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CALABI-YAU THREEFOLDS OF BORCEA-VOISIN,
ANALYTIC TORSION, AND BORCHERDS PRODUCTS

by
Ken-ichi Yoshikawa

Dedicated to Professor Jean-Michel Bismut on his siztieth birthday

Abstract. — For a class of Borcea—Voisin threefolds, we give an explicit formula for
the BCOV invariant [3], [14] as a function on the moduli space. For those Calabi-
Yau threefolds, the BCOV invariant is expressed as the Petersson norm of the tensor
product of a certain Borcherds lift on the Kéhler moduli of a Del Pezzo surface and
the Dedekind 7-function. As a by-product, we construct an automorphic form on
the orthogonal modular variety associated to the odd unimodular lattice of signature
(2,m), m < 10, which vanishes exactly on the Heegner divisor of norm (—1)-vectors.

Résumé (Variétés de Calabi-Yau de dimension trois de type Borcea—Voisin, torsion analytique,
et produits de Borcherds)

Pour une classe de variétés de Borcea—Voisin, nous donnons une formule expli-
cite de l'invariant de BCOV [3], [14] comme une fonction sur I’espace de modules.
Pour ces variétés de Calabi—Yau de dimension trois, 'invariant de BCOV s’exprime
comme la norme du produit tensoriel d’un relévement de Borcherds a l’espace des
modules kihlériens d’une surface de Del Pezzo et de la fonction n de Dedekind. Nous
construisons une forme automorphe sur la variété modulaire orthogonale associée au
réseau unimodulaire impair de signature (2, m), m < 10, qui s’annule exactement sur
le diviseur de Heegner des vecteurs de norme —1.

1. Introduction

In [33], Ray-Singer introduced the notion of analytic torsion for compact K&hler
manifolds. Their definition was extended to arbitrary holomorphic Hermitian vector
bundles over a compact Kihler manifold by Quillen [32] and Bismut—Gillet-Soulé
[7]. Let £ — X be a holomorphic Hermitian vector bundle over a compact Kéhler
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356 K. YOSHIKAWA

manifold and let {,;(s) be the spectral zeta function of the Hodge-Kodaira Laplacian
acting on the space of (0, ¢)-forms on X with values in £&. Then the real number

(X, ) = exp[— > _(~1)%q ¢} (0)]
q20

is called the analytic torsion of £&. The most fundamental results in the theory of
analytic torsion such as the first variational formula, the second variational formula
and the comparison formula for complex immersions were obtained by Bismut-Gillet—
Soulé and Bismut-Lebeau as the corresponding results in the theory of Quillen met-
rics, i.e., the anomaly formula, the curvature formula and the immersion formula for
Quillen metrics [7], [8],...

In (3], Bershadsky—Cecotti-Ooguri~Vafa introduced the following combination of
analytic torsions for a compact Kahler manifold X

I ~(x,0%) v,

p20
which we call the BCOV torsion of X. They studied the BCOV torsion as a function on
the moduli space of Calabi—Yau threefolds and used it to extend the mirror symmetry
conjecture to higher-genus Gromov-Witten invariants [2], [3].

In [14], the notion of BCOV invariant was introduced for Calabi-Yau threefolds
by Fang-Lu—Yoshikawa, which they obtained using the BCOV torsion and a certain
Bott—Chern secondary class. (See Sect. 5.1 for the definition.) The BCOV invariant of
a Calabi—Yau threefold X is denoted by m8cov(X). Then mgcov(X) depends only on
the isomorphism class of X, while the BCOV torsion does depend on the choice of a
Kahler metric on X. Because of this invariance property, the BCOV invariant Tscov
gives rise to a function on the moduli space of Calabi—Yau threefolds and is identified
with the partition function Fj in [3]. In this paper, we give an explicit formula for
the BCOV invariant for a class of Calabi—Yau threefolds studied by Borcea [9] and
Voisin [36]. (See [14] for some other examples including the quintic mirror threefolds
and the FHSV models.) Let us explain our results.

Let S be a K3 surface and let #: S — S be an anti-symplectic holomorphic in-
volution. Let T be an elliptic curve and let —17: T' — T be the involution defined
as —1r(z) = —x. Let X(g4,r) be the blow-up of the orbifold (S x T)/0 x (-1)r
along the singular locus. Then X (g4 1) is a smooth Calabi-Yau threefold equipped
with the following two fibrations. Let m1: X(s9,7) — S/6 be the elliptic fibration
with constant fiber T' induced from the projection (S x T)/8 x (—1)r — S/6 and
let m2: X(s,9,7) — T/(—17) be the K3-fibration with constant fiber S induced from
the projection (S x T')/0 x (1) — T/(—1r). The triplet (X(s 9 1), 71, 72) is called
the Borcea—Voisin threefold associated with (S, 6,T). The moduli space of the triplet
(X(s,6,T), T1,T2) is determined by the lattice H? (S, Z), the anti-invariant part of the
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BORCEA-VOISIN THREEFOLDS, ANALYTIC TORSION, BORCHERDS PRODUCTS 357

0-action on H?(S,Z). By [28], H2(S,Z) is isometric to a primitive 2-elementary
sublattice of the K3-lattice Lx3. Let A C Lgs be a sublattice of rank r(A). A
Borcea—Voisin threefold (X (s,9,7),71,m2) is of type A if H 2(S,Z) is isometric to A.
Since 6 is anti-symplectic, there exist Borcea—Voisin threefolds of type A if and only
if A C Lgs is a primitive 2-elementary sublattice of signature (2,r(A) — 2).

