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SMOOTH K-THEORY

by

Ulrich Bunke & Thomas Schick

Dedicated to Jean-Michel Bismut on the occasion of his 60" birthday

Abstract. — In this paper we consider smooth extensions of cohomology theories.
In particular we construct an analytic multiplicative model of smooth K-theory.
We further introduce the notion of a smooth K-orientation of a proper submersion
p: W — B and define the associated push-forward p, : K(W) — K(B). We show
that the push-forward has the expected properties as functoriality, compatibility with
pull-back diagrams, projection formula and a bordism formula.

We construct a multiplicative lift of the Chern character ch : K(B) — H (B,Q),
where H (B, Q) denotes the smooth extension of rational cohomology, and we show
that ch induces a rational isomorphism.

If p: W — B is a proper submersion with a smooth K-orientation, then we define

a class A(p) € H®(W,Q) (see Lemma 6.17) and the modified push-forward 15{4 =
A(A(p)U...) : HW,Q) — H(B, Q). One of our main results lifts the cohomological
version of the Atiyah-Singer index theorem to smooth cohomology. It states that
ﬁ;“ocil =ciloﬁ!.
Résumé (K -théorie différentiable). — Dans cet article, nous considérons des extensions
différentielles des théories cohomologiques. En particulier, nous construisons un mo-
dele analytique multiplicatif de la K-théorie différentielle. Nous introduisons les K-
orientations différentielles d’une submersion propre p: W — B. Nous contruisons
une application d’intégration associée: pi: K (W) — K (B); et nous démontrons les
propriétés attendues, telles que la fonctorialité, la compatibilité aux pull-backs, des
formules de projection et de bordisme.

Nous construisons un relévement multiplicatif du caractére de Chern ch : K(B) —
H(B,Q), ou H (B, Q).est une extension différentielle de la cohomologie rationnelle,
et nous démontrons que ch induit un isomorphisme rationnel.

Sip: W — B est une submersion propre munie d’une K-orientation différentielle,
nous définissons une classe A(p) € Hev (W, Q) (compare Lemma 6.17) et une appli-
cation d’intégration modifiée ﬁg“ = p(A(p)U...) : HW,Q) — H(B,Q). L’un de
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46 U. BUNKE & T. SCHICK

nos résultats principaux est une version en cohomologie différentielle du théoréme
d’indice d’Atiyah-Singer, pour laquelle ﬁ!A och =chojp.

1. Introduction

1.1. The main results

1.1.1. — In this paper we construct a model of a smooth extension of the general-
ized cohomology theory K, complex K-theory. Historically, the concept of smooth
extensions of a cohomology theory started with smooth integral cohomology [24], also
called real Deligne cohomology, see [16]. A second, geometric model of smooth inte-
gral cohomology is given in [24], where the smooth integral cohomology classes were
called differential characters. One important motivation of its definition was that one
can associate natural differential characters to hermitean vector bundles with con-
nection which refine the Chern classes. The differential character in degree two even
classifies hermitean line bundles with connection up to isomorphism. The multiplica-
tive structure of smooth integral cohomology also encodes cohomology operations, see
[29].

The holomorphic counterpart of the theory became an important ingredient of
arithmetic geometry.

1.1.2. — Motivated by the problem of setting up lagrangians for quantum field theo-
ries with differential form field strength it was argued in [27], [26] that one may need
smooth extensions of other generalized cohomology theories. The choice of the gener-
alized cohomology theory is here dictated by a charge quantization condition, which
mathematically is reflected by a lattice in real cohomology. Let N be a graded real
vector space such that the field strength lives in Q4-¢(B)® N, the closed forms on the
manifold B with coefficients in N. Let L(B) C H(B, N) be the lattice given by the
charge quantization condition on B. Then one looks for a generalized cohomology the-
ory h and a natural transformation ¢ : h(B) — H(B, N) such that c(h(B)) = L(B).
It was argued in [27], [26] that the fields of the theory should be considered as cycles
for a smooth extension A of the pair (h,c). For example, if N = R and the charge
quantization leads to L(B) = im(H(B,Z) — H(B,R)), then the relevant smooth
extension could be the smooth integral cohomology theory of [24].

In Subsection 1.2 we will introduce the notion of a smooth extension in an axiomatic
way.

1.1.3. — [26] proposes in particular to consider smooth extensions of complex and
real versions of K-theory. In that paper it was furthermore indicated how cycle models
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SMOOTH K-THEORY 47

of such smooth extensions could look like. The goal of the present paper is to carry
through this program in the case of complex K-theory.

1.1.4. — In the remainder of the present subsection we describe, expanding the
abstract, our main results. The main ingredient is a construction of an analytic
model of smooth K-theory, also called differentiable K-theory by some authors, using
cycles and relations.

1.1.5. — Our philosophy for the construction of smooth K-theory is that a vector
bundle with connection or a family of Dirac operators with some additional geometry
should represent a smooth K-theory class tautologically. In this way we follow the
outline in [26]. Our class of cycles is quite big. This makes the construction of smooth
K-theory classes or transformations to smooth K-theory easy, but it complicates the
verification that certain cycle level constructions out of smooth K-theory are well-
defined. The great advantage of our choice is that the constructions of the product
and the push-forward on the level of cycles are of differential geometric nature.

More precisely we use the notion of a geometric family which was introduced in [19]
in order to subsume all geometric data needed to define a Bismut super-connection
in one notion. A cycle of the smooth K-theory K (B) of a compact manifold B is
a pair (&, p) of a geometric family & and an element p € Q(B)/im(d), see Section
2. Therefore, cycles are differential geometric objects. Secondary spectral invariants
from local index theory, namely n-forms, enter the definition of the relations (see
Definition 2.10). The first main result is that our construction really yields a smooth
extension in the sense of Definition 1.1.

1.1.6. — Our smooth K-theory K(B) is a contravariant functor on the category of
compact smooth manifolds (possibly with boundary) with values in the category of
Z/2Z-graded rings. This multiplicative structure is expected since K-theory is a mul-
tiplicative generalized cohomology theory, and the Chern character is multiplicative,
too. As said above, the construction of the product on the level of cycles (Defini-
tion 4.1) is of differential-geometric nature. Analysis enters the verification of well-
definedness. The main result is here that our construction produces a multiplicative
smooth extension in the sense of Definition 1.2.

1.1.7. — Let us consider a proper submersion p: W — B with closed fibres which
has a topological K-orientation. Then we have a push-forward p,: K(W) — K(B),
and it is an important part of the theory to extend this push-forward to the smooth
extension.

For this purpose one needs a smooth refinement of the notion of a K-orientation

which we introduce in 3.5. We then define the associated push-forward p,: K(W) —
K (B), again by a differential-geometric construction on the level of cycles (17). We
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48 U. BUNKE & T. SCHICK

show that the push-forward has the expected properties: functoriality, compatibility
with pull-back diagrams, projection formula, bordism formula.

1.1.8. — Let V = (V,hY,VV) be a hermitean vector bundle with connection. In
[24] a smooth refinement ch(V) € H(B, Q) of the Chern character was constructed.
In the present paper we construct a lift of the Chern character ch: K(B) — H(B,Q)
to a multiplicative natural transformation of smooth cohomology theories (see (30))

ch: K(B) — H(B,Q)

such that ch(V) = ch([¥,0]), where ¥ is the geometric family determined by V. We
prove in Proposition 6.12 that the Chern character induces a natural isomorphism of
Z/2Z-graded rings K(B) ® Q = H(B, Q).

1.1.9. — If p: W — B is a proper submersion with a smooth K-orientation, then we
define a class (see Lemma 6.17) A(p) € H®'(W, Q) and the modified push-forward

Pt =p(Ap)U---): HW,Q) — H(B,Q).

Our index theorem 6.19 lifts the characteristic class version of the Atiyah-Singer index
theorem to smooth cohomology. It states that the following diagram commutes:

W) —2= B(W,Q)

lﬁ! Lﬁf
K(B) —=- H(B,Q).

1.1.10. — In Subsection 1.2 we present a short introduction to the theory of smooth
extensions of generalized cohomology theories. In Subsection 1.3 we review in some
detail the literature about variants of smooth K-theory and associated index theorems.
In Section 2 we present the cycle model of smooth K-theory. The main result is
the verification that our construction satisfies the axioms given below. Section 3 is
devoted to the push-forward. We introduce the notion of a smooth K-orientation, and
we construct the push-forward on the cycle level. The main results are that the push-
forward descends to smooth K-theory, and the verification of its functorial properties.
In Section 4 we discuss the ring structure in smooth K-theory and its compatibility
with the push-forward. Section 5 presents a collection of natural constructions of
smooth K-theory classes. In Section 6 we construct the Chern character and prove
the smooth index theorem.

1.2. A short introduction to smooth cohomology theories

1.2.1. — The first example of a smooth cohomology theory appeared under the name
Cheeger-Simons differential characters in [24]. Given a discrete subring R C R we have
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SMOOTH K-THEORY 49

a functor @ B — H(B,R) from smooth manifolds to Z-graded rings. It comes with
natural transformations

1. R: H(B,R) = Q4—(B) (curvature)

2. I: H(B,R) —» H(B,R) (forget smooth data)

3. a: O(B)/in(d) — H(B,R) (action of forms).
Here Q(B) and Q4-0(B) denote the space of smooth real differential forms and its
subspace of closed forms. The map a is of degree 1. Furthermore, one has the following
properties, all shown in [24].

1. The following diagram commutes
A(B,R) —— H(B,R)
R R—R
Qa—o(B) —"~ H(B,R),

where dR is the de Rham homomorphism.

R and I are ring homomorphisms.

Roa=d,

a(w) Uz = a(w A R(z)), Vz € H(B,R), Yw € Q(B)/in(d),
The following sequence is exact:

1) H(B,R) — Q(B)/in(d) > H(B,R) - H(B,R) — 0.

Sl

1.2.2. — Cheeger-Simons differential characters are the first example of a more gen-
eral structure which is described for instance in the first section of [26]. In view of
our constructions of examples for this structure in the case of bordism theories and
K-theory, and the presence of completely different pictures like [31] we think that an
axiomatic description of smooth cohomology theories is useful.

Let N be a Z-graded vector space over R. We consider a generalized cohomology
theory h with a natural transformation of cohomology theories c¢: h(B) — H(B, N).
The natural universal example is given by N := h* ® R, where c is the canonical
transformation. Let Q(B, N) := Q(B)®rN. To a pair (h, c) we associate the notion of
a smooth extension k. Note that manifolds in the present paper may have boundaries.

Definition 1.1. — A smooth extension of the pair (h,c) is a functor B — h(B) from
the category of compact smooth manifolds to Z-graded groups together with natural
transformations

1. R: h(B) — Qa—o(B, N) (curvature)

2. I: h(B) — h(B) (forget smooth data)

(1) In the literature, this group is sometimes denoted by A (B,R/R), possibly with a degree-shift by
one.
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50 U. BUNKE & T. SCHICK

3. a: Q(B,N)/in(d) — h(B) (action of forms).
These transformations are required to satisfy the following azioms:
1. The following diagram commutes

h(B) —— h(B)

R c
Qu—o(B,N) “~ H(B, N).
2. We have
(2) Roa=d.

3. a is of degree 1.
4. The following sequence is exact:

(3) h(B) 5 Q(B, N)/in(d) % h(B) 5 h(B) — 0.

The Cheeger-Simons smooth cohomology B — H(B,R) considered in 1.2.1 is the
smooth extension of the pair (H(...,R),i), where i: H(B,R) — H(B,R) is induced
by the inclusion R — R. The main object of the present paper, smooth K-theory,
is a smooth extension of the pair (K, chg), and we actually work with the obvious
Z/27Z-graded version of these axioms.

1.2.3. — If h is a multiplicative cohomology theory, then one can consider a Z-graded
ring N over R and a multiplicative transformation c: h(B) — H(B, N). In this case
is makes sense to talk about a multiplicative smooth extension & of (h,c).

Definition 1.2. — A smooth extension h of (h,c) is called multiplicative, if h together
with the transformations R,I,a is a smooth extension of (h,c), and in addition

1. hisa functor to Z-graded rings,
2. R and I are multiplicative,
3. a(w) Uz = a(w A R(z)) for z € h(B) and w € (B, N)/in(d).

The smooth extension H(...,R) of ordinary cohomology H(...,R) with coefficients
in a subring R C R considered in 1.2.1 is multiplicative. The smooth extension K of
K-theory which we construct in the present paper is multiplicative, too.

1.2.4. — Consider two pairs (h;,c;), ¢ = 0,1 as in 1.2.2 and a transformation of
generalized cohomology theories u: hg — hj such that ¢; oh = ¢g. Then we define the
notion of a natural transformation of smooth cohomology theories which refines w.
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Definition 1.3. — A natural transformation of smooth extensions i: ho — hy which
refines u is a natural transformation 4: ho(B) — h1(B) such that the following dia-
gram commautes:

/R\
Q(B, N)/in(d) “— ho(B) —— ho(B) Q4=0(B, N)
Q(B, N)/in(d) “— h,(B) —— h1(B) Q4=o(B, N).

\E/

Our main example is the Chern character ch: K(B) — H(B, Q) which refines the
ordinary Chern character ch: K(B) — H(B,Q). The Chern character and its smooth
refinements are actually multiplicative.

1.2.5. — One can show that two smooth extensions of (H(..., R),) are canonically
isomorphic (see [44] and [22, Section 4]). There is no uniqueness result for arbitrary
pairs (h,c). Appropriate examples in the case of K-theory are presented in [22,
Section 6]. In order to fix the uniqueness problem one has to require more conditions,
which are all quite natural.

The projection pr,: S' x B — B has a canonical smooth K-orientation (see 4.3.2
for details). Hence we have a push-forward (pr,): K(S* x B) — K (B) (see Definition
3.18). This map plays the role of the suspension for the smooth extension. It is natural
in B, and the following diagram commutes (see Proposition 3.19)

/\
4)  Q(S! x B)/in(d) *— K (S' x B) — K(B) Q(S! x B)
fsle/B l/(Ph’-'z)! [(Prz)! LISIXB/B
Q(B)/in(d) —= R(B) —— K(B) Q(B).

\E/

(5) (Pry)r o pry =0.
We have the following theorem, also discovered by Wiethaup.

Furthermore, it satisfies (see 4.6)

Theorem 1.4 (22, Section 3, Section 4]). — There is a unique (up to isomorphism)
smooth extension of the pair (K,chg) for which in addition the push-forward along

SOCIETE MATHEMATIQUE DE FRANCE 2009



52 U. BUNKE & T. SCHICK

pry: S x B — B is defined, is natural in B, satisfies (5), and is such that (4)
commutes. If we require the isomorphism to preserve (pr,)i, then it is also unique.

1.2.6. — The theory of [31] gives the following general existence result.

Theorem 1.5 ([31]). — For every pair (h,c) of a generalized cohomology theory and a
natural transformation h — HN there ezists a smooth extension h in the sense of
Definition 1.1.

A similar general result about multiplicative extensions is not known. Besides
smooth extensions of ordinary cohomology and K-theory we have a collection of
multiplicative extensions of bordism theories, again by an an explicit construction in
a cycle model. The details can be found in [23].

1.2.7. — Let us now assume that (A, ¢) is multiplicative, and that h is a multiplicative
smooth extension of the pair (h,c). Let p: W — B be a proper submersion with closed
fibres. An h-orientation of p is given by a collection of compatible choices of h-Thom
classes on representatives of the stable normal bundle of p. Equivalently, we can fix
a Thom class on the vertical tangent bundle, and we will adopt this point of view in
the present paper. If p is h-oriented, then we have a push-forward p;: h(W) — h(B).
It is an inportant question for applications and calculations how one can lift the
push-forward to the smooth extensions.

In the case of smooth ordinary cohomology with coefficients in R it turns out that
an ordinary orientation of p suffices in order to define p,: H (W,R) —» H (B, R). This
push-forward has been considered e.g. in [16], [25], [35]. We refer to 6.1.1 for more
details.

A push-forward for more general pairs (h, ¢) has been considered in [31] without a
discussion of functorial properties.

1.2.8. — The philosophy in the present paper is that the push-forward in K-theory
is realized analytically using families of fibre-wise Dirac operators. Therefore, in the
present paper a smooth K-orientation is given by a collection of geometric data which
allows to define the push-forward on the level of cycles, which are given by families of
Dirac type operators. We add a differential form to the data in order to capture the
behaviour under deformations.

1.2.9. — We have cycle models of multiplicative smooth extensions of bordism the-
ories €, where G in particular can be SO, Spin,U, Spin®, see [23]. In these ex-
amples the natural transformation c is the genus associated to a formal power series
é(z) = 1+ a1z + ... with coefficients in some graded ring. These bordism theories
admit a theory of orientations and push-forward which is very similar to the case of
K-theory. Concerning the product and the integration bordism theories turn out to
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be much simpler than ordinary cohomology. Motivated by this fact, in a joint project
with M. Kreck we develop a bordism like version of the smooth extension of integral
cohomology based on the notion of orientifolds.

We also have an equivariant version of the theory of the present paper for finite
groups which will be presented in a future publication.

1.3. Related constructions

1.3.1. — Recall that [31] provides a topological construction of smooth K-theory. In
this subsection we review the literature about analytic variants of smooth K-theory
and related index theorems. Note that we will completely ignore the development of
holomorphic variants which are more related to arithmetic questions than to topology.
This subsection will use the language which is set up later in the paper. It should be
read in detail only after obtaining some familiarity with the main definitions (though
we tried to give sufficiently many forward references).

1.3.2. — Let p: W — B be a proper submersion with closed fibres. To give a K-
orientation of p is equivalent to give a Spin®-structure on its vertical bundle T”p.
The K-orientation of p yields, by a stable homotopy construction, a push-forward
p: K(W) — K(B). Let A(T"p) denote the A-class of the vertical bundle, and let
c1(L?) € H?(W,Z) be the cohomology class determined by the Spin°-structure (see
3.1.6). The “index theorem for families” in the characteristic class version states that

ch(p(z)) = A@Tp)uer@) Uch(z), Vze K(W).
W/B

If one realizes the push-forward in an analytic model, then this statement is indeed

an index theorem for families of Dirac operators.

1.3.3. — The cofibre of the map of spectra K — HR induced by the Chern character
represents a generalized cohomology theory KR/Z, called R/Z-K-theory. It is a
module theory over K-theory and therefore also admits a push-forward for K-oriented
proper submersions. This push-forward is again defined by constructions in stable
homotopy theory. An analytic/geometric model of R/Z-K-theory was proposed in
[32], [33]. This led to the natural question whether there is an analytic description
of the push-forward in R/Z-K-theory. This question was solved in [37]. The solution
gives a topological interpretation of p-invariants.

Furthermore, in [37] a Chern character from R/Z-K-theory to cohomology with
R/Q-coefficients has been constructed, and an index theorem has been proved.

Let us now explain the relation of these constructions and results with the present
paper. In the present paper we define the flat theory Kﬂat(B) as the kernel of the
curvature R: K(B) — Q4—o(B). It turns out that Kg,(B) is isomorphic to KR/Z(B)
up to a degree-shift by one (Proposition 2.25). One can actually represent all classes
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54 U. BUNKE & T. SCHICK

of K3,.(B) by pairs (&, p), where & is a geometric family with zero-dimensional fibre
(see 2.1.4). If one restricts to these special cycles, then our model of KJ,,(B) and the
model of KR/Z™1(B) of [37] coincide.

By an inspection of the constructions one can further check that the restriction of
our cycle level push-forward (17) to these particular flat cycles is the same as the one
in [37]. At a first glance our push-forward of flat classes seems to depend on a smooth
refinement of the topological K-orientation of the map p, but it is in fact independent
of these geometric choices as can be seen using the homotopy invariance of the flat
theory. The comparison with [37] shows that the restriction of our push-forward to
flat classes coincides with the homotopy theorists’ one.

The restriction of our smooth lift of the Chern character ch: K(B) — H(B,Q)
(see Theorem 6.2) to the flat theories exactly gives the Chern character of [37]

ch: Kgat(B) = Hgai(B, Q)

(using our notation and the isomorphism of H,,(B) = H*~!(B,R/Q)). If we restrict
our index theorem 6.19 to flat classes, then it specializes to

ch(p(z)) = / A(Tp)uerr ) uch(z), VzeKW),
wW/B

and this is exactly the index theorem of [37].
In this sense the present paper is a direct generalization of [37] from the flat to the
general case.

1.3.4. — The analytic model of R/Z-K-theory and the analytic construction of the
push-forward in [37] fits into a series of constructions of homotopy invariant functors
with a push-forward which encodes secondary spectral invariants. Let us mention the
two examples in [38] which are based on flat bundles or flat bundles with duality,
respectively. The spectral geometric invariants in these examples are the analytic
torsion forms of [15] and the n-forms introduced e.g. in [12]. The functoriality of the
push-fowards under compositions is discussed in [18) and [21]. But these construction
do not fit (at least at the moment) into the world of smooth cohomology theory, and
it is still an open problem to interpret the push-forward in topological terms.
Let us also mention the paper [43] devoted to smooth lifts of Chern classes.

1.3.5. — In [9], [8] several variants of functors derived from K-theory are considered.
In the following we recall the names of these groups used in that reference and explain,
if possible, their relation with the present paper.

1. relative K-theory Kiq: the cycles are triples (V,VV, f) of Z/2Z-graded flat
vector bundles and an odd selfadjoint bundle automorphism f (which need not
be parallel).
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SMOOTH K-THEORY 55

2. free multiplicative K-theory K. (also called transgressive in [8]): it is essen-
tially ® a model of K° based on cycles of the form (&, p), where & is a geometric
family with zero-dimensional fibre coming from a geometric vector bundle (see
2.1.4).

3. multiplicative K-theory M K: it is the same model of KJ,, as in [37], see 1.3.3.

4. flat K-theory Kgas: it is the Grothendieck group of flat vector bundles.

Besides the definition of these groups and the investigation of their interrelation the
main topic of [9], [8] is the construction of push-forward operations. In the following
we will only discuss multiplicative and transgressive K-theory since they are related
to the present paper. The difference to the constructions of [37] and the present paper
is that Berthomiau’s analytic push-forward (which we denote here by pf) does not
use the Spinc-Dirac operator but the fibre-wise de Rham complex. From the point
of view of analysis the difference is essentially that the class A (T7p) Ue2 (L) or the
corresponding differential form has to be replaced by the Euler class E(T"p) or the
Euler form of the vertical bundle.

The advantage of working with the de Rham complex is that in order to define the
push-forward p,B one does not need a Spin-structure. If there is one, then one can
actually express p? in terms of p; as

P (z) =pi(zUs),

where s* € K(W) is the class of the dual of the spinor bundle S¢(T”p), or the K (W)-
class represented by the geometric version of this bundle in the case of transgressive
K-theory, respectively. The point here is that the Dirac operator induced by the de
Rham complex is the Spinc-Dirac operator twisted by S¢(T"p)*.

As said above, the homotopy theorists’ p; is the push-forward associated to a K-
orientation of p. In contrast, the homotopy theorists’ version of p!B is the Gottlieb-
Becker transfer.

