 7' (p) we write W ,(w) for Wp,(w), for * €
{s,u,cs,cu, c} As with the fake fohatlons for f a for x € {cs, cu,c} and d p € M, we will

denote by ‘WF( ) the plaque ‘WF(p) =YW ( )) in B; it is the ‘M/F—leaf through
any z € 7 (p).

By rescaling the Riemannian metric on M, we may assume that p; > 1, so that
all of the objects used in the sequel are well-defined on any ball of radius 1 in M.

10.2. Further consequences of r-bunching. — Here we explore in greater depth
the properties of an r-bunched partially hyperbohc dlffeomorphlsm The goal is to

bound the deviation between the fake foliations ‘W and W for g € w (p). In the

dynamically coherent case, ‘Wp( ) and ‘Wq (g) coincide for ¢ € w (p). In a sense, the
results in this section tell us that r-bunched systems are dynamically coherent “on
the level of r-jets.”

Throughout this and the following subsections, we continue to assume that F is a
C*, r-bunched extension of f,where k >2and r < k—1 or r = 1. In the statements
of some of the lemmas, we will remind the reader of these hypotheses. We fix as
above a choice of fake foliations and fake lifted foliations (we will not specify here the
choice of € > 0, but will indicate where it is relevant). Let m = dim(M), s = dim E*,
u = dim F*, and ¢ = dim E°, so that m = s+ u + c.

Fix a point p € M. We introduce C™ local R* x R® x R - coordinates (z*,z°, z°)

—~CS8 —~CUu
in the p-neighborhood of p, sending p to 0, W (p) into the subspace z* =0, W (p)
into z° = 0, W’(p) to z* = z¢ = 0, W’ (p) to z* = 2° = 0, and W*(p) to z°* = 2° = 0.
U
This is possible because all of the submanifolds in question are C". Since ‘Wp isaC"
—~CUu —~8 —~CS8
subfoliation of W (p), and W, is a C" subfoliation of W (p), we may also choose
—~U —~CU
these coordinates so that each leaf W, (q), for ¢ € W (p) is sent into an affine space

$ = 0,z° = z§ and each leaf /‘I/t\/:(q’ ), for ¢’ € /‘M\/CS(p) is sent into an affine space
=0,z° = z§'.
We can choose these coordinates to depend uniformly on p. We call these coordi-
nates adapted coordinates at p. Whenever we refer to adapted coordinates at a point
p, we implicitly assume that they are chosen with a uniform bound on their C™ size.
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xC

We(p) We(p)

FicURE 4. Coordinates adapted to the fake foliations at p.

According to Proposition 10.1 the leaves of the fake center, center-stable and center-
unstable manifolds at each point z can be expressed using parametrized C” plaque
families:

(.:)CS‘ Im X Ic+s — Rm, jSu, Im % Ic+u — ]Rm

: : ,
and
@w¢: I x I° - R™,
—~~CUu ——~CS —~C

where W (z) = @ (I°+Y), W (z) = @2(I°+%) and W (2) = &2(I°). The map &°
is obtained from @°° and ©°“ using the implicit function theorem. We may assume
these maps take the form:

0 (2, 2°) = z + (B (2°, 2°), z°, z°) @S (z¢, %) = z + (B (¥, £°), ¥, z°),
and
@(2°) = 2 + (B°(2%), 2°),
where B € CT(I¢t*,R?), Be € CT(I°t*,R*), and ¢ € C™(I¢,R*+¥), and z — B*
is continuous in the C™ topology. Moreover, we have [i’; (0) =0 and @f =0 for x €
{cs, cu,c}.
We now derive further consequences of the r-bunching hypothesis on f. The first

concerns the behavior of the plaque families /‘M\/*(y) fory € w (z), for x € {cs, cu, c}.

Lemma 10.5. — For each v = (0,v°,v°) € /‘M\/CS(O), w = (w*0,we) € /‘M\/CH(O), and
z=(0,0,2°) € W (0), and for every positive integer £ < r, we have:

6851 = o(lo°"™%),  13gBi| = o(lw®l"™*), and |j5Bz] = o(|2°"~).
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All of these statements hold uniformly in the coordinate system based at p.

Proof. — We prove the assertion for 3°%; the argument for Bcs is the same but with
f replaced by f~!. The assertion for 3¢ follows from the first two.

As in the proof of Proposition 5.2, we will use the convention that if ¢ € M
and j € Z, then g; denotes the point f7(q), with g¢o = ¢. For a positive function
a: M — Ry we also use the cocycle notation described there.

Endow the disjoint union Mp = |Un>0 B(p-n,p) with the C” adapted coordinate
system based at p_,, in the ball B(p_,, p). We thereby identify Mp with the disjoint
union | |,>o(I™)—n. This coordinate system is not invariant under f, but certain
aspects of it are; in particular, the planes z* = 0 and z° = 0 are invariant, as
are the families z* = 0,2° = z§ and z° = 0,2° = z§. Moreover, we may assume
(having chosen & > 0 small enough in the application of Proposition 10.1) that for
any point of the form (0,z°,z°) € B(p;, p), writing f(0,z°,z°) = (0,z,z$), we have
that |z5] < v(p;)|z®| and v(pi)|z¢| < |z§| < A(pi)~!|z°|. Similarly for any point of
the form (z*,0,2°) € B(pit+1,p), writing f~(z*,0,2°) = (z*,,0,2%,), we have that
|z | < &(ps)la®| and (pi)|z°| < |2€4] < v(pi)~Hae].

Let My(1) = LIn>1 B(p-n,1), and note that f(M,(1)) C M,. Let ¢ be the change
of coordinate p(z*, z°, z¢) = (z°,z*,z°), and let f = po f o ¢~ 1. Now write, for z €

Mp(”‘
Dj(e) = ( g )

where A, : R°T* — Ret* B : RS — Rt (O, : Rt* 5 R® and K, : R® — R*. We
may assume that € > 0 was chosen small enough in the application of Proposition 10.1
that for every z € f~1(B(p—nt1,1)) N B(p_n, 1), we have that m(A4,) > vy(p-,) and
|Kz|| < v(p—n) , and ||Bz| and ||Cy|| are very small. The partial hyperbolicity and
r-bunching hypotheses v < v and v < 4" then imply that, for all £ < r:

sup max{ 14z 1K | } <1.
z€Ml, m(Kz)' m(Az)*

Fix 0 < £ < r, and let k = max{vy~¢,vy~!}. Also fix a continuous function § <
min{1,7} such that k < §"~¢; this is possible since f is r-bunched.
Consider the C*~¢ induced map

T Mp(1) x JERTER)g — M, x JS(RH,R®)o
defined by:
T4 (x, j6w) = (f(2), 36¥"),
where ' € T§(R°+%,R®), satisfies:
f(z + graph(y)) = f(z) + graph(y’)

Lemma 6.4 implies that there is a metric | - | on J§(R°t*,R®)y such that for
alln > 0, all z € B(p_n_1,1) C My(1) and all jot,joy’ € JE(IH¥,R?)y, with
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l70%|L, |70%'|L < 1, we have:
(36) |T 5 (@, jow) = T (@, joW)\z < w(p-n)ljoth — Got'L-

Given a point w = (w"*,0,w°) € ‘Wcu(p), we choose n € Z; such that |[w¢| =
O(6_,(p)~1). This is possible, since § < 1 is a continuous function (remember that
d_,, is the product of reciprocal values of &, and so §_,(p) ! is less than 1). The planes
z® = 0,z2° = z§ lie in an e-cone about the center-stable distribution for f. Hence
under iteration by f~!, the part of z° = 0,2° = z{ that remains inside of Mp(l)
for n iterates is a smooth plane that remains in the e-cone about the center-stable
distribution. Write w_,, = f~"(w) = (w*,,0,w°,). Since |w°| = O(6_,(p)~!) and
|lw*| = O(1), and ¥ < §y < 1, Proposition 10.1, parts (1)-(3) imply that |w®,| =
O(P_n(p)™!) = o(1) and |we,,| = O(6_n(p) " v—-n(p)) = o(1); in particular, we have
that w_; € B(p—s,1),fori=1,...,n.

Now consider the orbit of (w_,, jéﬁ;{n) € M,(1) x JE(Re+*,R®)o under I l} Local

invariance of the /‘M\/;u plaque family implies that
L\™ £ Acu .
(%) (w_n, 38" ) = (w, 5B
On the other hand, since f leaves invariant the planes z° = 0, we have that
(9‘}) (w—n,0) = (w,0) . But now (36) implies that

13685 L < Kon(@)HicBo I
= O(r-n(M)™)
On the other hand, k < 6" %, and |w®| = ©(6_n(p)~1). This implies that |jé3c| =
o(|we|"~*¢), completing the proof of Lemma 10.5. O

The next consequence of r-bunching we derive concerns the discrepancy between
the leaves of the real and fake stable (or unstable) foliation originating at a given
point. To state these results, we introduce a parametrization of the fake stable and
unstable foliations as follows. We are inferested in the restriction of the fake stable
foliation W, to the center-stable leaf W (x).

As above, fix an adapted coordinate system at p. Proposition 10.1 implies

—~8 ~—~CS8
that W, is a C" subfoliation when restricted to W (p). We are going to give a
~—~CS8
different parametrization of W (p) to reflect this fact. Recall our definition above:
w8 (z¢, 2°%) = 2+ (8% (z°, 2°), 2%, 2°), and &S (z¢, z*) = z+ (2, B (¢, %), z¢). Using
the implicit function theorem, we can write instead:
w3 (z%,2°) = 2z + (87" (2%, %), 2°, B (2%, %)),
and
ot (x¥,x%) = 2+ (2B % (zf, ), By (2, 2v)),
with the property that for fixed ¢ € I°:
—~8 U
0P (z%,I°) = W, (0% (2°,0)), and w*(z°I*) =W, (@*(z¢0)),
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and such that z — 3% = (85%, 85°) € C"(I° x I*,R**¢) and z — (% = (8%, %) €
C"(I¢ x I, R*t¢) are all continuous in the C” topologies. We may further assume that
B5¢(z¢,0) = 2¢ = $%(z¢,0). Our choice of coordinates also implies that 35 = 0 and
B¢ = 0. Finally, note that @°(0,1%) = W, (z) = W (2, p) and &*(0,1%) = W, (z) =
W*(z, p).

WC'H. (Z)

B0, 2))

(0, 3% (¢, 0)

z

’ \
e2
,
rd
{z* = a5}

FicUure 5. Parametrizing the fake unstable foliations at (0,0, 2¢).

Fix 2¢ € I°. We are interested in the deviation between the true stable leaf
@(5.0,.0y({0} x I°) and the fake stable leaf &§*({2“} x I°); this is measured by the
distance between the functions ﬁfo,o,zc)(oﬂ -) and Bg(zc, -) at a point z® € I°. We are
interested not only in the C°-distance between these functions, but in the distance
between their transverse jets. By our choice of coordinate system, we have that Bg
is identically 0; hence we will estimate just the jets of ﬂA(SO’O’zc) in the z¢ direction

at ¢ = 0 and a fixed value of z°.
Lemma 10.6. — For 2¢ € I¢, x° € I® and z* € I" we have:

78 (2% = Biosg.eey @, 29) | = o] 0(12779),
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and
\Jé (zc — ﬁ&),o,zC)(xcaxu))} — |wu| . O(lzclr—i)’

for every £ < r.

