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RESTRICTIONS OF REPRESENTATIONS
OF CLASSICAL GROUPS: EXAMPLES

by

Wee Teck Gan, Benedict H. Gross & Dipendra Prasad

Abstract. — In an earlier paper, we considered several restriction problems in the
representation theory of classical groups over local and global fields. Assuming the
Langlands-Vogan parameterization of irreducible representations, we formulated pre-
cise conjectures for the solutions of these restriction problems. In the local case, our
conjectural answer is given in terms of Langlands parameters and certain natural sym-
plectic root numbers associated to them. In the global case, the conjectural answer
is expressed in terms of the central critical value or derivative of a global L-function.
In this paper, using methods of base change and the theta correspondence, we test
our conjectures for depth zero supercuspidal representations of unitary groups, and
for more general representations of groups of low rank.

Résumé (Restrictions de représentation de groupes classiques : exemples). — Dans un
article précédent, on a considéré certains problémes de restriction en théorie des
représentations de groupes classiques sur un corps local ou global. Admettant
que la paramétrisation de Langlands-Vogan pour les représentations irréductibles
est établie, on a formulé des conjectures précises concernant les solutions de ces
problémes. Dans le cas local, la solution conjecturale se présente en termes de
paramétres de Langlands et de certains facteurs epsilon symplectiques associés a
eux. Dans le cas global, la solution conjecturale est exprimée en termes de valeur, au
centre de la bande critique, ou de la dérivée de la fonction L globale. Dans V’article
présent, on vérifie ces conjectures pour les représentations supercuspidales en niveau
zéro de groupes unitaires et pour des groupes plus généraux de rang bas en utilisant
des méthodes de changement de base et de correspondence théta.

1. Introduction

This paper is a sequel to [7], where we considered several restriction problems in
the representation theory of classical groups over local and global fields. Assuming
the Langlands-Vogan parameterization of irreducible representations, we formulated
precise conjectures for the solution of these restriction problems. In the local case,
our conjectural answer is given in terms of Langlands parameters and certain natural
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112 W. T. GAN, B. H. GROSS & D. PRASAD

symplectic root numbers associated to them. In the global case, the conjectural answer
is expressed in terms of the central critical value or derivative of a global L-function.
For the precise statements of the restriction problems and our conjectures, we refer
the reader to [7].

The conjectures for the case of special orthogonal groups were contained in the
earlier papers [13] and [14] and were suggested by the results of Waldspurger [43, 44,
45], Tunnell-Saito [42], [37], and Prasad [27, 28, 29] in certain low rank cases. Since
then, there have been further results in the orthogonal case, both locally and globally;
see, for example [30], [15], [10], and [34]. Most notably, in a series of recent papers
[46, 47, 48, 49] and [24], Waldspurger and Moeglin-Waldspurger have established the
local conjectures of [13, 14], assuming certain expected properties of the characters
of representations in tempered L-packets.

In this paper, we provide some evidence for the conjectures of [7] in the unitary
case. More precisely, we shall consider the restriction problems in the following cases:

(i) the depth zero supercuspidal L-packets of DeBacker-Reeder [3], which are asso-
ciated to tame regular discrete L-parameters;

(ii) certain low rank cases, such as U(1) x U(1), U(1) x U(2), U(2) x U(2) and
U(2) x U(3).

We conclude this introduction by summarizing some notations and conventions
which are used throughout the paper. Let k be a local field, equipped with a non-
trivial involution o with fixed field ky. We will always assume that the characteristic
of k is not equal to 2. In Section 1, ¥ = C and in Section 2, k is the unramified
quadratic extension of kg, but from Section 6 onwards, k is non-archimedean and
there is no restriction on the ramification of k over ky. We fix a non-zero element §
of k with trace 0 to ko, so k = ko + ko - 6 and o(d) = —4. In addition, ¢ will denote a
non-trivial additive character of k/ko whereas 1o will denote a non-trivial character
of kg. We can pass from a character ¢y to a character ¢ by defining () = ¥o(d - z)
for all elements z € k of trace zero. In particular, this will be how ¥y and ¢ are
related in most parts of the paper. We will consider finite-dimensional hermitian or
skew-hermitian spaces over k, typically denoted by V in the hermitian case and W
in the skew-hermitian case. Given a hermitian space V', we may convert it to a skew-
hermitian space by multiplying the hermitian form on V by the trace zero element §;
we denote the resulting skew- hermitian space by Ws. Then one has an identification
of the associated isometry groups: U(V) = U(Wjs).
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B. H. Gross is partially supported by NSF grant DMS 0901102. D. Prasad was par-
tially supported by a Clay Math Institute fellowship during the course of this work.
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RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 113

2. Discrete series parameters

We begin with the computation of the distinguished character in [7, Conjecture
17.3]
X=XN XXM :Apm X Ay =< 1 >,
which is defined using local root numbers, for some discrete series parameter for the
group G = U(V) x U(Vp), where Vy and V hermitian spaces over k, and Vo C V of
odd codimension.
In general, these discrete series parameters have the form

M = PMm;
D
J

where the M; are distinct conjugate-symplectic representations and the INV; are distinct
conjugate-orthogonal representations of the Weil-Deligne group of k. The dimension
of M is even and the dimension of N is odd. In this case, the centralizer Cs x Cn of
the Langlands parameter is finite.

We will only consider the case where each M; = C(«;) and each N; = C(g;) is
one dimensional. Then «; is a character of k* /Nk* with a| kX = Wh/ko» and §; is a

N

character of £* /k{ . In this case, we have the component groups
Ay = Pz/2z -«
A = Pz/2z-§;.

These vector spaces have dimension equal to dim M and dim N over Z/2Z, which is
as large as possible. We have

Me="1 = C(a)
NE=L = ().

Fix a nontrivial additive character ¢ of k which is trivial on kg. By the definition
of the character y, we have the formulae

x(e:) = €(Cla;) ® N,9)
x(f;) = e(M&C(B)),¥).

Using the additivity of the local epsilon factors, this becomes

1 e(ciBe, v)
k

X(ei)
x(f;) = []elcwBi ).
k

Since the products «;0; are all conjugate-symplectic characters of k*, we need a
formula to compute their root numbers. We will do this in two different cases - when
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114 W. T. GAN, B. H. GROSS & D. PRASAD

k/ko = C/R, which we take up now, and then when k/ko is unramified which we do
in the next section.

Proposition 2.1. — Assume that ko = R and choose an isomorphism z : k — C. Let
a=2"2".(22)" = (2/2)"
be a conjugate-symplectic character of k™, where a is a half integer, and let

1/} — e21riTr('iz) — e27r(§—z)

Then
+1 ifa > 0;

e ¥) = {—1 ifa <0,

Proof. — Tate [40, (3.2.5)] gives the formula
e(a, o) = i**
when a > 0 and o(z) = >™"(2)_ Since 1(2) = 1o(i2), we find
e(a, ) = i** - a(i) = +1

in this case. When a < 0 we must conjugate the isomorphism z : k¥ — C to use Tate’s
formula. This changes the character %, and hence the sign of e. O

Corollary 2.2. — Assume that kg = R, choose an isomorphism z : k — C, and let
Y = e2™(2=2)_ If M is the sum of the distinct symplectic characters o; = (2/2)%,
where each a; is a half integer, and N is the sum of the distinct orthogonal characters
B; = (2/2)%, where each bj is an integer, then

x(e:) = (=)™
x(f;) = (=)™
where
m; = #{r:ai+br<0}
n;j = #{r:a,+b; <0}

Finally, we note that in the case when kg = R, we may order the distinct characters
a; and 3; in the parameter ¢ so that

a1>a2>a3--~€%Z—Z
b1>b2>b3"'€Z.

Corollary 2.3. — For i < j, we have

x(e)x(e;) = (=1)™
x(fi)x(f;) = (=1)"4.
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RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 115

where

mi; = #{r:ai+br>0>aj+br}
ni; = #{r:b+a >0>b;+a}.

Since we know how to describe the representations in the L-packets of discrete series
parameters when ko = R [15], the calculation of x(e;)x(e;) and x(f;)x(f;) allows us to
say something about the representation 7 = 7(p, x) = m; ® 72 of G(R) with d(w) = 1.
The irreducible representations 7; and s are discrete series representations of even
and odd dimensional unitary groups, with infinitesimal characters

a; >ag >az > -
b1>b2>bg>"'

in X* + p respectively. Moreover, in the chambers defined by their Harish-Chandra
parameters, the simple root walls corresponding to

e; —e€iy1 is compact <= x(e;)- x(ei+1) = -1

fi— fit1 is compact <= x(fi) x(fi+1) =-1.
More generally, for i < j, the positive root

e; —e; is compact <= x(e;)-x(e;) = (=1)"

fi—f; is compact <= x(fi)-x(f;) = (=1)"*.
This determines the signature of the unitary group G(R), and in almost all cases the
discrete series representation .

We end this section with a remark about branching from U(n,1) to U(n). Ac-
cording to a theorem of Harish-Chandra, an irreducible admissible (g, K)-module is
determined by the action of U(g)® on a given K-type which appears in the represen-
tation space. Here, U(g) denotes the universal enveloping algebra of the complexified
Lie algebra g of G and U(g)¥ is the centralizer of K in U(g). Further, the action of
K x U(g)¥X on the corresponding isotypical component is irreducible. By a theorem
of Kostant, for

G =U(n,1) and K =U(n)x U(1),
U(g)¥X is generated by the centers of the universal enveloping algebras of G and K,
and thus is abelian. This proves that any irreducible representation of U(n) appears
with multiplicity at most one in the sum of representations in a given L-packet of
U(n, 1) (since all the members of an L-packet have the same infinitesimal character).

3. Depth zero supercuspidals

In this section, we test the restriction conjecture for some tamely ramified discrete
parameters ¢ of unitary groups. We begin by calculating the local root numbers,
assuming that ko is non-archimedean with residue field F, and k is the unramified
quadratic extension of kg.

SOCIETE MATHEMATIQUE DE FRANCE 2012



116 W. T. GAN, B. H. GROSS & D. PRASAD

Proposition 3.1. — Assume that ko is non-archimedean, and let k be the unramified
quadratic field extension of ko. Let ¢ be an additive character of k which is trivial on
both ko and the maximal ideal of the ring of integers Ay, but is nontrivial on Ay. Let
a be a conjugate-symplectic character of k* of conductor f(c). Then

e(a,9) = (-1)7 @+,
Proof. — When k/kg is unramified, every conjugate-symplectic character a has the
form
a = 6 2
where 3 : k* /kI — C* is a conjugate-orthogonal character and u is the unramified

quadratic character of k* (which is conjugate-symplectic). By [7, Section 5] and |6,
Theorem 3|, we have

€(B,9) = +1

for any character ¢ of k which is trivial on kg. Since p is unramified, we have [40,
(3.4.6)]

e(a,z/)) = e(ﬁ, 1/)) . “(ﬂ-f(ﬂ)-l-n(d)))
Since f(8) = f(a) and n(y) = —1, this gives the formula in the proposition. o

Corollary 3.2. — Assume that ko is non-archimedean. Let k be the unramified
quadratic field extension of ko and u the quadratic unramified character of k*. Let 1
be an additive character of k which is trivial on both ko and the mazimal ideal of the
ring of integers Ay, but is nontrivial on Ay. Let

M = ®;C(a;) and N =@;C(8;)

where the a;’s are mutually distinct, tamely ramified, conjugate-symplectic characters,
and the B;’s are mutually distinct, tamely ramified, conjugate-orthogonal characters.
Order these characters so that

a1fr = azf = = apfp = p,
for p >0 and o;B; # p for any pair {i,j} with ¢ > p and j > p. Then
—1 when i < p;
x(e;) = :
+1 when i > p.

Similarly,

—1 when j < p;
x(f;) = :
+1 when j > p.

Finally, X(_la 1) = X(17 _1) = (_l)p'
Proof. — Since our characters are all tamely ramified, we find

flaif;) =1,
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RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 117

unless ¢ = j < p, in which case the product «;08;,7 < p, is equal to the unramified
character p and f(a;08;) = 0. Taking the product of epsilon factors giving x gives the
desired result. O

We take the parameter
M = @PC(w)
N = )

given by the sum of distinct conjugate-symplectic and distinct conjugate-orthogonal
characters of k*. We assume that all of these characters are tamely ramified:

floi) = £(B;) = 1.

The L-packet II, of depth zero supercuspidal representations of the pure inner
forms of G = U(V) x U(Vp) have been constructed by DeBacker and Reeder [3]; we
briefly summarize their results in this case. Let V' be a hermitian space of dimension
n over k. A parameter ¢ of the above type for the unitary group U(V) = U,, gives, by
restriction to the units of k*, a regular complex character p of the anisotropic torus
S = U(1)" (see [3, Section 4.3]). The torus S comes equipped with v; : § — U(1)
which are the projections onto the ith factor of S = U(1)™.

An embedding

t: S —->TU(V)
will be called admissible if V is the direct sum of orthogonal lines L; = kv; on which
S operates as
sv; = vi(s)v;, forallseS.
The U(V)-conjugacy class of admissible embeddings ¢ depends only on the signs
€ = (~1)al,

which must satisfy the one relation

Hei — (_1)ord(dich)'
A

Since the two hermitian spaces V and V' of dimension n have distinct hermitian dis-
criminants, all the values for ¢; are possible, and hence there are exactly 2" conjugacy
classes of admissible embeddings ¢ of S into U(V') and U(V’). These conjugacy classes
correspond bijectively to the characters x = x, of the group A, where x(e;) = ;.
For each embedding ¢ : S — U(V), there is a unique maximal compact subgroup
K, ¢ U(V) which contains the image. This is the subgroup stabilizing the lattice,

LL = @ Ak:’U’i»

where we normalize the basis vectors of our S-stable lines to satisfy 0 < ord(v;, v;) < 1.
The compact-open subgroup K, is hyperspecial if and only if all of the inner products
(vs,v;) have valuations of the same parity.
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118 W. T. GAN, B. H. GROSS & D. PRASAD

If we define
LY ={z € V|(z,f) € Ay, forall L€ L},

then

wL/ c L, CL).
The hermitian form on V restricted to L, gives rise to a non-degenenerate hermitian
form on L,/(wL)) with values in Ax/w, and the multiple of the hermitian form on V'
by w gives rise to a non-degenerate hermitian form on LY /L, with values in Ag/w.
Thus there is a natural map from K, to

I_{L(]Fq) = Ur(]Fq) X Un—T(IFq),

where 7 is the number of v; with (—1)°rd(vevi) = 1,

The torus S(F,) embeds in K,(F,), and the regular tame character p of S(F,)
allows us to construct an irreducible, supercuspidal representation R,(S,p) of the
finite group K,(F,), using the method of Deligne and Lusztig. We view this as a
representation of the compact group K,, and define the representation

 =m, of UV)

as the compact induction of R,(S,p). These are the 2" depth zero supercuspidal
representation in the L-packet IL,.