The motivation of [9] , [8] to define the push-forward with the de Rham complex
is that it is compatible with the push-forward for flat K-theory. The push-forward of
a flat vector bundle is expressed in terms of fibre-wise cohomology which forms again
a flat vector bundle on the base. This additional structure also plays a crucial role in
[38], [15], [18], and [21]. If one interprets the push-forward using the Spin®-calculus,
then the flat connection is lost. Let us mention that the first circulated version of the
present paper predates the papers [9] , [8] which actually adapt some of our ideas.

1.3.6. — The topics of [11] are two index theorems involving H(B, Q)-valued char-
acteristic classes. Here we only review the first one, since the second is related to flat

(2) The connections are not assumed to be hermitean and the corresponding differential forms have
complex coefficients.
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vector bundles. (Compare also [39] for a “flat version”). Let us formulate the result
of [11] in the language of the present paper.

Let p: W — B be a proper submersion with closed fibres with a fibre-wise spin-
structure over a compact base B. The spin structure induces a Spinc-structure,
and we choose a representative of a smooth K-orientation o := (gTuP,Thp,ﬁ,O),
where V is indced from the Levi-Civita connection on Tp (see 3.1.9 for details). Let
V = (V,hY,VV) be a geometric vector bundle over W with associated geometric
family 9/ (compare 2.1.4). Then we can form the geometric family & := p/'V (see 3.7)
over B.

The family of Dirac operators D(&) acts on sections of a bundle of Hilbert spaces
H(&) — B. The geometric structures of the K-orientation o and V induce a connec-
tion VH#(6) (it is the connection part of the Bismut superconnection [7, Prop. 10.15]
associated to this situation). We assume that the family of Dirac operators of D(&)
has a kernel bundle K := ker(D(&)). This bundle has an induced metric A*. The
projection of VH(6) to K gives a hermitean connection VX. We thus get a geometric
bundle K := (K,h¥,V¥), and an associated geometric family K (see 5.3.1). The
index theorem in [11] calculates the smooth Chern character ch(K) € H(B,Q) of
[24] and states:

ch(K) = 5(A(T"p) U ch(V)) + a(n®(6)),
where we refer to (33) and 5.3.3 for notation.
Note that this theorem could also be derived from our index Theorem 6.19. By

Corollary 5.5, (17) , our special choice of 0, and Theorem 6.19 (the marked step) we
have

ch(K) — a(n%°(8)) = chl%,n"°(§)] = ch[§,0] = ch([p¥/,0]) = ch(p([¥,0]))

L 55 (ch(V)) = pi(A(TVp) U ch(V)).

Acknowledgement. — We thank Moritz Wiethaup for explaining to us his insights
and result. We further thank Mike Hopkins and Dan Freed for their interest in this
work and many helpful remarks. We thank the referee for many helpful comments
which lead to considerable improvements of the exposition.

2. Definition of smooth K-theory via cycles and relations

2.1. Cycles
2.1.1. — One goal of the present paper is to construct a multiplicative smooth ex-
tension of the pair (K, chg) of the multiplicative generalized cohomology theory K,

complex K-theory, and the composition chg: K b H Q — HR of the Chern charac-
ter with the natural map from ordinary cohomology with rational to real coefficients
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induced by the inclusion Q@ — R. In this section we define the smooth K-theory
group K (B) of a smooth compact manifold, possibly with boundary, and construct
the natural transformations R,I,a. The main result of the present section is that
our construction really yields a smooth extension in the sense of Definition 1.1. Wi
discuss the multiplicative structure in Section 4.

Our restriction to compact manifolds with boundary is due to the fact that we
work with absolute K-groups. One could in fact modify the constructions in order
to produce compactly supported smooth K-theory or relative smooth K-theory. But
in the present paper, for simplicity, we will not discuss relative smooth cohomology
theories.

2.1.2. — We define the smooth K-theory K (B) as the group completion of a quotient
of a semigroup of isomorphism classes of cycles by an equivalence relation. We start
with the description of the cycles.

Definition 2.1. — Let B be a compact manifold, possibly with boundary. A cycle for
a smooth K -theory class over B is a pair (&, p), where & is a geometric family, and
p € Q(B)/im(d) is a class of differential forms.

2.1.3. — The notion of a geometric family has been introduced in [19] in order to
have a short name for the data needed to define a Bismut super-connection |7, Prop.
10.15]. For the convenience of the reader we are going to explain this notion in some
detail.

Definition 2.2. — A geometric family over B consists of the following data:

1. a proper submersion with closed fibres n: E — B,

2. a vertical Riemannian metric g7 ™, i.e. a metric on the vertical bundle T'mw C
TE, defined as T"m := ker(dn: TE — n*TB).

3. a horizontal distribution Thn, i.e. a bundle Thn C TE such that Thn & T?n =
TE.

4. a family of Dirac bundles V — E,

5. an orientation of T".

Here, a family of Dirac bundles consists of

1. a hermitean vector bundle with connection (V,VV,hY) on E,
2. a Clifford multiplication c: T 7@V — V,
3. on the components where dim(7n) has even dimension a Z/2Z-grading 2.

We require that the restrictions of the family Dirac bundles to the fibres Ej := 7 ~1(b),
b € B, give Dirac bundles in the usual sense (see [19, Def. 3.1]):

1. The vertical metric induces the Riemannian structure on Ej,
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2. The Clifford multiplication turns V|g, into a Clifford module (see [7, Def.3.32])
which is graded if dim(FE}) is even.

3. The restriction of the connection VV to Ej is a Clifford connection (see [7,
Def.3.39)).

A geometric family is called even or odd, if dim(7"7) is even-dimensional or odd-
dimensional, respectively.

2.1.4. — Here is a simple example of a geometric family with zero-dimensional fibres.
Let V — B be a complex Z/2Z-graded vector bundle. Assume that V' comes with a
hermitean metric ¥ and a hermitean connection VY which are compatible with the
7./2Z-grading. The geometric bundle (V,hY, V") will usually be denoted by V.

We consider the submersion 7 := idg: B — B. In this case the vertical bundle
is the zero-dimensional bundle which has a canonical vertical Riemannian metric
gT"’™ := 0, and for the horizontal bundle we must take T"7 := T'B. Furthermore, there
is a canonical orientation of p. The geometric bundle V can naturally be interpreted
as a family of Dirac bundles on B — B. In this way V gives rise to a geometric family
over B which we will usually denote by ¥.

2.1.5. — In order to define a representative of the negative of the smooth K-theory
class represented by a cycle (&, p) we introduce the notion of the opposite geometric
family.

Definition 2.3. — The opposite 5°F of a geometric family & is obtained by reversing the
signs of the Clifford multiplication and the grading (in the even case) of the underlying
family of Clifford bundles, and of the orientation of the vertical bundle.

2.1.6. — Our smooth K-theory groups will be Z/2Z-graded. On the level of cycles
the grading is reflected by the notions of even and odd cycles.

Definition 2.4. — A cycle (&, p) is called even (or odd, resp.), if & is even (or odd,
resp.) and p € Q°44(B)/in(d) ( or p € Q'(B)/in(d), resp.).

2.1.7. — Let & and & be two geometric families over B. An isomorphism § = &'
consists of the following data:

VI

|,

—_>E/

NS

where
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1. f is a diffeomorphism over B,

2. F'is a bundle isomorphism over f,

3. f preserves the horizontal distribution, the vertical metric and the orientation.
4. F preserves the connection, Clifford multiplication and the grading.

Definition 2.5. — Two cycles (&, p) and (&, p') are called isomorphic if & and & are
isomorphic and p = p’. We let G*(B) denote the set of isomorphism classes of cycles
over B of parity x € {ev, odd}.

2.1.8. — Given two geometric families & and & we can form their sum §Up & over B.
The underlying proper submersion with closed fibres of the sum is 7lUn’: EUE’ — B.
The remaining structures of §Up & are induced in the obvious way.

Definition 2.6. — The sum of two cycles (&,p) and (&, p) is defined by
(&) +(&,0) = (Eup & ,p+p).

The sum of cycles induces on G*(B) the structure of a graded abelian semigroup.
The identity element of G*(B) is the cycle 0 := (&, 0), where & is the empty geometric
family.

2.2. Relations

2.2.1. — In this subsection we introduce an equivalence relation ~ on G*(B). We
show that it is compatible with the semigroup structure so that we get a semigroup
G*(B)/ ~. We then define the smooth K-theory K*(B) as the group completion of
this quotient.

In order to define ~ we first introduce a simpler relation “paired” which has a
nice local index-theoretic meaning. The relation ~ will be the equivalence relation
generated by “paired”.

2.2.2. — The main ingredients of our definition of “paired” are the notions of a taming
of a geometric family & introduced in [19, Def. 4.4], and the n-form of a tamed family
(19, Def. 4.16].

In this paragraph we shortly review the notion of a taming. For the definition of
eta-forms we refer to [19, Sec. 4.4]. In the present paper we will use n-forms as a
black box with a few important properties which we explicitly state at the appropriate
places below.

If & is a geometric family over B, then we can form a family of Hilbert spaces
(Hp)veB, where Hy := L?(Ey, Vig,)- If & is even, then this family is in addition Z/2Z-
graded. The geometric family & gives rise to a family of Dirac operators (D(&s))beB,
where D(&p) is an unbounded selfadjoint operator on Hj, which is odd in the even
case.
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A pre-taming of & is a family (Qp)secp of selfadjoint operators @ € B(H,) given
by a smooth fibrewise integral kernel Q € C*°(E xg E,V X V™*). In the even case we
assume in addition that @ is odd, i.e. that it anticommutes with the grading z. The
pre-taming is called a taming if D(&p) + @ is invertible for all b € B.

The family of Dirac operators (D(&p))se B has a K-theoretic index which we denote
by index(&) € K(B). If the geometric family & admits a taming, then the associated
family of Dirac operators operators admits an invertible compact perturbation, and
hence index(&) = 0. Vice versa, if index(&) = 0 and the even part is empty or has
a component with dim(T%n) > 0, then by [19, Lemma. 4.6] the geometric family
admits a taming.

If the even part of & has zero-dimensional fibres, then the existence of a taming
may require some stabilization. This means that we must add a geometric family
Y up VP (see 2.1.4 and Definition 2.3), where V is the bundle B x C* — B for
sufficiently large n.

2.2.3.

Definition 2.7. — A geometric family & together with a taming will be denoted by &
and called a tamed geometric family.

Let &; be a taming of the geometric family & by the family (Qp)peB.

Definition 2.8. — The opposite tamed family &;° is given by the taming (—Qs)seB of
&P

2.2.4. — The local index form Q(&) € Q(B) is a differential form canonically as-
sociated to a geometric family. For a detailed definition we refer to [19, Def..4.8],
but we can briefly formulate its construction as follows. The vertical metric T%m and
the horizontal distribution T"7 together induce a connection V7™ on T¥7 (see 3.1.3
for more details). Locally on E we can assume that T%m has a spin structure. We
let S(T~) be the associated spinor bundle. Then we can write the family of Dirac
bundles V as V = S® W for a twisting bundle (W, A%, VW 2W) with metric, metric
connection, and Z/2Z-grading which is determined uniquely up to isomorphism. The
form A(VT'™) Ach(VW) € Q(E) is globally defined, and we get the local index form
by applying the integration over the fibre [, /B Q(E) - Q(B):

Q(6) := A(VT'™) A ch(VY).
E/B

The local index form is closed and represents a cohomology class [Q(&)] € Hgqr(B).
We let chyr: K(B) — Hygr(B) be the composition

chyr: K(B) S H(B;Q) %' Hyr(B).

The characteristic class version of the index theorem for families is
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Theorem 2.9 ([3]). — chyg(index(&)) = [Q(8)].

A proof using methods of local index theory has been given by [10]. For a presen-
tation of the proof we refer to [7]. An alternative proof can be obtained from [19,
Thm.4.18] by specializing to the case of a family of closed manifolds.

2.2.5. — If a geometric family & admits a taming &; (see Definition 2.7), then we
have index(&) = 0. In particular, the local index form Q(&) is exact. The important
feature of local index theory in this case is that it provides an explicit form whose
boundary is (&) (see equation (6) below).

Let &; be a tamed geometric family over B. In [19, Def. 4.16] we have defined the
n-form 1(&:) € Q(B). By [19, Theorem 4.13]) it satisfies

(6) dn(&:) = Q(8).

The first construction of 7-forms has been given in [12], [13], [14] under the assump-
tion that ker(D(&p)) vanishes or has constant dimension. The variant which we use
here has also been considered in [37], [41], [40].

Since the analytic details of the definition of the n-form 7(&;) are quite complicated
we will not repeat them here but refer to [19, Def. 4.16]. For most of the present
paper we can use the construction of the 7-form as a black box refering to [19] for
details of the construction and the proofs of properties. Exceptions are arguments
involving adiabatic limits for which we use [21] as the reference.

2.2.6. — Now we can introduce the relations “paired” and ~.
Definition 2.10. — We call two cycles (&, p) and (&', p') paired if there ezists a taming
(&up &°P); such that

p—p =n((EUp %))

We let ~ denote the equivalence relation generated by the relation “paired”.
Lemma 2.11. — The relation “paired” is symmetric and reflexive.

Proof. — In order to show that “paired” is reflexive and symmetric we are going to
employ the relation [19, Lemma 4.12]

(7 n(&e%) = —n(&e).

Let & be a geometric family over B, and let H denote the Hilbert space of sections
of the Dirac bundle along the fibre over b € B. The family §Lig &°° has an involution
7 which flips the components, the signs of the Clifford multiplications, the grading
and the orientations. We use the same symbol 7 in order to denote the action of 7
on the Hilbert space of sections of the Dirac bundle of & Lig é’gp . The latter can be
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identified with H, @ H,®, and in this picture 7 = ({}). Note that 7 anticommutes
with

Dy :=D(&Up &) = ( D(&) 0 > .

0 —D(&)

We choose an even, compactly supported smooth function x: R — [0,00) such that
x(0) = 1 and form Qp := 7x(Ds). This operator also anticommutes with Dy, and
(Db + Q)2 = DE + x*(Ds) is positive and therefore invertible for all b € B. The
family (Qb)scp thus defines a taming (6 Up &°°);.

The involution o := (% &) on the Hilbert space H, ® H," is induced by an iso-
morphism

(6up &) = (6UB E™)F.
Because of the relation (7) we have 1 ((& Up &°F):) = 0. It follows that (&, p) is paired
with (&, p).

Assume now that (&,p) is paired with (&, p’) via the taming (§ Up &°F); so
that p — p' = n((6Up &°7):). Then (& Up &°P):P is a taming of & Up &P such
that p' — p = n ((6Us &P)¢P), again by (7). It follows that (&, p’) is paired with
(&, p). O

Lemma 2.12. — The relations “paired” and ~ are compatible with the semigroup struc-
ture on G*(B).

Proof. — In fact, if (&;, p;) are paired with (&, p}) via tamings (&; Up (SQOP)t for
i=0,1, then (8o, p0) + (&g, ph) is paired with (&1, p1) + (&1, 0}) via the taming

(60 Us &1 U (6o Up 81)°P), := (6o Us E5%)¢ Up (61 Up E7°)e.
In this calculation we use the additivity of the n-form [19, Lemma 4.12]
n(&e Up Tt) = n(Ee) +n(TF).
The compatibilty of ~ with the sum follows from the compatibility of “paired”. [

We get an induced semigroup structure on G*(B)/ ~.

Lemma 2.13. — If (80,p0) ~ (&a,p2), then there exists a cycle (&,p') such that
(60, p0) + (&, p) is paired with (a2, p2) + (&, p').

Proof. — Let (&0, po) be paired with (&1, p1) via a taming (6o Up &77)¢, and (&1, p1)
be paired with (&2, p2) via (61 Up &97):. Then (8o, po) + (61,p1) is paired with
(62, p2) + (61, 1) via the taming

((6oUp &1) U (62U 1)), == (60U &77): Up (61 Up 63°), -
If (&0, po) ~ (&2, p2), then there is a chain (61,4, p1,0), @ = 1,...,7 with (&1,1,p1,1) =
(60, 00), (61,0, p1,r) = (62, p2), such that (61,a, p1,q) is paired with (E1,a+41,01,a+1)-
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The assertion of the lemma follows from an (r — 1)-fold application of the argument
above. O

2.3. Smooth K-theory

2.3.1. — In this subsection we define the contravariant functor B — K(B) from
compact smooth manifolds to Z/2Z-graded abelian groups. Recall the definition 2.6
of the semigroup of isomorphism classes of cycles. By Lemma 2.12 we can form the
semigroup G*(B)/ ~.

Definition 2.14. — We define the smooth K -theory K*(B) of B to be the group com-
pletion of the abelian semigroup G*(B)/ ~.

If (&, p) is a cycle, then let [&, p] € K*(B) denote the corresponding class in smooth
K-theory.

We now collect some simple facts which are helpful for computations in K(B) on
the level of cycles.

Lemma 2.15. — We have [6,p] + [6F,—p] = 0.

Proof. — We show that (&, p)+(&, —p) = (6UB &, 0) is paired with 0 = (2,0). In
fact, this relation is given by the taming ((6Up 6°°)Up @°P); = (6U &°P); introduced
in the proof of Lemma 2.11 with n((&Up &°°);) = 0. d

Lemma 2.16. — Every element of K*(B) can be represented in the form [&, p].

Proof. — An element of K*(B) can be represented by a difference [&o, po] — [61, p1]-
Using Lemma 2.15 we get [&o, po] — [61, p1] = [E0, po] + [6717, —p1] = [SoUB &7, po —
p1]. O

Lemma 2.17. — If [&o,p0] = [61,p1], then there exists a cycle (&,p') such that
(60,[70) + (6(7/7,) is paired with (617p1) + (élvp,)'

Proof. — The relation [&, po] = [1, p1] implies that there exists a cycle (&, 5) such
that (&o,00) + (6,0) ~ (61,01) + (&,5). The assertion now follows from Lemma
2.13. O

2.3.2. — In this paragraph we extend B — K*(B) to a contravariant functor from
smooth manifolds to Z/2Z-graded groups. Let f: B; — By be a smooth map. Then
we have to define a map f*: K*(B;) — K(Bj). We will first define a map of abelian
semigroups f*: G*(By) — G*(B;), and then we show that it passes to K.

If & is a geometric family over Bs, then we can define an induced geometric family
f*& over B;. The underlying submersion and vector bundle of f*& are given by the
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Cartesian diagram
fV——mv

|,

f*E_f‘__g.E

l"" f [

Bl —_— Bg.

The metric g7 /"™ and the orientation of T f*7 are defined such that dF: T? f*rr —
F*T"r is an isometry and orientation preserving. The horizontal distribution T" f*x
is given by the condition that dF(T" f*r) C F*T"x. Finally, the Dirac bundle struc-
ture of f*V is induced from the Dirac bundle structure on V in the usual way. For
be € By let Hyp, be the Hilbert space of sections of V' along the fibre Ey,. If b; € B;
satisfies f(b1) = be, then we can identify the Hilbert space of sections of f*V along
the fibre f*E,, canonically with Hp,. If (Qb,)s,eB, defines a taming &; of &, then
the family (Qf(,))s,eB is a taming f*&; of f*&. We have the following relation of
n-forms:

(8) n(f*6e) = f*n(Ee)-

In order to see this note the following facts. The geometric family & gives rise to
a bundle of Hilbert spaces H(&) — By with fibres H(&)y, = Hs,, using the nota-
tion introduced above. We have a natural isomorphism H(f*&) = f*H(&). The
geometry of & together with the taming induces a family of super-connections A;(&;)
on H parametrized by s € (0,00) (see [19, 4.4.4] for explicit formulas). By con-
struction we have f*As(&:) = As(f*&:). The n-form n(&:) is defined as an integral
of the trace of a family of operators on H(&) (with differential form coefficients)
built from 8;A5(6:) and As(8)? [19, Definition 4.16]. Equation (8) now follows from
f*asAs(é.t) = 63As(f*£t) and f*As((g)z = As(f*gt)z'

If (&,p) € G(Bz) then we define f*(&,p) := (f*&, f*p) € G(Bz). The pull-back
preserves the disjoint union and opposites of geometric families. In particular, f* is
a semigroup homomorphism. Assume now that (&, p) is paired with (&', p’) via the
taming (& Up, &°F);. Then we can pull back the taming as well and get a taming
f*(&up, °P); of f*EUp, f*&°P. Equation (8) now implies that f*(&, p) is paired
with f*(&,p') via the taming f*(&Ug, &°°):.

Hence, the pull-back f* passes to G*(B)/ ~, and being a semigroup homomor-
phism, it induces a map of group completions

f*: K*(By) — K*(By).
Evidently, (idg)* = ihdf(.(B)‘ Let f': By — B be another smooth map. If § is a
geometric family over By, then (f o f)*& is isomorphic to f* f*&. This observation
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implies that

f*fr=(fo f')*: K*(B;) = K(By).
This finishes the construction of the contravariant functor K* on the level of mor-
phisms.

2.4. Natural transformations and exact sequences

2.4.1. — In this subsection we introduce the transformations R, I,a, and we show
that they turn the functor K into a smooth extension of (K,chg) in the sense of
Definition 1.1.

2.4.2. — We first define the natural transformation
I: K(B) — K(B); [&,p]— index(&).

We must show that I is well-defined. Consider I: G(B) — K(B) defined by I(&, p) :=
index(&). If (&, p) is paired with (&', p’), then the existence of a taming (§Up &°P);
implies that index(&) = index(&'). The relation

(9) index(§Up &') = index(&) + index(&)

together with Lemma 2.13 now implies that I descends to G(B)/ ~. The additivity
(9) and the definition of K (B) as the group completion of G(B)/ ~ implies that [
further descends to the homomorphism I: K(B) — K(B).

The relation index(f*&) = f*index(&) shows that I is a natural transformation
of functors from smooth manifolds to Z/2Z-graded abelian groups.

2.4.3.
Lemma 2.18. — For every compact manifold B, the transformation I: K(B) — K(B)
18 surjective.

Proof. — We discuss even and odd degrees seperately. In the even case, a K-theory
class £ € K(B) is represented by a Z/2Z-graded vector bundle V on B. Simply choose
a hermitean metric and a connection on V. We obtain a resulting geometric family V
on B, with underlying submersion id: B — B (i.e. 0-dimensional fibres) as in 2.1.4,
and clearly I(V) = index(V) = [V] = ¢ € K°(B).

For odd degrees, the statement is proved in [19, 3.1.6.7]. O

2.4.4. — We consider the functor B — Q*(B)/in(d), * € {ev, odd} as a functor from
manifolds to Z/2Z-graded abelian groups. We construct a parity-reversing natural
transformation

a: Q*(B)/in(d) —» K*(B);  pr [2,—p].
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2.4.5. — Let Q}_,(B) be the group of closed forms of parity * on B. Again we
consider B — Q}_,(B) as a functor from smooth manifolds to Z/2Z-graded abelian
groups. We define a natural transformation

R: K(B) = Qu=o(B); (6,6 — (&) - dp.

Again we must show that R is well-defined. We will use the relation (6) of the n-form
and the local index form, and the obvious properties of local index forms

QEUp &) = UE) +AE), QET) =-&).
We start with
R: G(B) = Q(B); (&,p)+— Q&) — dp.

Since Q(&) is closed, R(&, p) is closed. If (&, p) is paired with (&', ') via the taming
(6Up &°P);, then p— p’ =n((EUB &°P);). Tt follows

R(6,0) = Q&) — dp = &) — dp’ — dn((EUp EP),)

= Q(8) —dp’' — UE) - UEP) = Q&) —dp’ = R(E, p).