—~u
Remark: Consider the transversals z* = 0 and z* = z{ to the foliations W, and
U
W (0,0,2c)- If we restrict to the space 2 = z° = 0 inside the first transversal (which
—~C —~Uu
corresponds to the center manifold W (p)), then the holonomy map for W, |;M7cu - to

the second transversal is trivial in these coordinates, sending (0, 0, z°) to (z§,0,z¢). If

—~Uu
we consider instead the holonomy map for W g ¢ ,<)| between these transver-

W*0,0,29)
sals, then the point (0, 3%*(z¢°,0), 2¢ + z°) is sent to (z}, ﬂz‘o 0 zc)(xc, xy)) The £-jet of
this holonomy at (0,0, 2°) (measured in the z° coordinate) is precisely the quantity
36 (:cc — [JZ‘O o zc)(m”,x})‘)) estimated by Lemma 10.6.

Proof of Lemma 10.6. — We continue to adopt the conventions and notations in the
proof of Lemma 10.5, we define M, and M, (1) as in that proof, and use the same
coordinate system defined there. We prove the assertion for [i“; the proof for [is is
the same, but with f replaced by f~'. .

Denote by fo the restriction of f to | |,>; W (p-n) C M, (1), which we regard
locally as a map from I¢ to I¢. We now focus attention on a single neighborhood
B(p—_n, 1), for some fixed n > 1, and regard z°¢ € I° as coordinatizing z* = 0,2° = 0
and (z%,z57¢) C I* x I**t¢ = ™ as coordinatizing points in this neighborhood.

In local coordinates respecting the decomposition I™ = I* x I°t¢, write:

f(xu, xs+0) — (fu(xuyzs—!—c)’ fsc(xu, $S+C)).

In a neighborhood of each point, this map acts on graphs of C' functions from
I* to R**¢ by the usual graph transform, which is a contraction on the fibers
of #10: JY(I¥,R°*¢) — JO(I*,R%*T¢) = I* x R**+c. Unstable manifolds for f are
sent to unstable manifolds under this graph transform, and, locally, fake unstable
manifolds are sent to fake unstable manifolds. For each point (0,0,2°) € I™, we
will consider a C* family of such 1-jets, exprefied as a function of the coordinate
z° transverse to the fake unstable foliation in ‘Wcu(p_n) = {z°® = 0}; we study the
variation of such graphs through points (0,0, 2¢ + z¢) near z¢ = 0.

The space of all such {¢-jets of 1l-jets at the point z° = 0 is the bundle
JE(JL. (I*,R°*¢)). Elements of this “mixed jet bundle” are of the form j&(j1.8),
where B(z¢,z%): I¢ x I* — R**¢ is defined in a neighborhood of {0} x I*, the map
B(z¢,-) is C!, and the map z¢ — jl.B(z®,) is C*. In particular, if 8 is C**!, then
this property is satisfied. We denote this space T'§(I¢,T}. (I*,R**¢)) of such local
functions by F?&}xl" (I¢ x I*,R**¢). We also denote j§(jl.B) by jg:;uﬁ and the

bundle J§(J1. (I*,R**)) by Jp, pu(I° x I, R*F).
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Note that in our parametrization ,3“ I™ x I ¢ X I* — I°%¢ of the fake unstable
subfoliations, the set 3%(z°, I*) is the leaf of ‘M/ through the point wS*(z¢,0) =

z + (0, B5%(x°)); if z = (0,0, 2¢), then the unique point of ‘W intersecting z* = 0
is of the form (0,z*,2° + z¢). Because the sets {z* = 0,2° = const} are invariant
under f in our coordlnate system, the image of the point (0,z*, 2¢ + z°¢) is of the

form (0,z%, fo(2° + x°)). This is the unique point on the leaf of ‘M/f(z) intersecting
= 0, which in turn lies in the set ﬂf(z)({fo(z + z¢) — fo(2°)} x I*). We will
thus define the natural action of f on I° x Fiol}x 7o (I€ x I*,I°%€) so that it sends

(20, B 0,20y (1} X %)) t0 (fo(20), Brio,0,00) {fol2° + %) — folz)} x I¥)).
For (2¢,0) € I°x Fiol}xlu (I¢x I*,R°*¢), we would like to define the map T (2, 3) €
Fiol}x o (1€ x I*,R**¢) implicitly. by the equation
(37) T (2% B) (fo(z° + z°) — fo(2°), fu(a™, B(z®, %) + (0,2°)))
(38) = fse(B(z*, ") + (0, 2%)) — (0, fo(2°));
if such a map exists, then we will have:
T (2°, Blo,0,20) (@ T)) = Bt 0,go ey (o + 2°) = fo(@®), I*).
To check local invertibility, we must check that the map
gz (2°,2") = (fo(2° + 2°) — fo(2°), fu(z", B(z%, %) + (0, 2)))

on I¢ x I" is invertible in a neighborhood of (0,z“). The derivative of this map
at (0,z") is

D ¢ 0
Dg.(0,2%) = ( Rie 2 )
where
K= gf;j (B(0,z%) + (0, 2°)) + a‘;ﬁc (o, B(0,2*) + (0, 2°)) 687'[1(0,3:“)
and
afu u u C aﬁ u
C= oz 3+C(SB ,8(0,2%) + (0, 2 ))03 C(O,CL‘ )-

This map is invertible if -2 Bt B.(0,z*) is sufficiently small. Let 7 (2°, 8) be defined by
(37) on this subset.
Next, for 0 < £ < k — 1, consider the map
TeH I x

o (16 X T*, R**e) — R x Joo:

g (6 X TR,

{0} x
defined (in a neighborhood of the 0-section) by

T (2036 (13:8)) = (fo(2), 56 (Jg,e (oe.0m T (25, 8)) ) -
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Recall that we have been working in a single coordinate neighborhood B(p—n,1).
We combine these definitions of & f:}l over all neighborhoods to define a global map

TG L (12 x Iy (6 x I, R7F))

n>1

—-n

— L (22 % I3} eI x 1, RET9))
n>0 )
(where the —n subscript denotes the neighborhood B(p_p, p) in the disjoint union).
This map is ﬁberwise Cck—t-1 (in particular it is C! if £ < k—1) and has the property
that gl}l(z .7(0 zv) B2) = (f(2), ]gzc(o mu)ﬁf(z))
A calculation very similar to the one in the proof of Lemma 6.4 shows that there
is a norm | - | on Jfbl}xju(Ic x I*,R**T¢) such that, for all n > 0, 2¢ € I¢,_,,

—n

2* € I*_y, and all j3lu B, ol B € oy, pu (I8 X I, R¥¥)__y sufficiently close
to the 0-section, we have:

(B9)  |TF EdgenB) — T (20 P,

2,1
(40) < ’9 ‘.7(0 zu)IB - j(O,z“)’B, L

where k = max{v/(v4%),v/(v¥)}. The r-bunching hypothesis implies that x < 1.
Having made these preliminary estimates, we finish the proof of Lemma 10.6. Fix
0 < £ < r and a continuous function § < min{1,~} such that:

k<6 % and P41 < 6

this is possible since f is partially hyperbolic and r-bunched. Fix a point 2¢ € I¢ and
an integer n > 0 such that [2¢| = ©(J_,(p) ). Let 2 = (0,0,2°) € I§*. By our choice
of n, we have that for 0 < i < n, |f5(2°)] < 7-:(p)|2°| < Y-i(P)O(5-rn(p)!) < 1,
if |2¢| sufficiently small (uniformly in p). Thus we may assume that z_; = f~(z) €
Mp(l), for0<i<n.

Next, fix a point ¥ € I, and consider the point w = ©*(0, z¥) = (z§, B:’S(O, zy),
2° + 3%<(0, %)), which is the point of intersection of the unstable manifold W" (2)
with z% = z§. For 0 < i < n, write w_; = (w®;,w";,w?,;). Since w lies on the
unstable manifold of z, which is uniformly contracted by f~!, and since z_; € Mp( )
for 0 < ¢ < n, we have that w_; € I™, for 0 < ¢ < n.

We also will use a sequence of “twin pomts in our calculations. The twin w’ is

defined w’' = (z§,0, 2¢); notice that w’ € ‘W (2). We then set w'; = f~%(w’), and

—~U
write w’_; = (w¥;,0,we;"), for 0 < i < n — 1. Since w € W*(2), and w’ € W, (2), it
follows that

fwon = W’y | < fwop = fT(R)] + [l — F7(2)] < 20-n(p) oG-

The vector w — w’ lies in a cone about the center-stable distribution for f at w'.
Since this cone is mapped into itself by Tf~!, acting as a strict contraction,
it follows that w_; — w’; lies in this cone as well, for 0 < ¢ < n. Recall
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that vectors in this cone are contracted/expanded under f by at most 47!.

Since |w_n, — w’,| = O(@_n(p)~1), it follows from a simple inductive argument
that |w_; — w’;| = O@-n(p) Hi(pn) t|z¢|), for i = 0,...,n. In particular,
[w = W] = O—n(p) " 4n(Pn) 2 [o8]) = O(F—n(p)~ 4-n(p)|z%]o). Since #3~" < &,
and |2¢| = ©(6-.(p)~'), we obtain that |w — w’| < |z¥|o(|2z¢|"). But w — w' =

(B¥*(0,z*),0, 84¢(0,2*)), and so we have shown that |3%(0,2°)| < |z¥|o(|2¢|"),
proving the lemma for the case £ =
We next turn to the case ¢ > 1 Consider the points (2°,,, ](0 we ) G ) and

(223 0) 10 (1 X Tigpcpu (1° X I, R¥9))
To simply notation, we write “J” for 7 1 and Je 1,8" for 3(0 w )ﬂ“ The nota-

tion | - |1 is the fiberwise norm on I¢ x ']fol}x 7u (16 x I*,R°*°) defined above (hence
|(w,]y 18)|L = |]y 18|1). Having fixed this notation, we next estimate, for 0 < i < n:

1251 (6" |7 (224,428

c w c 4t
< |9(2 2 i) —1,/8 )= (2 _i’J(Olwu )0)|L

+;9(z_,,3(0 w )0)|
We estimate the first term in this latter sum using (39):
(224 551" = T (240 gt O < K-l B -

The second term is estimated using two facts. First, we have that the map & is
fiberwise C* (since £ < r < k — 1), and so

1T e )0 = T 1036 O] = O = w]) = O (p)  u(p—r)™")-
c 4,1
Second, we note that & (Z_i,J(é’wu _,))0) (2% 5415 J(O ) 0). Hence:

c 4 c  q4
Ig(z—w](o w )O)I S Ig(z—b](zofwgi)o) - g(z—iaj(ofwgi'))o)h
= O(D-—n(p)—lf%(p—n)_l)v

for i = 0,...,n. Combining these calculations, we have, for 0 < i < n:

135018 |1 = O(k(p—)) | 721 8% |1 + O(—n(p) i (p-n)72).
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By an inductive argument, we obtain:

1361 B = O Kicn(®) ' oon(@) Hi(p-n)™)

=0

= O(Z 8i—n(P) T 0i—n(p) T 0i(P-n)Fi(P-n) ")
i=0

= O(Z 5i—n(p)£_rﬁi—n (p) _ldi (p—n)r)

=0
= o(_n(p)*"),

where we have used the facts that k < §"%, and #/4 < 6". Since |2°| = ©(6_.(p) 1),
and recalling our notation for jé:ix B3, we obtain that

AYY £1 A ¢
(41) ldo (B*) | = | do.zu Bz | = o(|2°"7),
for all zg € I".