The Vogan bijection between the set II, and the group of homomorphisms from
A, to (£1) is normalized as follows. Assume that the hermitian space V is split and
even dimensional. Let L be an A-lattice in V' with an orthogonal basis whose inner
products are units in A. Let N1, be the unipotent radical of an Iwahori subgroup of
the hyperspecial maximal subgroup K = Aut(L) in U(V). The construction of |7,
§12] over the ring A gives a surjective homomorphism

ft+forNp— A1 4 A"

where A~ is the eigenspace where ¢ = —1 on A, which consists of the elements of
trace 0 to Ag.

By [4], the character x = 1 of A, corresponds to the unique representation
in the L-packet of ¢ which is induced from a generic, cuspidal representation of the
reductive quotient U, (F,) of K = U(L). All of the generic characters of the unipotent
radical N(F,) of a Borel subgroup of U, (F,) are conjugate, and we construct one of
them in the following manner.

Let 9 be an additive character of k which is trivial on kg and the maximal ideal B
of A, but is nontrivial on A. Since A is unramified over Ag, we have

Ao+ A~ =2-A+A".
Hence, for elements z in A~, the character
z— P(2/2)

is nontrivial on A~ /P~. Then the composition

n—%(Ef(n) - ¥(fo(n)/2)
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RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 119

defines a character of N, which is the inflation of a generic character of N(F,) under
the natural homomorphism Ny — N(F,). Hence the representation 7, corresponding
to the trivial character of A, is generic for the character obtained by scaling the
additive character 9 used in the computation of the root number in Proposition 3.1
and Corollary 3.2 by the factor 1/2, or equivalently by the factor 2. This is the
normalization predicted in |7, Conjecture 17.3].

Now consider the parameter of G = U(V) x U(V,) = U,, x U, which is given by

M = @C(a,)
N = Pc@).

From the calculation of the character x = xn X xum of A, in the previous section, we
conclude that the irreducible representation m, of G = U(V) x U(Vp) is compactly
induced from a maximal compact subgroup with reduction isomorphic to

(Ua(Fq) X Un—a(Fq)) X (Ua(Fy) X Um—a(Fy))-

Here d > 0 is the number of pairs (o, ;) with @;8; = p. The finite dimensional
representation that we are inducing has the form

(R® R(a)) ® (RY ® R(p))

where R is the Deligne-Lusztig representation of Uy(IF,) associated to the charac-
ter (ai,asz,...,aq) of the maximal torus U (F,)¢ and RV is its dual representation,
associated to the character (81, 02,...,084) = (a7, a5 'y...,05"). (We have abused
notation here to denote a;,3; now to be characters of U(1)(F;) obtained from the
corresponding characters of the local field in a natural way.) The remaining represen-
tations R(a) of U,_4(F,) and R(B) of Uy,_q(F,) are associated to characters whose
components «; and §; satisfy o;8; # p for all 4, 5.
As support for |7, Conjecture 17.3], we will prove:

Theorem 3.3. — Let m, be the depth zero supercuspidal representation of G = U(V') x
U(Vp) defined above, which corresponds to the distinguished character in |7, conjecture
17.3]. Then m, possesses a Bessel model, in the sense that

dimHompg (my,v) =1

where (H,v) is as defined in |7, §12].

To prove the existence of a (unique) Bessel model for 7y, it is sufficient to establish
the existence of a Bessel model for the representation

R(a) @ R(B) of Up_g X Upy—g,

as there is clearly a unique Uy x Uy invariant linear form on (R ® RY). We will do
this in the following two sections, after first studying the situation for general linear
groups.
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120 W. T. GAN, B. H. GROSS. & D. PRASAD

4. Branching laws for GL,(F,)

In this section, we calculate the restriction of a representation of GL,(F,) to
GL,_1(F,) where GL,_1(F,) sits inside GL,(FFy) in the natural way as

Al—»(A O).
0 1

These branching laws are surely known in the literature, such as in the work of Thoma
[41]; however, we have preferred to give a different independent treatment.

We begin by recalling the notion of twisted Jacquet functor. Let P = M - N be
any group such that N is a normal subgroup of P and let ¢ be a character of N
whose stabilizer in M is denoted by M. The data (N, ¢) defines the twisted Jacquet
functor from the category of smooth representations of P to the category of smooth
representations of M. It associates to a representation V' of P the largest quotient
VN, of V on which N operates via the character ; clearly Vi, is a representation
space for M,,. The twisted Jacquet functor is exact.

Now let E,_; be the mirabolic subgroup of GL, (FF,) consisting of matrices whose
last row is equal to (0,0,---,0,1) and let N,, be the group of upper triangular unipo-
tent matrices in GL,,(F,). We fix a nontrivial character ¢ of F, and let ¢, be the
character of N,,, given by

Yn(u) = Yo(ur2 +u23+ -+ Un_1,n).
For a representation m of GL,(IF,), let

7' = the ¢-th derivative of 7,

which is a representation of GL,,—;(F,). To recall the definition of n?, if
Rn—i = GLn—z(Fq) : ‘/2

is the subgroup of GL, (FF,) consisting of matrices

g v

0 =z
with g € GLn—i(Fy), v € M(n_s)xs, 2 € N;, and if the character ; of N; is extended
to V; by extending it trivially across M(,_;)x;, then we have

T
=TV

If 7 is an irreducible cuspidal representation of GL,(F,), then n* = & for i = 0, and
7™ = 1, the trivial representation of the trivial group GLo(F,) = {e}. All the other
derivatives of 7 are 0.

The following proposition is from Bernstein-Zelevinsky [2, Lemma 4.5], where it
was established for non-archimedean local fields, but their proof works for finite fields
as well. It is known as the Leibnitz rule for derivatives.
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RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 121

Proposition 4.1. — For m, a representation of GL,, (Fy) and my of GLy, (Fq), we let
w1 X mp denote the representation of GLy, yn,(Fq) induced from the corresponding
representation of the parabolic subgroup with Levi subgroup GL,,(Fq) X GL,,(F,).
Then there is a composition series of the k-th derivative (11 X m)¥ whose successive
quotients are i x 8" fori=0,--- k.

Here is a generality from Bernstein and Zelevinsky [2, §3.5].

Proposition 4.2. — Any representation ¥ of E,, 1 has a natural filtration of E = E,,_;
modules

0=%CXCc¥C--CX, =X
such that
Tit1/% = indf (B @ ¢y_) fori=0,---,n—1,
where R; = GL;(Fy) - Vi—; is the subgroup of GL,(F,) consisting of

g v
0 =z
with g € GLi(Fy), v € Mix(n-i), 2 € Nn_i, and the character ¥n_; on Np_; is

extended to V,,_; by extending it trivially across M;y (n—;).

As a consequence of the above two propositions, we have the following corollary.

Corollary 4.3. — Let n =n; + -+ n, be a sum of positive integers, and let w; be an
irreducible cuspidal representation of GL,,(Fy) fori=1,---,r. Let

H=m X xm

be the corresponding parabolically induced representation of GL,(Fg). Then the re-
striction of the representation w1 X - - - X 7, of GL,(IFq) to GLp_1(Fy) is a sum of the
following representations:

Ty X Tiy X oo X T4 xE[n—l—(n“—F—i-nzs)]

where 1 <4y < ig < -+ < ig < 1 (the empty sequence is allowed) with n;, +---+n;, <
n, and

Sfm] = indy "y,
denotes the Gelfand-Graev representation of GL,,(Fy), with L[1] equal to the regular
representation of ]Fc;< and X[0] denoting the trivial representation of the trivial group.

Proof. — By Proposition 4.2, the restriction of I to E,,_; is the sum of
/I = indp " (1" © Yn_i).
Since GLp—1(Fq) - Ri = E,—1 for any 1, it follows that
(i1 /T)lGL,_, (F) = T 7" x B[n — 1 —14),
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where X[n — 1 — 4] is the Gelfand-Graev module of GL,_1_;(Fy). It only remains to
calculate the derivatives II"~* of II, but this follows from Proposition 4.1. O

As a simple consequence of this corollary, we have the following.

Theorem 4.4. — Let n = ny + --- + n, be a sum of positive integers, and let w; be
an irreducible cuspidal representation of GLy,(Fg), for ¢ = 1,--- ,r. Let n — 1 =
my + -+ + mg be a sum of positive integers, and let u; be an irreducible cuspidal
representation of GLy,, (Fy). Assume that the representations py,--- , ps are pairwise
distinct, so that the corresponding parabolically induced representation py X - -+ X ps
of GLp_1(Fy) is irreducible. Then

dimHomGLn_l(]Fq)(ﬂ'l Xoeee X, by X000 X /,Ls)

s equal to
S
i=1
where d; 1s the multiplicity with which u; appears in the set {m1,...,n,}. In particular,

if the m;’s are mutually distinct as well, then
dim Homgr,, _, (F,) (M1 X *++ X Ty fi1 X o+ X fig) = 24
where d is the cardinality of the set
{m1,y .- me 0 {p1, -0, s}

Corollary 4.5. — The restriction of the representation m X --- X m, of GLyp(F,) to
GL,,—1(Fq) contains the representation piy X - - - X pig of GLp_1(Fq) (with p;’s cuspidal

and mutually distinct) with multiplicity one if and only if the sets {my,--- , 7.} and
{1, , s} have no common elements; in other cases, the multiplicity is a +ve even
integer.

5. Branching laws for U,(F,)

In this section, we use the method of base change, also called Shintani descent, to
deduce some conclusions about branching laws for the restriction of a representation of
Up(Fy) to U,—1(Fy) from the corresponding results for general linear groups obtained
in the previous section. The result is then applied to give a proof of Theorem 3.3.

We make crucial use of the multiplicity 1 theorem for restriction of representa-
tions of unitary groups over p-adic fields, which was recently proved by Aizenbud,
Gourevitch, Rallis and Schiffmann in [1]. A simple consequence of their result is:

Proposition 5.1. — Let m, be an irreducible cuspidal representation of U,_1(F,) and
let

me = Ip(0)
be a (possibly reducible) principal series representation of U, (F,), where P is a
parabolic subgroup of Uy (F,) and o is an irreducible cuspidal representation of a Levi
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factor of P. We allow the possibility that P = U,,, in which case wo = o is cuspidal.
Then

dim HomUn_l(]pq)(ﬂ'g, m) < 1.

Proof. — Let kg be a local field with F; as its residue field and let k be its unramified
quadratic extension. Then one can find quasi-split unitary groups U(Vp) and U(V)
with Vo C V, such that U(Vp)x U(V') over kg contains a hyperspecial maximal compact
subgroup Ky x K with reductive quotient U,_;(F,) x U, (F,). Moreover, one may
find a maximal parabolic subgroup P of U(V), such that PN K maps to the parabolic
P in the reductive quotient Uy, (Fy).

We commit the usual abuse of notation in denoting by m; the representation of K
obtained from the representation 7, of U,_1(F,) through the natural map from Kj
to Un—l (Fq)

Let 71 be the depth zero supercuspidal representation of U(Vp) which is obtained
from 7; by compact induction, so that

i1 = indj .
Similarly, let & be a depth zero supercuspidal representation of the Levi factor of P
which contains o as a type. Since the center of a Levi subgroup is non-compact, there
are many choices for &, and we may consider the principal series representation /(&)
of U(V) which is irreducible for a generic choice of &; this is possible by a result of
Waldspurger, cf. [39]. Moreover, if K; denotes the kernel of the natural projection
map

K — Uy (Fy),

then one has

1(6) = Ip(0).

Now by Frobenius reciprocity, we have
dim HOIII(J(VO)(IP(&), 7?1) = dim HOIHKO(IP(&), 7T1)
= dim HomUn_l(Fq)(Il,s(&)K"'1 , 1)

where Ky ; is the kernel of the projection map Ko — U,_1(F,). Since Ko, C K1, we
have
I5(6)50r 5 15(6)% = Ip(0) = m,.
Thus we conclude that
dim Homu(vo)(.[}';.(&), 7?1) > HomUn_l(Fq)(ﬂ'g,m).

By [1], the LHS is bounded above by 1 for a generic choice of & (so that I5(5) is
irreducible), and hence so is the RHS. This proves the proposition. O

Remark 5.2. — We note that the above multiplicity one result for unitary groups
over finite fields, proved via known multiplicity one result for p-adic fields, is weaker
in some aspect, and stronger in some other aspect, than the corresponding result for
p-adic fields. It is weaker since it assumes that the representation m; of U,_;(F,)
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is cuspidal; it is stronger than the p-adic result in that it does not assume that
the representation my of U,(F,) is irreducible, but only assumes that it is obtained
from parabolic induction of an irreducible representation. Presumably such a stronger
result should also be true in the p-adic context, and is in fact true if the cuspidal
representation m; of U,_; is compactly induced, which conjecturally is always the
case (for cuspidal representations).

A corollary of the above proposition is the uniqueness of Bessel models for cuspidal
representations of unitary groups over finite fields.

Proposition 5.3. — Let m; be an irreducible cuspidal representation of U, (F,), and let
m be an irreducible cuspidal representation of Up,(Fq) withn > m but m #n mod 2.
(i) Let P be a mazimal parabolic subgroup of Upi1(Fy) with Levi factor GL,(Fg2) x
U, (Fy) (so that m +2r = n+ 1) and let T be a cuspidal representation of GL,(Fg2).
Consider the principal series representation Ip(T W my) of Upt1(Fq). Then, with the
data (H,v) defined as in |7, §12], we have

HomH(Fq)(ﬂl X o, v) & HomU"(Fq)(Ip('r R ma), 7))
(if) We have:
dim Hompg ) (m K ma,v) < 1.
Proof. — (i) This is the finite field analog of [7, Theorem 15.1], with the same proof.
(ii) If n = m + 1, (ii) is a special case of Proposition 5.1. In the general case when
n > m + 1, we choose 7 in the context of (i) so that the induced representation

Ip(t W my) is irreducible. Then (ii) follows immediately from (i) and Proposition
5.1. O

The above propositions allow us to study the restriction problem from U, (F,) to
Up—1(F,) using Shintani descent. We begin by giving a brief review of this notion.
Let G be a connected reductive algebraic group over F, and let m > 1 be a
fixed integer. The group G(Fgm=) comes equipped with its Frobenius automorphism
F, whose set of fixed points is G(F,). There is a natural map, called the norm mapping,
{F-conjugacy classes in G(Fym)} — {conjugacy classes in G(F,)}
which is a bijection. The norm mapping thus induces an isomorphism of vector spaces
{class functions on G(F,)} — {F-class functions on G(Fgm)},

which is called the base change map, and whose inverse is called Shintani descent.
Furthermore, the base change map is an isometry:
(X1, x2)ar,) (X1, X2)GEF,m)
#G(F,) — #G(Eem)
where x1 and xo are class functions on G(F,) which are Shintani descents of the
F-class functions x} and x5 on G(Fgm). Here we have used the standard notation

(f.fo)e =Y fi(9)f2(g7h).
G
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According to Deligne-Lusztig, given a maximal torus T' of G defined over Fg, and
a character

0:T(F,) — C*,

there is a (virtual) representation of G(F,) denoted by R(T,#), which is called a
Deligne-Lusztig representation. Now given a character 6 as above, one has the char-
acter

¢ : T =T (Fgm) — CX

obtained by composing § with the norm mapping: T'(Fgm) — T'(F,). Thus one may
consider the Deligne-Lusztig representation R(T", 6'). The following lemma is [5, 5.16]:

Lemma 5.4. — Suppose that G has connected center. Then if R(T,0) is irreducible,
so is R(T',0").