Since R is additive it descends to G(B)/ ~ and finally to the map R: K(B) —
Q4=0(B). It follows from Q(f*&) = f*Q(&) that R is a natural transformation.

2.4.6. — The natural transformations satisfy the following relations:
Lemma 2.19. — Roa=d, chgrol =][...]oR.

Proof. — The first relation is an immediate consequence of the definition of R and
a. The second relation is the local index theorem 2.9. O

2.4.7. — Via the embedding Hyg(B) C €Q(B)/im(d), the Chern -character
chyr: K(B) — Hgr(B) can be considered as a natural transformation

chygr: K(B) — Q(B)/in(d).

Proposition 2.20. — The following sequence is ezact:
K(B) “*4* Q(B)/in(d) % K(B) 5 K(B) — 0.

We give the proof in the following couple of subsection.

2.4.8. — We start with the surjectivity of I: K(B) — K(B). The main point is
the fact that every element x € K(B) can be realized as the index of a family of
Dirac operators by Lemma 2.18. So let € K(B) and & be a geometric family with
index(&) = z. Then we have I([&,0]) = .
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2.4.9. — Next we show exactness at K (B). For p € Q(B)/im(d) we have I o a(p) =
I([@,-p]) = index(®) = 0, hence I o a = 0. Consider a class [, p] € K(B) which
satisfies I([&, p]) = 0. We can assume that the fibres of the underlying submersion
are not zero-dimensional. Indeed, if necessary, we can replace & by &Lig (3 Up Z‘;Op)
for some even family with nonzero-dimensional fibres without changing the smooth
K-theory class by Lemma 2.15. Since index(&) = 0 this family admits a taming
6t (2.2.2). Therefore, (&, p) is paired with (@, p — n(&:)). It follows that [, p] =
a(n(&e) — p)-

2.4.10. — In order to prepare the proof of exactness at 2(B)/im(d) in 2.4.11 we need
some facts about the classification of tamings of a geometric family &. The main idea
is to measure the difference between tamings of & using a local index theorem for
& % [0,1] (compare [19, Cor. 2.2.19]). Let us assume that the underlying submersion
7: E — B decomposes as E = E°¥ g E°39 such that the restriction of 7 to the even
and odd parts is surjective with nonzero- and even-dimensional and odd-dimensional
fibres, and which is such that the Clifford bundle is nowhere zero-dimensional. If
index(&) = 0, then there exists a taming &; (see 2.2.2). Assume that & is a second
taming. Both tamings together induce a boundary taming of the family with boundary
(& % [0,1])5t. In [19] we have discussed in detail geometric families with boundaries
and the operation of taking a boundary of a geometric family with boundary. In the
present case & X [0,1] has two boundary faces labeled by the endpoints {0,1} of the
interval. We have 9p(& x [0,1]) & & and 8:(& x [0,1]) = &°°. A boundary taming
(& % [0,1])p¢ is given by tamings of 9;(& x [0,1]) for i = 0,1 (see [19, Def. 2.1.48]).
We use &; at & x {0} and &;F at & x {1}.

The boundary tamed family has an index index((& x [0,1])s:) € K(B) which is
the obstruction against extending the boundary taming to a taming [19, Lemma
2.2.6]. The construction of the local index form extends to geometric families with
boundaries. Because of the geometric product structure of & x [0,1] we have Q(& x
[0,1]) = 0. The index theorem for boundary tamed families [19, Theorem 2.2.18]
gives

chyg o index((& x [0,1])5) = [1(E¢) — n(&r)]-

On the other hand, given * € K(B) and &, since we have chosen our family &
sufficiently big, there exists a taming &, such that index((& x [0,1])s:) = z.

To prove this, we argue as follows. Given tamings &; and &y we obtain a family
D(&¢, &) of perturbed Dirac operators over B xR which restricts to D(&;) on Bx {8}
for 8 < 0, and to D(&y) for 8 > 1, and which interpolates these families for 3 € [0, 1].
Since the restriction of D(&;, &) is invertible outside of a compact subset of B x R
(note that B is compact) it gives rise to a class [&:, 6] € KK (C,C(B)®Co(R)). The
Dirac operator on R provides a class [0] € KK (Cp(R), C), and one checks —using the
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method of connections as in [17, proof of Proposition 2.11] or directly working with
the unbounded picture [4]— that D(& x [0, 1]): represents the Kasparov product

[t ] ®comw) [0] € KK(C, C(B)).
The map

‘®co(r)[0]
—

K.(B xR) > KK(C,C(B) ® Co(R)) KK(C,C(B)) > K(B)

is by [34, Paragraph 5, Theorem 7] the inverse of the suspension isomorphism, so in
particular surjective. It remains to see that one can exhaust KK (C,C(B) ® Cy(R))
with classes of the form [&;, &;/] by varying the taming & .

We sketch an argument in the even-dimensional case. The odd-dimensional case is
similar. For a separable infinite-dimensional Hilbert space H let GL,(H) C GL(H)
be the group of invertible operators of the form 1 + K with K € K(H) compact.
The space GLi(H) has the homotopy type of the classifying space for K!. The
bundle of Hilbert spaces H(&)t — B gives rise to a (canonically trivial, up to ho-
motopy) bundle of groups GL1(H(&)t) — B by taking GLy(...) fibrewise (it is here
where we use that the family is sufficiently big so that H(&)™" is infinite-dimensional).
Let I'(GL1(H(&)™)) be the topological group of sections. Then we have an isomor-
phism meI'(GL1(H(&)')) & K'(B). Let x € K'(B) be represented by a section
s € T(GL,(H(&)*)). We can approximate s — 1 by a smooth family of smoothing
operators. Therefore we can assume that s —1 is given by a smooth fibrewise integral
kernel (a pretaming in the language of [19]) ().

There is a bijection between tamings &; and sections s € I'(GL,(H(&)™1)) of this
type which maps & to s := Dt (&;) ' D*(&6w). The map which associates the K K-
class [&:, &) to the section s is just one realization of the suspension isomorphism
K'(B) — K2(B x R) (using the Kasparov picture of the latter group). In particular
we see that all classes in K2(B x R) arise as [&;, 6] for various tamings &, .

2.4.11. — We now show exactness at 2(B)/im(d). Let z € K(B). Then we have
a o chyg(z) = [@, —chgr(z)]. We choose a geometric family & as in 2.4.10 and set
& = &Up &°. In the proof of Lemma 2.11 we have constructed a taming &; such
that n(@t) = 0. Using the discussion 2.4.10 we choose a second taming :5}1 such that
index((& x [0,1])s:) = —2, hence () = char(z). By the taming & we see that
the cycle (3, 0) pairs with (&, —chgr(z)). On the other hand, via &: the cycle ((~5', 0)
pairs with 0. It follows that (&, —chgg(z)) ~ 0 and hence a o chgr = 0.

Let now p € Q(B)/im(d) be such that a(p) = [&, —p] = 0. Then by Lemma 2.17
there exists a cycle (5, p) such that (&’, p — p) pairs with (&, p). Therefore there exists
a taming &y of & := & Up & such that (&) = —p.

(3) Alternatively one can directly produce such a section using the setup described in [42].
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Let &; be the taming with vanishing 7-form constructed in the proof of
Lemma 2.11. The two tamings induce a boundary taming (& x [0,1])s: such
that chgg o index((& % [0,1])st) = —7(&r) = p. This shows that p is in the image of
chdR. O

2.4.12. — We now improve Lemma 2.13. This result will be very helpful in verifying
well-definedness of maps out of smooth K-theory, e.g. the smooth Chern character.

Lemma 2.21. — If [60, po] = [61,p1] and at least one of these families has a higher-
dimensional component, then (&o, po) is paired with (&1, p01).

Proof. — By Lemma 2.13 there exists [§', p'] such that (8o, p0) + (&, ') is paired

with (&1, p1) + (&, p') by a taming (o us & Up (&1 UB é")°P)t. We have
p1—po=n((6oUs & up (61 Up g)op)t) .

Since index(&g) = index(&;) there exists a taming (&oUp &7F);. Furthermore, there

exists a taming (& Up &°P); with vanishing n-invariant (see the proof of Lemma 2.11).

These two tamings combine to a taming (é’o Up & Up (61 Up é")°p) o+ There exists
& € K(B) such that

chyr(€) = 1 ((50 Up & Ug (&1 UB (g,)oP)t) -1 ((((;0 Up & U (61 UB é’/)op)t’)
= n((oUp & Up (81Up &)P)) —n((&oUp EF):) -

We can now adjust (using 2.4.10) the taming (6o Up &7°): such that we can choose
&€ = 0. It follows that p; — po = 7 ((&0 Us &7°)1)- O

2.5. Comparison with the Hopkins-Singer theory and the flat theory

2.5.1. — An important consequence of the axioms 1.1 for a smooth generalized co-
homology theory is the homotopy formula. Let h be a smooth extension of a pair
(h,c). Let € h([0,1] x B), and let iy: B — {k} x B C [0,1] x B, k = 0,1, be the
inclusions.

Lemma 2.22. — We have
ii(z) —i5(z) =a (/ R(a:)) .
[0,1]xB/B

Proof. — Let p: [0,1] x B — B denote the projection. If z = p*y, then on the one
hand the left-hand side of the equation is zero. On the other hand, R(z) = p* R(y) so
that f[O,l]xB/B R(z) = 0, too.

Since p is a homotopy equivalence there exists § € h(B) such that I(z) = p*(7).
Because of the surjectivity of I we can choose y € h(B) such that I(y) = §. It follows
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that I(x — p*y) = 0. By the exactness of (3) there exists a form w € Q(I x B)/im(d)
such that z — p*y = a(w). By Stokes’ theorem we have the equality ijw — ifw =
f[o,l]xB/B dw in Q(B)/im(d). By (2) we have dw = R(a(w)). It follows that

[ aw=[  Raw)=[  Re-»v=[  R@
[0,1]xB/B [0,1]xB/B [0,1]xB/B [0,1]xB/B

This implies
1z —igr = ija(w) — iga(w) = a (z{w —iow) = af R(m)) . O
[0,1]xB/B

2.5.2. — Let h be a smooth extension of a pair (h, ¢). We use the notation introduced
in 1.2.2.

Definition 2.23. — The associated flat functor is defined by

B hgat(B) := ker{R: h(B) — Q4—o(B, N)}.

Recall that a functor F' from smooth manifolds is homotopy invariant, if for the
two embeddings ix: B — {k} x B — [0,1] x B, k = 0,1, we have F(ig) = F(i1). As
a consequence of the homotopy formula Lemma 2.22 the functor ilﬂat is homotopy
invariant.

In interesting cases it is part of a generalized cohomology theory. The map ¢: h —
HN gives rise to a cofibre sequence in the stable homotopy category h — HN —
hy r/z which defines a spectrum hy /7.

Proposition 2.24. — If h is the Hopkins-Singer extension of (h,c), then we have a
natural isomorphism

hgat(B) 2 hy r/z(B)[-1].

In the special case that N = h* ®z R this is [31, (4.57)].

2.5.3. — In the case of K-theory and the Chern character chg: K — H(K* ®z R)
one usually writes KR/Z := hg+g,r r/z- The functor B — KR/Z(B) is called R/Z-
K-theory. Since R/Z is an injective abelian group we have a universal coefficient
formula

(10) KR/Z*(B) = Hon(K,(B),R/Z),

where K, (B) denotes the K-homology of B. A geometric interpretation of R/Z-K-
theory was first proposed in [32], [33]. In these references it was called multiplicative
K-theory. The analytic construction of the push-forward has been given in [37].
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2.5.4.

Proposition 2.25. — There is a natural isomorphism of functors

Kpai(B) = KR/Z(B)[-1].

Proof. — In the following (the paragraphs 2.5.5, 2.5.6) we sketch two conceptually
very different arguments. For details we refer to [22, Section 5, Section 7).

2.5.5. — In the first step one extends Kpqat to a reduced cohomology theory on
smooth manifolds. The reduced group of a pointed manifold is defined as the kernel
of the restriction to the point. The missing structure is a suspension isomorphism.
It is induced by the map K(B) — K(S! x B) given by z +— przg U priz, where
zg1 € K1(S') is defined in Definition 5.6, and the U-product is defined below in
4.1. The inverse is induced by the push-forward (pr,): K(S' x B) — K(B) along
pry: S! x B — B introduced below in 3.18. Finally one verifies the exactness of
mapping cone sequences.

In order to identify the resulting reduced cohomology theory with R/Z-K-theory
one constructs a pairing between Kaae and K -homology, using an analytic model
as in [37]. This pairing, in view of the universal coefficient formula (10) gives a
map of cohomology theories Kga(B) — KR/Z(B)[—1] which is an isomorphism by
comparison of coefficients.

2.5.6. — The second argument is based on the comparison with the Hopkins-Singer
theory. We let B — K rs(B) denote the version of the smooth K-theory functor
defined by Hopkins-Singer [31]. In [22, Section 5| we show that there is a unique
natural isomorphism K¢ 5 K s In view of 2.24 we get the isomorphism

K§i(B) & K5 gau(B) = KR/Z%[-1](B).

In [22] we furthermore show that using the integration for K and the suspension
isomorphism for KR/Z this isomorphism extends to the odd parts. O

2.5.7. — Many of the interesting examples given in Section 5 can be understood (at
least to a large extend) already at this stage. We recommend to look them up now,
if one is less interested in structural questions. This should also serve as a motivation
for the constructions in Sections 3 and 4.
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3. Push-forward

3.1. K-orientation

3.1.1. — The groups Spin(n) and Spin°(n) fit into exact sequences

1 Z)2Z Spin(n) —— SO(n) —— 1
1 U(l) —— Spin°(n) —— SO(n) —— 1

1 — Z/2Z — Spin(n) 2 U(1) x SO(n) — 1

such that Aoi: U(1) — U(1) is a double covering. Let P — B be an SO(n)-principal
bundle. We let Spin®(n) act on P via the projection .

Definition 3.1. — A Spin®-reduction of P is a diagram

f

NS

B

Q P,

where Q — B is a Spin®(n)-principal bundle and f is Spin®(n)-equivariant.

3.1.2. — Let p: W — B be a proper submersion with vertical bundle T%p. We
assume that T?p is oriented. A choice of a vertical metric g7 P gives an SO-reduction
SO(T"p) of the frame bundle Fr(T"p), the bundle of oriented orthonormal frames.

Usually one calls a map between manifolds K-oriented if its stable normal bundle is
equipped with a K-theory Thom class. It is a well-known fact [1] that this is equivalent
to the choice of a Spinc-structure on the stable normal bundle. Finally, isomorphism
classes of choices of Spinc-structures on Tp and the stable normal bundle of p are
in bijective correspondence. So for the purpose of the present paper we adopt the
following definition.

Definition 3.2. — A topological K -orientation of p is a Spin®-reduction of SO(T"p).

In the present paper we prefer to work with Spin®-structures on the vertical bundle
since it directly gives rise to a family of Dirac operators along the fibres. The goal of
this section is to introduce the notion of smooth K-orientation which refines a given
topological K-orientation.
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3.1.3. — In order to define such a family of Dirac operators we must choose additional
geometric data. If we choose a horizontal distribution 7"p, then we get a connection
VT"P which restricts to the Levi-Civita connection along the fibres. Its construction
goes as follows. First one chooses a metric g”2 on B. It induces a horizontal metric
gT"? via the isomorphism dpirrp: T"p = p*TB. We get a metric g7 P @ gT"? on
TW = T¥p ® T"p which gives rise to a Levi-Civita connection. Its projection to T”p
is VT*?. Finally one checks that this connection is independent of the choice of g7 5.

3.1.4. — The connection VTP can be considered as an SO(n)-principal bundle con-
nection on the frame bundle SO(T"p). In order to define a family of Dirac operators,
or better, the Bismut super-connection we must choose a Spin®-reduction V of VT'P,
i.e. a connection on the Spin°-principal bundle Q which reduces to VT ?. If we think
of the connections VZ'? and V in terms of horizontal distributions 7" SO(T"p) and
T"Q, then we say that V reduces to VT'? if dn(T"Q) = 7*(T"SO(T"p)).

3.1.5. — The Spin°-reduction of Fr(T"p) determines a spinor bundle S¢(T%p), and
the choice of V turns S¢(T"p) into a family of Dirac bundles.

In this way the choices of the Spin¢-structure and (g7 ?, T"p, V) turn p: W — B
into a geometric family W.

3.1.6. — Locally on W we can choose a Spin-structure on Tp with associated spinor
bundle S(T"p). Then we can write S¢(TVp) = S(T"p)® L for a hermitean line bundle
L with connection. The spin structure is given by a Spin-reduction ¢: R — SO(T"p)
(similar to 3.1) which can actually be considered as a subbundle of Q. Since ¢ is
a double covering and thus has discrete fibres, the connection V7 P (in contrast to
the Spin°-case) has a unique lift to a Spin(n)-connection on R. The spinor bundle
S(T¥p) is associated to R and has an induced connection. In view of the relations
of the groups 3.1.1 the square of the locally defined line bundle L is the globally
defined bundle L? — W associated to the Spin®-bundle Q via the representation
A: Spin¢(n) — U(1). The connection V thus induces a connection on vZ’, and
hence a connection on the locally defined square root L. Note that vice versa, \2
and VT'? determine V uniquely.

3.1.7. — We introduce the form

)= L pL?
(11) Cl(V) = 47["LR

which would be the Chern form of the bundle L in case of a global Spin-structure.
Let RV' © € Q2(W, End(T"p)) denote the curvature of V7 ?. The closed form

A(VTP) i=det!? | — A1 ___
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represents the A-class of T"p.

Definition 3.3. — The relevant differential form for local index theory in the Spin®-
case is

A(V) = A(VTP) p e ™),

If we consider p: W — B with the geometry (g7 ?,T"p, V) and the Dirac bundle
S¢(Tp) as a geometric family W over B, then by comparison with the description
2.2.4 of the local index form Q(W) we see that

Ac(V) = QW).
W/B

3.1.8. — The dependence of the form A° (@) on the data is described in terms of the
transgression form. Let (ng P ,Tihp, @i), i = 0,1, be two choices of geometric data.
Then we can choose geometric data (ﬁTv”,Thp, ?) onp =idpy X p: [0,1] x W —
[0, 1] x B (with the induced Spint-structure on Tp) which restricts to (g;."wp ,Thp,Vy)
on {i} x B. The class
AV, V) == / Ac(V) € QW) /in(d)
[0,1]xW/W

is independent of the extension and satisfies
(12) dAC(¥1,¥0) = A°(¥1) — A%(To).
Definition 3.4. — The form Iic(@l, Vo) is called the transgression form.

Note that we have the identity
(13) A°(V2, V1) + A¢(V4, Vo) = A°(V2, Vo).
As a consequence we get the identities
(14) Ac(V,V) =0, A°(V1,Vo)=—-A%V,,Vy).
3.1.9. — We can now introduce the notion of a smooth K-orientation of a proper
submersion p: W — B. We fix an underlying topological K-orientation of p (see
Definition 3.2) which is given by a Spin®-reduction of SO(T?p). In order to make
this precise we must choose an orientation and a metric on 7T%p.

We consider the set € of tuples (g7 7, T"p, V, o) where the first three entries have
the same meaning as above (see 3.1.3), and o € Q°%(W)/in(d). We introduce a
relation og ~ 0; on ©: Two tuples (gzwp ,T'p,Vi,0:), i = 0,1 are related if and only

ifo,—09 = A(@l, @0). We claim that ~ is an equivalence relation. In fact, symmetry
and reflexivity follow from (14), while transitivity is a consequence of (13).
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Definition 3.5. — The set of smooth K -orientations which refine a fized underlying
topological K -orientation of p: W — B is the set of equivalence classes O/ ~.

3.1.10. — Note that Q°94(W)/im(d) acts on the set of smooth K-orientations. If
a € Q°9(W)/im(d) and (g7 ?,T"p,V, o) represents a smooth K-orientation, then
the translate of this orientation by « is represented by (g7 P, T"p, v,o+ a). As a
consequence of (13) we get:

Corollary 3.6. — The set of smooth K -orientations refining a fized underlying topo-
logical K -orientation is a torsor over Q°4¢(W)/im(d).

3.1.11. — If o= (¢g7"?,T"p,V,0) € O represents a smooth K-orientation, then we
will write

Ac(0) := A°(V), o(0) :=o0.

3.2. Definition of the Push-forward

3.2.1. — We consider a proper submersion p: W — B with a choice of a topological
K-orientation. Assume that p has closed fibres. Let o = (g7 ?,T"p,V, o) represent
a smooth K-orientation which refines the given topological one. To every geometric
family & over W we want to associate a geometric family p1& over B.

Let m: E — W denote the underlying proper submersion with closed fibres of &
which comes with the geometric data g7 ", T"r and the family of Dirac bundles
(V,hV, V).

The underlying proper submersion with closed fibres of p§ is

qg:=pomn: E— B.

The horizontal bundle of 7 admits a decomposition T"7 = 7*Tp @ n*T"p, where the
isomorphism is induced by dr. We define T"q C T"x such that dr: Thq = 7*Thp.
Furthermore we have an identification TVq = T"7 @ 7*T"p. Using this decomposition
we define the vertical metric g7° 9 := g7 "@n*gT P. The orientations of 7w and T?p
induce an orientation of T%q. Finally we must construct the Dirac bundle p;¥ — E.
Locally on W we choose a Spin-structure on Tp and let S(T”p) be the spinor bundle.
Then we can write S¢(T"p) = S(TVp)Q® L for a hermitean line bundle with connection.
Locally on E we can choose a Spin-structure on T with spinor bundle S(7x). Then
we can write V = S(T?7)®Z, where Z is the twisting bundle of V, a hermitean vector
bundle with connection (Z/2Z-graded in the even case). The local spin structures on
T'7 and 7*T"p induce a local Spin-structure on TVq = T%7 & n*T"p. Therefore
locally we can define the family of Dirac bundles pV := S(TVq) ® 7*L ® Z. It is
easy to see that this bundle is well-defined independent of the choices of local Spin-
structures and therefore is a globally defined family of Dirac bundles.
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Definition 3.7. — Let pi& denote the geometric family given by q: E — B and pV —
E with the geometric structures defined above.

It immediately follows from the definitions, that p/(§°F) = (m&)°P.

3.2.2. — Let p: W — B be a proper submersion with a smooth K-orientation rep-
resented by o. In 3.2.1 we have constructed for each geometric family & over W a
push-forward p1&. Now we introduce a parameter A € (0, 00) into this construction.

Definition 3.8. — For X € (0,00) we define the geometric family p} & as in 3.2.1 with
the only difference that the metric on TVq = T*w®7n*T"p is given by g?\wq = \2gT" g
n*gT'P,

More specifically, we use scaling invariance of the spinor bundle to canonically
identify the Dirac bundle for the metric gy locally with pV := S(TY¢)  7*L ® Z
(for g1). This uses the description of S(T"p) in terms of tensor products of S(T”x)
and 7*S(T"p) (compare [19, Section 2.1.2]) and the scaling invariance of S(T").
However, with this identification the Clifford multiplication by vectors in TVq =
T'7m @ m*T"p is rescaled on the summand T%mw by A. The connection is slightly
more complicated, but converges for A — 0 to some kind of sum connection.