We are not quite done yet, as (41) is not exactly what is claimed in the statement
of Lemma 10.6. To finish the proof, we note that if 3 is C**1, then by the equality of
mixed partials, we have that j;u:zg (teoB) = jg(j;g B) = jﬁ;;g B. The quantity we
want to estimate is

66 (2 = Bio 0,00 (@,2))]
Consider the function ¢: I* — JE(R,R°t?) given by
C(@¥) = jg(z° = B,0,00) (@, 2%)).
The value {(z}) can be obtained by integrating its derivative along a smooth curve
v(z*), tangent to W, (z), from 0 to =¥ . But note that, since B is a C**! function,
we must have j1.¢ = jg:iuﬂ; (41) implies that ¢(z%) < |z¥|-o(|z°|"~%), for all z¥ € I*.
This completes the proof of Lemma 10.6. O

We remark that the same estimates hold for the lifted fake foliations /‘M\/; if Fis
C* and r-bunched, for k > 2andr=1orr < k— 1.

10.3. Fake holonomy. — In the discussion that follows, we define holonomy maps
for various fake foliations between fake center manifolds. Because we are interested
in local properties, we will be deliberately careless in referring to the sizes of the
domains of definition. For example, if z and z’ lie within distance 1 on the same

—~38 ~——~CS8
stable manifold, and 7 and 7/ are any smooth transversals to W, inside W (z), then

there is a well-defined @Z holonomy map between a p’-ball B, (z,p’) in 7 and 7/, if
pis /s\ufﬁciently small. We will suppress this restriction of domain and just speak of
the ‘Wis-holonomy map between 7 and 7’. This abuse of notation is justified because
all of the holonomy maps we consider will be taken over paths of bounded length,
and all foliations and fake foliations are continuous. Hence the restriction of domain
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can always be performed uniformly over the manifold. This will simplify greatly the
notation in the sections that follow.
Let € M and 2’ € W*(x,1). We define a C” diffeomorphism

Pioary: /‘M\/C(x) - /‘M\/C(z')

as the composmon of two holonomy maps: first, ‘W holonomy between the C”
mamfolds ‘W (:c) and ‘M/ (x) nw (w' ), and second, the ‘Wz, holonomy between
(a:) nw' (:c ) and W (z').
We also define for =’ € W*®(x, 1) the lifted fake holonomy map

ﬁ(z,m’): WF("E) - (WF(w,)

by composing /‘M\/;m holonomy between /‘M\/;(x) ‘1(‘W (x)) and ‘WF (z) N

‘WF (x’) = 7r“1(‘W (w) nw' ( "), and ‘WF - holonomy between ‘WF ()N Wg (2')

and ‘WF(z )= 1( ( ")). Lemma 10.3 implies that 7 o H(z o) = h(x &) O .
We similarly deﬁne, forz € M and 2/ € W*(z,1) a map

il(w z’)* /(M\/ (J)) - /(M\/ (.’L‘,)

as the composition of ‘W holonomy between ‘W (z) and w™ ()N w (z'), and /‘M\/Z,
holonomy between W (z) nNw' (z ) and w' (z'). Finally, we define, for x € M and
z' € W (x,1),
Hgory: Wp(z) > Wp(z')
to be the natural lift of fzzyzr), as above.
Proposition 10.1, parts (6) and (7) and Lemma 10.3 immediately imply:

Lemma 10.7. — Suppose f is C* and r-bunched, for some k > 2 andr < k—1 or
r = 1. Then for every x € M and ' € W*(z,1), for * € {s,u}, the map iz(m o) 15 a
C" diffeomorphism and depends continuously in the C" topology on (z,z’) .

If F is a C*, r-bunched extension of f, then H(z ) 18 a C" diffeomorphism for
every x € M, ' € W*(x,1), and * € {s,u}and depends continuously in the C"
topology on (z,z'). Moreover, ﬁ(z,z/) projects to iL(z@/) under 7.

The definitions of & and H readily extend to (k, 1)-accessible sequences by compo-
sition (cf. Section 4 for the definition of accessible sequence). Note that any su-path
corresponds to an (k,1)-accessible sequence if one uses sufficiently many successive
points lying in the same stable or unstable leaf. Lemma 4.5 implies that if f is accessi-
ble, then there exists a K1 € Z, such that any two points in M can be connected by a
(K1, 1) accessible le sequence. For J = (yo,. - -, yx) a (k, 1)-accessible sequence, we define

hy: W' (y0) = - W (yk) by hy = heyu_y ) 0+ hiyon) and Hy: Wi(yo) = W (ue)
by Hd H(?/k—hyk) 6-++0 h(yo‘yl)
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Lemma 10.8. — If F and f are C* and r-bunched fork > 2 andr=1orr <k—1,
then hd and HJ are C" diffeomorphisms that depend continuously in the C” topology

on .

We next define the notion of a shadowing accessible sequence. This concept will
be crucial for proving that the C” diffeomorphisms H can be well-approximated by
homeomorphisms that preserve the image of any saturated section o.

(z,2")y

” \ /7/. wl/

_______________ 1—/\_} M@_),,,_.ﬂ,_/— N we(y")
T S - i
W (y) Y
Y W2 (/)
z?® ) -
v (@)

FIGURE 6. The shadowing accessible sequence (z,z’),. The distance be-
tween y' = h; 01 (y) and ¥y’ = h0n(y) is O(d(z,y)"); the distance be-
tween z’ and y’ is O(d(z,y)) (see Lemma 10.9).

Let  be an arbitrary point in M, let 2’ € W"(z,1), and let y € w (z). The
shadowing accessible sequence (x, '), is defined as follows. Let w’ be the unique point
of intersection of W*(y) with U, W Wy,.(2), and let y” be the unique point of
intersection of Wy, (w") and w (a:’) We set (z,2'), = (y,w”,y"); it is an accessible
sequence from y to a point y” € w (z'). See Figure 6.

—~C
We have defined (z,z’), for 2’ € W*(z,1) and y € W (). Similarly, for z’ €
—~C
W*(z,1), and y € W (z), define the shadowing accessible sequence (z,z’), =
(z,w”,y"), where w” is the unique point of intersection of W°(y) with

U, @) Wiec(2), and y” is the unique point of intersection of W) .(w”) and

‘Wc(w’ ). It is an accessible sequence from y to a point y” € Wc(m'). Notice that
(z,z")y is a (2,1) accessible sequence, whereas (z,z’) is a (1,1)-accessible sequence.
We may regard (z,z’) as a (2,1) accessible sequence by expressing it as (z,z’,z’).
Then it is natural to say that (z,z'), — (z,2') as y — z.
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We extend the definition of shadowing accessible sequences to all (k, 1)-accessible
sequences by concatenation. This defines, for each (k,1)-accessible sequence ( con-
necting z and z’, and for each y € ‘Wc(z), a (2k, 1)-accessible sequence ¢J, connecting
y to a point y’ € J°(z’). The (k,1) accessible sequence may be regarded as a (2k, 1)
accessible sequence by repeating the appropriate terms in the sequence. With this
convention, we have that dy — J asy — . Let K = 2K7; henceforth we will restrict
our attention to (K, 1)-accessible sequences.

Now, for z’ € W*(z,1) or ' € W*(z,1), we define the map:

—~C —~C
h(:t,z’): w (il‘) - W (:L'I)
by bz (y) = il(z,z/)y(y); in other words, h(; /) sends y to the endpoint of (z,z’),.
Notice that h(; ;) is a local homeomorphism, but not a diffeomorphism. However,
we will show that h(; ;) has “an r-jet at ” (Lemma 10.9); we will make this notion
precise in the following subggcctions. .

Similarly define #; 4 : Wgp(z) — ‘W;(:z') for 2’ € W*(z,1) or ' € W’(z,1)
by H(gaz(2) = ?((m,zr)"(z)(z). The definitions of h and % extend naturally
to (K,1)-accessible sequences by composition; for  a (K, 1)-accessible sequence
from z to z’, we denote by hy: ‘Wc(x) — ‘Wc(x’) and H 4: ‘W;(a:) — /‘M\/;(x’) the
corresponding maps.

Note the simple observation that if  is a (K, 1)-accessible sequence from z to z/,
then fzd(z) = &’ = hy(z), and for every z € 77! (z), ?{d(z) = JH 4(2).

The next lemma is an important consequence of Lemmas 10.5 and 10.6. It tells
us that the endpoint of the accessible sequence (z,z’), is a very good approximation
to /Az(xy_,,;/)(y), and this is true even on an infinitesimal level.

Lemma 10.9. — If f is C* and r-bunched, for k > 2 andr =1 orr < k — 1, then

—~C
for every (K, 1) accessible sequence connecting x to =', every y € W (z), and every
integer 0 < £ <r:

5tk — dyhy, || = o(d(z,y)" ).
Moreover, if F is also C* and r-bunched, then for any z € 7~1(z) and any w €
Bg(z, 1) N7 (y):
ey — Go g, Il = o(d(z,w)"~*),
where the distance is measured in a uniform coordinate system containing the su-path
Y4
Proof. — This is almost a direct consequence of Lemmas 10.5 and 10.6 in the previous

subsection. We prove it for accessible sequences of the form = (z,z’) with 2’ €
W*(z,1); the general case follows easily.