Henceforth, we assume that G has connected center and that R(T, 6) is irreducible.
The irreducible representation R(T",6’) is invariant by F' and thus can be extended
(in m ways) to the semi-direct product G(IFgm) x (F). For any such extension, the
restriction of its character to the coset G(Fym ) - F' is a F-class function, and one may
consider its Shintani descent. The following is a basic fact in the theory of Shintani
descent:

Proposition 5.5. — There is an extension of the irreducible representation R(T",6")
of G(Fgm) to G(Fgm) x (F) whose associated Shintani descent is the representation
R(T,0) of G(F,).

Now we can begin our study of the restriction problem for unitary groups over
finite fields. Let
T = R(T1,601)
w2 = R(T3,0,)
be irreducible Deligne-Lusztig representations of U, (Fq) and U,_1(FF4) respectively,

and let x; be the character of m;. We shall consider the quadratic base change of ;.
By Proposition 5.5, there are extensions of the irreducible representations

© = R(T,,0) of GL,(F,2),

m, = R(T;,605) of GL,-1(Fg2),
to GLp(Fq2) X Z/2 and GL,_1(Fg2) X Z/2 respectively, whose associated Shintani
descents are x1 and x2 respectively. Fixing such an extension in each case, we denote
the corresponding character of this distinguished extension to GLy(Fg2) x Z/2 and

GL,_1(F,2) x Z/2 respectively, by x} and x5.
From

(X1 X2) L1 (F 2) 0 (F) = (X1 X2)GLa_1(F,2) + (X1 X2) QL1 (F ) F-
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we find,
(X1 X)L F )P (X1 X2)GL.(F,2) | (X1 X2)GLa 1 (F,2) F
#GLn_l(]qu) #GLn_l(qu) #GLn_l(]qu) ’
(XﬂaXé)GLn_l(qu) (X1,X2)U, 1 (F,)
#GLp_1(Fg2) #U,_1(Fy)
Equivalently,
0 (X1:X2)GLa1 (F2)0(F) | <X/1’X/2)GLn—1(Fq2)+<X17X2>Un_1(qu)
2#GL,_1(Fp) #GL,_1(Fp2) #U,_1(F,)

Now we observe that:

(i) the left hand side of this last equality is an even integer;

(X1>X2)GL, _
(ii) the quantity ﬁ%’z—) was computed in Theorem 4.4, under the assump-
n- q

tion that R(Ty,65) is an irreducible representation;

iii) the quantity DAxz)un 1 k) is equal to 0 or 1 in certain cases, by Proposition
#Un—l(Fq)

5.1.

. (X1,X2)U,,_;(Fq) . . .
Together, these observations allow one to compute —#—U——l"(—Fl()—q) in certain situations.
n— q

Namely, let us assume that m; and m, are irreducible Deligne-Lusztig representa-
tions, and suppose further that 75 is cuspidal. Then the quadratic base change 7} and
wh, of m; and 7o are irreducible full principal series representations of GL,(F,2) and
GL;_1(Fg2). Thus, Theorem 4.4 implies that

(X1» X’z)GLn_l(Iqu) _ {1, if the cuspidal supports of 7] and 7} are disjoint,

#GL,—1(Fg2) an even integer, otherwise.

. (X1,X2)U,, _q (Fq)
On the other hand, by Proposition 5.1, W

get the following theorem as our only option.

is either 0 or 1. Therefore we

Theorem 5.6. — Let m and my be irreducible Deligne-Lusztig representations of
U, (Fy) and U,_1(F,) respectively, and suppose that w3 is cuspidal. Then

dim Homy, _, (5, (71, 72) # 0

if and only if the cuspidal supports of the base change representations ] and 75 of
GL,(Fg2) and GLy,_1(F,2) respectively are disjoint, in which case the Hom space has
dimension 1.

In particular, this theorem completes the proof of Theorem 3.3. Indeed, in the
setting of Theorem 3.3, we need to show that the distinguished representation 7, =
m1 X m of U(V) x U(V,) satisfies

Hompy (my,v) # 0.
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By the argument in the proof of Proposition 5.1, it is sufficient to show that the
representation

R(a) ® R(ﬂ) of Un—d(]Fq) X Um—d(]Fq)
satisfies
Hompgr,) (R(a) ® R(B),v) # 0.

The desired nonvanishing then follows from Proposition 5.3(i) and the above theorem,
using the fact that the quadratic base change of R(a) and R(f3) have disjoint cuspidal
support.

6. Langlands-Vogan packets for small unitary groups

The rest of this paper is devoted to verifying [7, Conjecture 17.3] or its variant |7,
Conjecture 20.1] in various low rank examples in the hermitian and skew-hermitian
cases. In this section, we explicate the Langlands-Vogan parameterization of irre-
ducible representations of U(V) where V is a hermitian (or skew-hermitian) space
over k of dimension < 3.

When dimy V' = 1, the group U(V) is naturally isomorphic to the subgroup k! of
norm one elements in k*, via its scalar action on V. The map

z— z/z’

gives an isomorphism of k* /kJ with U(V). The only other pure inner form of U(V)
is the group U(V') where V' is obtained from V by scaling the hermitian form on V'
by an element in k5 ~ Nk*.

In this case, an L-parameter for U(V) is a 1-dimensional conjugate-orthogonal rep-
resentation M of W D(k), which corresponds via local class field theory to a character
of k* /kg, and hence to characters xp of U(V) and x}, of U(V’). The Vogan packet
associated to M is then

My = {xm; Xm}-
The component group Aps is Z/27Z and the trivial character of Aps corresponds to
the character xps of U(V).

Now consider the case when dim V' = 2. We take V' to be the split hermitian space,
and denote the other rank 2 hermitian space (which is anisotropic) by V. In this case,
the groups U(V) and U(V’) are closely related to the group GL, and its inner form
DX, where D is the unique quaternion division algebra over kg.

More precisely, given a quaternion algebra B over ko (possibly split), we fix an
embedding

k— B

of algebras over ko and regard B as a 2-dimensional vector space over k via left
multiplication. All such embeddings of k into B are conjugate under Aut,(B) by the
Skolem-Noether theorem. There is an element b € B (of trace zero) which normalizes
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k and whose conjugation action on k is the involution o; moreover, all other such
elements are of the form X - b for A € k. We thus have a decomposition

B=k-14+k-b.

Define a nondegenerate hermitian form on B by
(z,y) = projection of z -7 onto k - 1,
where y — ¥ is the canonical involution on B; let Vg be the associated hermitian
space. If B is split, then Vp is the split hermitian space V, whereas if B is the
quaternion division algebra D over kg, then Vg is the anisotropic hermitian space V'.
The associated unitary similitude group is given by
GU(Vg) = (B> x k™) /Aky

with an element (b,t) € B* x k* acting on B by

(b,t)(x) = tab .
The similitude character is given by

(b,t) — Nt -Np~ 1,
so that

U(Vg) = {(b,t) € GU(Vp) : Nb = Nt}.
Observe that U(Vg) is a subgroup of
GU*(Vp) = ((B*)* x k)/Aky,
where
(B*)* = {b€ B* : Nb e Nk*}.
Moreover, it is easy to see that
GU*(VB) = U(VB) - Zau(vs)
where
ZGU(VB) = (k6< X kx)/Ak(;( =3 kx
is the center of GU(Vp).
For later purposes, we describe here a nondegenerate rank 1 hermitian subspace of

Vp. Consider the nondegenerate subspace

Lg=k-b— B
and observe that its orthogonal complement L3 = k - 1 is isomorphic to (1). The
pointwise stabilizer of Lg in U(B) is the diagonal subgroup

U(Lp) = k* kX —2— (B* x kX)/AkY.

We now come to the representation theory of U(Vp). Observing that the L-packets
of GU(Vp) are all singletons, we take an L-packet of U(Vp) to be the set of irreducible
constituents of the restriction of an irreducible representation of GU(Vg) to U(Vp).

Since
GU*(VB) = U(VB) - Zgu(vs),
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when considering the restriction of an irreducible representation of GU(Vg) to U(Vp),
we may as well consider the restriction problem to GU"(V3) in place of U(Vp).
Note that if 7 X x is an irreducible representation of

GU(VB) = (B* x k*)/Akf,
then its restriction to GUT (V) is equal to

'Tl( Bx)+ X X
and it is known that 7|gx)+ is either irreducible or is the sum of two inequivalent
irreducible summands. Moreover, the latter case holds if and only if 7 ® wy/x, = 7,
in which case we say that 7 is dihedral with respect to k/ko. Then the L-packet of
U(Vp) associated to 7 is the set

Oy = {(7* ®x)|uvp) : 7 is an irreducible summand of 7| gx)+ },
which has cardinality 1 or 2. Observe that if u is any character of kJ, then

HBJ@(M‘ Lodet),x-(uoN) = HB,T,X .

If N is the L-parameter of 7, we also write Ilg v, for IIp ; .
To attach L-parameters to these packets, recall that an L-parameter in this case is
a two dimensional conjugate-symplectic representation M of W D(k). Now we note:

Proposition 6.1. — (i) Let 7 W x be an irreducible representation of GU(V) =
(GLa(ko) x k*)/ Ak, so that wy - xlkox = 1. If N is the L-parameter of T, then the
representation

M = Nlwpk) ® x
of WD(k) is conjugate-symplectic.
(ii) Conversely, any 2-dimensional conjugate-symplectic representation M of W D(k)
arises in this way from an irreducible representation T &K x of GU(V'), which is well-
defined up to twisting by (u~* odet) X po N for some character p of kj .

Proof. — By [7, Thm. 8.1}, we know that giving a parameter for the unitary group
U(V) is equivalent to giving a 2-dimensional conjugate-symplectic representation M
of WD(k). Thus, it suffices to compare the standard description of the L-group of
U(V), or rather GU(V), with that which arises from the identification

GU(V) 22 (GLa(ko) x k*)/Akg .
The L-group of GU(V) is
LGU(V) = [GLy(C) x C*] x Z/27Z
in which the action of Z/2Z on GL;(C) x C* is via the automorphism
(9,0) = (wo'g ™ wy ', adet g) = ((detg) ™" - g, - det g),
with
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On the other hand, the L-group of H = (GLa(ko) X k*)/AkJ is
= [GLy(C) x {(C* x C*) x Z/2Z}]*,

where the Z/2Z action on C* x C* in ' H is via permuting the two factors, and [ ]*
in LH refers to the set of elements (g;, ) with a - 8- det g = 1. The isomorphism
H = GU(V) induces a natural isomorphism

LQu(v) = [GLy(C) x C*| x Z/2Z — = [GL2(C) x {(C* x C*) x Z/2Z})}

given by
(g,0) — (goza™" -detg™,07")

To complete the proof of the proposition, given a representation 7 X x of H =
(GLa(ko) x k*)/Aky, we get a Langlands parameter with values in “H which, by the
isomorphism above, gives a parameter with values in “GU(V). Composing this with
the natural projection map

LGU(V) = [GLy(C) x C*] x Z/2Z — GLy(C) x Z/2Z = “U(V)

whose kernel is CX, we get a parameter in LU(V), and therefore a conjugate-
symplectic representation of W D(k). This representation of W D(k) is none other
than N|wp) ® x where N is the L-parameter of 7. This proves (i).

Conversely, given a parameter for U(V), we lift it to ZGU(V) using a well-known
theorem of Tate (on the vanishing of the 2nd cohomology group of W (k) with values
in C*), and thus obtain a parameter for H. This proves (ii). a

In view of the above proposition, we set the L-parameter associated to the packet
I, x to be the conjugate-symplectic representation

M = Nlwpk) ® X,

with N the L-parameter of 7. Given a conjugate-symplectic M, with associated pair
(1, x) as in Proposition 6.1(ii), the associated Vogan packet is

Iy = U BB N,
where the union is taken over the two quaternion algebras over k.

Remark 6.2. — 1t has been shown by Konno-Konno [19] that the above construction
of L-parameters agrees with the one supplied by the theory of twisted endoscopy (i.e.
base change to GL(2) over k), which has been achieved by Rogawski [35] using the
stable trace formula.

The following table lists the various possibilities of M, II); and the component
group Ay, depending on the type of 7’s.
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T M 1153 Am
non-dihedral principal series P+°PY, 1 representation trivial
(with respect to k/ko) Pz°pY on U(V)
non-dihedral discrete series irreducible 1 representation on Z/2Z
(with respect to k/ko) conjugate-symplectic U(V) and 1 on U(V')
dihedral principal series 2-M, 2 representations Z]2Z
(with respect to k/ko) M’ conjugate-symplectic on U(V)
dihedral discrete series M, + My, M1 2 M, 2 representations on | Z/2Z x Z/27
(with respect to k/ko) conjugate-symplectic | U(V) and 2 on U(V’)

If the conjugate-symplectic representation M is of the last two types in the above
table, we shall call M dihedral with respect to k/kq. If it is of the first two type, we
shall call it non-dihedral with respect to k/ko.

From the above table, we see that #IIps = #Ap = #Irr(Ay). To index the
representations in ITys by Irr(Aps), we need to fix a generic character of U(V) (where
V is the split hermitian space). According to [7, Prop. 12.1(2)], a generic character of
U(V) is specified by giving a nontrivial additive character 1 : k/ko — S'. We briefly
recall how this is done. Let {e, f} be a basis of V such that

(e,e) =0={(f,f), (ef)=1

This is a unique such basis up to conjugation by U(V). Let N be the unipotent radical
of the Borel subgroup of U(V) fixing the line spanned by e. Then there is a natural
map N — k defined by
ne (’I’lf - f ’ f >a

which takes values in the subspace of trace zero elements in k. Composing this map
with the non-trivial character 9 : k/ko — S', we get a unitary character § : N — C*
in general position, and the pair (N, ) is unique up to conjugacy by U(V'), for a fixed
choice of 9. If a representation of U(V') has nonzero Whittaker model with respect to
(N, 6), we shall say that it is 1-generic.

Having fixed v : k/kg — S, we then decree that

(i) the trivial character of Aps corresponds to the i-generic element in ITps;
(ii) a character of Ay corresponds to a representation of U(V) if and only if it is
trivial on the image of the central element —1 € LU(V).

From the above table, we see that these requirements completely determine the bi-
jection
J(®) : Ty & Irr(An),

except in the last case, where 7 is a dihedral (with respect to k/kg) discrete series
representation of U(V) which is a compact unitary group, using the two characters
of Aps which are nontrivial on the central —1. However, in §8, we shall resolve this
issue when we describe an alternative construction of these Vogan packets using theta
correspondence.
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Finally, we consider the case when dimV = 3. In this case, the only other pure
inner form of U(V) is the group U(V’) where V' is the hermitian space obtained
from V via scaling by an element of k} ~ Nk*. In this case, the Vogan packets have
been defined by Rogawski [35] via base change to GL(3) over k using the stable trace
formula.