The family of geometric families p} & is called the adiabatic deformation of pi&.
There is a natural way to define a geometric family & on (0,00) x B such that its
restriction to {A} x B is p?&. In fact, we define F := (id(g,00) X P)i((0,00) x &)
with the exception that we take the appropriate vertical metric. Note again that the
underlying bundle can be canonically identified with (0,00) x p/V. In the following,
we work with this identifications throughout.

Although the vertical metrics of & and p* & collapse as A — 0 the induced connec-
tions and the curvature tensors on the vertical bundle TVq converge and simplify in
this limit. This fact is heavily used in local index theory, and we refer to [7, Sec 10.2]
for details. In particular, the integral

(15) Qu&:/ )
(0,\)xB/B

converges, and we have

(16)

lmhm@&=AwA%MQ@,Q@&—AMN@Am&=m@@.

3.2.3. — Let p: W — B be a proper submersion with closed fibres with a smooth K-
orientation represented by 0. We now start with the construction of the push-forward
pr: K(W) — K(B). For ) € (0,00) and a cycle (&, p) we define

17) BN&,p) = P16, /W/B A Ap+ O\ 6) + /W/B a(0) AR([6,p])] € K(B).
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Since A°(0) and R([&, p]) are closed, the maps

Q(W)/in(d) 5 p — /W/B Ac(0) A p € Q(B)/in(d),

Q(W)/in(d) 3 o(0) — /W/B o(o) AR([&, p]) € Q(B)/im(d)

are well-defined. It immediately follows from the definition that p}: G(W) — K(B)
is a homomorphism of semigroups.

3.2.4. — The homomorphism 5} : G(W) — K(B) commutes with pull-back. More
precisely, let f: B’ — B be a smooth map. Then we define the submersion p’: W' —
B’ by the Cartesian diagram

WI_F).W
P, b
B’ —-{-—>B.

~

The differential dF': TW’' — F*TW induces an isomorphism dF: T*W’' — F*T°W.
Therefore the metric, the orientation, and the Spin®-structure of TVp induce by pull-
back corresponding structures on TVp’. We define the horizontal distribution T*p’
such that dF(T"p’) C F*T"p. Finally we set o/ := F*o. The representative of a
smooth K-orientation given by these structures will be denoted by o’ := f*o. An
inspection of the definitions shows:

Lemma 3.9. — The pull-back of representatives of smooth K -orientations preserves
equivalence and hence induces a pull-back of smooth K -orientations.

Recall from 3.1.5 that the representatives o and o’ of the smooth K-orientations
enhance p and p’ to geometric families W and W'. We have f*W = W',

Note that we have F*Ac(0) = A°(0'). If § is a geometric family over W, then
an inspection of the definitions shows that f*pi(&) = pj(F*&). The following lemma
now follows immediately from the definitions

Lemma 3.10. — We have f* o p> = p'y o F*: G(W) — K(B).

3.2.5.
Lemma 3.11. — The class p{(&, p) does not depend on A € (0,00).

Proof. — Consider A9 < A;. Note that
B (8,p) = Br°(6,p) = [P &, 01, 8)] — [p7° &, (Ao, &)
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Consider the inclusion iy: B — {A} x B C [Ag, A\1] X B and let & be the family over
[A0, A1] X B as in 3.2.2 such that p} & = i5F. We apply the homotopy formula Lemma
2.22 to z = [¥,0]:

5, (2) - i, () = a ( /{AO,WB/B R(z)) =a ( /[AO’M]XB/B 9(9)>

= (20, 8 - 20, ),

where the last equality follows directly from the definition of ). This equality is
equivalent to

[pg)\l 67Q()\1a (g)] = !AO((;’Q(AOa é))] d

In view of this Lemma we can omit the superscript A and write p(&, p) for (8, p).

3.2.6. — Let & be a geometric family over W which admits a taming &;. Recall that
the taming is given by a family of smoothing operators (Qu)wew -

We have identified the Dirac bundle of p}& with the Dirac bundle of p{& in a
natural way in 3.2.2. The A-dependence of the Dirac operator takes the form

D(p}6) = A7'D(&) + (D + R(N)),

where D is the horizontal Dirac operator, and R(])) is of zero order and remains
bounded as A — 0. We now replace D(&) by the invertible operator D(&) + Q. Then
for small A > 0 the operator

ATHD(6) + Q) + (DT + R(N)
is invertible. To see this, we consider its square which has the structure
AT3H(D(6) +Q)* + A H{D(8) + Q, (DT + R(N)} + (D + R(N))*.

The anticommutator {D(&), D¥ +R(A)} is a first-order vertical operator which is thus
dominated by a multiple of the positive second order (D(&) + Q)2. The remaining
parts of the anticommutator are zero-order and therefore also dominated by multiples
of (D(&) + Q)2. The last summand is a square of a selfadjoint operator and hence
non-negative.

The family of operators along the fibres of p1& induced by @ is not a taming since
it is not given by a family of integral operators along the fibres of pE — B. In
order to understand its structure note the following. For b € B the fibre of (pi&)s
is the total space of the bundle E|y, — W;. The integral kernel ) induces a family
of smoothing operators on the bundle of Hilbert spaces H(&w,) — W;. Using the
natural identification

H(p6)y = L*(W, S(T"p) ® H(Ew,))
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we get the induced operator on H(pi5),. We will call a family of operators with this
structure a generalized taming.

Now recall that the n-form n(F:) of a tamed or generalized tamed family &; is
built from a family of superconnections As(¥:) parametrized by s € (0,00) (see
(19, 2.2.4.3]). For 0 < s < 1 the family coincides with the usual rescaled Bismut
superconnection and is independent of the taming. Therefore the taming does not
affect the analysis of 9, A,(F;)e 4+ ) for s — 0. In the interval s € [1,2] the family
As(F+) smoothly connects with the family of superconnections given by

As(F1) = sD(TF+) + terms with higher form degree

for s > 2. In order to define the n-form n(¥;) the main points are:

1. For small s the family A;(¥;) behaves like the Bismut superconnection. The
formula (6) dn(F:) = Q(F) only depends on the behavior of As(F:) for small
s. Therefore this formula continues to hold for generalized tamings.

2. 0,A,(F1)e A7 0% is given by a family of integral operators with smooth in-
tegral kernel. This holds true for tamed families as well as for familes which
are tamed in the generalized sense explained above. A proof can be based on
Duhamel’s principle.

3. The integral kernel of 9;A;(F t)e’As(g 0)? together with all derivatives vanishes
exponentially as s — oo. This follows by spectral estimates from the invertibility
and selfadjointness of D(¥;). Now the invertibility of D(¥;) is exactly the
desired effect of a taming or generalized taming.

Coming back to our iterated fibre bundle we see that we can use the generalized
taming for sufficiently small A > 0 like a taming in order to define an n-form which
we will denote by 7(p*&;). To be precise, this eta form is associated to the family of
operators

A1) + x(sA1)sATIQ, s € (0,00),
where x vanishes near zero and is equal to 1 on [1,00). This means that we switch
on the taming at time s ~ A, and we rescale it in the same way as the vertical part
of the Dirac operator.

We can control the behaviour of n(p&;) in the adiabatic limit A — 0.

Theorem 3.12. — We have

lim xon(p &) = Ac(0) An(&r).
w/B
Proof. — To write out a formal proof of this theorem seems too long for the present
paper, without giving fundamental new insights. Instead we point out the following
references. Adiabatic limits of n-forms of twisted signature operators were studied in
[21, Section 5]. The same methods apply in the present case. The L-form in [21,
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Section 5] is the local index form of the signature operator. In the present case it must
be replaced by the form A°(0), the local index form of the Spin°-Dirac operator. The
absence of small eigenvalues simplifies matters considerably. O

Since the geometric family p}& admits a generalized taming it follows that
index(p?&) = 0. Hence we can also choose a taming (p{*&):. The latter choice
together with the generalized taming induce a generalized boundary taming of the
family p*& x [0, 1] over B. The index theorem [19, Theorem 2.2.18] can be extended
to generalized boundary tamed families (by copying the proof) and gives:

Lemma 3.13. — The difference of n-forms n((p} &):) —n(p} &) is closed. Its de Rham
cohomology class satisfies

(8! 6)¢) — n(pi' )] € char(K (B)).

3.2.7. — We now show that p;: G(W) — K(B) passes through the equivalence
relation ~. Since p is additive it suffices by Lemma 2.13 to show the following
assertion.

Lemma 3.14. — If (&, p) is paired with (&, ), then (6, p) = Hi(&, p).

Proof. — Let (6Uw <~5’0p)t be the taming which induces the relation between the two
cycles, ie. p—p=n ((5 Uw é'op)t). In view of the discussion in 3.2.6 we can choose

a taming p{ (& U &Y.
b 6,0] - [ 6,0] = [p(EUw &™), 0] = a (n (pM(E LW E™):)).-

By Proposition 2.20 and Lemma 3.13 we can replace the taming by the generalized
taming and still get

[p,)‘@, 0] - [p.)‘é, 0] =a (77 (p!)‘(gl—'W E,;Op)t)) .

For sufficiently small A > 0 we thus get

P& p) —p(6p) = al(n(pMEuw ET)))— | A A(p—p)

W/B
+Q(), &) — O\, 8)).

We now go to the limit A — 0 and use Theorem 3.12 in order to get

p(6,0) —1(8,5) = a ( /W/B Ac(o) An (6w 2;°")t)>

=—[ A()A(p-p)=0 O
wW/B
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We let pi: K(W) — K(B) denote the map induced by the construction (17).
Though not indicated in the notation until now this map may depend on the choice
of the representative of the smooth K-orientation o (later in Lemma 3.17 we will see
that it only depends on the smooth K-orientation).

3.2.8. — Let p: W — B be a proper submersion with closed fibres with a smooth
K -orientation represented by o. We now have constructed a homomorphism

p: K(W) — K(B).

In the present paragraph we study the compatibilty of this construction with the
curvature map R: K- Qa—o.

Definition 3.15. — We define the integration of forms pf: QW) — Q(B) by
#@ = [ (A%0) - do(o) Aw.
W/B
Since A¢(0) — do(0) is closed we also have a factorization
p?: Q(W)/in(d) — Q(B)/in(d).
Lemma 3.16. — For x € K(W) we have R(pi(z)) = p{(R(z)).

Proof. — Let © = (&, p). We insert the definitions, R(z) = (&) — dp, and (16) in
the marked step.

R(®i(z)) = Qp} 8) — d(/ Ac)Ap+ QN 8) + / o(0) A R(z))
w/B w/B
L ) — A<(o Ac - 2E) — o(o T
Lagte)- [ Aondp+ [ AU NG 06N - [ dolo) ARG
= [ (A%(0) - do(0) A R@) = (R(@). T
W/B

3.2.9. — Our constructions of the homomorphisms

A~

p: KW) - K(B), p?: QW) — Q(B)

involve an explicit choice of a representative o = (gTv”,Thp,@,o) of the smooth
K-orientation lifting the given topological K-orientation of p. In this paragraph we
show:

Lemma 3.17. — The homomorphisms pi: K(W) — K(B) and p?: Q(W) — Q(B)
only depend on the smooth K -orientation represented by o.
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Proof. — Let oy := (ggwp ,T,?p, Vi, ox), k = 0,1 be two representatives of a smooth

K-orientation. Then we have 0; — 09 = A°(V1,V,). For the moment we indicate
by a superscript ﬁ{“ which representative of the smooth K-orientation is used in the
definition. Let w € Q(W). Then using (12) we get

P W) — (W) = /W/B<AC(01> — A%00) — d(os — 00)) Aw
= [ (A1) - A%(F) — dA(91, Vo)) Aw =0
wW/B

We now consider the projection p: [0,1] x W — [0, 1] x B with the induced topological
K-orientation. It can be refined to a smooth K-orientation o which restricts to o at
{k} x B. Let q: [0,1] x W — W be the projection and z € K(W). Furthermore let
ix: B — {k} x B — [0,1] x B be the embeddings. The following chain of equalities
follows from the homotopy formula Lemma 2.22, the curvature formula Lemma 3.16,
Stokes’ theorem and the definition of A¢(V;,V), and finally from the fact that
Og ~ 071.

@) - 8@ =@ - @ =a ([ rGaa)
[0,1]xB/B

—a ( /[O,HXB/B ﬁ?R(q*(w))) —a ( /IO,HXB/B ﬁ?q*(R(w))>
=a ( / / (A(0) — do(o)) A q*R(w))
[0,1}xB/B Y[0,1]xW/[0,1]x B

- </ [/ (A°(0) — do(0))] A R(z))
w/B J[0,1]xW/W

=a (/ [Ac(ﬁla Vo) — (o(01) — (00))] A R(x)) =0. O
w/B

3.2.10. — Let p: W — B be a proper submersion with closed fibres with a topological
K-orientation. We choose a smooth K-orientation which refines the topological K-
orientation. In this case we say that p is smoothly K-oriented.

Definition 3.18. — We define the push-forward py: K(W) — K(B) to be the map
induced by (17) for some choice of a representative of the smooth K -orientation

We also have well-defined maps
Pl QW) - Q(B), pi: UW)/in(d) — Q(B)/in(d)

given by integration of forms along the fibres. Let us state the result about the
compatibility of py with the structure maps of smooth K-theory as follows.
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Proposition 3.19. — The following diagrams commute:
K(W) 245, (W)/in(d) —2— K(W) —— K(W)

(18) lm lp:’ 1;31 lm

K(B) -4, Q(B)/in(d) —*— K(B) —— K(B)

R(W) —L Qd:O(W)

(19) lﬁ! ll’f

K(B) —&— Q4_0(B).
Proof. — The maps between the topological K-groups are the usual push-forward
maps defined by the K-orientation of p. The other two are defined above. The square

(19) commutes by Lemma 3.16. The right square of (18) commutes because we have
the well-known fact from index theory

index(pi(8)) = pi(index(8)).
Let w € Q(W)/im(d). Then we have
naw)=le, [ o ndo- [ Afo)Aul
w/B w/B
=l [ (A%(0) -~ do(o)) Awl = a (piw)).
w/B
This shows that the middle square in (18) commutes. Finally, the commutativity of

the left square in (18) is a consequence of the Chern character version of the family

index theorem

chyr(p(z)) = / AS(Tp) A chgr(z), z € K(W). O
W/B
If f: B’ — B is a smooth map then we consider the Cartesian diagram
w —E . w
IO

B — . B

We equip p’ with the induced smooth K-orientation (see 3.2.4).

Lemma 3.20. — The following diagram commutes:

Ew) 2 Ew)
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Proof. — This follows from Lemma 3.10. O

3.3. Functoriality

3.3.1. — We now discuss the functoriality of the push-forward with respect to iter-
ated fibre bundles. Let p: W — B be as before together with a representative of a
smooth K-orientation o, = (g7 ?,T"p,V,,(0,)). Let r: B — A be another proper
submersion with closed fibres with a topological K-orientation which is refined by a
smooth K-orientation represented by o, := (g7 ", T"r, V,,o(0,)).

We can consider the geometric family W := (W — B, g7 P, T"p, §¢(T”p)) and
apply the construction 3.2.2 in order to define the geometric family r*(W) over A.
The underlying submersion of the family is ¢ := rop: W — A. Its vertical bundle has
a metric giwq and a horizontal distribution T"q. The topological Spinc-structures of
T"p and T"r induce a topological Spin¢-structure on Tq = T'p® p*T"r. The family
of Clifford bundles of pyW is the spinor bundle associated to this Spin°-structure.

In order to understand how the connection 6;} behaves as A — 0 we choose local
spin structures on 7¥p and T"r. Then we write S°¢(T"p) = S(T"p)®L, and S¢(T"r) =
S(T"r) ® L, for one-dimensional twisting bundles with connection L,, L,. The two
local spin structures induce a local spin structure on TVq = TVp & p*T"r. We get
5°(Tq) = S(T%q) ® Ly with L, := L, ® p*L,. The connection V7" converges
as A — 0. Moreover, the twisting connection on L, does not depend on A at all.
Since V;"Tvq and V. determine 6;‘ (see 3.1.5) we conclude that the connection @q)‘
converges as A — 0. We introduce the following notation for this adiabatic limit:

vadia . 1im )\_.06;‘.
3.3.2. — We keep the situation described in 3.3.1.

Definition 3.21. — We define the composite o;; 1= o, o) 0p of the representatives of
smooth K -orientations of p and r by

of} = (g}j 4 Thq, Y~7,’>,0(02‘)),
where

0(02‘) = o(0p) /\p*AC(oT) + Ac(op) Ap*o(o;) — AC(@adia, ﬁq’\) — do(op) Ap*o(or).

Lemma 3.22. — This composition of representatives of smooth K -orientations pre-
serves equivalence and induces a well-defined composition of smooth K -orientations
which is independent of .

Proof. — We first show that 0;\ is independent of A. In view of 3.1.9 for Ag < A\; we

must show that o(0)?) — o(03°) = AC(@QA‘,ﬁfl‘“). In fact, inserting the definitions
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and using (13) and (14) we have
a(0}) — 0(0)0) = —AS(T242, T2) 4 Ac(Todie, T20) = A(T )1, o).

Let us now take another representative o). The following equalities hold in the
limit A — 0.

a(0g) = 9(0;) = (0(0p) = 0(0},)) Ap*A%(or)
+ (A°(0p) — A%(0})) Ap*a(or) — d(o(0p) — a(0})) Ap*a(or)
= A°(V,,V,) Ap*Ac(or)
+ (A°(V,) — A%(V}) — dA°(V,, V})) Ap*a(or)
_ 2 c(vvadia yv/adia
= A°(V} ,V; ).
The last equality uses (12) and that in the adiabatic limit
(20) A%@Zdi“) = Ac(ﬁp) /\p*AC(VT),
which implies a corresponding formula for the adiabatic limit of transgressions,
Ac(Vadia, 7iedin) = A°(V,, V;) Ap*AS(V,).
Next we consider the effect of changing the representative o, to the equivalent one
ol.. We compute in the adiabatic limit
o(og) — o (0;)
= 0(0p) A (p"A%(0,) — p*A%(07)) + (A%(0p) — do(0p)) Ap*(0(0r) — 0(0}))
= (0p) A dp*A°(V,,V;) + (A%(0p) — do(0p)) AP*A°(V,, V)
— AC(OP) A ptgc(ﬁh 6;‘) — KC(ﬁzdia’ ﬁ?dia)'
In the last equality we have used again (20) and the corresponding equality
Ac(Vadia viedie) = A%(0,) Ap*A°(V,, V}). o
3.3.3. — We consider the composition of proper K-oriented submersions
W—>B—">4
q

with representatives of smooth K-orientations o, of p and o, of r. We let o, := 0,00,
be the composition. These choices define push-forwards p;, #1 and § in smooth K-
theory.

A

Theorem 3.23. — We have the equality of homomorphisms K(W) — K(A)

G = 71 o pr.
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Proof. — We calculate the push-forwards and the composition of the K-orientations
using the parameter A = 1 (though we do not indicate this in the notation). We take
a class [, p] € K(W). The following equality holds since A = 1:

@6 =r(pé).

So we must show that

eV Al Ap+9(a1,6)+ [ alo) AR
W/A wW/A

= Ac(o,) A [/ Ac(o,) Ap+Qp,1,68) + / o(op) A R([&, p])
B/A w/B wW/B

+fz(r,1,p!é’)+/ (o) A R(m[6, p)),

B/A
where = means equality modulo im(d) + chgr(K(A)). The form Q(g, 1, &) is given by
(15). Since in the present paragraph we consider these transgression forms for various
bundles we have included the projection ¢ as an argument.
By Proposition 3.19 we have

R(p1(6,0)) = /W/B<A°(op) — do(0,)) A R((6,p)).
Next we observe that
(22) 00,1, 8) = Qr, 1, ) + /W/A Ac(die §)AQ(E) + /B | A0)A.1,6),

(where = means equality up to im(d)). To see this we consider the two-parameter
family r o p}'(8), A, p > 0, of geometric families. There is a natural geometric fam-
ily & over (0,1]> x A which restricts to r o p{'(8) on {(A,p)} x A (see 3.2.2 for
the one-parameter case). Note that the local index form Q(Y) extends by continu-
ity to [0,1)2 x A. If P: [0,1] — [0,1]2 is a path, then one can form the integral
Jpua /A Q(F|pxa), the transgression of the local index form of 7} o p{'(§) along the
path P. The following square indicates four paths in the (A, u)-plane. The arrows
are labeled by the evaluations of (&) (which follow from the adiabatic limit formula
16), and their integrals, the corresponding transgression forms:
Q(r,1,pm8)

0,1 1,1
1 Q(rPopi(6)) 1)

Jo,aB0r0@t 6) | [, A(0r)A(P,1,6) Qriopt(6)) | $2(a,1,6)

f Ac(0:020,)AQ(8)
(0,0) i (1,0).
fW/A Ac(V,, V2 AQ(8)
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Note the equality 7 op}‘ (&) = ¢/*(&) which is relevant for the right vertical path. Also
note that for the lower horizontal path that , as 4 — 0, the fibres of & are scaled to
zero, whereas the fibres of p are scaled by A. The latter is exactly the effect of the
scaled composition o, oy o, of orientations defined in 3.3.1, explaining its appearence
in the above formula. The equation (22) follows since the transgression is additive
under composition of paths, and since the transgression along a closed contractible
path gives an exact form.
We now insert Definition 3.21 of o(og4) in order to get

[ oto) ARG, A)
W/A
- / [#(0p) A B*A%(0,) + A%(0p) A p*ar(or)
w/A
—da(op) Ap*a(or) — AT, V)| A R((&,p))
= [ [oon) ApA%(0r) + A%(0p) AD0(or) = door) A po(or)] A R(E, )
W/A

- Ac(Fedia 7)) A Q(E) + / Ac(¥2da ) A dp
W/A W/A
= [ [oto) npA%(00) + A(op) A B0 (or) = doop) A 5o (or)] A R(IE, )
W/A
@) - [ AT AE) + [ (Aop) ApAor) - Alor)) A
W/A W/A

We insert (23) and (22) into the left-hand side of (21).
[ &) np+ia1,0)+ [ olo) AR(EA)
w/A W/A

= Ac(o) Np
w/A

+0r1pO)+ [ AT T) A + [ Ao AO,1,6)
W/A B/A
+ [ [ol0) A7 A%(00) + A%(0p) AB0(or) ~ dolop) Ap* (o) AR, )
w/A

— Ac(Vdia 7 ) A Q(E) + /
w/A w/

— (1, p6) + / A%(o)) AU, 1, 6)
B/A

, (A%op) Ap"Ac(or) = A(o)) A

+ / [a(op) Ap*Ac(o,) + A%(0,) Ap*a(o,) — do(op) A p*a(or)] A R([8, p])
w/A
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+ / Ac(0,) Ap*Ac(o,) A p.
w/A

An inspection shows that this is exactly the right-hand side of (21). O

4. The cup product

4.1. Definition of the product
4.1.1. — In this section we define and study the cup product

u: K(B) ® K(B) — K(B).

It turns smooth K-theory into a functor on manifolds with values in Z/2Z-graded rings
and into a multiplicative extension of the pair (K, chg) in the sense of Definition 1.2.