—~C
Fix z, 2’ € W*(z,1) and y € W (z). Write (z,2')y = (y,w”,y"”), as in the defini-
U ~—~CS8
tion. Let v’ be the unique point of intersection of W, (y) and W (z’), and let v” be
—~C.
the unique point of intersection of W*(y) and W (z'). See Figure 7.
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wes (x')

W (x)

FIGURE 7. Points in the proof of Lemma 10.9

Fix ac coordinate system adapted at x as in Subsection 10.2, sending z to the origin
in I™, (:r) to {z* = 0}, ‘W ) to {z* = 0} W (z) to {z* = 0}, {z* =0}, and
sending the fake foliations W lAw @) and ‘W | “2) to the affine foliations {z" =
0,2° = const} and {z® =0,2% = const} respectlvely Suppose that y corresponds to
the point z = (0,0, 2¢) and y” corresponds to the point z” in the adapted coordinates

at x.
—~c
In the coordinate system at z, we parametrize W (x) by ¢ — &§(z¢) = (0,0,z°)

and ‘W (y) by z¢ — @, («). Similarly we parametrize W (z’) by z¢ + (0,0, z°) and
‘W (y") by z¢ — @, (x¢). We want to compare the ¢-jets of z¢ — h(z +(0,0,x¢) with
€ — iz(z "), ©Wz(z¢) at the point 2 = 2¢. We first observe that, by Lemma 10.5,
we have that j{.&,(z¢) = o(|zC|r £y = o(d(w y)"~%); hence we are left to compare the
¢-jets of the holonomies h(zw) and h(w,z:)y in the coordinates adapted at x, at the
point z.

We write the maps iL(IYI/) and fAL(z,Z/)y as compositions of several holonomy maps,
and we compare the distance between the /-jets of the corresponding terms in the
compositions. First, we write

il(z,z/) = h;/ o hg,

where hl: /(l/l\/c( ) — ‘W (:1:) (/M\/cs(x') is the /()/l\/:—holonomy and A, is the /‘M\/Z,
holonomy between w ( )n w' (ar/) and W (z'). Next, we write:
hiaar), = by 0 hyy o hy o by
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/\ —~Cu ~—~CS8 —~Ccu —~Cu —~C8
where hy ‘W(y) ( )NW (), hy: W (@)W () =W WnNW ()
and h;,b' ( ) nw (-TI) - /q/t\/cu(y) n ‘1/4\/08(31" ) are /‘l/t\/: holonomies, and
Ry w™ (e w (y" ) — ‘Wc(y” ) is ‘/I/\I/s,,-holonomy

The term hy 4 in the second composition is expressed in the charts at = by the
map (05(z°),z°) — (Z°,0,Z°), where (T¢,Z°) are defined implicitly by the equation
Bo%(z°,%°) = 0. Lemma 10.5 implies that |jzccb§“ — Joew§| and |jLeS — jLew§| are
both o(|2¢[)"¥, and so in these charts, |j¢A" vt — jtid| = o(]2°)"*

We may chi)i)gs the coordinate system adapted at x so that z’ is sent to the point
(zy,0,0) and W (') is sent to z* = z¥, and we may do this in a way that the C" size
of the chart is bounded independently of z, w thls uses the fact that p — ‘W (p) is

continuous in the C” topology. Consider the ‘W and ‘W holonomies between z* = 0
and z¢ = zjj, corresponding to the holonomies

cs —~cCS —~cCS —~~cCS
W () = W (¢'), and hy: W (z) =W (z')
In the coordinates at x, these maps are expressed by the functions
(0,z%,2°) — wg’(z%,z*), and (0,z%,2°) — wi’(z° z¥)

Lemma 10.6 implies that |j,c@S (-, 2%) — j,c@§(, x*) = o(|2°|)"~%; in the charts at
we therefore have:
|72 (h) — = (k)| = o(|z°)"~* = o(d(, )" ~*).

Consider the image points v’ = hy(y) and v" = hy/(y) of these two holonomy maps
in M. Since the distances d(v',v"”) and d(v’,y’) are both o(|z¢|") = o(d(z,y)"), the
transversality of the bundles in the partially hyperbolic splitting implies that d(v", w")
and d(w”,y") are also o(d(z,y)") (see Figure 7). Hence the distance from y” to x is
O(d(z',y")+d(y',y")) = O(d(z,y) +d(z,y)") = O(d(x,y)), and similarly d(z,v") and
d(z,w") are O(d(z,y)).

We are left to deal with the final terms in the compositions above: hy, o h;,b
and hZ,. All of these are C" holonomy maps over very short distances, on the order
of o(d(z,y)"). It follows that their /-jets are close to the identity — within o(d(z,y)" %)
— once we have shown that the transversals on which they are defined have ¢-jets within
o(d(z,y)" ") of the vertical foliation {(z*, z ) = const}

Lemma 10.6 implies that the €-Jets of w ( ") and w (a:) coincide along W*(z).
In particular, in these coordinates, w (z') and the plane {z° = 0,z% = z¥} are
tangent to order £ at z’. Furthermore, since d(z’,v"), d(z’, w"), d(z’, v” ) d(z’, Y ) and
d(w y ") are all O( (z,v)), Lemma 10.6 1mp11es that the manlfolds w (y) nw' ( ")

Ccu
‘W (:v) nw' (:E'), w (y)n W (y”), W' (y') and w (y") can all be expressed in
the coordinates adapted at = as graphs of functions from {z* = z¥,z® = 0} to I°**
whose (-jets at v”, v/, w”, y' and y” respectively, are o(d(z,y)"~¢). Hence all of the
the transversals for hy ., hg,, and hy, have f-jets within o(d(z,y)*?) of the vertical
foliation {(z*,z“) = const} at their basepoints in the compositions. It follows that
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|5, (RS, o h“,,) jt.id| = o(d(z,y))"~* and |54 kS, — jbid| = o(d(z,y))" %, and so

IJyh(z,a:’) ]yh(:t m’)yl = 0( (.’II y))r -t
The proof for the maps H (z,0") and F (5 1), are completely analogous. O

, as desired.

10.4. Central jets. — Let (N, B, 7, F) be a C*, r-bunched partially hyperbolic
extension of f, for some k > 2, where 8 = M x N. We fix Riemannian metrics
on M and N. Let exp: TM — M be the exponential map for this metric (which
we may assume to be C*), and fix po > 0 such that exp,, is a diffeomorphism from
Br,0(0, po) to Bar(p, po), for every p € M. As in the proof of Lemma 10.3, the bundle
% pulls back via exp: Brp(0,p0) — M to a C™ bundle #p: Bo — Brum (0, po) with
fiber N, where Brs(0, pg) denotes the po-neighborhood of the 0-section of TM. As
in the proof of Lemma 10.3, we fix, for each p € M a trivialization of By| By (0,p0)>
depending smoothly on p € M. Any section 0: M — B of B pulls back to a section
&: Brum(0,p0) — %0 via 6(v) = (v,0(exp(v)))-

Let TM = E*®E°®E® be a C® approximation to the partially hyperbolic sphttmg
for f. Observe that TM is a C*° bundle over E° under the map 7¢: TM — E° that
sends v* + v° 4 v* € EY (p)® Ec(p) ® E° (p) to v® € Ec(p). This splitting will give us
a global way to parametrize the fake center manifolds /‘M\/C(p).

If f is r-bunched, for r = 1 or » < k—1, and the approximation TM = E*®E°®E®
to the hyperbolicN splitting is sufficiently good, then Proposition 10.1 implies there
exists a map ¢¢: Z?EC (0, p) — Bram(0, po) with the following properties:

1. g¢ is a section of 7¢: Br,m(0,p) — %EC(O, 0),

2. the restriction of g° to BEC(p)(O,p) is a C" embedding into T, M, depending
continuously in the C” topology on p € M;

3. for p € M, the image g (BEC(p) (0, p)) coincides with exp, 1(‘1/1/ (p))-

Let #¢ = wo 7 %g — Bz, (0, p). The bundles and the relevant maps are summa-
rized in the following commutative diagram.

-~ Projg
By ——— B

Q
3
Q
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Note that 7€¢: %0 — Bg. (0,p) is a C* bundle. A different choice of exponential map
or approximation to the partially hyperbolic splitting gives an isomorphic bundle and
a different section g¢’ related to the ﬁrst by a uniform graph transform on fibers.

Consider the restriction @0,, of Bo to any fiber Bg. »(0,p) of Bg.(0,p) over

p € M. For every positive integer £ < r, we define a C*~¢ jet bundle (] — M whose
fiber over p € M is the space JE(7°: Bop — Bgew (0, p)).
Suppose now that o: M — B is a section of B, and that £ < r. We say that o

has a central £-jet at p if there exists a C* local section s = s, , € I‘(l,p(frct Bop —
BEc(p) (0, p)) such that, for all v € BEc(p) (0, p0)):

(42) dn(projy 0 & o g°(v), projy o s(v)) = o(jv[*).

It is not hard to see that 0: M — B has a central £-jet at p if and only if the restriction
of o to /(M\/c(p) is tangent to order £ at p to a C* local section o’ : w (p) » B.lfoc hasa
central /-jet at p, for every p € M then o induces a well-defined section j¢o°® : M — (71
that sends p to jgsg,p. We call j¢0¢ the central £-jet of o, and we write jf;ac for the
image of p under j¢o°. It is easy to see that the existence of a central ¢-jet for o
is independent of the choice of smooth approximation to the partially hyperbolic
splitting and independent of choice of exponential map. In general there is no reason
to expect the central /-jet j¢o° to be a smooth section, even when ¢ itself is smooth,
because g¢ is not smooth.

Remark: If o has a central £-jet at p, then (in a fixed coordinate system about p),

—cC
o has an (¢ —1,1,C) expansion on W (p) at p. If j%0° is continuous, and the error
term in (42) is uniform in p, then C can be chosen uniformly in a neighborhood of p.

In the proof of Theorem C, we will focus attention on the pullbacks j |~ ()

of j to various fake center manifolds over M. The central observation we will
make use of is that, for each x € M, there is an isomorphism I, between the

bundles ,jj?c () and J¥(7: %@c @ /‘I/Z/\cgcc)) To compress notation, we will

write J¢(W (z),N) for Jé(m: Z%ff(x) — W (z)). For £ € M, the isomorphism
. A 0(q,)° : )

I,: 4 I @~ JYW (z),N) is defined:

Ly(y, jo¥) = Gy (idgye ., Projy o om0 expy ).

10.5. Coordinates on the central jet bundle. — Fix £ < r. We describe here a
natural system of C"~¢ coordinate charts on je based on adapted coordinates on M.

Let E° @ E° @ E* be a C® approximation to the hyperbolic splitting to M. Fix
a point p € M and let (z%,z°%,z°) be a C" adapted coordinate system on By (p, p)
based at p. Next fix C" local trivializing coordinates (z™,v°¢) € R™ x R¢ for E¢ over
B (p, p), covering the adapted charts at p and sending B'E:;(O, P1)|Bas(p,p) tO I X I°.
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Let (z,v) € I™ x I™ be the corresponding charts on Bz (0, p1)|By (p,p)- In these
charts, the projection w¢ sends (z™,v*,v*,v°) to (z™, v°).

We choose these charts such that the exponential map on Bras(0, p1) over B (p, p)
in these coordinates sends (z™,v) to ™ + v € I™ (these charts are not isometric,
nor do they preserve the structure of TM as the tangent bundle to M, but they can
be chosen to be uniformly C™). Also fix C" coordinates (z™,q) € R™ x N for B over
B (p, p) sending 7~ (B (p, p)lto I™ x N, with w(z™, q) = ™.