The L-parameters are conjugate-orthogonal representations M of WD(k) of di-
mension 3. When M is irreducible, the associated Vogan packet is said to be stable; it
consists of a representation of U(V') and the same representation regarded as a repre-
sentation of U(V'). The component group Ay is Z/2Z and we decree that the trivial
character correspond to a representation of U(V). On the other hand, when M is re-
ducible, the associated Vogan packet is said to be endoscopic. In §8, we shall describe
a construction of the endoscopic packets, and the labelling of their representations by
Irr(Aps), via the approach of theta correspondence.

7. Theta correspondence

The goal of this section is to review the necessary background and framework for
the theta correspondence for unitary groups. This is necessary for the construction
of endoscopic Vogan packets of U(2) and U(3) which will be given in the following
section.

Let V be a hermitian space and W a skew-hermitian space over k. To consider the
theta correspondence for the dual pair U(V') x U(W), one requires certain additional
data:

(i) an additive character g : ko — S';

(ii) a character p: kX — C* such that u|k6< = Wk /ko$

(iii) a trace zero element 6 € k*.

To elaborate, the tensor product Resy/x,(V ®k W) has a natural symplectic form
defined by
(v1 ® w1, v2 ® w2) = Try i, ((v1,v2)v - (w1, w2)w).

Note that many authors (for example [17]) include a factor 1/2 on the right hand
side, but we shall not follow this convention here. In any case, there is a natural map

i: UV) x UMW) — Sp(V ® W/kg).

One has the metaplectic S'-cover Mp(V ® W) of Sp(V ® W), and the character g
(together with the form (—,—) on V' ® W) determines a Weil representation wy, of
Mp(V ®W). To obtain a representation of U(V') x U(W) from w,,,, however, one needs
to specify a splitting of the map ¢ to the metaplectic cover. This is quite subtle, but was
completely understood by Gelbart-Rogawski [8], Kudla [21] and Harris-Kudla-Sweet
[17]; it requires the additional data above.

More precisely, the data (V, 1o, 1) determines a splitting

Z'v,u,,/,o : U(W) — Mp(V ® W),
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whereas the data (W, 1o, i, §) determines a splitting
Wb, : U(V) = Mp(V @ W)

whose image commutes with that of iv,, 4,. In [17], such splittings are constructed
for any pair of characters (x, x’) of k* satisfying
im Vv i
Xex = wife  and X' lex = wisnV
In their terminology, our splittings are relative to the pair of characters

x = pdimY and o = pdimW,

In particular, by [17, Corollary A.8], a property of this splitting is that the images of
the centers of U(V) and U(W) are identified, so that the resulting theta correspon-
dence preserves the central characters.

Using the above splittings, one obtains a Weil representation

Wypgu = Wipo © (EW,p1,0,6 X 0,100
of U(V) x U(W), where we have suppressed the data (V,W, ) from the notation.
The Weil representation wy, , depends only on the orbit of ¥y under Nk*. Thus,
given an irreducible representation m of U(W), we have its big and small theta lift
Oyo,u(m) and Oy, ,(w) on U(V). By a result of Waldspurger, 6y, () is either zero
or is irreducible when p # 2. For the groups of low rank discussed in this paper, one
can check that this is true for all p.

It would appear that, by restricting (x1,x2) (as in [17]) to have the special form
taken here, we are losing one degree of freedom. However, this lost degree of freedom
can be regained by allowing twisting of the theta lifts by 1-dimensional characters of
U(V), i.e. if we consider 0y, ,(m) ® (x o det) as well.

It is also useful to consider the theta correspondence for similitude groups. Let

R C GU(V) x GU(W)

be the subgroup consisting of elements (g, h) such that the product of the similitude
factors, sim(g)-sim(h) = 1. Then the Weil representation wy, ,, has a natural extension
to R. Now observe that

R C GUY(V) x GUT (W)
where GU™* (V) consists of those elements g € GU(V) such that sim(g) lies in the
image of the similitude map of GU(W), and analogously for GU* (W). Then one may
consider the induced representation

. GUT(V)XxGUT (W)
Q’/x'oyu = de Wipo,u

of GUT(V) x GU* (W), which depends only on the orbit of 1 under Nk* (and is
independent of 19 in some cases). We can now consider the theta correspondence
for GUT (V) x GUT (W) associated to Qy, . In particular, for a representation 7 of
GU' (W), we have its big and small theta lifts Oy, ,(7) and 8y, ,(7) on GUT (V).
In this paper, we will be considering the theta correspondence for U(V) x U(W)
with |dim V' — dim W/| < 1. In this case, there are some rather precise conjectures
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about the behavior of the theta correspondence in the literature (see for example [17,
§ 7] and [31]). We formulate these as the following working hypothesis.

Working hypothesis. — Let V be a hermitian space and let W be a skew-hermitian
space, and consider the theta correspondence for U(V) x U(W) relative to the data
(%0, ). For an irreducible representation 7 of U(V), let 6y, ,(7) denote the (small)
theta lift of = to U(W).

(a) If dimV = dim W, then the Langlands parameters of 7 and 8y, . () are the same
(if the latter is nonzero). For a given L-parameter M, the theta correspondence
induces a permutation of the Vogan packet Il to itself. This bijection is given by
translation by a character of the component group Ay, as given in [31] in terms
of the root numbers of conjugate-symplectic representations of the Weil-Deligne
group.

(b) If dimV = dim W — 1, then the Langlands parameters M of m and N of 6y, ,(m)
are related to each other by:

N = ll’_lM + 'u/dimV.
The theta correspondence relative to (1o, 1) gives an injection
O, v, Ly, pr = T, N

This injection can be naturally described in terms of the characters of the com-
ponent groups of M and N as follows. Assume for simplicity that u4™V does
not occur in p~!M, so that Ay = Z/2Z x Ajps. For an appropriately normal-
ized Langlands-Vogan parameterization, the above injection is described by the
natural map
Irr(Ap) — Irr(An) = {£1} x Irr(Apr)
given by
P (€p)

where the sign € is completely determined by p and the space W.

Moreover, as V and W vary over all hermitian and skew-hermitian spaces of
the specified dimensions, one has

Iy = U viw Oyo,u,v,w (Iv,ar),

where the union is disjoint and we ignore the theta lifts which are zero. The
disjointness of the union means that if V # V/ and W # W', then

Oyo,u,v,w (Lv,ar) N Oy v w (v i) = 2,
and,

o, vw (Tv,ar) N Oy vw (v, ) = 2.
While the second statement is part of definitions (since U(W) and U(W’) are to
be considered as different groups, even though they may be isomorphic), the first

statement is in fact a consequence of the main result of [17] on theta dichotomy
(as extended by [12]).
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In the following, we shall consider the low rank cases, with dimV < 2 and dimW <
3. In these cases, we shall use the above working hypothesis as a guide to label the
representations in endoscopic L-packets of U(2) and U(3) which can be constructed
using the theta correspondence. We note that these low rank cases are the only ones in
which the Langlands-Vogan parameterization is fully understood for U(V') and U(W).

For example, statement (a) for dimV = 1 is a result of Moen [25], Rogawski
[36] and Harris-Kudla-Sweet [17] (see Theorem 9.1 below), whereas the case when
dimV = 2 is verified in Theorem 11.2 below. On the other hand, statement (b) for
dimV =1 is easy to check, and the case of dimV = 2 is due to Gelbart-Rogawski-
Soudry [9].

8. Endoscopic packets and theta correspondence

The goal of this section is to describe an alternative construction of the endoscopic
packets of the unitary group U(V), via theta correspondence, when dimV = 2 or 3.
We shall rely heavily on the framework and notation of the previous two sections.

Our first case of interest is the theta correspondence for a skew-hermitian space W
and a hermitian space V with

dimW =1 and dimV =2.

We shall use the associated theta correspondence to construct certain Vogan packets
on U(V). Recall that in §6, we have given a construction of the rank 2 hermitian
spaces Vg in terms of quaternion algebras B over kg. Suppose that

M=M + M,

is a 2-dimensional conjugate-symplectic representation of W D(k), with M; conjugate-
symplectic (but not necessarily distinct). As we explained in §6, such an M gives rise
to a Vogan packet II5s of U(Vg). If we fix an additive character

lp . k'/k() — Sl
then there should be an associated bijection
J() : Upp > Irr(Apy).

It is the Vogan packet IIs, together with the bijection J(v), that we would like to
construct using theta correspondence. In fact, since the Vogan packets on U(Vg) are
defined by restriction from GU(Vp), it will be better to consider the theta correspon-
dence for the similitude groups GU(W) x GU*(V3), with

GUW)=k* and GUY(Vg) = ((B*)" x k*)/k.

To set up the theta correspondence, we need to fix the data g, u, and the trace
zero element &; these are as in the introduction.
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Let W be a rank 1 skew-hermitian space with discriminant §, and W’ the other
rank 1 skew-hermitian space. For any a € kg, let W, denote the rank 1 skew-hermitian
space obtained from W by scaling by a. Finally, with M = M; + M as above, we set

B = Ml)
and let x be any character of k> such that
x/X° = My - M.

This is possible since M; - My is a character of k* /kj . The choice of x is not unique
but any two choices differ by a character of ¥* which is o-invariant, or equivalently
by one that factors through the norm map to kJ. In any case, we have

M=M+M=p+x/x" p "

and the packet ITj, is obtained by the restriction of 7&x, where 7 is the representation

of B* with L-parameter

N = Indy pi ux "

Now we may consider the theta correspondence associated to the Weil representa-
tion Qy, . of GU(W,) x GU*(Vp). Regarding x as a character of GU(W,), we have
the theta lift

OW., Ve wo.u(X) = Ow., Ve wo,u(X)
on GU*(Vg). With BX = GLy(ko), the character 1) determines a generic character
of GU*(Vp). We let 7+ be the constituent of 7|gr,,(k,)+ such that the representation
7+ Ry of GUY(Vp) is ¢-generic, and let 7~ denote the other constituent. We also let
7’ be the Jacquet-Langlands lift of 7 to D, if it exists.

With these notations, we have the following proposition which follows by a compu-
tation of the Whittaker module of the Weil representation with respect to the maximal
unipotent subgroup of U(1,1); this computation is standard and will therefore be not
carried out here.

Proposition 8.1. — If B is split, so that Vg =V, then
{9¢o,u,v,w(x) =7t Hx,
Ovo,u,vw (x) =77 B x.
If B is non-split, so that Vg = V', then
O, v W (X) + Oy v w (x) = 7' K x,

where the RHS is interpreted as 0 if 7' does not exist. In particular, upon restriction
to U(V) or U(V"), the set

{Buo,1a, v, W (XD O, v, w7 (X Oup o, v, W (X)s O s, v, (X) }

is the Vogan packet Ilp; associated to the L-parameter

M=M +M;=p+p 'x/x°
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Using the above construction of endoscopic packets of U(V), we can define the
bijection
J() : Mpg «—— Irr(Apy),
as follows. Consider the case when M7 # My, so that Ay = Z /27 x Z/2Z; this is the
only case where the bijection IIps < Irr(Ajs) has some ambiguity. We set

T = Oy v (X)
7 = Oy, v, (X)
™ = Oy v, wr (X)

T = Oy v w(X)-

In other words, the recipe for labelling is that

TR = 0y,u,ve,wa (X)
where
1 if B is split;
—1, if B is not split,

61'62=€(B)={

and
€2 = Wi/k, (@)

Equivalently, if n is a a character of Ay, then

Ty = Oy, v, wa (X)

if and only if

n(az) = wk/ko(a)-

We leave it to the reader to verify that under this system of bijections J(%),
the various desiderata of the Vogan parameterization listed in [7, §9 and §10] are
satisfied. In particular, the trivial character of Ajs corresponds to the unique -
generic representation of the packet, and if 9’ belongs to the other Nk*-orbit, then
the unique 1’-generic representation corresponds to the character

Mo(as) = (~1)Hm M,

Indeed, when M is irreducible, 7 is trivial, whereas when M = M; + M, is reducible,
then ng is the character (——) of Ay = Z/2Z x Z/2Z.

It will be useful to convert the above classification into the setting of rank 2 skew-
hermitian spaces. Using the trace zero element J, let Wp s be the skew-hermitian
space obtained from Vg by scaling by §; we shall frequently write W for Wg 5. Then
we have

{n(al) = €(B) - Wk, (@),

GU(Wg) = GU(Vp)

as subsets of Endy(B). Moreover, the notions of L-parameters and L-packets are the
same for U(Vp) and U(Wpg). The only difference lies in the data needed to specify a
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bijection of a Vogan packet with the set of characters of the component group. In the
case of Vg, we used an additive character

¢ k/ky — S,

whereas for the case of Wg, one needs an additive character of ky,. However, it is
easy to check that if a representation 7 of U(Vp) is generic with respect to %, then
regarded as a representation of U(Wpg), 7 is generic with respect to the character ¢
of kg which we have fixed, and the bijection

J() : IIpp «— Irr(Anr)
for U(Vp) is the bijection J(1)g) for U(Wg). For a character n of Aps, we then have

7r77 = 0¢0:M1VayWB (X)

where u and x are obtained from M as before, V,, is the rank 1 hermitian space with
discriminant a, and

{n(al) = e(B) - wi/k, (a)
n(az) = Wk/ko (a)-

Let N be a conjugate-symplectic representation of W D(k) of dimension 2 consid-
ered as an L-parameter for U(Wpg). Let I be the Vogan packet associated to N,
together with the bijection

J(’(ﬂg) . HN —> II‘I‘(AN)

associated to the additive character 9. Then for n € Irr(Ay), we may consider the
theta lift
0¢07M7WB1V<1 (7‘-77)»
where 7, € Il is the representation of U(Wg) (this uniquely specifies B) indexed by
n under J(1o). As the element a varies over the two representatives of kj /Nk*, and
the character n varies over Irr(Ay), we obtain a collection of 2 - #IIy representations
(some of which might be zero). It was shown by Gelbart-Rogawski-Soudry [9] that the
set of representations so obtained is the Vogan packet associated to the endoscopic
parameter M given by:
M=p*+N-pt

The following lemma, which was shown in [9], addresses more precisely the issue

of nonvanishing of these theta lifts.

Lemma8.2. — Let M = My + My = p? + N - u~! as above. If M % 3M,, assume
without loss of generality that M, is distinct from any irreducible constituent of M,.
(i) If M £ 3My, then the representations Oy, . v, wg(Ty) are always nonzero.
(ii) If M = 3M;, then N = 2 - 3 and Ay = Z/27Z, so that we may regard n = +1,
depending on whether n is trivial or not. The representation Oy, ., v, wy(7y) is nonzero
if and only if

Wi /ko (discVy) = 1.