4.1.2. — Let & and & be geometric families over B. The formula for the product
involves the product & x g & of geometric families over B. The detailed description
of the product is easy to guess, but let us employ the following trick in order to give
an alternative definition.

Let p: F — B be the proper submersion with closed fibres underlying &. Let
us for the moment assume that the vertical metric, the horizontal distribution, and
the orientation of p are complemented by a topological Spin®-structure together with
a Spin°-connection V as in 3.2.1. The Dirac bundle ¥ of & has the form ¥
W ®S¢(T"p) for a twisting bundle W with a hermitean metric and unitary connection
(and Z/2Z-grading in the even case), which is uniquely determined up to isomorphism.
Let p*& ® W denote the geometric family which is obtained from p*& by twisting
its Dirac bundle with 6*W, where §: F xg F — F denotes the underlying proper
submersion with closed fibres of p*&. Then we have

Exp T =Zp(p*E@W).

This description may help to understand the meaning of the adiabatic deformation
which blows up &, which in this notation is given by p{(p*& ® W).

In the description of the product of geometric families we could interchange the
roles of & and &.

If the vertical bundle of & does not have a global Spin®-structure, then it has at
least a local one. In this case the description above again gives a complete description
of the local geometry of & xg &.

4.1.3. — We now proceed to the definition of the product in terms of cycles. In
order to write down the formula we assume that the cycles (&, p) and (¥,0) are
homogeneous of degree e and f, respectively.
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Definition 4.1. — We define
(6,p)U(F,0) :=[ExB F,(—1)*UE)ANO+ p AQUF) — (—1)°dp A 6.

Proposition 4.2. — The product is well-defined. It turns B — K(B) into a functor
from smooth manifolds to unital graded-commutative rings.

Proof. — We first show that this product is bilinear and compatible with the equiva-
lence relation ~ (2.10). The product is obviously biadditive and natural with respect
to pull-backs along maps B’ — B. We now show that the product preserves the
equivalence relation in the first argument. Assume that & admits a taming &;. Then
we have (&, p) ~ (&, p — n(6:)). Using the latter representative we get

@,p=n(&:)) U (F,0) = [, (p — n(6e)) NUF) = (=1)°dp A 0 + (=1)%dn(&e) A 6]
=[2,p ANUT) + (-1)°UE) A — (=1)°dp A 0 — (&) AQUT)].
On the other hand, similar to in 3.2.6, the taming &; induces a generalized taming
(& xp F)t. Using Lemma 3.13 and argueing as in the proof of Lemma 3.14 we get
(Exe T, (1) QUE) AN+ p AQUTF) — (—1)%dp A o]
= [, (~1)*QE) A6+ p AYT) — (~1)°dp Ao —n((E x5 T)2)].
It suffices to show that
(29) n(&e) AUT) —n((& xB F)e) € im(chyr).

We will actually show that this difference is exact.
We first consider the adiabatic limit in which we blow up the metric of &¥. We get
from Theorem 3.12

(25) Lim a4ia((6 X B )t) = 1(6e) A QUF).

In order to see this we use that & xg F = pi(p*& ® W) (see 4.1.2), where p: F — B
and W — F is the twisting bundle of this family. The taming &; induces a taming
p* 64, and hence a taming (p*& ® W);. It follows from standard properties of the
induced superconnection on a tensor product bundle (alternatively one can use the
special case of Theorem 3.12 where the second fibration has zero-dimensional fibres)
that n(p* & ® W); = p*n(6:) A ch(VW). From Theorem 3.12 we get (V is associated

to p)

Lim 4ian((6 X B F)¢) = Lim x_on(p} (p* 6 ® W):)

= (&) A (/F/B Ac(V) A ch(VW)) = (&) AQUF).

As in 3.2.2 we now let ¥, be the tamed family over (0,00) x B with underlying
projection 7: (0,00) X E xg F — (0,00) x B which restricts to p}(p*& ® W); on
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{2} x B. Then we have dn(¥,) = (). Using the formulas for VI'" given in (7,
Prop. 10.2] we observe that iau RY"" =0, where 8 is a horizontal lift of 9. This
implies that ig, dn(¥,) = is, Q(Y) = 0. We get

16" 6 ® W) — (et @ W) = d [ n(&).
[\1]xB/B

The exactness of the difference (24) now follows by taking the limit A — 0 and the
fact that the range of d is closed since lim y_,on(p(p* & ® W):) = n(&:) A Q(F) by
(25) and n(p{ (p*E Q@ W);) = n((& x g F)¢) by construction.

In order to avoid repeating this argument for the second argument we show that
the product is graded commutative. Note that & xg & = & xpg & except if both
families are odd, in which case & xp F = (¥ xp &)°P

[6,0]U[F,6] =[x F,(—1)°UE) A0+ p AQUTF) — (—1)%dp A 6]
= [(-1)¥F xp &,(-1)TUDIAQE) + (-1)FCEVQT) A p— p A dF]
=[(-1)F x5 &,(-1)T0 A Q(E) + (D) (=1)TUT) A p — (=1)*/ (=1) df A 4]
= (-D[Z,01V[8,0].
4.1.4. — We now have a well-defined Z/2Z-graded commutative product

U: K(B) ® K(B) — K(B).

We show next that it is associative. First of all observe that the fibre product of
geometric families is associative. Let e, f, g be the parities of the homogeneous classes

(&, 0], [F,6], and [, ).

(6, U[Z,6]) UG,k

= [ExB T, (1) UEAO+p AQUTF) — (—1)%dp A O] U (G, ]

= [6xsT x5 G, (-1)*UE) A0+ p AUT) = (-1)°dp A O) AQUG)
+(-1)*HUE X F) Ak
—(=1)Hd((-1)°QE) A0+ p AUT) — (—1)°dp A 0) A K]

= [6xp T xg G, (-1)*UE) ANOAQG) + p AQUT) AQG)
—(=1)%dp AOAQG) + (-1 QE AUF) Ak — (1) HQE) AdIAK
—(—1)dp AQUF) Ak + (1) dp A df A k)
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On the other hand
[6,p] x ([Z,6] x |G, K])
= [0 %x[F x5 G, (1) UF) Ak +60AQUYG) — (1) dI A K]
= [Exp AT x5 G, (—1)°QE) A (~1)/UT) A+ 0 AQY) — (—1)7db A k)
+oAUF x5 G) — (=1)%dp A (1) UF) A+ 0 AQG) — (—=1)Tdo A k)]
= [6xB T xB G, (1) HQUE AQUT) Ak + (-1)°QUE) AOAQUYG)
—(-1D)HQE NN+ p AQUF) ANQUG) — (-1) T dp AQUT) A K
—(=1)edp AOAQ(G) + (=1)FFdp A d A K]
By an inspection we see that the two right-hand sides agree.

4.1.5. — Let us observe that the unit 1 € K (B) is simply given by (B x C,0), i.e. the
trivial 0-dimensional family with fibre the graded vector space C concentrated in even
degree, and with curvature form 1. The definition shows that this is actually a unit
on the level of cycles. This finishes the proof of Proposition 4.2. O

4.1.6. — In this paragraph we study the compatibility of the cup product in smooth
K-theory with the cup product in topological K-theory and the wedge product of
differential forms.

Lemma4.3. — For z,y € K(B) we have
R(zUy) = R(z) AR(y), I(zVUy)=I(z)UI(y).
Furthermore, for o € Q(B)/im(d) we have
a(a) Uz = a(a A R(z)).
Proof. — Straightforward calculation using the definitions. O

Corollary 4.4. — With the U-product smooth K -theory K is a multiplicative extension
of the pair (K, chg).

4.2. Projection formula

4.2.1. — Let p: W — B be a proper submersion with closed fibres with a smooth
K-orientation represented by o. In this case we have a well-defined push-forward
pr: K(W) — K(B). The explicit formula in terms of cycles is (17). The projection
formula states the compatibility of the push-forward with the U-product.

Proposition 4.5. — Let z € K(W) and y € K(B). Then

p(p*yUz) =yUp(z).
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Proof. — Let z = [#,0] and y = [§,p]. By an inspection of the constructions we
observe that the projection formula holds true on the level of geometric families

P!(P*ﬁ Xw g) > Expp¥.
This implies
Qpd(p* & xw F)) = Q&) AQUpNT)).

Consequently we have Q(\,p*& xw F) = (—1)°QE) A Q(A, F). Inserting the defini-
tions of the product and the push-forward we get up to exact forms

n(p*yUz)
= p([p*Exw T, (=1)°p*UE) Ao +p*p AQUTF) — (-1)°p*dp A 0])

= [p(p"E xw 9),/ A°(0) N [(-1)°p*QUE) Ao +p*p AQUT) — (-1)°p*dp A 0]
w/B
+/ o(0) AR(P*yUz) + Q(1,p*E xw F)]
w/B

= [& prlg,p/\/ Ac(o)/\ﬂ(g)+(—1)eﬂ(6)/\/ A¢(0) Ao
W/B W/B
+(-1)2Q(8) A (1, F)

(26) —p A / Ac(0) Ado + (=1)°R(y) A / o(o) A R(z)].

W/B W/B
Up to exact forms we have

pA /W/B A°(0) ANQUT) + (-1)°QE) A /W/B A°(o)No
+(=1)°UE) A Q(1, F)

—pA Ac(0) Ado + (=1)°R(y) A / o(0) A R(x)
w/B w/B

= (=1)°QE) A (/W/B Ac() Ao +Q(1,F) + /W o(o) A R(x))

/B

+pA / Ac(0) A (QUTF) — do)) — (=1)%dp A / o(0) A R(z)
wW/B wW/B

B

= (=1)°Q(&) A (/W/B Ac(o) Ao+ Q(1,T) + /W/ o(0) A R(a:))
+p A / (A°(0) — do(0)) A R(x)
w/B
= (-1)°Q(E) A (/W/B Ac() Ao +Q(1,F) + /W/B o(0) A R(x))
+p A R(prz).
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Thus the form component of (26) is exactly the one needed for the product y U
p!(m). O

4.3. Suspension

4.3.1. — We consider the projection pr,: S x B — B. The goal of this subsection
is to verify the relation

(Pry)iopry =0
which is an important ingredient in the uniqueness result Theorem 1.4.
4.3.2. — The projection pr, fits into the Cartesian diagram

Pry

Slx B—— ¢!

L”’ 110

B——=x

We choose the metric g7° " of unit volume and the bounding spin structure on T'S'.
This spin structure induces a Spin® structure on T'S! together with the connection
V. In this way we get a representative o of a smooth K-orientation of p. By pull-back
we get the representative r*o of a smooth K-orientation of pr, which is used to define

(pTo)r-
4.3.3. — Using the projection formula Proposition 4.5 we get for = € K (B)

(Pr2)1(pr3(2)) = (Pro)i(pra(2) U1) = 2 U (Pry)il.

Using the compatibility of the push-forward with Cartesian diagrams Lemma 3.20 we
get

(Frohl = (Pr)i(pri(1)) = r* /(1)

We let ! denote the geometric family over * given by p: S! — x with the geometry
described above. Since S' has the bounding Spin-structure the Dirac operator is
invertible and has a symmetric spectrum. The family dl therefore has a canonical
taming ‘(ﬁ by the zero smoothing operator, and we have n(d: ) = 0. This implies

A1) = [4',0] = [2,n(4;)] = [2,0] = 0.

Corollary 4.6. — We have (pr,) opry = 0.
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5. Constructions of natural smooth K-theory classes

5.1. Calculations
5.1.1.
Lemma 5.1. — We have

K*(*)%{ z *=0

R/Z *=1.
Proof. — We use the exact sequence given by Proposition 2.20. The assertion follows
from the obvious identities
K'(x) 2 K°(x) 2 Z, K'(x) = Q% (x)/char(K°(*)) = R/Z. ]
5.1.2.
Lemma 5.2. — There are exact sequences

0-R/Z— KOS') —Z—0

0 C>(SY)/z— KYS') —Z-0.
Proof. — These assertions again follow from Proposition 2.20 and the identifications
K°SYHY~zZ, KYSY)=Z, Q°%V(S')/chsr(K°(SY))=C>(SY)/Z. O

5.1.3. — Let V := (V,hY,VV,2) be a geometric Z/2Z-graded bundle over S* such
that dim(V*) = dim(V~). Let ¥ denote the corresponding geometric family. By
Lemma 5.2 the class [¥/,0] € K°(S*) satisfies I([¥/,0]) = 0 and hence corresponds
to an element of R/Z. This element is calculated in the following lemma. Let ¢* €
U(n)/conj denote the holonomies of V* (well defined modulo conjugation in the

group U(n)).
Lemma 5.3. — We have
cet(s)
det(¢p~)/ "
Proof. — We consider the map g: S' — * with the canonical K-orientation 4.3.2. By

[V,0]=a (% log

Proposition 3.19 we have a commutative diagram
R/Z —— Q!(S")/(in(d) + im(ch4r)) —— K'(S")

l= le 1@!
R/Z —— Q°(x)/im(chqr) —— K%(x).
In order to determine [V, 0] it therefore suffices to calculate §i([¥/,0]). Now observe
that g: S — x is the boundary of p: D? — *. Since the underlying topological

K-orientation of ¢ is given by the bounding Spin-structure we can choose a smooth
K-orientation of p with product structure which restricts to the smooth K-orientation
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of q. The bundle V is topologically trivial. Therefore we can find a geometric bundle
W = (W,h%,VW 2), again with product structure, on D? which restricts to V on
the boundary. Let W denote the corresponding geometric family over D2. Later we
prove the bordism formula Proposition 5.18. It gives

a(1¥,0) = [2,nR(W, )] = —a ( L. @)

Note that
sf«W)=chva)=chxv“ﬂW*»—chxv““W“n==;é[RV“W*_1r“VW‘y
The holonomy det(¢*) € U(1) of det(V™) is equal to the integral of the curvature

of detW#:

det +
log det(¢*) = RV
D2
It follows that (¢%)
) — ok 10g 25T
@([V,0)) =a <2m' 8 Get(¢m) /) i

5.2. The smooth K-theory class of a mapping torus

5.2.1. — Let & be a geometric family over a point and consider an automorphism ¢
of 6. Then we can form the mapping torus T(&, ¢) := (R x &)/Z, where n € Z acts
on R by z — z +n, and by ¢™ on &. The product R x & is a Z-equivariant geometric
family over R (the pull-back of & by the projection R — ). The geometric structures
descend to the quotient and turn the mapping torus T'(&, ¢) into a geometric family
over S = R/Z. In the present subsection we study the class

[T(&,4),0] € K(S").
In the following we will assume that the parity of & is even, and that index(&) = 0.

5.2.2. — Let dim: K°(S') — Z be the dimension homomorphism, which in this
case is an isomorphism. Since dim I([T(&, ¢),0]) = dim(index(&)) = 0 we have in
fact [T(8,¢),0] € R/Z c K°(S'), where we consider R/Z as a subgroup of K°(S!)
according to Lemma 5.2.

Let V := ker(D(&)). This graded vector space is preserved by the action of ¢. We
use the same symbol in order to denote the induced action on V.

We form the zero-dimensional family ¢ := (R x V)/Z over S'. This bundle is
isomorphic to the kernel bundle of T(&,#). The bundle of Hilbert spaces of the
family T'(8, ) Ug: ¥°" has a canonical subbundle of the form ¥ @ 9°®. We choose
the taming (T'(&, ¢) Ug1 ¥°); which is induced by the isomorphism

(20)
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on this subbundle. Note that [T'(&, ¢),0] = [V,n((T(&, ¢) Us: ¥°?);)]. Since the pull-
back of (T'(&,¢) Us: ¥°); under R — R/Z is isomorphic to a tamed family pulled
back under R — * we see that the one-form n((T(&, #) Us: ¥°F);) = 0.

5.2.3. — Thus it remains to evaluate [T(&,¢),0] = [¥,0] € R/Z. By Lemma 5.3
this number can be expressed in terms of the holonomy of the determinant bundle
det(¥). Let ¢* € Aut(V*) be the induced transformations.

Proposition 5.4. — We have [T(6,¢),0] = [5= log(:zzgf Nr/z- In particular, if D(&)
is invertible, then [T(&, $),0] = 0.

5.3. The smooth K-theory class of a geometric family with kernel bundle

5.3.1. — Let & be an even-dimensional geometric family over the base B. By (Dp)pen
we denote the associated family of Dirac operators on the family of Hilbert spaces
(Hb)bep- The geometry of & induces a connection V¥ on this family (the connection
part of the Bismut superconnection [7, Prop. 10.15]). We assume that dim(ker(Dy))
is constant. In this case we can form a vector bundle K := ker(D). The projection of
VH to K gives a connection VX. Hence we get a geometric bundle K := (K, hK, VX)
and an associated geometric family X (see 2.1.4).

5.3.2. — The sum & Up X°P has a natural taming (§ Up K °P); which is given by

0
( ¢ ) € End(H, @ K;"),

u* 0
where u: K, — Hj is the embedding. We thus have the following equality in K (B):
[6,0] = [&,n((&Up K°F):)]-

5.3.3. — Under the standing assumption that dim(ker(D;)) is constant we also have
the n-form of Bismut-Cheeger nB€(&) € Q(B) (see [14], [13], [12]). Since other
authors use nB€(£), in the following two paragraphs we shall analyse the relation
between this and n((§Up K°P);).

We form the geometric family [0, 1] x (6Up K °F) over B. The taming (&Up K ),
induces a boundary taming at {0} X (6Up X°?). In index theory the boundary taming
is used to construct a perturbation of the Dirac operator which is invertible at —oo
of (—00, 1] x (6Up K°P) (see [19] for details). On the other side {1} x (§Lip K°P) we
consider APS-boundary conditions. We thus get a family of perturbed Dirac operators
on (—00,1] x (6Up X°P). The L2-boundary condition at {—oco} x (§Up X°P) and the
APS-boundary condition at {1} x (§Up K°F) together imply the Fredholm property
(which can be checked locally for the various boundary components or ends). In this
way the family of Dirac operators on [0,1] x (& Up K°F) gives rise to a family of
Fredholm operators. We will denote this structure by ([0,1] x (§Ug K°F))bt,aps-
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The Chern character of its index index(([0,1] x (& Up X°?))st,aps) € K(B) can
be calculated using the methods of local index theory.

5.3.4. — Using 2.4.10 we can choose a possibly different taming (& Ug K°P); such
that the corresponding index index(([0,1] x (& Up K°®))str,aps) € K(B) vanishes.
In this case we can extend the boundary taming to a taming index(([0,1] x (& Ug
X)), aPs)-

We set up the method of local index theory as usual by forming the family of
rescaled Bismut superconnections A, := A,(([0,1] X (& Up K°?))s, aps) which take
the tamings and boundary tamings into account as explained in [19, 2.2.4.3], see also
3.2.6. Invertibility of D(([0,1] x (6Up K°®))¢ aps) ensures exponential vanishing of
the integral kernel of e~4% for s — 0o. The usual transgression integral expresses the
local index form ([0, 1] x (& Up X°P)) as a sum of contributions of the boundary
components or ends (see [19, proof of Lemma 2.2.15 |). These contributions can be
calculated separately for each part.

Because of the product structure we have Q([0,1] x (§Up £°?)) = 0. The con-
tribution of the boundary {1} x (& Lg K£°F) is given by the proof of the APS-index
theorem of [14], [13], [12], and it is equal to nBC(§Up X°P) = nBC(8). The second
equality holds true, since the Dirac operator for £°? is trivial. The contribution of
the boundary {0} x (&Up K°P) is calculated in the proof of [19, Lemma 2.2.15] and
equal to —n((&Up K°P)y). Therefore we have nBC (&) = n((&Up L°P)s) (note that
we calculate modulo exact forms). We now use 2.4.10 and a relative index theorem
(compare (28)) in order to see that

n((Eup £°P)¢) — n((6Up £°P);) = chyr(index(([0,1] X (6Up K®))pt,aps)) € char(K(B)).

Using Proposition 2.20 we get:
Corollary 5.5. — We have [£,0] = [%,nBC(8)].

5.3.5. — Let p: W — B be a proper submersion with closed fibres with a smooth
K-orientation represented by o. Let V be a geometric vector bundle over W, and let
9 denote the associated geometric family. Then we can form the geometric family
& = pY (see Definition 3.7). Assume that the kernel of the family of Dirac operators
(D(6b))bep has constant dimension, forming thus the kernel bundle X. Since ¥ has
zero-dimensional fibres we have Q(1, ¥) = 0. From (17) we get

BV, = [, /W/B A%0)Ap+ /W/ o(0) A (V) — dp)]

B

—16 [ Ao)rp+ /W/B o(0) A (V) — dp)]

W/B
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— @) + [ AN+ [ o)A@V - dp).
wW/B w,

o
/B

5.4. A canonical K!-class on S!

5.4.1. — We construct in a natural way an element zg € K 1(S') coming from the
Poincaré bundle over S x S'. Let us identify S = R/Z. We consider the complex
line bundle L := (R x R/Z x C)/Z over R/Z x R/Z, where the Z-action is given
by n(s,t,z) = (s + n,t,exp(—27int)z). On R x R/Z x C — R x R/Z we have the
Z-equivariant connection V := d + 27misdt with curvature RV = 2mids A dt. This
connection descends to a connection VZ on L. The unitary line bundle with con-
nection L := (L, hL, VL) gives a geometric family ¥ over R/Z x R/Z. It represents
v = [#£,0] € K°%(R/Z x R/Z). Note that R(v) = 1+ ds A dt. We now consider
the projection p: R/Z x R/Z — R/Z on the second factor. This fibre bundle has a
natural smooth K-orientation (97", T"p, V,0). The vertical metric and the horizon-
tal distribution come from the metric of S! and the product structure. Moreover,
T"p is trivialized by the S'-action. Hence it has a preferred orientation. We take
the bounding Spin-structure on the fibres which induces the Spin®-structure and the
connection V.

Definition 5.6. — We define zg := pyv € K*(S?).

5.4.2. — We have R(zg1) = dt. Let t € S'. Then we compute t*zg1 € K!(x) = R/Z
(identification again as in Lemma 5.2). Note that 0*zs: is represented by the trivial
line bundle over S!. Since we choose the bounding spin structure, the corresponding
Dirac operator is invertible. Its spectrum is symmetric and its n-invariant vanishes
(compare 4.3.3). Therefore we have 0*xg:1 = 0. It now follows by the homotopy
formula (or by an explicit computation of 7-invariants), that

(27) t*rg = —t.
5.4.3. — Let f: B — S! be given. Then we define

Definition 5.7. — <f>:= f*zg € K'(B).

Assume now that we have two such maps f,g: B — S!. As an interesting illustra-
tion we characterize

<f>U<g> e K°B).

It suffices to consider the universal example B = T? = S! x S!. We consider the
projections pr;: S' x §* — S, i =1,2. Let z := prjzs and y := pryzs:. Then we
must compute £ Uy € K°(T?). We identify T? = R/Z x R/Z with coordinates s, ¢.
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First note that R(zUy) = R(z) U R(y) = ds A dt. Thus the class zUy — v+ 1 is flat,
i.e.
tUy—v+1€Kg, (T?%).
In fact, since K°(T?) is torsion-free, we have
KQ,.(T?) = H°(T?)/in(chqr) = R?/Z*.