The induced coordinates on B, over BE;(O, £0)| By (p,p) take the form (z*,z°, z¢ +
v%,v°,q) € I™ x N. We may further choose these coordinates so that, # and 7€ are
the projections onto the I™ x I¢ and I™ coordinates, respectively. These coordinates
give a natural identification of je| B(p,p) With I™ x JE(I¢, N).

Finally, for each point ¢ € N, we fix C" coordinates 2" € R, sending ¢ to 0
and Bn(q,p) to I™. In this way, we define, for each z € By, an adapted system of
coordinates (z*,z°, z¢ 4+ v°,v%, 2") € R™ x R x R™ sending z to 0 and B%O(z,p)
to I™ x I¢ x I™.

In local coordinates, each element of ./ ¢ can thus be uniquely represented as a tuple
(z™, p), where z™ € I™ and p € P*(c,n). If o has an £-jet at p for every p, we can
thus represent locally the section j¢o¢ as a function from I™ to P*(c,n), using the
adapted charts in a neighborhood of o(p).

Consider the set I¢ x J§(I¢, N). We may regard this as a natural object associated
to p € M in either of two ways. First, I¢ x J§(I¢,N) embeds as the subset {z* =
0,z° = 0} x Jo(I° N) in an adapted coordinate system for jl| B(p,p)» Which gives an

identification of I° x J&(I¢, N) with jeku\/c ) Second, in the same adapted coordinate

system, we have the identification of I¢ x J&(I¢, N) with Je(‘Wc(p), N). We will use
both identifications in what follows. We can further put local coordinates on I¢ x
J§(I°,N), as follows. Given a point z € m~1(z), we fix an adapted coordinate system
(z¢,2™) € I° x I™ for ‘l//t\/;(z), sending z to 0. This gives local coordinates (z¢, p) €
I¢ x PY(c,n) on I°¢ x J§(I¢,N) sending z (regarded as an element of JJ(I¢, N) —
J§(I¢,N)) to (0,0).

Let us give a name to these adapted coordinates and define them more precisely.
For z € B, fix an adapted chart @,: I™ x I°* — Bg(z,p) at z, sending (0,0) to z,
sending {z* = 0,z° = 0} to ‘W;(z), and so on. We may further assume that the
projection I™ x I¢ — I™ is conjugate to m under . The maps ¢, induce adapted
coordinates ¢, = 7o @, 0o¢: I™ — Bp(n(2),p) at m(z), where ¢ is the inclusion

—~C

™ — (z™,0). We will denote by &° the parametrization of W manifolds in the ¢,

coordinates. Let 6,: I° — Bz, (ﬂ(z))(O, p) be defined by:

6.(c°) = 1° 0 exp7 L (2(0,0,2°)).
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We now define the parametrizations 7, and v, of the bundles j |w (x(2)) and

J‘(‘W (m(2)), N) discussed above. Let n,: I¢ x P*(c,n —»jw () be defined by
c _ cy (g ~ - -1 _ ¢
nz(w 7@) - (‘pZ(Oa 0,.'17 ))JO (7'dEc(<pz(0’0’zc))a(pz(Oa 07 ez ’p(oz T ))7

(recall here that elements of %0,,, are of the form (v,2) € B, (p)(O, p) X B with
exp,(v) = m(z)). Finally, let v,: I x Pt(c,n) — Je(/‘M\/C(W(z)),N) be the map:

v (2%,0) = 5§, (0,0.00) (2 © (927", g (Projpe 0 97 — 2°))).

We make all of these choices uniformly in z. Strictly speaking, all of these
parametrizations are defined only on a neighborhood of the zero-section in P%(c,n),
but as with the holonomy maps, we will ignore restriction of domain issues to simplify
notation. e

Recall the isomorphism I, : je[@c @ JYW (), N) constructed in the previous

—~C
subsection. For w € W (z, p), consider the map I, ,,: I° x P¥(c,n) — I° x P¢(c,n)
given by I, = vglo n(z) © Mz- We have constructed these coordinates so that
I, . = idrex pt(c,n)- The following lemma is a direct consequence of Lemmas 10.5 and
10.5.

Lemma 10.10. — For every z € B and w € /‘M\/;(z,p), and £ < r, we have:

Ingz,w - jgidl"xPe(c,n)l = O(d(zv w)’r—l).

10.6. Holonomy on central jets. — Let J be a (K, 1)-accessible sequence from x
to =’. In this subsection, we will define, for each 0 < £ < r, and each (K, 1) accessible
sequence from z to z/, two bundle maps

Hoy: J(W (), N) — JW (&), N)
and
Hy: Jll:u\,c(m) - cfelg;c(z,);
we will make use of the identification I, between J* (WC( ), N) and (] |Ac to com-
pare these maps. (Recall that “J l(‘W (z), N)” is shorthand notation for the Jet bundle

mw%mﬂwwn

The map j[ o 18 just the action on ¢-jets induced by the diffeomorphism H 4, defined
by:

H o) = it Hgoohsh
d(‘yyzp)_‘]fz«,(y) ¢’°¢° 3

/\Z ~
Then # ; is a C"~* bundle map, covering hy (see Section 6.3). Lemma 10.8 implies:
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Lemma 10.11. — If F and f are C* and r-bunched fork>2 andr =1 orr < k-1,
then H 5, is a C™¢ diffeomorphism that depends continuously in the C™* topology on
the (K, 1)-accessible sequence .
—~C
Fix a point z € 7~ !(z) and let 2’ = # 4(z). In coordinates on J*(W (z), N) and
—~C
JY(W (z'), N) induced by the adapted coordinates at z and 2/, we have a map
7al -1, 7t ¢ ¢
Hy,=vy oH  ov,: I° x P(e,n) — I° x P(c,n).
Similarly, if f connects z and z’, we set fzd,z(zc) = go;,lizd 0 pg: I — I°,
Writing P¢(c,n) = IIf_oL%,,,,(R°,R™), we have coordinates
(iL’ 7@) = (xc7907"'7p£)
on I¢ x P%(c,n), where p; = D:.p. Denote by ‘%d (¢, p)i the L} (R°,R")-coordi-
~¢
nate of # 4 ,(z¢, p), so that

~2 ~ ~Z ~Z
ﬂd,z(wc’ p) = (hd,Z(xC)vﬂd,z (xc’ p)Oa s 7ﬂd,z (mc’ p)l)7

~L —~
where 4 (2, p)o = H 4,.(x°, po).
The following is an immediate consequence of the discussion in Section 6.3.

Lemma 10.12. — For every £ < r, there exists a C"* map
R R® x P*"Y(¢,n) — L¢, . (R, R™)

sym

such that, for every (z¢, p) € R® x P¥(c,n), we have:

—~£ 0K -
ﬂﬂ,z(x(:? p)f = Rl(zc9 6205+« pl—l) + api,z (xc, KOD) “ e o (Dmchd,z)_l-

We have now defined, for each (K, 1)-accessible sequence  connecting = and z’,
—~ ~—~C —~C
a natural lift of the C" diffeomorphism % s: Wr(z) — Wr(z') to a C™* diffeo-
~t —~C —~C
morphism  4: JY(W (z),N) — JYW (z'),N) on the corresponding central {-jet

~2
bundles. We have also derived in Lemma 10.12 the important fact that 5‘[ has an
upper triangular form with respect to the natural local adapted coordlnate systems

—~C
on JY(W (z), N) and JZ(‘W (z"), N).
Our next task is to define, for each (K, 1)-accessible sequence  from z to z’, a lift
: i w £, 40 £
of the homeomorphism # 5: Wp(x) = Wp(2') to a map H;: J |§/~Vc(m) -4 |/‘M7C(z’)
with two essential properties:
~L
- % 3 and # ; are tangent to order 7 — £ at x, under the natural identification
f J* d
oJ(‘W(m ) an jl‘u/()

-t o breserves central £-jets of bisaturated sections of 3.
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Recall that for 2’ € W’(z,1) or ' € W*(z,1), we defined h(; ) (y) = fz(m,z,)y (v)

and H (5 .1y (2) = H (@5 ) n(a) (2); we then extended this definition to (K, 1)-accessible
sequences via composition. We further extend this definition to central ¢-jets. If  is
a (K, 1)-accessible sequence from z to z’, we set:

~f
%a(yngd)) Ih_ (y) Oﬂdy (Iz o (ya.]g,d}))a

—~C
where I: 4|~ T JYW (z),N) is the previously constructed isomorphism.
¢ . .
Clearly we have that HY: NE j |~e ‘W (@) Aj |@c (@) is a map covering ¥ 4, under the
prOJectlon(/ |W( , ( (a:)) W p(z).

~t
We now address the first important property of fj: order r — £ tangency to J 4.
For J connecting x and z’, we set hy ,(z°) = ¢, o hgop,: I — I° and for z €
7~ 1(z), we define

7 = n;,l Oﬂifoﬂzi I¢ x Pe(c,n) — I°x Pl(c,n),

where 2/ = H 4(2) = FH4(z). Chasing down the definitions, we see that in I¢ x
P*(c,n)-coordinates, the map H f;f,z takes the form

~1

£ e -
L¢[d,z(x ’ P) Iﬂd(z(mc,@o)) 2 ﬂdy(mc‘po) o Iz(mc,po),z (xcv KJ)
where y(z¢) = ,(0,0,z°), 2(x° po) = (0,0, z°, po), and the maps I, ,, are defined
in the previous subsection.
—~t —~
Hence, by the definition of # , the difference |# ;. (¢, p) — ﬂé,z (z¢, p)| can by
estimated by bounding:

_ . _ 'Z - .g"_l Y 7 -1 .
|75 Jy(ze, Po)ﬂ (e om0 )| and IJz Jy(zc,m)hdy(,c,m)l which are both

o(|(z¢ ,p0)|r %), by Lemmas 10.5 and 10 9; and

IJO ﬂd(z(:l:c ©0)),2’ ]OzdlcxPZ(c n)l and |.70( 2(z%,p0),2 (SL’ KJ)) - ]oldlcxpl(c n)l

which are both o|(z¢, po)|, by Lemma 10.10.

We thereby obtain:
Lemma 10.13. — Let J be a (K,1)-accessible sequence from x to z’, and let z €

n1(z).

For each z¢ € I¢, p € P¥(c,n) with |p| bounded, and for every 0 < £ < r we have:
~¢
| g (2% 0) — H g (2%, 9)| = o(|(2°, 00)|"™).
~¢
In this sense, the maps H’ f;g and # 4 are tangent to order r — £ at x.

As mentioned above, another important property of # ¢ is that it preserves central
£-jets of saturated sections.
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Lemma 10.14. — Let 0: M — B be a bisaturated section. Then for every (K,1)-ac-
—~C
cessible sequence from z to z', and any y € W (z), we have H 4(o(y)) = a(hy(y)).
If, in addition o : M — B is Lipschitz and has a central £-jet j50° at y for some
1 <{¢<r, then o has a central £-jet jﬁd(y)ac at hy(y), and:

jﬁd(y)Uc = ﬂif(jﬁffc)

Proof. — Fix x € M and J connecting z to z’. Let 0: M — 9B be a bisaturated
section. It suffices to prove the lemma in the case where 2’ € W*(z,1) and J = (z,z’).