ASTERISQUE 346



RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 139

In each case above, the non-zero representations are mutually distinct. Moreover, the
representation Oy, . v, wg () is generic if and only if m, is generic with respect to
Yo, disc(Va)-

We may now define a labeling of the elements in II3; by the irreducible characters
of A M-
(i) If M 2 3M;, and M; does not occur in My, then

AM = AMx X A]\,[2 = A}\/j1 X AN.
For a character x = (¢,n) € Irr(Apr,) X Irr(An ), we set

X =T = 0¢07”7W37Va (ﬂﬂv)
with
€-n(—1) = wi/k, (a),
and
n, if wi/k, (discV) = 1;
nv = . .
n NN, if Wik, (discV) = 1,
where 7y is the character of Ay which indexes the 1’-generic element of Iy
(where 9 is a character of k/kg which is not in the Nk*-orbit of ¢). More simply,
when disc(V) = 1, we have
x(a1) = wi/ke(a) - n(—1) = wi/,(a) - €(B)
&
Xl Ar, = 1.
In particular, for a character x of Ayy = Ay, X AN, 7y is a representation of
U(V) if and only if x(-1,-1) = 1.
(ii) If M = 3M; = 342, then
Ay & AN =7Z/27.
For a character n = £ of Ap, we set

T = Oyo,u,Va, Ws (Tr""‘)k/ko (discV))
with
Wk/ko (a) =mn.

By part (ii) of the above lemma, this condition ensures that the theta lift
above is nonzero. In particular, the trivial character of Aps corresponds to a
representation of U(V') whereas the nontrivial character corresponds to the same
representation regarded on U(V’).

Note that since dim V' = 3, there is only one orbit of generic characters for U(V),
and hence the Vogan parameterization in this case is canonical. So it is instructive
to observe that the above parameterization is independent of the choice of g (or
equivalently (1,d)). We leave this to the reader, as well as the verification that the
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above definition satisfies the desiderata of the Vogan parameterization listed in [7, §9
and §10].

9. Skew-hermitian case: U(1) x U(1)

Having explicated the Langlands-Vogan parameterization of the unitary groups
U(V) with dim V' < 3, we are now in a position to verify instances of [7, Conjecture
17.3].

We begin with the case when Wy = W are skew-hermitian spaces with dim W, =
dimW = 1. Let W’ be the other skew-hermitian space of dimension 1. In this case
the following result from {17, Corollary 8.5] is equivalent to our conjecture:

Theorem 9.1. — For each a € ki, let W, be the rank 1 skew-hermitian space with
discriminant a - 8, and for each b € k§, let V, be the rank 1 hermitian space with
discriminant b. Given a character n of k™ /k , which can be regarded as a character
of U(W,), we have

Homyw, ) (0, @w, Vs pou) # 0 <= €(n- ™", 1ho(Tr(8—))) = wi/k,(a - b).

Remark 9.2. — We note that our convention here differs from [17] in two aspects.
Namely, we have adopted the convention that on W, ® V,, the symplectic form is
Tr((—, —)w, ® (=, —)v;). In [17], the symplectic form is

> TH(= ), ® (,-u).

Besides the factor of 1/2, the skew-hermitian form on W, is conjugated by o, which is
necessitated by the convention adopted by [17] that skew-hermitian forms are linear
in the second variable and hermitian forms are linear in the first variable. Conjugating
the form on W, by o has the effect of replacing § by —4 in [17, Corollary 8.5].

To apply the above theorem to [7, Conjecture 17.3], set n = a3 for a, 8 characters
of U(1), in the theorem, and note that the distinguished character xo of Ay X Ay =
Z/2Z x Z/2Z given in [7, Conjecture 17.3] satisfies

XO(_17 1) = XO(lv _1) = 6(M ® N(N—l),%(Tf(ts—)))
Thus, Theorem 9.1 implies that
Xo is trivial <= Homyw)(a - B, ww,yq,u) # 0

and
Xo is nontrivial <= HomU(W/)(a/ B ww you) # 0.

This verifies [7, Conjecture 17.3] for this case.

ASTERISQUE 346



RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 141

10. Restriction from U(2) to U(1)

In this section, we consider the restriction problem from U(2) to U(1). This problem
has been studied by H. Saito [38] and T. Konno [20], but we shall give an independent
treatment here and relate the result to 7, Conjecture 17.3].

Recall that in §6, we have given a construction of rank 2 hermitian spaces Vg using
quaternion algebras B over ko, together with a non-degenerate rank 1 subspace:

Lg — Vg,
such that
L = (1).
When B is split, this gives a pair of split hermitian spaces L C V, with
disc(L) = —1.

On the other hand, if B is the quaternion division algebra D, one obtains a relevant
pair L' C V' with V' anisotropic. The groups

G=G(V)xG(L) and G =G(V')xG(L)

are relevant pure inner forms of each other.

Suppose that M is a conjugate-symplectic 2-dimensional representation of W D(k),
with component group A, so that M determines a Vogan packet IIps of U(V). In
this section we will be interested in determining

Homyz ) (75 ®n,C)

for mp € Ilpr,p and 71 the character of U(Lpg) corresponding to N.
Since the embedding

U(Lg) — U(Vg) C GUT(Vg)
is given by the diagonal map
/RS (BX x k¥)/ Ak,
we see that

@ @ Homy(r,,) (75 ® 7, C) = Homyx (7, x 'n™") + Homyx (7', x " 'n~1).

B np€lly,B
Now we note the following theorem of Waldspurger [45], Tunnell [42] and Saito [37]:
Theorem 10.1. — Let 7 be an irreducible admissible representation of GLo(ko) with
L-parameter N(1) and Jacquet-Langlands lift ' on D*. For any character v of k*,
with V|, x = w;, we have
0
dim Homyx (7, v) + dim Homyx (7', v) = 1.

Moreover,
Homyx (1,v) # 0 <= (N (7)lwpw ® v, %) =1,

where v is any non-trivial character of k/ky.
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1 -1

Applying this theorem to the case at hand, with v = x™' - n7', we immediately
deduce [7, Conjecture 17.1] (multiplicity one in L-packets). In fact, when 7 is not
dihedral with respect to k/ko, this theorem also implies [7, Conjecture 17.3]. Indeed,
in this case, 7 X x remains irreducible when restricted to U(V'), so that

M = {mar, Ty }-
Moreover, Ay & Ay = Z/27 and the distinguished character xo of Ay x Ay satisfies
xo0(—1,1) = xo(1, —1) = e(N(7)|lwpk) ® X * 1, %)
Hence we deduce that
Xo is trivial <= Homy)(my ® 1, C) # 0

and
Xo is nontrivial <= Homy (7}, ® n,C) # 0.
Suppose then that 7 is dihedral with respect to k/ko, so that

N(T)lwpw) =a+a’

for a character a of £*. In this case, 7 is the sum of two distinct irreducible summands
when restricted to GLa(ko)™ and the same holds for its Jacquet-Langlands lift 7/
(if it exists). A refinement of Theorem 10.1 was obtained in the paper [29] of the
third author, as well as in [38]. However, the results in the papers [29] and [38] fall
slightly short of establishing [7, Conjecture 17.3]. The rest of this section completes
the analysis of [29] and [38], thus proving [7, Conjecture 17.3].

When 7 is dihedral with respect to k/ko, we have

M = M, + M,

with M; conjugate-symplectic (not necessarily distinct). Using theta correspondence,
we have described in §8 a construction of the packet Iy, as well as a bijection J(%) :
IIps < Irr(Apr), depending on an additive character v of k/ko. Thus, if My # Ma,
then each element w2 of Il is specified by a pair of signs (€1, €2). Similarly, If
M; = M, then II); contains two representations 7+t and 7=~ ~. In either case, the
representation w1 is the unique v-generic representation in ITp;.

Here is the main theorem of this section, which completes the verification of [7,
Conjecture 17.3].

Theorem 10.2. — Suppose that Vg = Lp & Ly is a 2-dimensional hermitian space,

where Ly is a hermitian line with discriminant 1 and wy /i, (—disc(Lp)) = €(B).

Suppose that M = M1+ My is an L-parameter of U(Vp) with M; conjugate-symplectic,

and let I1ps be its associated Vogan packet and Apy its component group. Let ¢ be a

non-trivial character of k/ko, which induces a bijection J(v) : Ilps « Irr(Anm).
Then for any character n of U(Lp),

Homy(p ) (7 ®n,C) #0

if and only if
(M1 ®mn,92) = €1 and €(Mz ®n,12) = €,

ASTERISQUE 346



RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 143

where Po(z) = P (2z).

Remark. — Note that when M; = M>, then there are no representations on the
anisotropic U(V’) to consider, and the two root numbers in question must have the
same sign.

Proof. — We assume that M; # M>, since the case M; = M, is similar. Then we
have

AM = Z/2Za1 X Z/ZZaz.
Let us first recall the construction of the associated packet IIp; and the bijection
J(@) : IIps < Irr(Apy) Setting
p=M; and x/x° =M M,

the packet ITps consists of the representations (with B, ¢ varying):

T2 = Oy u,ve, W, (X)

where B’s are the two quaternion algebras over kg considered as hermitian spaces
over k; W, is the rank 1 skew-hermitian space of discriminant ¢d; and % is related to
1o as everywhere else in the paper by the identity 1 (z) = 1o(dz) for all trace zero
elements z of k. Moreover, the bijection J(%)) is specified by:

(%) €1 = €(B) - Wik (c) and e = wy /i, ().
Now consider the seesaw diagram
U(LB + Ll) U(Wc) X U(Wc)
U(Lg) x U(Ly) AU(W,).

We start with the character x on AU(W,) and the character n~! on U(Lg), and
consider the theta correspondence with respect to the additive character o. Then
the seesaw identity gives

Homuy g ) (72, 77") = Homy(w, ) (Bpo,uwe, L5 (17") ® Wy, we X)-
Hence,
Homy(g) (72,771) # 0
if and only if the following two conditions hold:

(a) Oou,We,Ls (M) # 0,
in which case, 0y, ., w.,Ls (n™')=n""; and
(b) Homuyw,) (17" ® wygu,w., X) # 0.
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But both (a) and (b) are special cases of Theorem 9.1 [17, Corollary 8.5]. We deduce
that (a) holds if and only if

(™ ™1, Po(Tr(8—)) = Wik, (disc(Lp)) - wiyk, (€)
or equivalently -

(c) e(My ® 0,v2) = Wik, (—discLB) - Wik, (€) = €(B) - Wik, (C)-
Similarly, (b) holds if and only if

e(w™ m-x/x75%o(Tr(6-))) = wiyk, (€),

or equivalently

(d) (M2 ® n,%2) = Wik, (€)-

In view of (), the theorem is proved. a

11. Theta correspondence for U(2) x U(2)

Before moving on to the next case of |7, Conjecture 17.3], we need to establish some
results about the theta correspondence for U(2) x U(2). More precisely, let Vg be the
rank 2 hermitian space introduced in §6, and let Wp: be the rank 2 skew-hermitian
space obtained from Vp: by scaling by the trace zero element § € k* fixed in the
introduction. In this section, we will be interested in establishing the precise theta
correspondence for the dual pair

U(VB) X U(WB/)

relative to the data (1o, i, 9).
The first result is the following proposition due to Harris [16, Lemma 4.3.3] and
Konno-Konno [19, Prop. 5.3 and Thm. 5.4].

Proposition 11.1. — Let M be a 2-dimensional conjugate-symplectic representation of
W D(k) which gives rise to a L-packet Iy g for U(Vg) and Iy g for U(Wpg:).
(i) For any m € B,

Opo, Ve, W () # 0 <= (M ® p™%,¢) = ¢(B) - ¢(B).

Note that the root number above is independent of the choice of the additive character
’l/) Of k‘/ko .

(ii) If the condition of (i) holds, then 0y, vy w, u() belongs to Ilps gr. In other words,
the theta correspondence is the identity map on L-parameters.

Thus, under the theta correspondence for (g, u,6), there is a unique B’ such that the
theta lift gives a bijection

y,g — -
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If the parameter M is non-dihedral (with respect to k/ko), then #II 5 = 0 or 1.
Hence the above proposition completely determines the theta lift of the representa-
tions in ITps. When M is dihedral with respect to k/ko, then #IIp; g = 0 or 2, and
in the latter case, there are two possible bijections

Iy, «— Iy, B,

which the above proposition does not resolve. In [31], the third author has formu-
lated a precise conjecture addressing this issue. The following theorem confirms the
conjecture in [31] for this case:

Theorem 11.2. — Suppose that M = My + My is dihedral with respect to k/ko. Fiz
the additive character v of k/ko which gives bijections

and let 1y be the additive character of ko such that i is related to vy as everywhere
else in the paper by the identity ¥ (z) = ¥o(6-x) for all trace zero elements of k. Then
the permutation of Ilps induced by the theta correspondence associated to (o, p, ) is
given by multiplication by the character pg of Ay defined by

pola:) = e(M; ® p=2,1b;)
with
Pa(z) = ¥(2z) = Yo(Tr(62)).
Proof. — Consider first the case where B’ is split whereas B is arbitrary. In this
case, the two elements in Il g can be distinguished by the Whittaker models they
support. Computing Whittaker models of the Weil representation wy, vy, w, ., one

sees that for 7, € IIy, B, the representation 0y, v, w, u(7,) of U(Wp') is 4p-generic
if and only if

HOHIU(LB)(W,\J/»#—Z) # 0.
By the result of the previous section, this holds if and only if
plar) = (M1 @ p2,1p5) and plaz) = e(Ma ® p™2, 1),

as desired. This establishes the result when one of B or B’ is split.
The only remaining case is where B and B’ are both non-split, so that

e(My @ p=2,92) - e(Ma ® ™2, 2hg) = 1.

In this case, the desired result can be proved by a global method. We give a brief
sketch of this.
Let 7 be a representation in IIys g, so that 6y, ,(m) also belongs to II5s, 5. We have:

Proposition 11.3. — Using the above notations, one can find:

1. a totally real number field F' of odd degree over Q and such that F,, = ko for
some finite place vy of F';

2. an additive character U of Ap/F such that ¥,, = o;

3. a totally imaginary quadratic extension E of F' such that E,, = k;
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4. a trace zero element A € E such that A, = 6 up to Nk*;

an idele class character ¥ of Ag™ such that £,, = p and X| AX = WE/F;

6. a quaternion algebra B over F' ramified precisely at vy and all the infinite places,
so that B,, = B; this gives a hermitian space Vg over F which is isomorphic to
VB over F,,;

7. a cuspidal representation II of U(Vp) such that

(a) Iy, = 7;

(b) II belongs to a global endoscopic packet (i.e. the base change of Il to E is
non-cuspidal);

(¢) L(BCp,r(I) @ T-2,1/2) £ 0

Proof. — One can certainly find the number fields F' and E satisfying (1) and (3)
(see Lemma 15.3 below), after which one can find ¥ as in (2), A as in (4), ¥ as in (5)
and B as in (6). With these objects fixed, we need to find a cuspidal representation ¥
as in (7). Clearly, there is no difficulty in find II satisfying (7a) and (7b). The main
difficulty is to find II which satisfies (7c) as well.

Recall that the representation 7 is a summand in the restriction of a representation
X x of (B* x k*)/Ak{, so that w, -x|k(>)< = 1 and the L-parameter of = is the L-
parameter of the representation BC(7) ® x of B @, k = GL2(k). The fact that = is
dihedral means that 7 is dihedral, so that BC(7) = a & o for some character « of
k*, so that

ot

M=M + M;=ax+a’x.
Before commencing the construction of II, we recall that we are assuming that
e(BO(1) @ xpu™2) = e(My @ ™2, 1pa) - (M2 ® ™ 2%,4h) = 1.
By Tunnell-Saito [37, 42], this condition implies that
Homyx (7, x ™ - %) = 0,
and if JL(7) is the Jacquet-Langlands lift of 7 to GL2(kg), then
Hompx (JL(7),x ! - u?) # 0.