In order to determine this element we must compute its holonomies along the circles
S1 x 0 and 0 x S*. The holonomy of v along these circles is trivial. Since 0*z = 0 and
0*y = 0 we see that = X y also has trivial holonomies along these circles. Therefore
we conclude

Proposition 5.8. — We have x Uy =v — 1.
Now we solve our original problem. The two maps f, g induce amap fxg: B — T2.

Corollary 5.9. — We have <f>U<g>=(f x g)*v—1.

5.5. The product of S'-valued maps and line-bundles

5.5.1. — Let f: B — S! be a smooth map and L := (L, VX, hL) be a hermitean
line bundle with connection over B. It gives rise to a geometric family ¥ (see 2.1.4).
We consider the smooth K-theory classes <f> and <L> := [#,0] — 1. It is again
interesting to determine the class

<f>U<L> e K'(B).

An explicit answer is only known in special cases.
First we compute the curvature:

R(<f>U<L>) = R(<f>) AR(<L>) = df A (e2(V") — 1),
where df := f*dt and ¢; (V%) := =L RV".

5.5.2. — Note that the degree-one component of the odd form R(<f>U <L>) van-
ishes. Let now ¢: ¥ — B be a smooth map from an oriented closed surface. Then
R(g*(<f>U<L>)) = ¢*R((<f>U<L>)) = 0. Therefore

*(<f>U<L>) € K},.(T) = H*(Z,R)/im(ch) = R/Z & R/Z,

where the first component corresponds to H°(X,R) and the second to H2(X,R). In
order to evaluate the first component we restrict to a point. Since the restriction of
<L> to a point vanishes, the first component of ¢*(<f>U <L>) vanishes. Therefore
it remains to determine the second component.
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5.5.3. — Let us assume that ¢*L is trivial. We choose a trivialization. Then
we can define the transgression Chern form & (V¢ L V) € Q1(X) such that
dé; (V9 L, V¥iv) = g*¢; (V). By the homotopy formula we have

¢*<L> = [@, & (VT L, vhiv)).
In this special case we can compute
¢ (<f>U<L>)=g¢"<f>U ¢*<L>
= <@ f>U ¢*<L> = [@,¢*df A& (VT E, VYY),
We see that the second component is

We do not know a good answer in the general case where ¢*L is non-trivial.

R/Z

5.6. A bi-invariant K!- class on SU(2)
5.6.1. — Let G be a group acting on the manifold M.

Definition 5.10. — A class = € K(M) is called invariant, if g*c = z for all z € G.

5.6.2. — For example, the class g1 € K 1(S?) defined in 5.6 is not invariant under
the action L, t € S*, of S? on itself. Note that R(zg1) = dt is invariant. Therefore
Lizgi — 51 € R/Z. In fact by (27) we have

Lizgi —z51 = —t.

Since dt is the only invariant form with integral one we see that the only way to
produce an invariant smooth refinement of the generator of H!(S',Z) = Z would be
to perturb zg: by a class b € H°(S*,R/Z). But b is of course homotopy invariant,
hence L}b = b. We conclude that the generator of H!(S',Z) (and also every non-
trivial multiple) does not admit any invariant lift.

5.6.3. — The situation is different for simply-connected groups. Let us consider the
following example. The group G := SU(2) x SU(2) acts on SU(2) by (g1,92)h =
gihgy'. Let volgy(z) € N*(SU(2)) denote the normalized volume form. Furthermore
we let i: ¥ — SU(2) denote the embedding of the identity.

Proposition 5.11. — For k € Z there exists a unique class Tsy(z)(k) € KY(SU(2))
such that R(zsy(2)) = kvolgy(z) and i*x = 0. This element is SU(2) x SU(2)-
invariant

Proof. — Assume, that z,y € K'(SU(2)) satisfy R(z) = R(y). Then we have z—y €
K}..(SU(2)) = K},,(S%) = R/Z. Since i*z = i*y = 0 we have in fact that = = y.
Therefore, if the class zgy (o) (k) exists, then it is unique.
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We show the existence of an invariant class in an abstract manner. Note that
kvolgy sy represents a class ch(Y) for some Y € K 1(83). In terms of classifying
maps, Y for k = 1 is given by the embedding SU(2) — U(2) — U(oo) & K!. We
have the exact sequence

0 — Q°(SU(2))/im(chgr) > K1 (SU(2)) 5 K'(SU(2)) — 0.
Therefore we can choose any class y € K'(SU(2)) such that I(y) = Y. Then the
continuous group cocycle G 3 t — ¢(t) = t*y — y € Q°V(SU(2))/im(chgg) represents
an element [c] € H}(G, Q' (SU(2))/in(chgr)).

We claim that this cohomology group is trivial. Note that Q°V(SU(2))/im(chqg) &
Q°(SU(2))/Za® Q2(SU(2))/im(d). Since 2%(SU(2))/im(d) is a real topological vector
space with a continuous action of the compact group G we immediately conclude
that H!(G,Q2(SU(2))/in(d)) = 0 by the usual averaging argument. We consider the
exact sequence of G-spaces

0— Z— Q°(SU(2)) — Q°(SU(2))/Z — 0.

Since G is simply-connected we see that taking continuous functions from G x --- x G
with values in these spaces, we obtain again exact sequences of Z-modules. It follows
that we have a long exact sequence in continuous cohomology. The relevant part reads

H(G,Z) — H;(G,Q°(SU(2))) — H:(G,Q°(SU(2))/Z) — H}(G,Z).
Since Z is discrete and G is connected we see that H:(G,Z) = 0 for i > 1. Therefore,
H(G,Q°(SU(2))) = H;(G,Q°(SU(2))/2).

But Q°(SU(2)) is again a continuous representation of G on a real vector space so
that H!(G,Q°(SU(2))) = 0. The claim follows.

We now can choose w € Q2°V(SU(2))/im(chgyg) such that t*w — w = t*y — y for all
t € G. We can further assume that i*w = ¢*y by adding a constant. Then we set
zsye)(k) =y—we€ K'(SU(2)). This element has the required properties. O

It is an interesting problem to write down an invariant cycle which represents the
class sy (2)-

5.6.4. — Note that z5y(2)(k) = kzsy(2)(1). Let ¥ C SU(2) be an embedded oriented
hypersurface. Then R(zsy(2)(1)))s = 0so that (zsy(2))|s € f(éat(E). Since x5y (2)(1)
evaluates trivially on points we have in fact
(zsu@) (1) € ker (Kjoy(8) — Kho(¥) = R/Z.

This number can be determined by integration over ¥. Formally, let p: ¥ — {x}
be the projection. If we choose some smooth K-orientation, then we can ask for
P(zsuz)(1)z € K}..(¥) = R/Z. The hypersurface ¥ decomposes SU(2) in two
parts SU(2)%. Let SU (2)% be the part such that SU(2)3; has the orientation given
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by ¥. We choose a K-orientation o of the projection gq: SU(2)f — * which has a
product structure such that o(0) = 0 and A°(0) = 1. In order to get the latter
equality we choose a Spin®-structure coming from a spin structure. The smooth K-
orientation of ¢ induces a smooth K-orientation of p. Then g: SU(2)§ — * provides
a zero-bordism of ¥, and of (zsy(2)(1))|z. Therefore, we have by Proposition 5.18

p(zsue)(1)s = [&/SU(W R(zsu(z)(1))| = —[vol(SU(2)F)Ir/z

where [A]g,z denotes the class of A € R. Note that the identification K}, .(x) 2 R/Z
is induced by a: R 2 Q°9d(x)/im(d) — K}, (*) given by A — [@, —A]. This explains
the minus sign in the second equality above.

5.7. Invariant classes on homogeneous spaces

5.7.1. — Some of the arguments from the SU(2)-case generalize. Let G be a compact
connected and simply-connected Lie group and G/H be a homogenous space.

Given Y € K(G/H) we can find a lift y € K(G/H). We form the cocycle G >
g c(g) == g*y—y € Q(G/H)/in(chyg). Since Q(G/H)/im(chgg) is the quotient of
a vector space by a lattice and G is connected and simply-connected we can use the
arguments as in the SU(2)-case in order to conclude that H} (G, Q(G/H)/im(chgg)) =
0. Therefore we can choose the lift y such that g*y = y for all ¢ € G. In particular,
R(y) € Q(G/H) is now an invariant form representing ch(Y). Note that an invariant
form is in general not determined by this condition.

5.7.2. — If we specialize to the case that G/H is symmetric, then invariant forms
exactly represent the cohomology. In this case we see that two choices of invariant
lifts 4o, y1 of Y have the same curvature so that y; — yo € Kﬂat(G/H ). Since the y;
also have the same index, we indeed have y; — yo € H(G/H,R)/im(chggr). We have
thus shown the following lemma.

Lemma 5.12. — Assume that G/H is a symmetric space with G connected and simply
connected. Then every Y € K(G/H) has an invariant lift y € K(G/H) which is
uniquely determined up to H(G/H,R)/im(chgg).

~

5.7.3. — We can apply this in certain cases. First we write S*"*! = Spin(2n +
2)/Spin(2n+1), n > 1. Note that K!(S?"+1) = Z. Since H*'(S***1,R)/im(ch4r) =
R/Z is concentrated in degree zero we have the following result.

Corollary 5.13. — Let n > 1. For each k € Z there is a unique Tg2n+1(k) €
K1(S?"1) which is invariant, has indez k € Z = K*(S?"*1), and evaluates trivially

on points.
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5.7.4. — In the even-dimensional case we write S?* & Spin(2n+1)/Spin(2n), n > 1.
Note that K°(S?") = Z ® Z and H°%4(5?",R)/in(chsg) = 0.

Corollary 5.14. — For each k € Z there is a unique Tgan(k) € K°(S?") which is
invariant and has indez k € Z= K 0(8?n), and evaluates trivially on points

5.7.5. — We  write CP":=SU(n+1)/S({U(1) x U(n)). Then
H°d(CP",R)/im(chyg) = 0. Therefore we conclude:

Lemma 5.15. — For each Y € K°(CP™) there is a unique SU(n + 1)-invariant class
yepn (Y) € KO(CP") such that I(ycp-(Y)) =Y.

5.7.6. — Let G be a connected and simply-connected Lie group. Let T' C G be a
maximal torus. Then we have a G-map P: G/T x T — G, P([g],t) := gtg~!, where
G acts on the left-hand side by g([h],t) := ([gh], t), and by conjugation on the right-
hand side. Let z € K *(@) be an invariant element. It is an interesting question how
P*z looks like.

Let us consider the special case G = SU(2) and zgy(2) = Tsy(2)(1) € K(SU(2)).
In this case we have T = S! and G/T = CP!. First we compute the curvature of
P*z 5y (2. For this we must compute P*volgy (o) which is given by Weyl’s integration
formula. We have

P*volgy(z) = volcpr A 4 sin®(27t)dt.
There is a unique class z € K'(S') with curvature 4sin®(27t)dt such that 0*z = 0.
Furthermore, there is a unique class <L> € K°(CP!) with curvature volcp: which
is in fact the class <L> considered in 5.5.1 associated to the canonical line bundle L
on CP!.

The product <L> U 2z has now the same curvature as P*zgy(2). We conclude that

P*zgy) — <L>Uz € H*(CP' x S*,R)/in(chyr).
Now note that
H®(CP' x §*,R)/im(chgr)
~ (H°(CP,R)® H°(S',R) ® H*(CP',R) ® H°(S',R)) /im(chgr)
R/Z & R/Z.

IR

The first component can be determined by evaluating the difference P*z gy (2) —<L>U
z at a point. Since Tgy(z) is trivial on points, this first component vanishes. The
second component can be determined by evaluating P*zgy (o) —<L>Uz at CP! x {0}.
Note that Péplx{o}xsy(g) = 0, since Pcp1x{o} is constant. Furthermore, 0*z = 0
implies that <L> U 2cp1x {0y = 0. Thus we have shown (using S? = CP'):

Lemma 5.16. — We have P*zgy2) = £s2(1) U 2.

SOCIETE MATHEMATIQUE DE FRANCE 2009



104 U. BUNKE & T. SCHICK

5.8. Bordism

5.8.1. — A zero bordism of a geometric family & over B is a geometric family W
over B with boundary such that & = 8W. The notion of a geometric family with
boundary is explained in [19]. It is important to note that in our set-up a geometric
family with boundary always has a product structure.

Proposition 5.17. — If & admits a zero bordism W, then in K*(B) we have the identity
[6,0] = [2,2(W)].

Proof. — Since & admits a zero bordism we have index(&) = 0 so that & admits a
taming &;. This taming induces a boundary taming W;. The obstruction against
extending the boundary taming to a taming of W is index(Wp:) € K(B) [19, Lemma
2.2.6].

Let us assume for simplicity that & is not zero-dimensional. Otherwise we may
have to stabilize in the following assertion. Using 2.4.10 we can adjust the taming &;
such that index(Wp:) = 0. At this point we employ a version of the relative index
theorem [17]

(28) index(Wpy) = index(Wpt) + index((& % [0,1])pe),

where &; and & define the boundary taming (& X [0, 1])pt.

If index(Wp:) = 0, then we can extend the boundary taming Ws; to a taming Ws.
We now apply the identity [19, Thm. 2.2.13]: Q(W) = dn(W;) — n(&:). Note that
this equality is more precise than needed since it holds on the level of forms without
factoring by im(d). We see that (&,0) is paired with (&, Q(W)). This implies the
assertion. O

5.8.2. — Let p: W — B be a proper submersion from a manifold with boundary W
which restricts to a submersion ¢ := pjgw: V := OW — B. We assume that p has a
topological K-orientation and a smooth K-orientation represented by o, which refines
the topological K-orientation. We assume that the geometric data of o, has a product
structure near V (see [19, Section 2.1] for a detailed discussion of such product struc-
tures). Recall o, = (g7 P, T"hp, @p,ap). By the assumption of a product structure
we have a quadruple (g7 9, T"q, ﬁq,aq) and an isomorphism of a neighbourhood of
plow : OW — B with the bundle & x [0,1) ¢ & 2 B such that the geometric data
are related as follows.

1. T%pigxo,1) = pr’éT“q@pri‘OJ)T[O, 1) and 917;;:[0,1) = pr’g;gTUq +pr’[*0,1)dr2, where

r € [0,1) is the coordinate.
2. T'pigxio,1) = PrTq.
3. (Up)léx[O,l) = Pr’éaq'
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4. The Spin-structure on Tq and the canonical Spin°-structure on T'[0,1) induce
a Spin°-structure on the vertical bundle T% & pr ;T &@prj, 1) T[0,1) of &x [0,1)
in a canonical way so that the associated spinor bundle is S(T%) = prS°(T"q)
or pr 6S°(T”q) ® C? depending on the dimension of T%q. In particular, the
connection Vq gives rise to a connection Vp,od The product structure identifies
the restricted Spin°®-structure of T¥p|gx[0,1) With this product Spin°-structure
such that V| &x[0,1) becomes med

From this description we deduce that
AC(6)|5x{0,1) = przic(@q), AC(Op)lzs><[0,1) = PI‘ZAC(Oq)'

It is now easy to see that the restriction of representatives (with product structure)
preserves equivalence and gives a well-defined restriction of smooth K-orientations.
We have the following version of bordism invariance of the push-forward in smooth
K-theory.

Proposition 5.18. — For y € K(W) we set ¢ := Yv € K(V). Then we have
@(z) = [2,p7R(y)].

Proof. — Let y = [&, p|. We compute using (17), Proposition 5.17, Stokes’ theorem,
Definition 3.15, and the adiabatic limit A — 0 at the marked equality

@) =6, [ Ao Ap+ A0 EW)+ [ alo) A R@)
V/B V/B
= 2,906 + [ A%0) Ao+ EW)+ [ oo ARE)
V/B V/B
Lo, /W/B (A%(0p) AQUE) — A%(0,) A dp — da(0,) A R(y))]
~[, | (A%(p) - do(op) A RW) = 2,5 R 0
w/B
5.9. Z/kZ-invariants

5.9.1. — Here we associate to a family of Z/kZ-manifolds over B a class in f(ﬂat(B).

Definition 5.19. — A geometric family of Z/kZ-manifolds is a triple (W, &, ¢), where
W is a geometric family with boundary, & is a geometric family without boundary,
and ¢: OW = k& is an isomorphism of the boundary of W with k copies of &.

We define u(W, &, ¢) := [£, —L1Q(W)] € K(B).

Lemma 5.20. — We have w(W, 8,8) € Kgat(B). This class is a k-torsion class. It
only depends on the underlying differential-topological data.
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Proof. — We first compute by 5.17
Ku(W, 6,9) = k6, ~ W) = k6, ~AW)] = [2,0] = 0.

This implies that R(u(W, &, #)) = 0 so that u(W, &, $) € Kaat(B). Independence of
the geometric data is now shown by a homotopy argument. O

5.9.2. — We now explain the relation of this construction to the Z/kZ-index of
Freed-Melrose [28].

Lemma 5.21. — Let B = * and dim(W) be even. Then u(W, &, ) € K},.(x) = R/Z.
Let iy: Z/kZ — R/Z the embedding which sends 1+ kZ to . Then

ix(index,(W)) = u(W, &, ¢),
where ix(index,(W)) € Z/kZ is the index of the Z/kZ-manifold W (the notation of
(28]).

Proof. — We recall the definition of index,(W). In our language is can be stated as
follows. Since index(&) = 0 we can choose a taming &;. We let k copies of &; induce
the boundary taming Wp:. We have

index, (W) = index(Wp:) + kZ.

In fact it is easy to see that a change of the taming &,; leads to change of the index
index(Wy:) by a multiple of k. We can now prove the Lemma using [19, Thm.
2.2.18].

u(W, 6,8) = [6,~ L UAW)=[2,~1(6) - LAW)]

= (g, —-%index(‘u/bt)] =a (%index(‘Wbt)) = ix(index,(W)) e R/Z. O

5.10. Spin°-bordism invariants

5.10.1. — Let 7 be a finite group. We construct a transformation
¢: Q5P (BU(n) x Brr) — Kpay(¥).

Let f: M — BU(n) x Br represent [M, f] € Q57""°(BU(n) x Br). This map deter-
mines a covering p: M — M and an n-dimensional complex vector bundle V — M.
We choose a Riemannian metric g7™ and a Spin‘-extension V of the Levi-Civita
connection V7M. These structures determine a smooth K-orientation of t: M — .
We further fix a metric AV and a connection VV in order to define a geometric bundle
V := (V,h"Y,VV) and the associated geometric family 9 (see 2.1.4). The pull-back
of g™ and V via M — M fixes a smooth K-orientation of £: M — .
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We define the geometric families M := ¢, and M := §y(p*V) over *. Then we set
O([M, £]) := [ Uy || MP,0] € Ko (*).

By a homotopy argument we see that this class is independent of the choice of geom-
etry. We now argue that it only depends on the bordism class of [M, f].

The construction is additive. Let now [M, f] be zero-bordant by [W, F]. Then we
have a zero bordism W of M over W. Note that the bundles also extend over the
bordism. The local index form of W U || W vanishes. We conclude by 5.17, that
[ up |x| - MP,0] = 0.

In this construction we can replace Ewx — Bm by any finite covering.

5.10.2. — This construction allows the following modification. Let p € Rep(m)o be a
virtual zero-dimensional representation of 7. It defines a flat vector bundle F, — Bm.
To [M, f] we associate the geometric family M, := t|(¥£), where £ is the geometric
family associated to the geometric bundle V ® (pr, o f)*F,. We define

¢p: Q5P (BU(n) x Br) — Ky (%)

such that ¢,[M, f] := [M,,0]. Here we need not to assume that = is finite. This is
the construction of p-invariants in the smooth K-theory picture.

The first construction is a special case of the second with the representation p =
C(r) @ (Cl™l)op,

5.10.3. — We now discuss a parametrized version. Let B be some compact manifold
and X be some topological space. Then we can define the parametrized bordism group
Qsrin® (X/B). Its cycles are pairs (p: W — B, f: W — X)) of a proper topologically
K-oriented submersion p and a continuous map f. The bordism relation is defined
correspondingly.

There is a natural transformation

¢: QP ((BU(n) x Br)/B) — Koy (B).

It associates to z = (p: W — B, f: W — BU(n) x Br) the class [W Ug || - W°P,0].
In this formula p: W — W is again the 7-covering classified by pryo f. We define the
geometric family W using some choice of geometric structures and the twisting bundle
V', where V is classified by the first component of f. The family W is obtained from
W and p*V using the lifted geometric structures. Again, the class ¢(z) is flat and
independent of the choices of geometry. Using 5.17 one checks that ¢ passes through
the bordism relation.
Again there is the following modification. For p € Rep(m)o we can define

$p: QP ((BU(n) x Bm)/B) — Koy (B).
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It associates to x = (p: W — B, f: W — BU(n) x Br) the class [W,] of the geomet-
ric manifold W with twisting bundle V ® (pr, o f)*F,. These classes are K-theoretic
higher p-invariants. It seems promising to use this picture to draw geometric conse-
quences using these invariants.

5.11. The e-invariant

5.11.1. — A framed n-manifold M is a manifold with a trivialization TM = M x R™.
More general, a bundle of framed n-manifolds over B is a fibre bundle 7: F — B with
a trivialization TV7 & E x R"™.

Proposition 5.22. — A bundle of framed n-manifolds m: E — B has a canonical
smooth K -orientation which only depends on the homotopy class of the framing.

Proof. — The framing T%7 = E x R™ induces a vertical Riemannian metric g7 ™
and an isomorphism SO(T%7w) & E x SO(n). Hence we get an induced vertical
orientation and a Spin-structure which determines a Spinc-structure, and thus a
K-orientation of m. We choose a horizontal distribution T"7 which gives rise to
a connection VT, Since our Spinc-structure comes from a Spin-structure, this
connection extends naturally to a Spinc-connection V of trivial central curvature.

The trivial connection V¥V on T?7 induced by the framing also lifts naturally to
the trivial Spin©-connection Vv The quadruple

0:=(g¥ ™, Thx,V,A(V, Vi)
defines a smooth K-orientation of 7 which refines the given underlying topological
K-orientation.
We claim that this orientation is independent of the choice of the vertical dis-

tribution T"7. Indeed, if T"7 is a second horizontal distribution with associated
Spin°-connection \v4 , then we set

o = (gT"ﬂ,Thﬂ_l’ﬁl,Ac(ﬁl, ﬁtriV)).
Since _ _ .
AC(vl’@triV) _ AC(ﬁ’ "'7triV) — Ac(ﬁl,ﬁ)
we have o ~ o' in view of the Definition 3.1.9.

Let us now consider a second framing of TYnw which is homotopic to the first.
In induces a second trivial connection V’*™* and a metric ¢’T"". We therefore
get a connection \v and and a second representative of a smooth K-orientation
o = (g7, Thr, V', Ac(V’, V'Iriv)). In fact, the homotopy between the framings
provides a connection V?'" on I x E. Since this connection is flat we see that
Ac(@ltriv’ 6triv) = 0. From

AC(@I’ﬁlt’riv) — Ac(@l’ﬁ) + AC(e,ﬁtriV) + Ac(t}triv’?/triv)
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we get
AC(ﬁl’ 6/triv) _ AC(ﬁ’ﬁtriv) — AC(ﬁl’ 6)

and thus o ~ 0o'. O

Since V™ is flat we have
A%(0) — do(0) = A(V) — dA(V, ¥¥v) = 1.
Assume that the fibre dimension n satisfies n > 1. According to Lemma 3.16 the
curvature of (1) is given by
R(# (1)) = / (A°(0) —do(0)) Al = / 1A1=0
E/B E/B

Definition 5.23. — If v: E — B is a bundle of framed manifolds of fibre dimension
n > 1, then we define a differential topological invariant

e(E — B) := —#(1) € K3.*(B).