Lety € /‘M\/c(x) By definition of # 4, the value H 4(o(y)) is the endpoint of an su-lift
path for the foliations W} and W, covering the path (z, z’),. The endpoint of (z, z’),
is hy(y). It follows immediately from saturation of o that # 4(o(y)) = o(hy(y)).

Next assume that o is Lipschitz and has a central ¢-jet jﬁac at y, forsomel < ¢ < r.
This means that the restriction of o to @c( ) is tangent to order £ at y to a C*
local section ¢’ /‘M\/C(y) B. Let y = h(z ), (¥) = h(z,c)(y). Consider the images
of o and o’ under # (z,07), - Since H (0,2"), is & C* dlffeomorphlsm and covers the C*

diffeomorphism h,(QU «),» the local sections ﬂ(z o)y oo—oh( o) and f[@ '), OO Oh(

z,x’)y
over W’ (y') are tangent to order £ at y'.
Since K fx y) is defined by the induced action of J¢ fm v, on W (y), it suffices to

show that the local sections # (z,3"), 0T © h7! . and o|~c  are tangent to order £

(z,z)y ‘W()

at . If this is the case, then o~ and # (z,2'), 00" © h 21, 3Te also tangent

W (h(a,ar,®))
to order £ at 3/; since the latter section is C¥, this implies that o has a central /-jet
at y’, and moreover that ]y,O' = ﬂ(x x,)(]y o).

Lemma 10.9 implies that for all z € w (z),
dg(H (2,0 (0(2)), H 2,01, (0(2))) = 0(d(0(y), 0(2))");

since o is Lipschitz, we obtain that

dg(H (2,01(0(2)), H (,01), (0(2))) = o(d(y, 2)").
We have already shown that for all z € /‘M\/C( )s H(za )(a(z)) = a(h(w /) (2)). Hence
dg(0(h(z,0)(2)), H (2,01, (0(2))) = 0(d(y, 2)"), and s0 ﬂ(m x )yoaoh(z o), and UI‘W )
are tangent to order r at y’. Since £ < r, this completes the proof. O

10.7. E° curves. — The final tool that we will need in our proof of Theorem C is
the concept of an E°-curve. As in the proof of Theorem B, we will use an inductive
argument to prove that a bisaturated section has central /-jets. In the inductive step
of the proof of Theorem B, we prove that the /-jets are Lipschitz continuous, and using
Rademacher’s theorem, we obtain £ + 1 jets. The analogue of that argument in this
context would be to show that j¢o° is Lipschitz and then apply Rademacher’s theorem.
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As mentioned before, this is not possible, since the function g¢ is not Lipschitz, even
—C
along W -manifolds. What we have shown in Lemma 10.5 is that g°¢ and its jets are
—~C
Lipschitz along W (z) at z, and what we will show in our inductive step here is that
—C

j%o¢ is Lipschitz along W (z) at z, for every & € M. This leaves the question of how
to apply Rademacher’s theorem to obtain anything at all, let alone £+ 1 central jets.
The answer is E€ curves.

An E° curve is simply a curve in M that is everywhere tangent to E°. Such C?!
curves always exist by Peano’s existence theorem, but we ask a little more: that they
be C". Rather gratifyingly, there is a simple way to construct such curves, and when f
is r-bunched, Campanato s theorem (Theorem 8.2) implies that they C”. If a function
s is Lipschitz along w (z) at z, for every z € M, then for any E° curve (, it is not
hard to see that s must be Lipschitz along ¢, and so differentiable almost everywhere.
What is more, if a section o has a central /-jet j¢0°, then restricting j¢o° to an E°
curve ¢ gives the actual £-jet for o restricted to ¢ if ol is C*. We will use both of
these properties of E° curves in our proof of Theorem C.

Lemma 10.15. — Let f be C* and r-bunched, where k > 2 andr =1 orr < k — 1.
Let 'V be a coordinate neighborhood of p, and let pp* : V — W (p) be a C" submersion.

For any C" curve é: (-1,1) — /‘M\/c(p) with CA(O) = p, there exists a C" (or CT~11 if
r > 1 is an integer) curve {: (—1,1) — M such that, for all t € (—1,1):

&) = p(C(0),

¢'(0) = ¢'(0),

&(t) € (),

d(¢(t),¢(t) < O(|t]"), and

€O (t) = CO@)| < o(|t|™*), for all 1 < £ < r; what is more, the distance be-
tween the £-jets of/‘l/t\/c(é(t)) at {(t) and the £-jets of /‘M\/C(C(t)) at (t) is o(|t|" %),
forall1<£<r.

ARl

—cC
Moreover, for each y € V there is a C" submersion p;* : V. — W (y) with the

—~C
following property. For each s,t € (—1,1), there exists a point zs € W (((t)) such
that z, is connected to pgy (¢(t + s)) by an su-path whose length is o(|s|"), and such
that:

(6) properties (1)-(5) hold for the curves (;(s) = ((t+s) and Cy(s) = Py (C(t+35)),
and
(7) d(=s,Ce(s)) = of]s[").

All of these statements hold uniformly in x € M.

Proof. — Let (f be given and assume without loss of generality that f is unit speed. We
may also assume that we are working in C” local coordinates and that pp* is projection
along an affine plane field E** transverse to E°. This planefield then defines for each

—~C

y € M a smooth projection p;*: V — W (y).
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The curve ¢ induces a vector field on (p™*)~1({) by intersecting E° with
(Dp**)~1(¢), (note that the two distributions meet transversely in a linefield).
Integrating this vector field, we get the E°-curve (. Clearly ( satisfies properties
(1)-(3).

To prove (4), we show first that for every s and ¢, the distance between ¢(t + s)
and the pg;-projection of ¢ (t + s) onto /‘M\/c(( (t)) is o(|s|"). The proof of this fact is
very similar to the proof of Lemma 10.5.

FIGURE 8. An E°-curve ¢ and its shadow ¢

Let w = ((t), let z = {(s + t), and let ' = p5*(x). Let y be the unique point

of intersection of W*(z) with UZG/‘M\/C ) Wr,o(2), and let 3’ € ‘Wc(x) be the unique

—~C
point of intersection of W, .(y) and W (x) Similarly, let z be the unique point of
—~C
intersection of W*°(x) with Uze;b;c (=) W) .(2), and let 2/ € W (z) be the unique point

of intersection of Wy .(2) and Wc(x) (note that ¢ and 2’ do not necessarily lie on ¢,
but this is not important). Note that, because p5* is smooth, the distance between
z’ and z is O(|s|). Continuity of the partially hyperbolic splitting and transversality
of E** to E° then imply that d(y’,w) and d(z’,w) are also O(|s|). We are going to
show that d(z,y) and d(z, z) are both o(|s|"); continuity of the partially hyperbolic
splitting and transversality of E*“ to E° then imply that d(z,z’) = o(|s|"*¢).
Assume that we have fixed a continuous function § < {4, 1} satisfying 60471 < ~";
this is possible because f is r-bunched. Choose n > 1 such that |s| = ©(d,(w)). Apply
f* to the picture, for i = 1,...,n. Since z is connected to zo by a curve everywhere
tangent to E°, the distance between z; and w; is O(d,(w)%;(w)~!). Since y' lies
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on ‘M/c(w), the distance between z; and | is also O(d,(w)%;(w)~1); these numbers
are less than 1 for all ¢ = 1,...,n. So the distance between z, and y), is less than
d(2n, ) + d(Yp, w) = O(8n(W)Fn(w) ™).

Since y € W*(y'), the distance between y, and ¥/, is O(v,(w)). But 1-bunching
implies that v, (w) = 0(6,(w)Jn(w)~!), and so the distance between y,, and z, is
O(8n(w)An(w)~t). Now apply f~" to this picture. Since z,, and y, lie on the same
unstable manifold, the distance between their inverse iterates is contracted by o at
each step. Thus d(z,y) = O(Pp(w)d,(w)n(w)~1). But we chose § so that 6741 < A".
Hence d(z,y) = o((w)™") = o(|s|"). A similar argument replacing f by f~! shows
that d(z, z) = o(|s|"). Setting ¢ = 0 we obtain conclusion (4).

To show that ¢ is C” we use Theorem 8.2. Note that for each t € (—1,1), the
projection pZ(; ¢ onto ‘WC(C (t)) is the same as p?(‘t)gc ; in particular, pZf,)C is uniformly

~ —~C
C", since ¢ and p** are C", and W ({(¢)) is uniformly C", by r-bunching of f. But
the previous calculation now implies that there exists a constant C' > 0, and for every
t € (—1,1), a C" function Pt (—1,1) — M such that:

d(pZ(yS(t+5),((t+5)) < Cls[",

for every s € (—1,1). Theorem 8.2 implies that ¢ is C™ (or C™" V1, if » > 1 and r is
an integer).

The proof of item (5) is very similar to the proof of Lemma 10.5 and is left as an
exercise.

Conclusion (6) of the lemma is immediate from the previous calculations. The
proof of conclusion (7) is very similar to the calculation above, and is also left to the
reader. O

Remark: In fact E°, E and E° are all C" along E¢-curves. The proof uses
Campanato’s theorem again. This time the smooth approximating functions are

—~CS8 —~~CcUu

parametrizations of the manifolds W and W

11. Proof of Theorem C

Suppose F'is a C* and r-bunched extension of f where k > 2andr =1lorr < k—1,
and let 0: M — 3 be a bisaturated section. The first step of the proof is to show:

Lemma 11.1. — o has a central |r]-jet at every point in M, and j lrlg® is continuous.

Proof. — We prove the following inductive statements, for £ € [0, |r]]:
I,. o has a central /-jet at every pomt

IT;. The central £ — 1-jets of o along ‘W (z) are Lipschitz at z, uniformly in z € M,
for £> 1.
III,. The restriction of o to E¢ curves is uniformly C*.
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We first verify Ip--111y. Statement IIj is empty. Since o is bisaturated, Theorem 4.2
implies that o is continuous. This implies Iyp--IITy. Now assume that statements I,--I1I,
hold, for some £ € {0,...,|r] —1}.

The central /-jets are continuous. We note that je is an admissible bundle; the
holonomy map for the accessible sequence  for = to z’ is just the restriction of
the map 5‘(3 to the fibers je|{m} and jel{z/}. Lemma 10.14 implies that if o has a
central £-jet j¢o¢, then j%0° is a bisaturated section of je. Continuity follows from
Theorem 4.2.

—~C
The central ¢-jets of o along W (r) are Lipschitz at z. We first show that
—~C
for every z, the restriction of j¢o¢ to W (x) is Lipschitz at z (where the Lipschitz
constant is uniform in x).