By globalizing the character « of k>, one can find a dihedral cuspidal representation
% of GLy(AF) such that T,, = JL(7). Then using [P6, Lemma 1], one can find a
character € of A} such that €,, = x and such that ¥ is globally distinguished by
€ - £%; necessarily we have wg - €|,x = 1. Then by Waldspurger [44], one concludes
that )
L(BC(%)®€X72,1/2) #0.

Now let
M=JLg(T)Re™! on U(Vp),
so that
L(BC() ® £72,1/2) = L(BC(%) ® €£72,1/2) # 0.
This completes the construction of II. O
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Using the II constructed in the proposition, we have:
e(BCI)®272%,1/2) = 1.
In particular, the set
S ={v:e(BCg,r,(,) ® £;%,¥,,) = -1}

has even cardinality and does not contain the place vy. Let B’ be the quaternion
algebra over F' such that

e(B,) # €(B,) < v € S.
In other words, B’ is obtained from B by switching the local invariants of B at the set
S. Since vp ¢ S, we have

B, = B.

Moreover, by Proposition 11.1, for each place v of F,

Ou,,5,,vs, Wy, () # 0.

By [16], the nonvanishing of the central L-value above implies that the global theta
lift is nonvanishing as well:

eq’?EvAvVB,WBI (H) # 0

Now the assertion of the theorem has been checked for all finite places of F' outside
vp, since at least one of B, or B is split at any v # vo. At the archimedeanplaces,
the groups U(Vp ® F,,) are compact and the theta correspondence over R involving
compact groups is completely known (c.f. [26] or [18] for example). Using this, one
can verify the analog of the assertion of the theorem over R (cf. [31]); we omit the
details here.

Thus the assertion of the theorem is true for all places of F' over vg. If the result
of the theorem is not true at the place vy, we would have a cuspidal representation
Oy, 5, Vi, W, (IT) of U(Wp/) which violates the Labesse-Langlands multiplicity formula
for global endoscopic packets of U(2). This gives the desired contradiction.

For example, suppose that S is empty so that B = B’. Then if the result of the
theorem holds at all v # vg but fails at vy, the cuspidal representation Oy s v;,w;, (II)
of U(Wp/) would differ from the cuspidal representation II at an odd number of places
v. This is a contradiction. g

12. Trilinear forms for U(2)

In this section, we return to the skew-hermitian case of |7, Conjecture 17.3]. In
particular, we consider the case when

Wo =W with dim Wy =dimW = 2.

Thus, let Wg = Wg s be the rank 2 skew-hermitian case obtained from Vp by
scaling by 6. Fix an additive character 1o of ko, and a character yu of k* so that

#|k0x = Wk /ko-
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This determines the Weil representation wy,,, for U(Wg). Given two conjugate-
symplectic representations M and N of WD(k) of dimension 2, with corresponding
Vogan packet II3s and Iy of U(Wp), we are interested in computing

Homyw,) (M ® T ® Wy, C)

as mps and my vary over all representations in IT)s and Iy.
Note that the representation wy,,, is not an irreducible representation of U(Wp).
However, we may decompose wy,,, according to central characters

Wepo,u = @wiﬁo,u [X]
X

as x runs over characters of Zyw,) = k> / k& . In fact, this decomposition is simply the
decomposition of the Weil representation for the dual pair U(V;) x U(Wg) where V; is
the one dimensional hermitian space of discriminant 1. Thus, each summand wy, (x|
is an irreducible representation of U(Wpg). Moreover, it belongs to an endoscopic
packet of U(Wpg) constructed in Proposition 8.1.

Now, because of central character reasons, it is clear that

HOIDU(WB)(WM TN ® wwo,u[X]a C)=0

unless
det M -det N = y.

For this x, we have
Homyw ) (Tm ® T ® Wy 1, C) = Homyw,) (T @ TN @ wyg ulx], C).

In particular, [7, Conjecture 17.3] amounts to a question about invariant trilinear
forms on U(Wp).

Given that the group U(Wpg) can be described in terms of GLy(ko) and its inner
form, we shall see that this question can be related to a question about invariant
trilinear forms for GL, which has been addressed in a series of papers by the third
author [27, 28, 32]; we recall his result here:

Theorem 12.1. — Let N1, N2 and N3 be 2-dimensional representations of WD(ky),
with associated representations m; p of B*. Assume that det Ny - det N - det N3 = 1.
Then

ZdimHome (m1,B ® 2, ® m3,8,C) = 1.
B
Moreover,

HOIIle(Tl'LB QMo B ® 71'3’3,((:) # 0 <= G(Nl R No® N3) = G(B)

To apply this theorem to the case of U(Wg), we need to consider the group (B*)*
and calculate

dim Hom(Bx)+ (71'1 ® T ® 7T3,(C).
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More generally, let G be a subgroup of GLy(kp) containing SLs(kg). The group G
is uniquely determined by the subgroup

k& C kg

consisting of determinant of elements of G. Thus, for any quaternion algebra B, it
makes sense to define a corresponding subgroup Gp inside B* containing SL;(B).
Restricting irreducible representations of B* to G g, one gets a notion of L-packet of
representations of G g. It is known that irreducible representations of GL2(k¢) restrict
to G with multiplicity 1, but this need not be the case for representations of B> if B
is non-split. For a representation 7 of G, let m(wp) denote the multiplicity with
which it appears in the restriction of an irreducible representation of B*.
Now we have:

Theorem 12.2. — For i = 1, 2 and 3, let N; be a 2-dimensional representation of
W D(ko) with associated representation g ; of B*. Assume that []; det N; = 1. Then

) " dimHomg, (5,1 ® 5,2 ® #p,3,C) = # (kg /k§ k).
B
In particular,
Z Z m(mp,1) - m(7p,2) - m(np,3) - dimHomg, (731 ® 52 ® 7B 3,C)
B 7©B,1,7B,2,7B,3
is equal to
#(kg' /kg k),
where the inner sum is taken over irreducible representations wp; of Gp which are
contained in the representations g ; of B*.
Proof. — Clearly,
Homg, (7p,) ® 52 ® #53,C) = Y Hompx(fp1 ®7%p2®#p3,Cy),
x:kg [kG—Z/2

where the x’s range over characters of B* trivial on Gp identified to characters of
ky /kg with values in Z/2, and C,, denotes the 1-dimensional representation x o Np
of B*. By Theorem 12.1, we have

ZdimHome (71 ® 7B 2®7B3,Cy) =1,
B

for all characters x of order < 2 (by absorbing x in one of the 7 ;’s without affecting
the central character). Adding up the contribution of the various x’s, we get the
conclusion of the theorem. O

Specializing this theorem to the case Ggp = (B*)" and noting that, in this case,
m(np,) =1 for each B, we obtain:
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Corollary 12.3. — In the context of Theorem 12.2, let G = GLg(ko)*. Then one has,
Z Z dimHomg, (75,1 @ ™2 ® mp,3,C) =2,
B 7B,1,7"B,2,7B,3

where the inner sum is taken over irreducible representations np,; of Gp which are
contained in the representations g ; of B*.

We can now apply the corollary to the group GUT(W3) or equivalently U(Wpg).

Corollary 12.4. — Let M; be conjugate-symplectic representations of W D(k) with as-
sociated L-packet IIps, g of U(Wpg). Assume that det My - det M - det M3 = 1. Then

(i)
Z Z dim Homy ) (m1 ® 72 ® 73,C) = 2.
B mi€llm,,B

(ii) If one of the M;’s, say M, is dihedral with respect to k/ko, so that #Ily, B, = 2
for By split, then
dim Homyw,)(m ® T2 @ 73,C) < 1
for each B. If the above Hom space is nonzero, then
dim Homyw,,) (7} ® 15 ® 73,C) =0

for B' # B.
Proof. — The first assertion follows immediately from the previous corollary and the
definition of L-packets for U(W) given in §6. To deduce the last assertion, note that
if

Homyw,) (71 ® m2 ® m3,C) # 0,
then we also have

Homy ) (7f ® 75 ® 5, C) # 0,
where ¢ denotes the conjugate of m; by an element ¢ € GU(W3g) \ GUT (W3). Since

dim Homy ) (71 ® m2 ® 73, C) + dim Homyw,,) (7] ® 75 ® 75, C) < 2,

each of these dimensions must be equal to 1, and all other Hom spaces must be 0. [
Remark 12.5. — Since kj /kx? is a 2-group whose cardinality can be made arbitrarily
large by choosing ko appropriately, and since the L-packet of representations of SLy (k)
is bounded by 4 [22], it follows from Theorem 12.2 that

dim HomSL2(k)(7r1 Q Ty & T3, (C)
can be made arbitrarily large.

Now we can return to [7, Conjecture 17.3], so that M and N are two 2-dimensional

conjugate-symplectic representations of W D(k) which determine Vogan packets ITys
and ITy of U(Wpg). For a fixed additive character 1 of ko, we have obtained a bijection

J(o) : Ipr «— Irr(Apr)
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and similarly for II. We are interested in computing

Homyw,) (T @ TN ® Wy )

for mpr € Ipy and 7wy € Iy

If M and N are non-dihedral (with respect to k/ko), so that IIy; and IIx both
contain at most one representation of each U(Wpg) (as B varies), then [7, Conjecture
17.3] is a consequence of Theorem 12.1. Indeed, we have

AM X AN = Z/QZ X Z/QZ
and the distinguished character x( satisfies
XO(_]-’ 1) = XO(lv _1) = G(M ® N(iu’_l)v d])

for any character ¢ of k/kg. On the other hand, if Iy, is obtained by the restriction
of the representation 7ps X xpr of GU(Wg) and Il is obtained from 7y X xn, then
the epsilon factor occurring in Theorem 12.1 is

€(Pry ® pry ® Ind(p™ X0 XN),%0)
= €(Pry|lWD(k) ® Pra|lWD(R) ® 1t xm - xwv, %o(Tr))
= e(M ® N(u™),40(Tr))
e(M®N(u™),9).
This verifies [7, Conjecture 17.3] in this case.
When at least one of M or N is dihedral with respect to k/kq, we may appeal to
the theta correspondence. Since the case when exactly one of them is dihedral with

respect to k/kg is similar and easier, we shall give the details only when both M and
N are dihedral with respect to k/kg Thus, let

M=M1+M2 and N=N1+N2,

with M; and N; conjugate-symplectic (not necessarily distinct), and write their com-
ponent groups as

AM = Z/2Z€1 X Z/2Z€2 and AN = Z/?Zfl X Z/QZ_fg
In this case, the packet IIp; can be obtained by theta correspondence from U(1). Set
V= M1

and
M, - My =n/7°,

for some character n of k*. If L, denote the rank 1 hermitian space with discriminant
a, then

I = {0yo,,wa L. (Mu(z,)) ©  a € kg /NE™, €(B) = +1}.
Relative to the additive character ¢ of k/kg, we have the labelling

Topm = 0¢07V,WB,LQ (nlU(La))
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if and only if
pum(e1) = €(B) - wisky(a) and  pu(ez) = wi/k,(a).
Similarly, a representation in IIy has the form m,,, so that
pn(f1) - pn(f2) = €(B).

Now consider the seesaw diagram

U(Lq + L_1) U(Wg) x U(Wg)

U(La) x U(L-1) AU(Wg)

and note that the rank 2 hermitian space L, + L_; is isomorphic to Vg, with ¢(B’) =
Wik, (a). We start with the representation |y (z,) of U(L,), so that the representation
we obtain on U(Wp) is precisely

Tone = 0o, Wa Lo (MU (L,))-

On the other side of the seesaw, we start with the representation p-v- 77,\,/” of UWp).
Note that taking contragredient has the following effect on the Vogan parameteriza-
tion: for any character pn of Ay, the representation 77;\7/1\; has Vogan parameter

(Nv, PN * /30)
where (3 is the character of Ayv = Ay given by
Bo(bs) = wi /iy (—1).

Now the seesaw identity gives:
Homy(w,) (7, Wyt BV 71':,/N) = HomU(La)(@x/;o,uz,WB,La+L_1(#VW,\;/N)v77|U(La))-
Since

Wyst Wi = Wyt =1, wy & BV = Wyo,u @ pV
we see that the LHS of this identity is equal to the desired space

HomU(WB)(”rPM ® Moy @ Wepg, s (C)'

On the other hand, the RHS is nonzero if and only if conditions (a) and (b) below
are satisfied:

(8) Oyy 2 wp. Lot (- V- (mpn)¥) # 0. According to Theorem 11.2, this holds if
and only if

e(NY @ v =2,4) = €(B) - wi/k, (),
or equivalently

e(N ® My(u™"),%) = €(B) - wi/k,(a) = par(en).
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If this is satisfied, then by Theorem 11.2, the theta lift is equal to the represen-
tation

Tonv - HV
of U(Lq + L_1), with
pnv (fi) = pn(fi) - Wik (—1) - €(N; @ My(p™t),9—2).

(b) Homyg,y(mp,. uv,n/n°) # 0. This is a branching problem for U(2) x U(1) which
we have resolved in §10. Using the results there, we see that the desired nonvan-
ishing holds if and only if

pnv(fi) = pN(Fi) - Whyke(—1) - €(N; @ My(u™"),9p—2) = €(N; ® Ma(pn™"),%2)
or equivalently
pn(fi) = e(Ni © M(u™1),2) = e(N; @ M(u™1),%).
Finally, since
par(=1) = pn(~1) = €(B),
we conclude that
pu(ez) = (N ® Ma(u™), ).
Thus we conclude that
Homy w,) (T ® Tpy ® Do, C) # 0

if and only if par X pn is the distinguished character xo of [7, Conjecture 17.3].

13. Restriction from U(3) to U(2): endoscopic case

In this section, we consider the restriction problem for U(3) x U(2). Using theta
correspondence, we establish [7, Conjecture 17.3] for endoscopic packets of U(3). In
the following section, we shall consider the stable packets of U(3).

We fix a pair

VoCV
of split hermitian spaces of dimensions 2 and 3 respectively with V/V} of discriminant
1. Let V§ C V'’ be the other pair of hermitian spaces of dimensions 2 and 3, such that
VIV 2V'/Vy.

More concretely, for each quaternion algebra B over kg, we have a rank 2 hermitian

space V. Then the rank 3 hermitian space
Vo =Ve + Ly
has discriminant satisfying
wk/ko (diSC(VBYb)) = €(B) . wk/ko(b).
If we take b = 1, then as B varies, the pair
Vg C VB,l

gives the pairs Vo C V and Vj C V.
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Suppose first that N is a 2-dimensional conjugate-symplectic representation of
W D(k) with associated Vogan packet Iy of U(Vg). If N = @;N;, then we write

Ay =[] An, =[] z/22f..