In the following we will explain in some detail that this is a higher generalization
of the Adams e-invariant. The stable homotopy groups of the sphere m, := 72 (S°)
have a decreasing filtration

...g',rigﬂ"llgﬂ'gzﬂ'n

related to the MSpin-based Adams-Novikov spectral sequence. The e-invariant is a
homomorphism
e: Mhn_1/Tan—1 — R/Z.

A closed framed 4n — 1-dimensional manifold M represents a class [M] € m4n—1 under
the Pontrjagin-Thom identification of framed bordism with stable homotopy. In the
indicated dimension 4,1 = 7},_; so that [M] is actually a boundary of a compact
4n-dimensional Spin-manifold N. As explained in [2] (see also [36]) the e-invariant
e[M] can be calculated as follows. One chooses a connection VIN on TN which
restricts to the trivial connection V'™V on TM given by the framing. Then

) = | [ A)]

We now consider ¢: M — x as a bundle of framed manifolds over the point and
identify R/Z = KA () by [u] — a(u) = [@, —u], u € R.

at

R/Z

Lemma 5.24. — Under these identifications we have e(M — x) = e([M]).

Proof. — We choose a metric g”™ on M which induces the representative

0:= (gTM, 0, 6’ .E:Ac(ﬁ, Vtriv))
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of the smooth K-orientation on gq. The Spin-structure of N induces a Spin®-
structure. We choose a Riemannian metric g”V on N with a product struc-
ture near the boundary which extends 9™ and induces the Spin- and Spin®-
connections VN and~6N . Note that A¢(VN,VTVN) extends A¢(V, V*V). Therefore
oM := (gTN,0,VN, A¢(VN VTN)) represents a smooth K-orientation of p: N — x
which extends the orientation o of g: M — x. We can now apply the bordism formula
Proposition 5.18 in the marked step and get

e(M — ») = (1) = a(p(R(1))) = [ /

N/x

(Ac(0N) — da(o™)) A 1]
R/Z

_ [/ Ac(9N) - df\(@v’@qw)] _ [ Ac(i}TN)jl
N/* N/x*

R/Z R/Z

=[ A(VTN)] =e([M]). O
N/x R/Z

Using the method of Subsection 5.3 or the APS index theorem it is now easy to
reproduce the result of [2]

e() = [°(0) - [ A7)

R/Z

6. The Chern character and a smooth
Grothendieck-Riemann-Roch theorem
6.1. Smooth rational cohomology
6.1.1. — Let Zx_1(B) be the group of smooth singular cycles on B. The picture of
H (B, Q) as Cheeger-Simons differential characters
H*(B,Q) C Hou(Z-1(B), R/Q)

is most appropriate to define the integration map. By definition (see [24]) a homo-
morphism ¢ € Hom(Zy_1(B),R/Q) is a differential character if and only if there exists
a form R(¢) € Qk_,(B) such that

(29) o009 =|[ro)]

for all smooth k-chains ¢ € C(B). It is shown in [24] that R(¢) is uniquely determined
by ¢. In fact, the map R: H*(B,Q) — Qk_,(B) is the curvature transformation in
the sense of Definition 1.1.

Assume that T is a closed oriented manifold of dimension n with a triangulation.
Then we have a map 7: Z¥~1(B) — Z*¥~1*"(T x B). If o: A¥~! — B is a smooth
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singular simplex, then the triangulation of T' x A*~! gives rise to a k — 1 + n chain
7(0): =idx o: T x A — T x B. The integration

(proh: I:I(T x B,Q) — ﬁ(B, Q)

is now induced by 7*: Hom(Z*~1+"(T x B),R/Q) — Hom(Z*~1(B),R/Q). Alternative
definitions of the integration (for proper oriented submersions) are given in [31], [30].
Another construction of the integration has been given in [25], where also a projection
formula (the analog of 4.5 for smooth cohomology) is proved. This picture is used in
[35] in particular to establish functoriality.

We will also need the following bordism formula which we prove using yet an-
other characterization of the push-forward. We consider a proper oriented submersion
q: W — B such that dim(T”q) = n. Let z € H"(W,Q) and f: & — B be a smooth
map from a closed oriented manifold of dimension r — n — 1. We get a pull-back
diagram

vt w

I

f

> —— B
The orientations of ¥ and T"q induce an orientation of U. Note that f*g(z) and
F*z are flat classes for dimension reasons. Therefore F*z € H™1(U,R/Q) and
fra(xz) € H""}(X,R/Q). The compatibility of the push-forward with Cartesian
diagrams implies the following relation in R/Q:
<f*q(z),[Z]> = <F*z,[U]>.
If we let f: ¥ — B vary, then these numbers completely characterize the push-forward

pi(z) € H~"(B,Q). We will use this fact in the argument below.

6.1.2. — Let now p: V — B be a proper oriented submersion from a manifold with
boundary such that 0V = W and pjw = q. Assume that = € H V,Q).

Lemma6.1. — In H (B, Q) we have the equality

a(zyw) = —a (/V/B R(x)) )

Proof. — Assume that z € H"(V,Q). Let f: ¥ — B be as above and form the
Cartesian diagram

zZ 25V

Lk

2;,
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The oriented manifold Z has the boundary 0Z = U. Using (29) at the marked
equality we calculate

<P (B> = <o, U)> = <oy 0> L | [ Rt

R/Q
- [ / R(z*m)] - [ / e R(:c)} — —<f'a ( / R(x)) 5>
2JZ/s R/Q z V/B R/Q V/B
This implies the assertion. O
6.2. Construction of the Chern character
6.2.1. — We start by recalling the classical smooth characteristic classes of Cheeger-

Simons. A complex vector bundle V — B has Chern classes ¢; € H*(B,Z), i > 1.
If we add the geometric data of a hermitean metric and a metric connection, then
we get the geometric bundle V = (V,hY,VV). In [24] the Chern classes have been
refined to smooth integral cohomology-valued Chern classes

&(V) € H*(B,Z)

(see 1.2.1 for an introduction to smooth ordinary cohomology). In particular, the
class & (V) € H2(B,Z) classifies isomorphism classes of hermitean line bundles with
connection.

The embedding Z — Q induces a natural map H (B,Z) — H (B,Q), and we let
éo(V) € H?(B,Q) denote the image of & (V) € H?(B,Z) under this map.

6.2.2. — The smooth Chern character ch which we will construct is a natural trans-
formation

ch: K(B) — H(B,Q)

of smooth cohomology theories. In particular, this means that the following diagrams
commute (compare Definition 1.3)

(30) B)/in(d) —~— K(B) K(B) , K(B)

IR

Q(B)/in(d) *— A(B,Q) —— H(B,Q)  H(B,Q) —> Q4o(B)

Q4—o(B) .

In addition we require that the even and odd Chern characters are related by
suspension, which in the smooth case amounts to the commutativity of the following
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diagram
(31) RO(S! x B) —= fev(S! x B, Q) -
t(}frg)! l(frz)!
K1(B) —— o44(B,Q)

The smooth K-orientation of pry: S x B — B is as in 4.3.2.

Theorem 6.2. — There ezists a unique natural transformation ch: K (B) — H (B,Q)
such that (30) and (31) commute.

Note that naturality means that cho fr=r och for every smooth map f: B’ — B.
The proof of this theorem occupies the remainder of the present subsection.

6.2.3.
Proposition 6.3. — If the smooth Chern character ch exists, then it is unique.
Proof. — Assume that ch and ch’ are two smooth Chern characters. Consider the

difference A := ch — ch’. It follows from the diagrams above that A factors through
an odd natural transformation

A: K(B) — H(B,R/Q).
Indeed, the left diagram of (30) gives a factorization
K(B) — (im: Q(B)/in(d) —» H(B,Q)),
and the right square in (30) refines it to A.

6.2.4. — We now use the following topological fact. Let P be a space of the homotopy
type of a countable CW-complex. It represents a contravariant set-valued functor
W — P(W) := [W, P] on the category of compact manifolds. We further consider
some abelian group V.

Lemma 6.4. — A natural transformation of functors N: P(B) — H’(B,V) on the
category of compact manifolds is necessarily induced by a class N € HI(P,V).

Proof. — There exists a countable directed diagram M of compact manifolds such
that hocolim /M = P in the homotopy category. Hence we have a short exact sequence
0— lim'H(M, V) — H(P,V) — lin H(M, V) — 0.

If z € P(P) is the tautological class, then the pull-back of N(z) to the system
M gives an element in 1im H(M,V). A preimage in H(P,V) induces the natural
transformation. 0O
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In our application, P = Z x BU, and the relevant cohomology H°%4(Z x BU,R/Q)
is trivial. Therefore A: K°(B) — H°44(B,R/Q) vanishes

6.2.5. — Next we observe that (pr,)i: K(S* x B) — K(B) is surjective. In fact, we
have

(32) (Pry)i(prizs: Upry(z)) ==
by the projection formula 4.5 and pi(zg1) = 1 for p: S* — %, where z} € K(S') was
defined in 5.6. Hence (31) implies that A: K'(B) — H®'(B,R/Q) vanishes, too. O

6.2.6. — In view of Proposition 6.3 it remains to show the existence of the smooth
Chern character. We first construct the even part

ch: K°(B) —» H*(B,Q)

using the splitting principle. We will define ch as a natural transformation of functors
such that the following conditions hold.

1. ch[#,0] = e2®) ¢ H°*¥(B,Q), where ¥ is the geometric family given by a
hermitean line bundle with connection L, and ép(L) € H?(B,Q) is derived
from the Cheeger-Simons Chern class which classifies the isomorphism class of
L (6.2.1).

2. Roch=R

3. choa=a

Once this is done, the resulting ch automatically satisfies (30). For this it suffices

to show that ch o I = I o ch. We consider the following diagram
R

R(B) — A(B,Q) —2> Qu—o(B)

.
K(B) —*- H(B,Q) —~ H(B,R)

The outer square and the right square commute. It follows from 2. that the upper
triange commutes. Since i is injective we conclude that the left square commutes,
too.

6.2.7. — In the construction of the Chern character ch we will use the splitting
principle. If z € K°(B), then there exists a Z/2Z-graded hermitean vector bundle
with connection V = (V,hY, V") such that z = [V, p] for some p € Q°4¢(B)/in(d),
where ¥ is the zero-dimensional geometric family with underlying Dirac bundle V.
We will call V the splitting bundle for z. Let F(V*) — B be the bundle of full
flags on V* and p: F(V) := F(V*t) xg F(V~) — B. Then we have a decomposition
p*VE = @+ L for some ordered finite sets I* of line bundles over F(V). For
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L € I* let L denote the bundle with the induced metric and connection, and let
# be the corresponding zero-dimensional geometric family. Then we have p*zx =
S rer+[£,0] = Sper-[£,0] + a(o) for some o € Q°44(F(V))/in(d). The properties
above thus uniquely determine p*ch(z).

Lemma 6.5. — The following pull-back operations are injective:
L p*: H*(B,Q) - H*(F(V),Q),

p*: H*(B,R) —» H*(F(V),R)

v H*(B,R/Q) » H*(F(V),R/Q)

p*: H*(B,Q) — H*(F(V),Q)

p*: Q(B) — QF(V)).

OUk N

Proof. — The assertion is a classical consequence of the Leray-Hirsch theorem in
the cases 1., 2., and 3. In case 5., it follows from the fact that p is surjective and
a submersion. It remains to discuss the case 4. Let z € H* (B,Q). Assume that
p*z = 0. Then in particular p*R(z) = R(p*z) = 0 so that from 5. also R(z) = 0.
Thus =z € H(B,R/Q). We now apply 3. and see that p*z = 0 implies z = 0. a

In view of Proposition 6.3 we see that a natural transformation ch: K%(B) —
H (B, Q) is uniquely determined by the conditions 1., 2., and 3. formulated in 6.2.6.

6.2.8.

Proposition 6.6. — There exists a natural transformation ch: K°(B) — H®(B,Q)
which satisfies the conditions 1. to 3. formulated in 6.2.6.

We give the proof of this Proposition in the next couple of subsections. Let z :=
[6,p] € K°(B), and V — B be a splitting bundle for z with bundle of flags p: F(V) —
B. We choose a geometry V := (V,hY,VV) and let 9 denote the associated geometric
family (). In order to avoid stabilizations we can and will always assume that & has
a non-zero dimensional component. Then we have

i@ = Y (0.

ee{x1},Lel¢

() It was suggested by the referee that one should use the Chern character ch(V) € He'(B,Q)
constructed in [24]. The Ansatz would be

ch(z) := ch(V) +n((6Up V°P)y).
In order to show that this is independent of the choice of V one would need to show an equation like
ch(V) — ch(V’) = a(n((¥°" U V"))).

Since after all we know that the Chern character exists this equation is true, but we do not know a
stmple direct proof. Therefore we opted for the variant to give a complete and independent proof.
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We define & := | | cc(+1},Lere £°- Then we can find a taming (p* §Up vy F°F):, and

= ) e([£0)-a"p—n((p*EUrw) TP)).

ee{+1},Lel¢

We now set

prch(z) =ch(p'z):= ) eexp(ég(L)) + a(n((p*EUrw) TP)e)) — alp*p).
ee{x1},Lel¢

This construction a priori depends on the choices of the representative of x, the
splitting bundle V' — B, and the taming (& Ugv) F°°)s.

6.2.9. — In this paragraph we show that this construction is independent of the
choices.

Proposition 6.7. — Assume that there exists a class z € H®¥(B, Q) such that

p'z= Y  eexp(éq(L)) +a(n((p*EUpwy FP))) — a(p*p)
ec{x1},Lele

for one set of choices. Then z is determined by z € K°(B).

Proof. — If (&',p') is another representative of z, then we have index(8) =
index(&'). Therefore we can take the same splitting bundle for &'. The following
Lemma (together with Lemma 6.5) shows that z does not depend on the choice of
the representative of x.

Lemma 6.8. — We have
a(n((p* & Up(vy 90p_)t) - p*p) =a(n((p*& Urw) F)e) —p"p')

Proof. — In fact, by Lemma 2.21 there is a taming (&' U &°F), such that p' — p =
n ((6' U 6°P);). Therefore the assertion is equivalent to

a[n((@*EUpw) FP)) — 1 ((P*é" Upvy FP)i) + ™0 ((5I Urw) 6%)e)] = 0.

But this is true since this sum of n-forms represents a rational cohomology class of
the form chygr(§). This follows from 2.4.10 and the fact

P*EUrwy TP Upy p* 6 Upvy T Upe) p* & Upp) p* 6

admits another taming with vanishing n-form (as in the proof of Lemma 2.11). O
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6.2.10. — Next we discuss what happens if we vary the splitting bundle. Thus let
V' — B be another Z/2Z-graded bundle which represents index(&). Let p’: F(V') —
B be the associated splitting bundle.

Lemma 6.9. — Assume that we have classes ¢,c’ € H(B,Q) such that

pe= 3 cexp(éo) +a(n (0" ELrw) T)) ~p')

ee{x1},Lele

and

p*c = Z eexp(éo(L”)) +a (n (®™*EUrwry FP):) —p™p).
ee{+1},Lel"

Then we have c=c'.

Proof. — Note that the right-hand sides depend on the geometric bundles V,V’
since they depend on the induced connections on the line bundle summands. We first
discuss a special case, namely that V' is obtained from V by stabilization, i.e. V/ =
V@& B x (C™ @ (C™)°P). In this case there is a natural embedding i: F(V) — F(V’')
which is induced by extension of the flags in V' by the standard flag in C™. We can
factor p = p’ o i. Furthermore, there exists subsets S¢ C I’® of line bundles (the last
m line bundles in the natural order) and a natural bijection I’¢ = I¢ || S¢. If L € S¢,
then ¢*L is trivial with the trivial connection. We thus have

P =) =a[i*n (" EUTP)) —n((*EUTP))]

It is again easy to see that this difference of 7-forms represents a rational cohomology
class in the image of chgg. Therefore, p*(¢/ — ¢) = 0 and hence ¢ = ¢’ by Lemma 6.5.

Since the bundle V represents the index of &, two choices are always stably isomor-
phic as hermitean bundles. Using the special case above we can reduce to the case
where V and V' only differ by the connection.

We argue as follows. We have p*R(¢’ — ¢) = R(p*(¢' — ¢)) = 0 by an explicit
computation. Therefore ¢’ — ¢ € H°d4(B,R/Q). Since any two connections on V' can
be connected by a family we conclude that p*(¢’ — ¢) = 0 by a homotopy argument.

The assertion now follows. O
This finishes the proof of Proposition 6.7. O
6.2.11. — In order to finish the construction of the Chern character in the even case

it remains to verify the existence clause in Proposition 6.7. Let & := [, p] € K(B) be
such that & has a non-zero dimensional component. Let V — B be a splitting bundle
and p: F(V) — B be as above.
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Lemma 6.10. — We have
z = Z eexp(ég(L)) + a[n((p*&U FP):) — p*p] € im(p*).
ee{+1},LeI¢

Proof. — We use a Mayer-Vietoris sequence argument. Let us first recall the Mayer-
Vietoris sequence for smooth rational cohomology. Let B = UUV be an open covering
of B. Then we have the exact sequence

> HUNV,R/Q) - H(B,Q) - HU,Q @ H(V,Q) » HUNV,Q) - H(B,Q) — -+

which continues to the left and right by the Mayer-Vietoris sequences of H(...,R/Q)
and H(...,Q).

We choose a finite covering of B by contractible subsets. Let U be one of these.
Note that index (&) € Z. Thus zjy = [U x W, 6] for some form 6 and Z/2Z-graded
vector space W. Then we have by 1. and 3. that cy: = Cil(I|U) = dim(W) — a(6).
This can be seen using the splitting bundle F(BxC™). Moreover, p*cy = p*[dim(W)—
a(0)] = 2z|p-1y by Proposition 6.7.

Assume now that we have already constructed cy € H(V,Q) such that p*cy =
2|p-1v, where V is a union V of these subsets. Let U be the next one in the list.

We show that we can extend cy to cyyy. We have (cv)junv = (cv)junv by the
injectivity of the pull-back p*: H({UNV,Q) — H(p~*(UNV),Q), Lemma 6.5. The
Mayer-Vietoris sequence implies that we can extend cy by cy to U U V. O

6.2.12. — We now construct the odd part of the Chern character. In fact, by (31)
and (32) we are forced to define

ch: K'(B) —» H°%(B,Q)
by ) )
ch(z) = (pry)i(ch(zs: U ).
Lemma 6.11. — The diagrams (30) and (31) commute.

Proof. — The even case of (30) has been checked already. The diagram (31) com-
mutes by construction. The odd case of (30) follows from the Projection formula 4.5
and the even case. a

This finishes the proof of Theorem 6.2

6.3. The Chern character is a rational isomorphism and multiplicative

6.3.1. — Note that H (B,Q) is a Q-vector space, and that the sequence (1) is an
exact sequence of Q-vector spaces. The Chern character extends to a rational version

cho: Ko(B) — H(B,Q),
where Ko(B) := K(B) ®z Q.

ASTERISQUE 328



SMOOTH K-THEORY 119

Proposition 6.12. — chq: Ko(B) — H(B,Q) is an isomorphism.

Proof. — By (30) we have the commutative diagram

chd R

Ko(B) —= Q(B)/im(d) = Kgo(B) Ko(B) ——0,

[ ChQ ” ‘/ c’hq l ChQ

H(B,Q) — Q(B)/in(d) — A(B,Q) —— H(B,Q) — 0

whose horizontal sequences are exact. Since chg: Ko(B) — H(B,Q) is an isomor-
phism we conclude that CilQ is an isomorphism by the Five Lemma. O

6.3.2. — We can extend KQ to a smooth cohomology theory if we define the structure
maps as follows:

1. R: Ko(B) — Q—o(B) is the rational extension of R: K(B) — Q4—o(B).
2. I: Ko(B) "85 K(B)o 2% H(B,Q),
3. a: (B)/in(d) > K(B) 3" Kg(B).
The commutative diagrams (30) now imply:
Corollary 6.13. — The rational Chern character induces an isomorphism of smooth

cohomology theories refining the isomorphism chg: Ko — HQ (in the sense of Defi-
nition 1.3).

6.3.3.
Proposition 6.14. — The smooth Chern character

ch: K(B) - H(B,Q)
is a Ting homomorphism.
Proof. — Since the target of ch is a Q-vector space it suffices to show that
chg: Ko(B) — H(B,Q) is a ring homomorphism. Using that chg is an isomorphism
of smooth extensions of rational cohomology we can use the rational Chern character
in order to transport the product on Kg(B) to a second product Ux on H(B,Q). It

remains to show that U and Uk coincide. Hence the following Lemma finishes the
proof of Proposition 6.14.

6.3.4.

Lemma 6.15. — There is a unique product on smooth rational cohomology.

Proof. — Assume that we have two products Ug, k = 0,1. We consider the bilinear
transformation B: H(B,Q) x H(B,Q) — H(B,Q) given by

(z,y) » B(z,y) :=zUyy—zUp y.

SOCIETE MATHEMATIQUE DE FRANCE 2009



120 U. BUNKE & T. SCHICK

We first consider the curvature. Since a product is compatible with the curvature
(1.2, 2.) we get
R(B(z,y)) = R(z U1 y) — R(z Up y) = R(z) A R(y) — R(z) A R(y) = 0.
Therefore, by (1) the bilinear form factors over an odd transformation
B: A(B,Q) x H(B,Q) — H(B,R/Q).
Furthermore, for w € Q(B)/im(d) we have by 1.2, 2.
B(a(w),y) = a(w) U y — a(w) Up y = a(w A B(y)) — a(w A R(y)) = 0.

Similarly, B(z, a(w)) = 0. Again by (1) B has a factorization over a natural bilinear
transformation
B: H(B,Q) x H(B,Q) — H(B,R/Q).
We consider the restriction BP? of B to H?(B,Q) x HY(B,Q).
The functor from finite CW-complexes to sets

W — H?(W,Q) x HY(W,Q)
is represented by a product of Eilenberg MacLane spaces
PP9 .= HQP x HQAI.

The spaces HQP, and hence P has the homotopy type of countable CW-complexes.
Therefore we can apply Lemma 6.4 and conclude that BP+¢ is induced by a cohomology
class b € H(PP?,R/Q). We finish the proof of Lemma 6.15 by showing that b = 0. To
this end we analyse the candidates for b and show that they vanish either for degree
reasons, or using the fact that BP9 is bilinear.

Consider a homomorphism of Q-vector spaces w: R/Q — Q. It induces a transfor-
mation w,: H(B,R/Q) — H(B,Q). In particular we can consider w.b € H(PP?,Q).

1. First of all if p, q are both even, then w,b € H°44(PP% Q) vanishes since PP?
does not have odd-degree rational cohomology at all.