By Lemma 4.4 each point x € M has a uniformly large neighborhood U, and a
family of (K, 1)-accessible sequences {¢J, , }yev, such that J, , connects z to y, 4, ,
is a palindromic accessible cycle and lim, ., J, , = J, ,, uniformly in z. We may

—~C
assume that W (z) is contamed in the nelghborhood U,.

We fix r = zg and 21 € ‘W (zo) and choose a sequence of points z; € Uy, as follows.

Let Uz, and {d, ,}yev,, be given by Lemma 4.4. For each i > 1, given z; € Uy,
—~C ~—~C
the accessible sequence f; = ¢, . determines a map h; := hy, : W (z0) — W (z),

satisfying T; = h,’(.’L’o). We set Tiy1 = h,(a:l) c Wc(l'i).

We now write things in adapted coordinates. Let pf: U,, — P*%(c,n) be the func-
tion satisfying jzac = Vy(y) (95 (y)). Then p’ assigns in adapted coordinates the ap-
propriate central £-jet of o to each point in U,,. We are going to show that the

—~C
restriction pf: W (x) — P%(c,n) is Lipschitz at z.
Let # ﬁ;i : j%;:o — j%;/: be the lifted “true holonomy on jets,” which covers hy, and

let # ; : Jt (/‘l/l\/c(xo) N) — J¢ (/‘M\/C (z4), N) be the lifted “fake holonomy on jets,” which
(o) OB L€ X Pt(c,n).
Write H5(v, p) = (hi(v), H (v, p)) and {r’[i(v, p) = (hi(v),Hf(v, ©)). Observe that
©o(2:)(0,0,0) = 0 for all i > 0; let v;41 € I° be the point satisfying <pa(mi)A(O, 0,v;41) =
zit1. Note that |v1| = O(|z1 — 20]), |vit1] = O(|Zit1 — i), and viy1 = hi(vy), for all
> 0.

Z —T(Len, since j¢o¢ is bisaturated and continuous (and hence bounded) Lemma 10.14
implies:

covers hd This defines maps #+ = H 4, a(mo) and 5‘{ ﬂ 4,

{0, 98 (x0)) = (0, b (2:)), and  Hi(v1,ph(21)) = (Vis1, 05 (@ig1)).
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~1L
By definition of #* and % ¢, we have #,(0, % (z0)) = H £(0, pt (z0)); furthermore,
Lemma 10.13 implies

(43) e (wn, 9 (1)) — T (00, o (1)
(44) < o(|lzy — zo|" " + |05 (71) — 05 (o) 7).

Now Lemma 10.11 implies that H f is C™¢, and uniformly close to the identity map,
since ¢, ., is palindromic and dmo’y -, o.z0 88 Y — To, uniformly in zo.

Lemma 10.12 then implies that for every ¢ with |z; — zo|] = O(1), there exist
linear maps , A; = Dh;(0): R® — R¢, B; = Dvﬁf(o,pﬁ(wo)): R® — P%(c,n) and

Ci = Dy, HY(0, o’ (z0)): P*(c,n) — P%(c,n), such that
(45) vip1 = hi(v1) = A;(v1) + o(Jv1),
and
Hi(v1, 04 (21)) = Hi(0, 95 (20)) = Bi(v1) + Cilp} (@1) - 95 (20))
+o(lui| + g5 ! (1) — 05 (o))

Moreover, we may assume that, for all ¢ with |z; — zo| = O(1):
1 1 1
(46) |A; — Idg-| < 7 ICi — Idpeenyll < 7 and || B;|| < T

By the inductive hypothesis I1;, the central (£—1)-jets of o along /‘Wc(z) are Lipschitz
at z. Hence |pf~1(z1) — p&~1(x0)| = O(|z1 — x0|), and so combining (43) and (45) we
obtain

(47)  Hi(or,05(21)) ~ Hi0, 4 (20))

(48) = B;(v1) + Ci(pg (¢1) — 9 (20)) + o(|z1 — o))

(Notice that when ¢ = 0 the |p% 1(z1) — % !(z0)| terms do not appear in these
expressions, and so Lipschitz regularity of o is not an issue. This is due to upper
triangularity of H J)

The proof now proceeds as the proof of Theorem B. Notice here that we do not
need to assume a priori that o is C'; the reason is that the derivatives of H f are
upper triangular, (unlike the maps Hﬁ in the Proof of Theorem B) which allows for
more precise estimates. We choose N = O(|z; — zo|™!). By (45) and (46), this choice
of N ensures that |y — 20| = O(1). Summing (47) from ¢ =0 to N — 1, we obtain:

N-1 N N-1
H;(vy, 95 (z1)) — Hy(0, ol (z0)) = (Z B;)(v1)
=0 i=0

N
+(Q_ Ci)(p (21) ~ pg (20))

=1

+No(|z1 — zo)).
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Equation (43) implies that 37! ﬁi(vl, Pl (x1)) — ﬁi(O, p% (x0)) =

N-1
= Y (Hi(vi, oL (21)) — Hi(0, 9% (20)))
1=0
+No(|z1 — mo|" %)
N-1
= ) pb(@it1) — o5 () + No(je1 — zo| ™)
1=0

pL(zn) — p5(21) + No(|z1 — zo|" 7).

Hence, since r — £ > 1:

1 1=
N(@ﬁ(mN)—@ﬁ(ﬁl)) = (ﬁ ‘ Bi) (v1)

Rearranging terms and taking norms, we get

N
N (o Oeh ) ~ (el < Iy (eh(an) = (o)

N-1
(3 Bl + ol ~ o)
=0

1 1
< O(F)+ Z|(w1 — xo)| + o(|z1 — o),

using (46) and the fact that p¢ is continuous, and hence bounded. Again using (46)
we have that

1 & 3
(N > C’,-) (95 (z1) — p5(20))| = Zl@f}(ml) ACHIE
i=1

Combining the previous two estimates, we get:

94 — o)l < 5 (0(5) + 311 — 20)| + ollor  mo]) )

Finally, since 3 = ©(|z1 — o), we obtain that

95 (z1) — 05 (z0)| = O(lz1 — 2ol),
which is the desired estimate. This verifies 1Ty 1.

o is Lipschitz. If £ = 0, we know that o is Lipschitz at z along /‘M\/c(x) leaves, for

every x, and differentiable along W*" leaves, and W* leaves, with the partial derivatives
continuous. This readily implies that o is Lipschitz.
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o has a central (E + 1)-_]et at every point. We fix a uniform system of C" sub-

mersions p*: V; — ‘W (z) defined in coordinate neighborhoods in M. We define E¢
curves using these submersions.

Lemma 11.2. — j%0°¢ is uniformly Lipschitz along E° curves.

Proof. — This is a straightforward consequence of Lemma 10.15 and the fact that
—~C
j*o¢ is Lipschitz along W (z) at z, for every z € M.
O

Fix an E° curve (! inside of a coordinate neighborhood V. Since j¢o° is Lipschitz
along ¢!, it is differentiable almost everywhere. Fix a point z; = ¢!(t) of differentia-

bility. Then j¢0° has a partial derivative along ¢! at z;. Let PV — ‘Wc(y)}yev
be the system of submersions in the neighborhood V given by Lemma 10.15. Con-

sider the C" curve ¢} (s) := p2* o (!(t + 5) in /‘M\/C(wl). Lemma 10.15 implies that for
each s, there is a point z, € /‘M\/c(( (t+ s)) that is connected to C;l( ) by a su-path J
whose length is o(|s|"). Since j‘o° is bisaturated, we have that j% o° = = " (] &@° o°).
Lemma 10.6 implies that

4,0, 7y %) = Ollongth()) + OWGE, W' (@2), 8y (o W (EL, ().
Lemmas 10.15 (5), implies that d(jZ w (zs), jgl (s)‘W (}1 (5))) = o(]s|"~*). Hence:
d(jél(s)ac,jﬁsac) = o([s|") + o(|s|"~) = o(ls|"~").

Since j‘o°¢ is Lipschitz along /‘1/176(§(t + s)) at ((t + s), we also obtain that
d(Jz,0% 3¢ 1469°) = O(d(zs,C(t + 5))) = o(|s|"). Thus, in local coordinates, we
have:

I, 9% I = 300" ~ 3z, 0"+ olls7);
since £ < r — 1 and j%0° o ¢ is differentiable at z; = ((t), this implies that j%o° is
differentiable at z; along the C" curve (}1 in /‘M\/c(:cl).

Let U,, and {Vfgl;}yeUzl be the family of accessible sequences given by Lemma 4.4.
Since j¢o° is bisaturated, Lemmas 10.13 and 10.14 imply that the image of Ql under
H g is a C" path f; in /‘I/V(y) along which j¢o¢ is differentiable at y. Furthermore,
Yy - f; is continuous at z; in the C" topology, and and the derivative of j¢o° along
¢, at y is continuous at ;.

Now choose another E¢ curve ¢? through z;, quasi-transverse to ¢! (that is, such
that the tangent spaces to ¢* and ¢2 at z; are linearly independent). Again j¢o° is

Lipschitz along ¢?, and we choose a point of differentiability ;. Since z; is a point of
continuity of the curves {C; }yeu,, » we may assume (by choosing z, close to z1) that
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¢? and Cz are quasi-transverse at zo; hence sz and (:12 = poy “(¢? are quasi-transverse
curves in ‘W (z2) a.long which j%0° has partial derivatives at x5.

Let U, and {d }yeu., be given by Lemma 4.4 for the point z>. Applying the
fake holonomy H 42 to the transverse pair of curves Cm and {z , and reusing the label

(y now to denote the curve . ¥2 © sz, we obtain a family of pairs {(Cy’(y)}yeUzg
of quasi-transverse curves along which j¢o° is differentiable at their intersection and
such that y — ((},¢2) is continuous at z in the C" topology.

Repeating this procedure ¢ = dim(E°) times, we obtain a point z., a neighborhood
Uy, of z., and a family of c-tuples of curves {(6;, ey é;)}yeUmc such that, for each
y € Uyg,:

. the curves ((},...,{¢) contain y and lie in /‘M\/c(y);

. the tangent lines to (fyl, ... ,f;) at y span Ef;

. jo¢ is differentiable at y along é;,

. the map z — (C}, ey é;) is continuous at z. in the C” topology; and

. for each i, the partial derivative of jo° along (¢ at z is continuous at z = ..

Uk W N =

—~cC
We claim that this implies that j¢o° is differentiable along W (z.) at z.