For the fixed additive character v of k/kq, we translate ¢ by —2 - disc(V) = —2 and
use the resulting character ¢ _5 to fix the Vogan parameterization
J(p_g) : Uy «— Irr(An).
Now consider a 3-dimensional conjugate-orthogonal representation
M = M, + M,

with dim M; = i and such that each M; is conjugate-orthogonal. Unless, M = 3M;,
we may further assume that M; does not occur in M. We shall assume that this is
the case (i.e., M % 3M;), since the other case is similarly handled. Then

AM = A}M1 X 141\/[2

and we write:
Ay, =17/2Ze and Ay, =[] Z/2Ze;

if My = ®;M,,;.

Moreover, we shall assume that the conjugate-orthogonal character M; has a
conjugate-symplectic square root. This can be achieved by twisting M, and since
this twist can be absorbed into N for the purpose of the restriction problem, there is
no loss of generality in making this assumption on M;. Under this assumption on M,
we have described in §8 a construction of the Vogan packet I, as well as a bijection

Iy — Irr(Ap)

which is canonical in this case (i.e. independent of the additive character). To recall
the construction briefly, we set
M- 1= /,1,2
for some conjugate-symplectic character p and set
N' = M; - p,
so that N’ is conjugate-symplectic and Ay’ = Ajps,. Then, for quaternion algebras B
and B’ over kg, one considers the theta correspondence for
U(WB/) X U(VByl)

relative to the data (¢o,—2, i1, 8), where 9y is our fixed additive character of ko. The
packet ITs is then the theta lift of the packet IIy: of U(Wpg/). For the labelling of the
representations in IIys by Irr(Ajs), we refer the reader to the end of §8.

Now we would like to determine

Homyv,) (7 ® nn,C),
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for mps € Ilps and 7y € IIy. We examine this restriction problem using the seesaw
diagram
U(Vg + L) U(Wpg) x U(Wpg/)

U(VB) X U(Ll) U(WBI).
On U(Wp/), we start with a representation 77, € Iy, indexed by a character n of
Apv, so that
n(-1) = e(B").
On U(Vp), we start with a representation (7,, )" associated to a character py of Ay,
so that

pn(—=1) = ¢(B).
Then we have the seesaw identity:

Homuy(vyg) (Oyo, —5,u(Th:) ® Moy, C)
= HOIIIU(WB/) (eiﬁo,—zyﬂzyVBqWB/ (F;/N) ® wi/)O,—zyllnLlyWB’ ’ 7'(’7\,,).

Further, for the representations we have at hand, one can easily check that the two
big theta lifts in the see-saw identity are equal to their respective small theta lifts.
Now note that

Ton = Oyo,_a,u (1)
with
pulay, =n and  pu(e) = €(B') -n(—1) = ¢(B) - «(B').
Moreover, (7,, )" has Vogan parameter (relative to J(¢o,—2))
(NY,pnv) = (N, pn - Bo)
with
Bo(fi) = wi/ko(—1).
Then the seesaw identity reads:
HomU(VB)(ﬂ.PM ® mpon, C) = HomU(WB/)(ed)o,—z,#z,VB,WBf (ﬂ'PNv ) ® W, —2,1,Wpg» 7"'7\1')‘
The RHS is nonzero if and only if (i) and (ii) below hold.
(1) Opo _s,u2,ve, Wy (Tpyy ) # 0. By proposition 11.1, this holds if and only if

e(NYu™2,9-2) = €(B) - ¢(B') = pum(e),
or equivalently
(N ® My,v) = pm(e).
Moreover, by Theorem 11.2, when this holds, we have

Owo,ﬂz,vmwsl ((ﬂ-PNV) = Tpnv-po
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where pg is the character of Axyv = An given by
pO(fi) = G(Nivu_27¢—1) = e(Nl ® Ml)d))'

(ii) Homyw,, (T v -po ® Wypg, _a,u, Wy Tyr) 7 0. This question was addressed in the
previous section, and we deduce that the desired nonvanishing holds if and only
if the character

(pn - po, M) € Irr(An) x Irr(An-)

is the distinguished character xq in [7, Conjecture 17.3] for the skew-hermitian
case for (Wpg', u). More precisely, the desired nonvanishing holds if and only if

pn(fi) - €(Ni © My, 9) = e(N;' ® (N') (1), ¥-1) = e(N; ® M2, %),
so that
PN (fi) = e(N: ® M, 9),
and
n(e:) = e(N])" ® NY(u),%-1) = e(M2,; ® N, 9).
This shows that
Homy(v,)(py ® Tpy, C) #0

if and only if the character ppr X py is the distinguished character xo of [7, Conjecture
17.3], computed using the additive character 9 of k/ko.

14. Restriction from U(3) to U(2): stable case

We now consider the restriction problem for stable Vogan packets of U(3). We
preserve the notation of the previous sections. In particular, we have the pairs of
spaces Vo C V and VJ C V', with dimV = dim V' = 3, dim Vj = dim V] = 2, with V}
the split hermitian space, and disc(V/Vp) = disc(V’'/Vy) = 1. We will use the additive
character 1)_s to normalize the Vogan parameterization for U(Vp).

Let M be an irreducible 3-dimensional conjugate-orthogonal representation of
W D(k), so that its associated Vogan packet has the form

My = {7m, T}

where 77 is a representation of U(V') and 7, is the same representation considered
on U(V'). If M is an irreducible representation of the Weil group W (k), then the
representation s is supercuspidal. Otherwise,

M=u|ZlSt3

where p is a conjugate-orthogonal character of W (k) and Stz denotes the irreducible 3-
dimensional representation of SL2(C). In this case, the representation my, is a twisted
Steinberg representation

v = St ® (podet).
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On the other hand, let N be an arbitrary 2-dimensional conjugate-symplectic rep-
resentation of WD(k) with associated Vogan packet Iy of U(Vy). We would like to
determine

Homy vy (mm ® 7w, C)
for mps € IIps and 7y € IIy. We shall reduce this question to the case when ITy,
and Il are both supercuspidal packets, by first treating the other cases directly. The
supercuspidal case will then be handled by a global method in the next two sections.
We first consider the case when M = p X St;. Since we can absorb the twist by u
into the parameter N, we may assume without loss of generality that yu = 1. In this
case, Ty = Sty(v) is a quotient of a (un-normalized) principal series representation:

0 C Indp" (1) —— Styw) — 0,

where By denotes a Borel subgroup in U(V). We now have the following proposition.

Proposition 14.1. — (i) If N is not the parameter of the Steinberg representation of
U(Vb), we have

Homyv,) (Styvy ® Ty, C) = HomU(VO)([Inng/)(l)] ® oy, C) = Homy(r) (7, , C).
In particular, Homyv,)(Styv) ® T,y , C) # 0 if and only if

pn(fi) = e(Ni, ) = e(N; ® M, 9).
(ii) If N is the parameter of the Steinberg representation of U(Vp), so that IIy =
{Stuey, Luvy) }, we have

Homyvy) (Stuvy ® Stuvy), C) # 0.

On the other hand,
HomU(VO')(StU(V’)y (C) =0.

Proof. — (i) Part (i) is proved by a standard application of Mackey theory, which
reduces the restriction problem for U(V) x U(V;) to one for U(Vy) x U(L). Indeed, it
is a special case of [7, Theorem 15.1], and so we omit its proof here.

(ii) The case of U(V{) is obvious by Mackey theory, as in (i). The statement for
U(V,) is a special case of the following general lemma. |

Lemma 14.2. — Let G = U(V), and H = U(V,) for Vi a codimension one subspace of
V such that a mazimal isotropic subspace of Vy continues to be mazimal isotropic in
V. Then the Steinberg representation Stg of G contains the Steinberg representation
Sty of H as a quotient.

Proof. — Let L1 C Ly C --- C Ly be a maximal isotropic flag in V with dim L, = r
for all 1 < r < d. By the hypothesis of the lemma, this is also a maximal isotropic
flag in V. Let By and Bg be the stabilizer of this flag in H and G respectively. These
are minimal parabolic subgroups in H and G respectively, and it is known that any
parabolic in H (resp. G) containing By (resp. Bg) is obtained as the stabilizer of a
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partial flag L;, C Ly, C --- C L. It follows that intersection with H gives a bijection
between parabolics in G containing Bg and parabolics in H containing Bpy.
Now note that
Ste =Indg_(1)/ Y_ Indf(1),
PDOBg
where P run over all parabolics containing but not equal to Bg, and induction refers to
un-normalized induction. It follows that the restriction map from functions on Bg\G
to Bg\H gives a surjection from the Steinberg representation of G to the Steinberg
representation of H. d

Remark 14.3. — The previous lemma and the proof works exactly the same way for
orthogonal groups too, except for the pair (V,V,) for which the even dimensional
quadratic space is split. The reason being that for even dimensional split quadratic
space Vp, with a maximal isotropic flag L; C L, C --- C Lg, the parabolics which
contain the stabilizer of this flag (which is a Borel subgroup in SO(Vp)) are not
parametrized by the stabilizer of a partial flag L;, C L;, C --- C L;;. This description
is valid for all other quadratic spaces (except direct sum of hyperbolic planes), cf. [23,
Chapter 1.II1.2].

The proposition verifies [7, Conjecture 17.3] when M = p® St3 and N is arbitrary.
We may thus restrict attention to the case when M is an irreducible representation
of W(k), so that Il is a stable supercuspidal packet consisting of the supercuspidal
representation 7y = 7, on U(V) = U(V').

We first consider the case when

N=P+ (P%)Y or u® Sty,

where P and (P?)V are not necessarily distinct. In such cases, the associated repre-
sentations of U(Vp) are contained in principal series representations of U(Vp) induced
from a Borel subgroup By. Thus, we need to compute:

HOIIlU(VO)(TrM,IIldggVO)(X))
for a supercuspidal representation ms of U(V'). By Frobenius reciprocity, we see that
this is equal to
Homr ((7a)vo, X)
where Up is the unipotent radical of the Borel subgroup By of U(Vp). We note that
Uy = Uj, with U} the center of the unipotent radical Uy of a Borel subgroup By of
U(v).
Before proceeding further, let us note the following lemma.

Lemma 14.4. — Let w be an irreducible generic supercuspidal representation of U(V)
(dimV = 3) with central character w. Let By be a Borel subgroup of U(V), and
Uy the unipotent radical of By with center U}, = [Uy,Uy]. Let ¢ : Uy — C* be a
nondegenerate character of Uy . Then there is an isomorphism

. B
Tyy, = indz] gy, (W KYP),
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of By -modules, where Zy denotes the center of U(V).

Proof. — Let £ : m — C be a Whittaker functional for the character v : Uy —
C*. Since 9 restricted to U}, = [Uy,Uy] is trivial, Frobenius reciprocity gives a
homomorphism

e : myy — Ind3Y  (w R ),

of By -modules.

Since 7 is supercuspidal, by the standard argument of Kirillov theory, the image
of ¢y lands inside the compactly induced representation which is easily seen to be
irreducible, hence ¢, is a surjective homomorphism onto the compactly supported
induced representation.

Since By operates transitively on the set of nontrivial characters of Uy, uniqueness
of Whittaker models implies that the map ¢, must be injective. O

It follows from the lemma above that (WM)U‘ll is isomorphic to the regular repre-

sentation of T = k* on J(k*) where T is the quotient of a maximal torus in By by
the center of U(V). Thus we have

Ve
Homuy(vy) (mr, Indp, ) (x)) = Homyx (J(k*), x) = C.
In particular, this verifies [7, Conjecture 17.3] when
N =P+ (P°)Y, with P# (P%)Y,

as the principal series representation on U(Vp) is irreducible. If P = (P?)V, then
the parameter N is dihedral and the corresponding principal series is the sum of two
irreducible summands. In this case, we have not determined which of these summands
contributes to the 1-dimensional Hom space above. The issue of which representation
supports the Hom will be settled by Theorem 16.1 below.

Finally, when N = p ® Sto, we may assume without loss of generality that 4 =1
(by absorbing u into M). Then

Iy = {Stuy, Luvp b

and

0 C Indg "1 —— Sty — 0.

The above computation shows that
Homy vy (7, Indggv")l) =C.
On the other hand, by [9], we have
Homy vy (7amr,C) = 0

and

HomU(VO/)(ﬂ'j\,I,(C) =0.
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Indeed, if these Hom spaces were not zero, mps and 74, would be obtainable as a theta
lifting from some U(2), contradicting the fact that M is a stable parameter of U(3).
Thus, we conclude that

Homy vy (7am, Stu(vy)) # 0,
which is what [7, Conjecture 17.3| predicts.

15. A global argument

The methods of theta correspondence pursued in the previous sections are inad-
equate to handle those representations of U(3) whose Langlands parameters M are
irreducible, since such representations do not figure in the theta correspondence with
a smaller unitary group. For such representations, however a global argument can be
provided. The global argument rests on our ability to globalize the local situation
such that the following hold:
(i) the global cuspidal representation II has nonzero global period;
(ii) the analogous branching laws are known for all local components of II other than
that at the place of interest;
(iif) the nonvanishing of the global period implies the non-vanishing of a certain central
critical L-value, as suggested by our global conjectures in [7].
We shall be able to achieve (i) and (ii) using a result of the third author and Schulze-
Pillot [33] (and also [32]), and the requirement (iii) is a theorem due to Ginzburg,
Jiang, and Rallis [11, Theorem 4.6] in certain cases.

The main result of this section is the following theorem.

Theorem 15.1. — Let V, be a 2 dimensional hermitian subspace of a hermitian space
V' of dimension 8 over k. Suppose that wpr (resp. wn ) is an irreducible representation
of U(V) (resp. U(Vy)) with Langlands parameter M (resp. N ). Then e(M ® N,v) is
independent of the additive character ¥ of k/ko and so may be denoted as e(M ® N).
Suppose that

HOIIIU(VO)(WM ® WN,C) # 0.
Then
1 if UV)xU(Vp) is quasi— split
-1 otherwise

e(M®N) = {

Remark 15.2. — Let St,, denote the unique irreducible representation of SLy(C) of
dimension n, considered as an irreducible representation of W . From the formulae
about epsilon factors, cf. [40], it follows that €(St,) = +1 for all integers n, and
€(St,) = —1 if and only if n is even. Therefore by the Clebsch-Gordan theorem
about tensor product of representations of SLy(C), €(Stp+1 ® St,) = (—1)", hence
€(Stn+1®St,) = 1if and only if n is even. Therefore theorem 15.1 (stated and proved
here only for n = 2) is in accordance with Lemma 14.2 about Steinberg representation
of U(n) whose parameter is St,, for general n.

ASTERISQUE 346



RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 161

The method that we follow to prove this theorem is pretty general, but it is based
on a global theorem of Ginzburg, Jiang, and Rallis [11, theorem 4.6] which assumes
that automorphic forms on unitary groups U(n) have base change to GL(n). This
is known at the moment only for generic automorphic representations on quasi-split
unitary groups. However, by Rogawski [35], base change is known for any unitary
group in 3 variables, which is why we have restricted ourselves to U(3) in the above
theorem. Nonetheless, we have formulated some of the preliminary results below in
greater generality.

We begin with the following globalization result about local fields, which will be
applied to globalize hermitian spaces over local fields keeping unitary groups at infinity
compact.

Lemma 15.3. — Let k be a quadratic extension of a non-archimedean local field ko.
Then there exists a totally real number field F with ko as its completion, and a
quadratic totally imaginary extension E of F' with corresponding completion k; fur-
ther, we can assume that the degree of F' over Q is any integer d > (the degree of k
over the corresponding Q).