2. Assume now that p,q are both odd. The odd rational cohomology of PP is
additively generated by the classes 1 x x4 and x, x 1, where z, € H?(HQ?,Q)
and z4 € HI(HQ?,Q). It follows that

wb=c-zp x1+d-1xz

for some rational constants ¢,d. Consider odd classes u, € H?(B,Q) and vq €
HY(B,Q). The form of b implies that

wy 0 BP(up,vg) =c-up X 1+d-1X v,

This can only be bilinear if all ¢ and d vanish. Hence b = 0.

ASTERISQUE 328



SMOOTH K-THEORY 121

3. Finally we consider the case that p is even and q is odd (or vice versa, ¢ is even
and p is odd). In this case b is an even class. The even cohomology of PP is
additively generated by the classes zj X1, n > 0. Therefore w.b = 3,5 cnzp x1
for some rational constants c,, n > 0. Let u, € H?(B,Q) and v, € HY(B,Q).
Then we have

w, 0 BP(up,v,) = z Cn Up.-
n>0
This is only bilinear if ¢, = 0 for all n > 0, hence w,b = 0.

Since we can choose w,: R/Q — Q arbitrary we conclude that b = 0.

This also finishes the proof of the Proposition 6.14.

6.4. Riemann Roch theorem

6.4.1. — Let p: W — B be a proper submersion with a smooth K-orientation o.
The Riemann Roch theorem asserts the commutativity of a diagram

RW) — AW,Q)

lp; lﬁ,‘“
K(B) —2- H(B,Q).
Here 13,‘4 is the composition of the cup product with a smooth rational cohomology
class A°(o) and the push-forward in smooth rational cohomology. The Riemann
Roch theorem refines the characteristic class version of the ordinary index theorem
for families.

We will first give the details of the definition of the push-forward pi'. In order to
show the Riemann Roch theorem we then show that the difference

A::ciloﬁ!—ﬁfqocil

vanishes.
This is proved in several steps. First we use the compatibilites of the push-forward
with the transformations a, I, R in order to show that A factors over a map

A: K(W) — H(B,R/Q).

In the next step we show that A is natural with respect to the pull-back of fibre
bundles, and that it does neither depend on the smooth nor on the topological K-
orientations of p.

We then show that A vanishes in the special case that B = . The argument is
based on the bordism invariance Proposition 5.18 and some calculation of rational
Spint-bordism groups.
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Finally we use the functoriality of the push-forward Proposition 3.23 in order to
reduce the case of a general B to the special case of a point.

6.4.2. — We consider a proper submersion p: W — B with closed fibres with a
smooth K-orientation represented by o = (gTv”, Thp, v, o). In the following we define

a refinement A (o) € H®(W,Q) of the form A°(0) € Q°¥(W). The geometric data
of o determines a connection V7P (see 2.2.4, 3.1.3) and hence a geometric bundle
TVp := (T?p, g7 P, VT'P). According to [24] we can define Pontrjagin classes

p:(TYp) € H*(W,Z), i>1.

The Spinc-structure gives rise to a hermitean line bundle L2 — W with connection
\2 (see 3.1.6). A choice of a local spin structure amounts to a choice of a local
square root L of L? (this bundle was considered already in 3.1.3) such that S¢(TVp) =
S(T*p) ® L as hermitean bundles with connections. We set L2 := (L2, h%*, VL*). In

particular, we have
1 §L2 ~
— =2 .
27 R c1(V)
Again using [24] we get a class
&(L?) e B*(W,Z)
with curvature R(é;(L?)) = 2¢1(V).

6.4.3. — Inserting the classes p;(T"p) into that A-series A(py,ps,...) € Q[[p1,p2, - - -]]
we can define

(33) A(T"p) := A (Tp), 2(TVD), ...) € A (W, Q).

Let ég(L?) € H?(W,Q) denote the image of ¢;(L?) under the natural map
HX(W,Z) —» H*(W, Q).

Definition 6.16. — We define
A(0) := A(TVp) A e¥®) ¢ A=V (W, Q).
Note that R(i&c(o)) = A°(0).
Lemma 6.17. — The class®
A%(0) - a(o(0)) € A (W, Q)

only depends on the smooth K -orientation represented by o.

(5) This class is denoted by A(p) in the abstract and in 1.1.9.

ASTERISQUE 328



SMOOTH K-THEORY 123

Proof. — This is a consequence of the homotopy formula Lemma 2.22. Given two
representatives og, 0; of a smooth K-orientation we can choose a representative 6 of a
smooth K-orientation on idg X p: R x W — R x B which restricts to o; on {k} x B,

k = 0,1. The construction of the class 1&‘: (0) is compatible with pull-back. Therefore
by the definition of the transgression form 3.4 we have

Aeto) = kel = A0 - 5A @ =a | [ riheo)| = afAew,70)].
0,1} xW/W
By the definition of equivalence of representatives of smooth K-orientations we have
0(01) — a(0g) = A%(V1, Vo).
Therefore ) )
Af(01) — a(o(01)) = A%(00) — a(a(00))- O
6.4.4. — We use the class AC(O) € H®(W, Q) in order to define the push-forward

(34) i == p([A°(0) —a(o(o)]U...): HW,Q) — H(B,Q),

where py: H wW,Q) — H (B, Q) is the push-forward in smooth rational cohomology
(see 6.1.1) fixed by the underlying ordinary orientation of p. By Lemma 6.17 also
p{* only depends to the smooth K-orientation of p and not on the choice of the

representative.
If f: B’ — B is a smooth map then we consider the pull-back diagram

W ——=W
P, b
B — B
The smooth K-orientation o of p induces (see 3.2.4) a smooth K-orientation o’ of p'.
We have fk(o’) = F*f\(o) and pj4 o F* = f* o p{t.

6.4.5. — As in 3.3.3 we consider the composition of proper smoothly K-oriented
submersions
W—>B—">4A.

q
The composition ¢ := 7 o p has an induced smooth K-orientation (Definition 3.21
and Lemma 3.22). In this situation we have push-forwards p{!, #* and ¢! in smooth
rational cohomology given by (34).

Lemma 6.18. — We have the equality
it opft = g

of maps H(W,Q) — H(B, Q).
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Proof. — We choose representatives of smooth K-orientations o, of p and o, of r,

and we let o;‘ := 0p 0 0, be the composition. We consider the class (see Definition
3.21)

A%(0}) - a(o(0})) = A%(0))
—-a (a(op) Ap*Ac(o,) + Ac(0p) Ap*a(0r) — Ac(Vadia) '@;‘) — do(op) /\p*a(o,.)) .

By Lemma 6.17 and Lemma 3.22 this class is independent of A. If we let A — 0, then
the connection VTiq tends to the direct sum connection VT ?@p*VT ", Furthermore,
the transgression Ac(ﬁ"dia, @;‘) tends to zero. Therefore

Lim »0[A%(0)) — a(9(0}))]
A%(0,) Up*A%(0,) — a (0(0p) Ap*Ac(o,) + A%(0,) Ap*a(or) — do(op) Ap* (o))
= (A%(0p) — a(0(0p))) Up* (A%(0r) — a(0(0;))-

Forz € H (W, Q) we get, using the projection formula and the functorialty ¢ = 7 op,

I

for the push-forward in smooth rational cohomology
it o pf(z) =1 ([A%(or) - alo(0r)] U ([A%(0p) - alo(op))] Uz))
=g (" [A%(0r) — a(0(0:))] U [A%(0,) - a(o(op))] Ua)

@ ((A(0§) - a(0(0§)) U) = 4 (a)- O

Il

6.4.6. — Recall Definition 3.18 that the smooth K-orientation determines a push-
down

pr: K(W) — K(B).
We can now formulate the index theorem.
Theorem 6.19. — The following square commutes
kW) —2- AW,Q)
lﬁ. lﬁf
EB) - A4(B,0).
Proof. — We consider the difference
A= ciloﬁ! —f)f‘oc}l.

It suffices to show that A = 0.
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6.4.7. — Let z € K(W).
Lemma 6.20. — We have R(A(z)) = 0.

Proof. — This Lemma is essentially equivalent to the local index theorem. We have
by Definition 3.15 and Lemma 3.16

Bicho (o) = o) =R = [ (A(0) = do(0)) A RG@).
On the other hand, since R (K“(o) - a(a(o))) = A°(0) — do (o) we get

R (pf* o ch(z)) = /W/B (A%(0) - do(0)) AR(ch(z)) = /W/B (Ac(0) - do(0)) AR(2).
Therefore R(A(x)) = 0. a

6.4.8.
Lemma 6.21. — We have I(A(z)) =0

Proof. — This is the usual index theorem. Indeed,
Ichop(z) = cho (@) = [ A(T*5) Uch(I(@)
W/B

and

I(ptoch@) = [ Aol = [ AW UenI@),

The equality of the right-hand sides proves the Lemma. Alternatively one could
observe that the Lemma is a consequence of Lemma 6.20. O

6.4.9. — Let w € QW)/im(d).
Lemma 6.22. — We have A(a(w)) = 0.

Proof. — We have by Proposition 3.19

chop(a(w)) = choa(p(w)) = a </

W/B

(Ac(o) - da(o)) A w) .
On the other hand, by (30) and

[fv(o) - a(a(o))] Uaw) =a (R (A(o) ~ a(0(0))) Aw) = o ((A%(0) — do(0)) Aw),

we have p{* o ch(a(w)) = pf(a(w)) = a (/W/B (Ac(o) - da(o)) A w) . a
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6.4.10. — Let 09, 01 represents two smooth refinements of the same topological K-
orientation of p. Assume that Ay is defined with the choice ox, k = 0, 1.

Lemma 6.23. — We have Ay = A;.

Proof. — We can assume that oy = (¢7 ?,T"p,V, o) for oy € Q°4(W)/im(d).
Then we have for z € K(W)

—a (/W/B(al —0g) A R(a:)) + /W/B a(oy — 09) U ch(z)

—a (/W/B(Ol —0o) A R(a:)) + /W/B a [(01 —o0g9)ARo Cil(:l:)]
= 0

A](fl)) - A()(Z)

since R o ch(z) = R(z) and a o fW/B = fW/B oa. O

6.4.11. — It follows from Lemma 6.20 and (1) that A factorizes through a transfor-
mation

A: K(W) —» H(B,R/Q).
By Lemma 6.22 and 2.20 the map A factors over a map
A: K(W) — H(B,R/Q).

This map only depends on the topological K-orientation of p. It is our goal to show
that A = 0.

6.4.12. — Next we want to show that the transformation A is natural. For the
moment we write A, := A. Let f: B’ — B be a smooth map and form the Cartesian
diagram
Wl —F> W
lp’ lp
f
B’ — B.

The map p’ is a proper submersion with closed fibres which has an induced topological
K-orientation.

Lemma 6.24. — We have the equality of maps K(W) — H(B',R/Q)
Ap o F* = f*o A,.

Proof. — This follows from the naturality of ch, P, and f){‘ with respect to the
base B. O
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6.4.13.

Lemma 6.25. — If pry: S' x B — B is the trivial bundle with the topological
K -orientation given by the bounding spin structure, then Ay, : K°(S' x B) —
H°%(B R/Q) vanishes.

Proof. — The odd Chern character is defined such that for z € K°(S* x B) we have
chy ((pr,)iz) = (ﬁrz)gcilg (z) (see (31)). With the choice of the smooth K-orientation

of pr, given in 4.3.2 we have A(0) — a(d(0)) = 1 so that p{! = p. This implies the
lemma. g

6.4.14. — The group H?(W, Z) acts simply transitive on the set of Spin°-structures of
T’p. Let Q — W be a unitary line bundle classified by ¢, (Q) € H?(W,Z). We choose
a hermitean connection V® and form the geometric line bundle Q := (Q,h?,V?).
Let o := (Tp, T"p, v, p) represent a smooth K-orientation refining the given topo-
logical K-orientation of p. Note that V is completely determined by the Clifford
connection on the Spinor bundle S¢(T"p). The spinor bundle of the shift of the topo-
logical K-orientation by ¢;(Q) is given by S¢(T%p)’ = S°(T"p) ® Q. We construct
a corresponding smooth K-orientation o' = (Tp, T"p,V ® V<, p). We let p; and Dy
denote the corresponding push-forwards in smooth K-theory. Let ¢ be the geometric
family over W with zero-dimensional fibre given by the bundle Q (see 2.1.4). The
push-forwards p; and p| are now related as follows:

Lemma 6.26. — We have
pi(z) =p([Q,00Uz), VzeKW).

Proof. — Let z = [&, p]. By an inspection of the constructions leading to Definition
3.7 we see that

P& =pNQ xw 6).
Furthermore we have ¢;(V ® V@) = ¢;(V) + ¢1(V®) so that

Ac(0') = A%(0) A e (VD).
On the other hand, since Q(Q) = (V%) we have
[2,0]U[6, 0] = [@ xw 6,6 A g]
Using the explicit formula (17) we get
B8, p]) = 2([2, 01U [&,0]) = [2,2'(N, 6) — Q(A, 8)]

for all small A > 0. Since both transgression forms vanish in the limit A = 0 we get
the desired result. a
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In the notation of 6.4.2 we have L’ = L ® Q. Therefore
&(L"%) = &o(L?) +2¢(Q)

and hence we can express ﬁf’A according to (34) as

#iA(@) = b1 [(A%(0) U e — a(0(0)) ) Ua] .

6.4.15. — As before, let p: W — B be a proper oriented submersion which admits
topological K-orientations.

Lemma 6.27. — If A, = 0 for some topological K -orientation of p, then it vanishes
for every topological K -orientation of p.

Proof. — We fix the K-orientation of p such that A, = 0 and let p’ denote the same
map with the topological K-orientation shifted by c;(Q) € H?(W,Z). We continue to
use the notation of 6.4.14. We choose a representative o of a smooth K-orientation of p
refining the topological K-orientation. For simplicity we take o(0) = 0. Furthermore,
we take o' as above. Using ch([@,0]) = e®(Q) and the multiplicativity of the Chern
character we get

914 o ch(zx) — ch o pi(x) = py [i&c(o) Uef@y Cil(:L')] —chop ([@,0]Uz)
= 1 [A%(0) U ch([Q, 0)) U ch(z)] - ' 0 ch (1Q,0] U )
= pft o ch([Q,0] U ) — pf* o ch([Q, 0] Uz) = 0. 0

6.4.16. — We now consider the special case that B = * and W is an odd-dimensional
Spin®-manifold. Since H(*,R/Q) = R/Q we get a homomorphism

Ap: K(W) — R/Q.
Proposition 6.28. — If B = %, then A, = 0.

Proof. — First note that A, is trivial on K!(W) for degree reasons. It therefore
suffices to study A,: K°(W) — R/Q. Let z € K°(W) be classified by ¢&: W —
Z x BU. It gives rise to an element [{] € Qgi’::(';v)(Z x BU) of the Spin°-bordism
group of Z x BU.

Lemma 6.29. — If [£] =0, then Ap = 0.

Proof. — Assume that [£] = 0. In this case there exists a compact Spin°-manifold V
with boundary 0V & W (as Spin°-manifolds), and a map v: V — Z x BU such that
vgv =¢&.

We can choose a Z/2Z-graded vector bundle E — V which represents the class
of v in K%(V). We refine E to a geometric bundle E := (E,h® VF) and form the
associated geometric family & with zero-dimensional fibre.
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We choose a representative 6 of a smooth K-orientation of the map q: V — *
which refines the topological K-orientation given by the Spin°-structure and which
has a product structure near the boundary. For simplicity we assume that ¢(6) = 0.
The restriction of 6 to the boundary 8V defines a smooth K-orientation of p.

We let § := [6,0] € K(V), and we define & := fjov such that I(Z) = z. By
Proposition 5.18 we have

chon(3) = ch o pw) = clle,a(R@)) = ~a [ A0)ARG)).

On the other hand, the bordism formula for the push-forward in smooth rational
cohomology, Lemma 6.1, gives

btoch(2) = i (A°(0) U (@) = 5 (A U eh@w) = o [ 40 nR@).
These two formulas imply that A, = 0. O

6.4.17. — We now finish the proof of Proposition 6.28. We claim that there exists
¢ € N such that c[¢] = 0. In view of Lemma 6.29 we then have

0=Acp =cAp,

and this implies the Proposition since the target R/Q of A, is a Q-vector space.
Note that the graded ring QP g Q is concentrated in even degrees. Using
that Q9° ® Q is concentrated in even degrees, one can see this as follows. In [45,
p. 352] it is shown that the homomorphism Spin® — U(1) x SO induces an injection
QSPin® _, SO(BU(1)). Since H,(BU(1),Z) = Z[z] with deg(z) = 2 lives in even
degrees, we see using the Atiyah-Hirzebruch spectral sequence that 25°(BU(1)) ® Q
lives in even degrees, too. This implies that Q57" ®Q is concentrated in even degrees.
Since H.(Z x BU,Z) is also concentrated in even degrees it follows again from the
Atiyah-Hirzebruch spectral sequence that Q3pin’ (Z x BU)®Q is concentrated in even

degrees.
Since [£] is of odd degree we conclude the claim that c[¢] = 0 for an appropriate
ceN. O
This finishes the proof of Proposition 6.28. O
6.4.18. — We now consider the general case. Let p: W — B be a proper submersion

with closed fibres with a topological K-orientation.
Proposition 6.30. — We have A, = 0.

We give the proof in the next couple of subsections.
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6.4.19. — For a closed oriented manifold Z let PD: H*(Z,Q) = H,(Z,Q) denote the
Poincaré duality isomorphism.

Lemma 6.31. — The group H.(B,Q) is generated by classes of the form
fe (PD(AC(TZ))), where Z is a closed Spin®-manifold and f: Z — B.

Proof. — We consider the sequence of transformations of homology theories
Q57" (B) S K.(B) & H.(B,Q).

The transformation « is the K-orientation of the Spinc-cobordism theory, and 8
is the homological Chern character. We consider all groups as Z/2Z-graded. The
homological Chern character is a rational isomorphism. Furthermore one knows by
[5], [6] that Q57" (B) K, (B) is surjective. It follows that the composition

Boa: Q" (B)® Q — H*(B,Q)

is surjective. An explicit description of 8 o a is given as follows. Let z € Q57"°(B)
be represented by a map f: Z — B from a closed Spin®-manifold Z to B. Let
PD: H*(Z,Q) = H.(Z,Q) denote the Poincaré duality isomorphism. Then we have

Boa(z) = f. (PD(A(TZ))). O

6.4.20. — For the proof of Proposition 6.30 we first consider the case that p has
even-dimensional fibres, and that z € K°(W). By Lemma 6.31, in order to show that
Ap(z) = 0, it suffices to show that all evaluations Ay(x) ( f«(PD(AS(TZ )))) vanish.
In the following, if z denotes a K-theory class, then Z denotes a smooth K-theory
class such that I(Z) = z.

We choose a representative o, of a smooth K-orientation which refines the topo-
logical K-orientation of the map ¢q: Z — * induced by the Spin®-structure on T'Z.
Furthermore, we consider the diagram with a Cartesian square

F
E——

w
T l/P

f
— >

N=—"Z=<

q

¥ <~
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In the present case A,(z) € H°Y(B,R/Q), and we can assume that Z is odd-
dimensional. We calculate

Ay(x) (£.(PD(AS(T2)))) = f*By(@) (PD(A%(T2)))
Lemng 6.24 AT(F*II) (PD(AC(TZ)))
= (Ac(VTZ)U A (F*7))[2Z]

= / A(0) A A (F*z)
z

= G (Ac(oq) U AT(F*.’L‘))
= i (A (F*2))
= G [cho 7 (F*2) — #ft o ch(F*3)|
= it o ch o 7(F*2) — 3 o ch(F*%)
Proposition 6.28 o PN *a AA 3 * A
= chog o#(F*%) — & och(F*z)
= cho 4 (F*z) — 3{ o ch(F*2)
_ A (F*:E) Proposi_t__ion 6.28 0
We thus have shown that
0=A,: K°%(W) — H°¥(B,R/Q)
if p has even-dimensional fibres.
6.4.21. — If p has odd-dimensional fibres and z € K!(W), then we can choose
y € K°(S! x W) such that (pr,)i(y) = z. Since p o pr, has even-dimensional fibres
we get using the Lemmas 6.18 and 3.23
Ap(z) = cho o (Bry)i(§) — Bi* o ch o (Bry)i(9)
b 2% ch o (50 pE,)i() — Bi' o ()" o ch(g)
= cho (5o pT,)i(§) — (B0 pT,){ o ch(§) = Apopr, (y) = 0.
Therefore, if p has odd-dimensional fibres,
0=A,: KY(W) — H°¥(B,R/Q).

6.4.22. — Let us now consider the case that p has even-dimensional fibres, and that
z € K}(W). In this case we consider the diagram

SUxw 2, w

1t:=id51 Xp lp

S'x B -2, B,
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We choose a class y € K°(S' x W) such that (Pry)i(y) = x. We further choose a
smooth refinement § € K9(S! x W) of y and set 2 := (Pry),(§). Then we calculate
using the Lemmas 6.18 and 3.23

Ay(z) = cho (8) - pf* o ch(2)
= ch o pr o (Pr2)i(§) — pf* o ch o (Pra)i(9)

ch o py o (Pry)i(§) — pi* o (Pra)f* o cho (§)

= cho(poPry)i(§) — (poPra)f o ch(y)

= cho(pry0t)(j) - (pr, 0 1) o ch(y)

= chopry 0hi(§) - pry o ff o ch(y)

e O () [ch o fi() — i o ch(y)]

= (I’Arz)!A o Ay(y) =0.

Therefore, if p has even-dimensional fibres,
0=A,: KY(W)— H®(B,R/Q).

6.4.23. — In the final case p has odd-dimensional fibres and z € K°(W). In this
case we consider the sequence of projections

pr PT
SIxSIxW 3 S xw3

We choose a class y € K°(S* x S* x W) such that (pry o prys)i(y) = z. We further
choose a smooth refinement § € K°(S* x S* x W) of y and set & := (pr, o prag)i(§)-
Then we calculate using the already known cases and the Lemmas 6.18 and 3.23,

Ap(z) = chop(i)—pf* o ch(z)
ch o i o (Bry): o (Brys)i1(§) — Bf* © cho (Bry)1 0 (Bryg)(d)
= cho (popry)i o (Brys)i(§) — Bf* o cho (Pr, o pryg)i(9)
= (popry)* o cho (Pry)i(i) — B o (PT; 0 prys){* o ch(9)
= (FopR)f 0 Bpey, () “TE 0.

This finishes the proof of Theorem 6.19. O

7. Conclusion

We have now constructed a geometric model for smooth K-theory, built out of
geometric families of Dirac-type operators. We equipped it with a compatible multi-
plicative structure, and we have given an explicit construction of a push-down map for
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fibre bundles with all the expected properties. For the verification of these properties
we heavily used local index theory.

We presented a collection of natural examples of smooth K-theory classes and
showed in particular that several known secondary analytic-geometric invariants can
be understood in this framework very naturally. This involved also the consideration
of bordisms in this framework.

Finally, we constructed a smooth lift of the Chern character and proved a smooth
version of the Grothendieck-Riemann-Roch theorem. This also involved certain con-
siderations from homotopy theory which are special to K-theory.

Important open questions concern the construction of equivariant versions of this
theory, or even better versions which work for orbifolds or similar singular spaces.

In a different direction, we have addressed the construction of geometric models of
smooth bordism theories along similar lines in [23]; using singular bordism this has
also been achieved for smooth ordinary cohomology in [20].
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