Lemma 11.3. — Let x. be given as above. Then for every z € /‘M\/c(wc), there exists
a path 1 from z¢ to a point w in M with the following properties. The path n is
a concatenation of (' paths n = (1, with d(w,pi*(w)) = o(d(z,z.)") and
d(pz: (w), 2) = o(d(2, zc))-

Proof. — Denote by (; the ¢* curve anchored at y (so that (}(0) = y). Start-
ing with z., we take the union &#; := quf;c CAg Similarly, for ¢ > 1, we define
Pis1 = Ugeo, é;“. The quasi transversality of the curves ¢!,...,(° at every point
and continuity of C; at y = z¢ implies that there exists a point w’ € p3*(¥.) with
d(w', z) = o(d(z., 2)). Fix a point w € (p*)~*(w’) N Pe. Tracing the (*-curves in P.
back from w to z. produces the desired path 7 from z. to w. An inductive argument
using Lemma 10.15 shows that d(w’, w) = o(d(z., 2)"). O

—~cC

Let us see how this implies that j¢o¢ is differentiable along W (z.) at .. This is

essentially the same as the proof that a function with continuous partial derivatives
is C1. We will use:

Lemma 11.4. — For every y € V and every pair of points z,,29 € /‘M\/c(y):
d(jz,0°,j2,0°) = O(d(21, 22) + d(21,y)" " + d(22,9)"").

Proof. — This follows from the facts that j%o¢ is saturated and Lipschitz along E°
curves, and that p;* has the properties given in Lemma 10.15. O
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Working in local charts on ‘W (z°) sending z° to 0, we may assume that the curves
(zc are unit speed and correspond to the axes N;z;{z? = 0}. Define constants a‘ =
al(z.) € Pé(c,n), fori=1...,c by

= lim (j%°o f;)’(O)
y—zx€

We now define a linear map A: R® — P§(c,n) by
A(tl, e ,tc) = Z aiti.
i=1

We claim that this map is the derivative of j¢o¢ along Wc(xc) at z.. Let z € /‘M\/C(xc)
be given, and gonsider thAe path 7 from z. to w given by Lgmma 11.3. Let v; = 0,
and write n = ¢} -C2 -+ (s fori=1,...c—1, let t; satisfy ¢} (t;) = viy1 = C:,j:rll( )
and let ¢, satisfy ¢¢.(t,) = w. The length of the curve n is (37— |t; |) = O(d(z., 2)).
Lemma 10.5 readily implies that the distance between the ¢-jets of W (w) at w and
w (p5*(w)) at pi¥(w) is o(length(n)"~¢) = o(d(z., z)"~*). Since j*o° is bisaturated
and Lipschitz, we obtain from Lemma 10.6 that

d(Ju0° dpgn(w)0°) = O(d(w,p3(w))) + o(d(ze, 2))" ™)
= O(d(zc,2)") + o(d(zc, 2))" )
= o(d(z.,2)),
where we have used the facts that d(w,p3"(w)) = o(d(z,z.)") and £ < r — 1. Also,
since d(z, p**(w)) = o(d(z, z.)), Lemma 11. 4 implies that
d(jfacajf;;«;(w)‘fc) = o(d(z,zc)),
and so
d(jz0°, juyo©) = o(d(z, z.)).-
Using the fact that _7 £o° has a directional derivative along each C’ subpath of 1 at

its anchor point v; = (U (0), and writing things in local coordinates sending z° to 0,
we obtain that:
(4
320 = Joo* Z(Jc(t )7 = 307) + (G20 = 7u0?)

=1

= Z 300§} (0) - ti + o(|zl)
= A( ) + o(|2]).

—~C
Hence j‘o¢ is differentiable along W (z.) at z., with derivative A.
—~C
Now we have that j¢o¢ is differentiable at z, along W (x.), we can spread this

/\f —~C
derivative around using % , and we get that the derivative of j¢o¢ along W (z) at z
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exists for every x and is a continuous function on M. We still need to show that o
has central ¢+ 1 jets, with uniform error term.

The derivative of j¢o° at x gives a candidate jét!

o¢ for a central £+1 jet at z; the

£+ 1st coordinate in jét1o¢ is just the derivative at = along ‘W of the £th coordinate
of jo¢. To show that o has a central £ + 1-jet at =, we must show that for every
v e Bgc(z) (0) p):

(49) dn (projy © & 0 g°(v), projy © j510°(v)) = o(|v|*+1).

We first note that j¢o° is differentiable along E°€ curves. To see this, let { be an
E¢ curve in M. For each t € I, Lemma 10.15 implies there exists a C" curve (;

—~C ~ ~
in W (¢(t)) with {;(0) = ¢(t) and such that (; and ((s + t) are tangent to order
r at 0. Furthermore, the previous arguments using saturation of j¢c show that the
distance between j¢,, 0 and jg it o(|s|"~*). Since j%o¢ is differentiable along
t

¢ at s = 0, this implies that j¢o° is differentiable along ¢ (s 4 t) at s = 0. Since ¢t was
arbitrary, we see that j¢o¢ is differentiable, and in fact C*, along (.

Our induction hypothesis implies that ¢ is C¢ along E° curves. We next observe
that, for any E° curve (, the f-jet of 0 o { at t € I satisfies:
(50) projy o j; (o 0 ¢) = projy © jé(yo° 0 ¢4y (r° 0 exppy) o ¢

To see this, let ¢; be given by Lemma 10.15. Since ((t + s) and (;(s) have the same
|7] jets at s = 0, and o is Lipschitz, the functions o o {;(s) and o o {(s + t) have the
same f-jets at s = 0. But the definition of central ¢-jets implies that:

A (projy 0 0 Gu(s), projyy 0 3, )0° 0 7 0 expl 0Gu(s)) = olJsl");

from the naturality of jets under composition, (50) follows immediately.

Now, since both j¢o¢ and je(’ﬂ'c o exp~!) are differentiable along E° curves, it
follows that ¢ is C¢*! along every E° curve ¢, and by Taylor’s theorem, the £+ 1 jets
of o o ¢ are given by the formula

(51) Z-H(U o(¢) = ]é_(‘;;ac o J((t) (7r ° ech(t)) o .7t C
Finally, let v € BEc(z)(O’ p) be given, and let y = exp, g°(v) € /‘M\/C(w). Fix a

~ —~C ~ ~
geodesic arc ¢ in W (z) from z to y, with {(0) = z and ((1) = y. Let { be the E°
curve given by Lemma 10.15, tangent to order r to ¢ at ((0) = z. Equation (51) now
implies that

dn(projy o o o {(t), projy o jz'o°(tv)) = o([tv|*").

Since d(¢(t), {(t)) = o(|tv|"), and o is Lipschitz, we obtain (49). Hence o has a central
£+ 1 jet at z, and it is given by j5+1o°. We have verified both I,,; and ITT,;.

Proposition 11.5. — o is C".
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Proof. — If r = 1, then we have already shown that the 0-jet of o is differentiable
along W°(x) at x, for every z, and this derivative varies continuously at M. Since o
is C! along the leaves of W*® and W", this readily implies that o is C.

Assume, then that 1 <r < k — 1. Let £ = |r|, and let @ = r — £. We first show:

j o¢is C® at z along ‘W (z), for every z € M The proof is a slight adaptation
of the proof that j¢o° is Lipschitz at z along W (z), for every & € M, for £ < r; the
central observation that allows one to modify this proof is that Hg,(x, g) still covers
the diffeomorphism Hy(x, p), and for ¢ > 1, Hg(z, p); is @-Holder continuous in the

(z, po)-variable, and C*° in the (g1, -- , pj)-variables. (See the proof of part II of
Theorem A as well). We omit the details.

o has an ({,@,C) expansion at z along Wc(w), uniformly in z € M. This is
essentially the same as the proof that o has a central /-jet at every point for £ < r,
except one sharpens the estimates on the remainder of the Taylor expansions along
E* curves, using the G-Holder continuity of the central /-jets.

The section ¢ is C”. Since r-bunching is an open condition, as is the condition
r < k — 1, by increasing r slightly, we may assume that r is not an integer.

We have shown that o has central {-jets, and that ] o€ is a-Holder continuous. Fix
a point p € M. The fake center-stable manifolds ‘W ( ), for z in a neighborhood U
of p, form a continuous family of C" = C%% embedded disks.

Fix z in this neighborhood U, and consider the foliation {W (y)} T (@) of the

plaque ‘W (x) by fake stable manifolds. Since o is W* saturated, it is C* along
W*(y), for anyy € M. In particular, it has a (£, @, C)-expansion along W*(y), for any
y.Fory € w (z) corresponding to (0,0, z°) in adapted coordinates at z, Lemma 10.5
implies that the distance between (5  ..1(0,2%) and &G (z°, z°) is o(d(z, y)"). Since &
is Lipschitz, and o has a (¢, &, C)-expansion along @0, :I:C)(O’ z°) (which corresponds
to W*(y)), this implies that o has a (¢, @, C)-expansion along /‘M\/s(y) (corresponding
to &§*(z¢, °)) with an error term that is on the order of d(z,y)".

CS

Next consider the family of plaques {,‘Wc(y)} defined by w (y) = w ()N

yew (z)
/‘M7w(y). This forms a continuous family of C"-embedded disks. Paired with the the
/‘M\/i foliation, the family of /();I//c plaques gives a C” transverse pair of plaque families
in W (z). Lemma 10.5 implies that for each y € @cs( ) the distance between the
£-jets of /‘M\/cs(m) atzand W (y) at y is o(d(z,y)%). Since w ( ) = /‘M\/CS( )ﬂ/‘M\/w(y)
it follows that the the distance between the (-jets at y of w (y) and w (y) is also

o(d(x,y)¥). But o is Lipschitz, and o has an (¢, @, C) expansion at y along W (y), for
every y. This implies that in an adapted coordinate system at x , we can write the
plaques WC( ) as a parametrized family along which o has an (¢,@, C) expansion at y
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along W"(y), for every y € /‘M\/cs(z), with an error term that is on the order of d(z,y)".
Hence we can apply Theorem 8.4 to conclude that ¢ has an (¢, @, C)-expansion along
WCS (z) at z, for every z in U, where C is uniform in z.

Now the family {/wcs(x)}zeu is a uniformly continuous family of C" plaques in U.
Paired with the local W" foliation, it gives a transverse C%® pair of plaque fami-
lies in U. Since o is u-saturated, it is C* along W"-leaves and in particular has an
(¢,@, C)-expansion along W"(z) at every z € U. Applying Journé’s theorem again,
we obtain that ¢ has a (¢,@,C’)-expansion expansion at every x € U, where C’ is
uniform in z € U. Theorem 8.2 implies that o is C” in U. As p was arbitrary, we
obtain that o is C". O

This completes the proof of Theorem C. O

12. Final remarks and further questions

The proofs here could admit several improvements and generalizations. Some are
not difficult: for example, the compactness of the manifold M was not essential.
The definition of partial hyperbolicity in the noncompact cases merely needs to be
modified to ensure that the functions v, ¥, v/, ?/4 are uniformly bounded away from
1, and the definition of 7-bunching must be similarly adjusted. Other improvements on
Theorem A are more challenging. For example, there is no counterpart in Theorem A
to the analyticity conclusions in Theorem 0.1, part IV. Another question is whether
the Holder exponent in Theorem A, part II can be improved. Finally, we ask whether
the loss of one derivative in Theorem A part IV (and Theorem C) is really necessary:
is it true that if ¢ is C", f is C", accessible and r-bunched, where r > 1, then any
continuous solution to (2) is C" (or perhaps C"~¢, for all ¢ > 0)?
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