Proof. — This follows from combining the weak approximation theorem (for the ad-
ditive group) with the Krasner’s lemma. O

For the globalization of hermitian forms over a local field, we will need the well-
known classification of a hermitian form over a number field, according to which a
hermitian form over a number field is determined by

1. the discriminant, and
2. the signatures at the infinite places.

Moreover, given any discriminant, and signatures at infinite places (except for obvious
compatibility between discriminant and signatures), there is such a global hermitian
form with the given local constraints.

We also note the following exact sequence from classfield theory,

0— F*/NE* — A% /NAY — Gal(E/F) — 0,
F E

from which it follows that one can construct an element in F'* which is trivial in
EX/NEY at all the finite places except ko, and which at the infinite places has the
desired signs, except that the product of the signs is 1 or —1, depending on whether
the element in k' /Nk* is trivial or nontrivial.

Before proceeding further, let’s recall that a hermitian space of dimension n is said
to be quasi-split if it contains a maximal isotropic subspace of dimension d where d is
the integral part of n/2. It is known that an even dimensional hermitian space over a
non-archimedean local field is quasi-split if and only if its discriminant is (—1)? where
d = n/2, and any odd dimensional hermitian space over a non-archimedean local field
is quasi-split. (A hermitian space is quasi-split if and only if the corresponding unitary
group is quasi-split in the sense of algebraic groups.)
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From the classification theorem of hermitian forms over a number field recalled
above, the following lemma follows easily; we omit the proof.

Lemma 15.4. — Let V be a hermitian space over k of dimension n = 2d. Let F be
a totally real number field with completion ko at a place vy of F, and let E be a
quadratic totally imaginary extension of F with corresponding completion k. Then
there is a hermitian space V over E satisfying

(a) VQrko=V;

(b) U(V®F F,) is quasi-split for all finite places v # vo;

(c) at all the infinite places v of F, V ®p F, has signature (n,0)
if and only if we are in one of the following situations:

1. The integer d is odd, the hermitian space V is quasi-split, and the degree of F
over QQ is even.

2. The integer d is odd, the hermitian space V is not quasi-split, and the degree of
F over Q is odd.

3. The integer d is even, the hermitian space V is quasi-split.

Corollary 15.5. — Let Vo C V' be hermitian spaces over k, with dimy(V/Vy) = 1. Let
F be a totally real number field with completion ko at a place vo of F', and let E be
a totally imaginary quadratic extension of F with corresponding completion k. Then
there are hermitian spaces over E

VoCV

satisfying

(a) Vo®gk=Vy and V®g k =V, so that dimg(V/Vy) =1

(b) the corresponding unitary groups U(Vy) and U(V) are quasi-split at all the finite

places of F different from vy;

(c) for all infinite places v of F, U(V ® F,) is the compact group U(n + 1,0),
if and only if the even dimensional hermitian space in the pair (V,Vy) satisfies one
of the three options of the previous lemma.

Proof. — The necessity of the condition is obvious. For the other direction, observe
that since an odd dimensional hermitian space is automatically quasi-split at any fi-
nite place, we first construct the even dimensional hermitian space in the pair (V, Vo)
, and construct the odd dimensional one by adding or subtracting a one dimensional
hermitian space from the even dimensional one, keeping track only of the place cor-
responding to kg, and the places at infinity. O

Proof of Theorem 15.1. — By the results of the previous two sections, we already
know the desired result if M is reducible or is the parameter of a twisted Steinberg
representation. So we assume that M is an irreducible representation of W(k), so
that 75 is a supercuspidal representation of U(V). Similarly the theorem is already
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known if 7 is a principal series representation, or a twisted Steinberg representa-
tion of U(Vj). So we will assume in the rest of the proof that both mps and my are
supercuspidal representations.

We globalize the local spaces Vo C V to Vo C V as in the above corollary, so
that U(V) is compact at infinity. It is then easy to see that we can globalize the
representation 7 of U(V) to a cuspidal automorphic representation IT; of U(V)(A)
in such a way that it is unramified at all the finite places of F' except kg. It is important
to note that all local components of II; belong to generic L-packets. Indeed, by the
results of Rogawski [35], one knows that the base change BC(I1;) of IT; to GL3(E) is
cuspidal, since the base change of mps to GL3(k) is supercuspidal. Thus, all the local
components of BC(I1;) are generic, so that the L-parameters of all local components
of TI; are generic.

By [32, Lemma 1], we can globalize m to an automorphic representation Iy such
that the global period integral

i fofi 0,
U(Vo)\U(Vo)(A)

for some fo in Iy, and f; in II;. By the theorems due to Ginzburg, Jiang, and Rallis
[11, Theorem 4.6], the non-vanishing of the global period integral implies the non-
vanishing of a central critical L-value:

1
where IT¥ and IT1¥ denote base change of IT and II; to E. This implies that the global
root number,
1
Let
HO = ®wHO,wa and Hl = ®wH1,w7

with Il , = 7w, and II; , = 7. From the nonvanishing of the period integral, it
follows that
HomU(Vo,w)(HO,w ® Hl,wa(c) 7é 0

for all places w of F. Since, by construction, the representations II, ,, are unramified
and generic for all finite places w # v, we know the validity of Theorem 15.1 for such
representations. Thus we have:

1
ew(i,ngw ®If,) =1

for all finite places w # v. Since the global epsilon factor is a product of local epsilon
factors, we have

1 1

Thus, to complete the proof of Theorem 15.1, we need to address the branching
problem at the infinite places. In particular, we shall show:
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Proposition 15.6. — Let Vy be a codimension 1 hermitian subspace of a positive def-
inite hermitian space V of dimension n + 1 over C. Suppose that w, (resp. mo) is a
finite dimensional irreducible representation of U(V) (resp. U(Vp)). Let the Langlands
parameter of w1 (resp. mo) be o1 (resp. ag). Suppose that Homyy,) (71 ® mo, C) # 0.
Then

= 1 if n=0,3 mod4
€(o1 ® 0g) = (—1)‘$2L1) — Zf n mo
-1 if n=1,2 mod4

This proposition completes the proof of Theorem 15.1, since one knows by Lemma
15.4 that there are an even number of places at infinity if U(Vy) is quasi-split, and an
odd number of places at infinity when U(Vy) is not quasi-split since dim V5 = 2 (or
any odd multiple of 2).

The rest of the section is devoted to the proof of the proposition. In fact, it is a
simple consequence of the well-known branching law, recalled below in Lemma 15.8,
from the compact group U(n+1) to U(n), combined with the value of the epsilon factor
given by the following Lemma 15.7, which has been demonstrated in Proposition 2.1.

Lemma 15.7. — Let 9 be the additive character on C given by ¥(z) = e~ 2™ where
z =z +1y. For n a half-integer but not an integer, i.e., n € %Z\Z, let xn denote the
character xn(2) = (2/2)" = €72 for z = re® € C*. Then for n € 37\ Z,

1 if n>0
€(Xn, =
s ¥) {—1 if n<o.
Lemma 15.8. — Let mg (resp. m1) be a finite dimensional irreducible representation

of the compact group U(n) (resp. U(n + 1)) with L-parameter restricted to C* given
by an n-tuple of half-integers o9 = {—An < —Ap—1 < -+ < =A1} (resp. o1 = {1 <
pg <+ < pny1} an (n+1)-tuple of half-integers), where all the X,s are half-integers
but not integers if n is even, and are integers if n is odd, and the u;s are all integers
if n is even, and half-integers but not integers if n is odd, i.e.,

0o = X-x, +--+Xx-xn, and

01 = Xpt -+ Xpnga-

Then
Homy () (m1 ® mo, C) # 0
if and only if
p1 <A < p2 <A< < Ap < Pyl

Corollary 15.9. — With notation as in Lemma 15.8, and assuming that w3 appears
in the restriction of my, one has

€(Xpp ® 00) = (=1)"F*1 " for all k,
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and therefore,
n+1
6(0'1®0'0) — H(_l)n—k+1
k=1
(—1)*%F™,

) n(ntl)
Remark 15.10. — It should be mentioned that the global method followed in the proof
of Theorem 15.1 proves that if there is an invariant linear form, then the epsilon factor
has the expected value predicted in [7]. The natural variant for unitary groups of the
theorem of Waldspurger in [46] will prove that such an invariant form always exists
on a relevant pair of unitary groups. This will then strengthen Theorem 15.1 to an if
and only if statement.

16. A finer global argument

In the previous section, we used a global argument to prove Theorem 15.1, which
says that a nonzero invariant form for a Vogan packet IIj; x Iy is supported on the
quasi-split group U(V) x U(Vp) if and only if ¢(M ® N) = 1. One can refine this
argument to compute other epsilon factors which arise in [7, Conjecture 17.3] when
N is reducible. We give a sketch of this refined argument in this section.

Suppose that N = N; + Ny, where N; is conjugate symplectic of dimension 1, with
associated component group Ay. In §8, we have defined a bijection

J(@) : Iy « Irr(An)
which depends on the fixed additive character ¥ : k/ky — C*. When N; # N,
AN = Z/2Z x Z/2Z and thus a representation my € IIy is labelled by a pair of signs
(m (7o, %), n2(m0,%)). When N; = N,, (which corresponds to a reducible unitary

principal series), Ay = Z/2, and we have the label 7 (7o, ¥) = n2(mo, ¢) € {£1}.
Now the main result of this section is:

Theorem 16.1. — Let Vo C V' be hermitian spaces over a non-archimedean local field
k with dimV = 3 and dim Vy = 2. Let m; be an irreducible representation of U(V)
belonging to a generic L-packet with Langlands parameter M. Let my be a dihedral
representation of U(Vy) with Langlands parameter N = Ny @ Ny with N; conjugate
symplectic. If Homyy,)(m1 ® mo,C) # 0, then we have

€M ®Ny,9) = m(mo,y)
(M ® Nz, ¥p) = na(mo,¥).
Proof. — We already know the desired result in all cases except when m; is a sta-

ble supercuspidal representation. To take care of this remaining case, we globalize
everything in sight. More precisely,

(i) we first globalize the local fields ko C k to global fields F' C E with F totally
real and E totally complex.
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(ii) next, we globalize Vo C V to hermitian spaces Vo C V over F, keeping Vg
quasi-split at all the finite places away from k, and V positive definite at all real
spaces; this is possible by Corollary 15.5.

(iii) we then globalize the representation my of U(Vp) to a dihedral automorphic
representation Iy of U(Vy) which is unramified outside the finite place of F'
corresponding to kg. This is possible as it amounts to globalizing a character of
k* to a Grossencharacter on A} unramified at all the finite places different from
k, cf. [32, Lemma 3]. Further, we may ensure that the Grdssencharacter on A},
is not Galois invariant, so that the automorphic representation ITy on U(Vy) is
cuspidal. If N; # Ns, there is no issue about this, but if N; = Ny, one needs to
observe that the flexibility allowed by [32, Lemma 3] makes the representation
at infinity to be discrete series.

(iv) we next globalize m; of U(V') to an automorphic representation II; of U(V) so
that it is a principal series representation at all finite places of E away from k
and with nonzero period integral:

/ fofi #0,
U(Vo)\U(Vo)(A)

for some fy in Iy, and f; in II;. This is possible by an application of relative
trace formula exactly as in the proof of [33, Theorem 4.1], though the result in
this reference is proved only for a character on the subgroup; we grant ourselves
such a generalization here. Further, we note that since m; is stable, all local
components of II; belong to generic L-packets.

Now by the theorem of Ginzburg, Jiang, and Rallis [11, Theorem 4.6], the non-
vanishing of the period integral in (iii) above implies the nonvanishing of the central
critical L-value:

L(3,1§ ® IIT) # 0,
where II¥ and II¥ denote base change of II, and II; to E, which are automorphic
representations of GLy(Ag) and GL3(Ag) respectively. We note that the work of
Ginzburg, Jiang, and Rallis is at the moment subject to the hypothesis that II¥ and
I1¥ are cuspidal, which is not the case here. However, it seems likely that their theorem
can be strengthened to give what we need; again we grant ourselves this extension
here.

In the case at hand, II¥ is an Eisenstein series corresponding to a sum of two
Grossencharacters =1 + 25, and therefore the L-function being considered factorizes
as

L(s,[E1 + E5] ® IIP) = L(s,2; @ ITF) - L(s, 2, @ IIF).

The nonvanishing of L(3, 11§ ® IIf) then implies the nonvanishing of both L(3,E; ®
II¥) and L(%,E; ® IIF). The two L-functions being considered are both selfdual, and
hence the corresponding global root numbers are 1:

E(%,El ® HIE) =1,
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and
€(3,5,®I7) =1.
By the multiplicity formula of Labesse-Langlands [22] or Rogawski [35], since the
representation Il is automorphic, we have:

m (o) =[] m (Mo, ¥o) = 1,
v

and
(o) := [ [ me(To0, W) = 1.

Here, ¥ is a character of Ag/EAr — C*, with local components ¥,,, and the values
7:(Ilo,v, ¥,) = £1 are the labels for the members inside a Vogan packet defined in §6
and recalled at the beginning of this section. '

In view of the above, we get that:

(A) 1=¢(3,8:007) = [[eE1 ®T0F,) = [[ m (o, ¥.),
v v
and similarly,

(B) 1=¢(3,2,007) = [[ (B2 ®TF,) = [ n2(Io,0, T.).
v v

We note that at the places v of F' split in E, the unitary groups U(V,) and U(Vy )
become GL3(F,) and GL2(F,) respectively. At such places, the signs 7; and 7 are
trivial (by definition); further, it is easy to see that if the place v of F' splits into two
places {v',v"} of E, then €(Z;,,» ® II¥,,) - €(Z1,» ® I ;) = 1. This means that in
the above product formulae (A), (B), we can ignore places of F split in E. Since we
have globalized II; keeping it unramified at the finite places away from k, we know
that the theorem being proved is known by the results of the previous sections. By
the product formulae (A) and (B), our theorem is proved at this remaining place! O

We end with a summary of the status of [7, Conjecture 17.3] for U(3) x U(2), as
treated in the last 4 sections of this paper. If the L-parameter is M ® N, then we
have:

1. If M is endoscopic, [7, Conj. 17.3] is verified by Section 13.

2. If M is Steinberg, [7, Conj. 17.3] is done by Prop. 14.1.

3. If M is stable supercuspidal, and N corresponds to an irreducible principal
series of U(2), or a twisted steinberg representation, |7, Conj. 17.3] is verified
by Lemma 14.4, and the ensuing discussion.

4. If M stable supercuspidal and N corresponds to a dihedral principal series
representation, then [7, Conj. 17.3] is verified by Lemma 14.4 and the ensuing
discussion, together with Theorem 16.1.

5. If M stable supercuspidal and N (stable or dihedral) supercuspidal, then [7,
Conj. 17.3] is partially verified by Theorems 15.1 and 16.1. More precisely, we
show that the only representation in IIjs x Il which could possibly support
an invariant form is the one corresponding to the distinguished character in [7,
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Conj. 17.3]. However, we have not shown that this distinguished representation
is actually distinguished!
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