Some Borcea—Voisin threefolds are related to Del Pezzo surfaces. Let V' be a Del
Pezzo surface and set degV = ¢;(V)? € Zso. Let H(V,Z) be the total cohomology
group of V, which is equipped with the cup-product (-,-)y. Then the sublattice
H?(V,Z) Cc H(V,Z) is Lorentzian. Let H(V,Z)(2) be the lattice (H(V,Z),2(-,")v).
By the classification of primitive 2-elementary Lorentzian sublattices of L3 [29],
there exist Borcea—Voisin threefolds of type H(V,Z)(2). Let us explain their moduli
space briefly.

Let &y C H2(V,R) be the Kihler cone of V, let €} ¢ H?(V, R) be the component
of the positive cone of H2(V,R) with Xy C €7 and let Eff(V) C H%(V,Z) be the
set of effective classes on V. The tube domain H?(V,R) + i € is isomorphic to a
bounded symmetric domain of type IV and its subdomain H?(V,R) + i Xy is called
the complexified Kéhler cone of V. Let § be the complex upper half-plane. By
assigning (X(s,9,7), 1, m2) the periods of (S,0) and T', the coarse moduli space of
Borcea—Voisin threefolds of type H(V, Z)(2) is isomorphic to the quotient of the tube
domain (H3(V,R)+1i 67;) x $ by the group O* (H(V, Z)) x SL4(Z) with some divisor
removed (cf. Theorem 3.7), where O (H(V, Z)) is the group of isometries of H(V, Z)
preserving H2(V,R) +i €. Hence Tpcov is regarded as an O (H(V, Z)) x SLy(Z)-
invariant function on a certain Zariski open subset of (H2(V, R)+i £7) x . The goal
of this paper is to give an explicit formula for Tgcov as a function on (H2(V,R) +
1 i?“t) x $) for Borcea—Voisin threefolds of type H?(V,Z)(2). Let us explain the infinite
product appearing in the formula.

After Borcherds [12] and Gritsenko—Nikulin [16], we introduce the following infinite
product &y (z) on the complexified Kihler cone H2(V,R) + i Ky

By(z) = @Ay [ (1- ezwi<a,z>v)°3‘llv<a2>
a€Ef(V)

) H (1 - e"i(ﬁ’z)v)c‘(itz;v(ﬁz/‘i)
BEEF(V), B/2=c1(V)/2 mod H%(V,Z)

K

where C;CO) (m) and cg)(m) are the m-th Fourier coefficients of the modular forms

O(r) = n(r) P n@r)*n(4r) B0, (1)F, A0 (1) = ~8n(4r)Pn(2r) 00,4, 4 (1),
respectively. Here 7(7) is the Dedekind n-function and OA;‘ (), OA;L +1/2(7) are the
theta series of the A;-lattice. Let Ay (v,z)(2) be the discriminant group of the lattice
H(V,Z)(2) and let {€,}yeAy .z D€ the standard basis of C[Ax(v,z)(2)], the group
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358 K. YOSHIKAWA

ring of Ap(v,z)2)- In Sects.4.3, 4.4 and 6.2, we shall prove that ®y(22)? is the
Borcherds lift [12] of the C[A g (v,z)(2)]-valued elliptic modular form

(0) (0 4 ¢!
fiegv(T) €0+ Z Z cde)gv(m) g™ e, + fde;V(T) €14v,2)(2)
YEAH(V,Z)(2) m=272 mod 4

with respect to the lattice H(V,Z)(2). Here 1y(v,z)2) € An(v,z)2) is the charac-
teristic element and g = exp(2mir). As a result, $y(z) converges when (Imz)2 > 0
and extends to an automorphic form on H%(V,R) + i &5 for Ot (H(V, Z)) of weight
deg V' + 4 vanishing exactly on the Heegner divisor of norm (—1)-vectors of H(V,Z).
If Exc(V) C H%(V,Z) denotes the exceptional classes on V, the following functional
equations hold by the automorphic property of $y(z) (cf. Sect.6.3):

(a) Dy (z+1) =Py(z) for alll € H*(V,Z) with (l,¢;(V))y =0 mod 2.
(b) By (9(2)) = + By (2) for all g € OF(H(V, Z)).

() Sv(-55y +0) = —(—(z, 2)v )38 V+4 By, (2 + §) for all § € Exc(V).
(d) ¢V(“ 22 ) — (_Q,;_)\g)degV+4 By (2).

(z:2)v

Since ¢1 (V) /2 is a Weyl vector of H%(V, Z)(2), the Fourier expansion of ®y (2z) is of
Lie type in the sense of [18] by (a), (b). Hence there exists a Borcherds superalgebra
whose denominator function is ®y(2z). This Borcherds superalgebra is obtained as
an automorphic correction [17] of the Kac-Moody algebra defined by the generalized
Cartan matrix (2(c1(E),c1(E"))v)E,E eBxc(v)- (See Question 4.4.)

Let ||®v| and ||n|| be the Petersson norms of &y (z) and n(7), respectively. Then
|Bv||2 - |n*4]1? is a function on (H?(V,R) + i ) x § invariant under the action of
Ot (H(V,Z)) x SLy(Z). The following (cf. Theorems 5.7 and 6.4) is the main result
of this paper.

Theorem 1.1. — If V is a Del Pezzo surface with 1 < degV < 6, then there exists a
constant Caeg v depending only on deg V' such that the following equation of functions
on the moduli space of Borcea—Voisin threefolds of type H(V,Z)(2) holds:

800V = Caegv |Bv |1 - [**]|>.

Under the identification of 7gcov with F; in B-model [2], [3], it follows from
Theorem 1.1 that the conjecture of Harvey-Moore [19, Sect.7] holds for Borcea—
Voisin threefolds of type H(V,Z)(2) when 1 < deg V' < 6, since $y is the denominator
function of a Borcherds superalgebra.

After Theorem 1.1, the conjecture of Bershadsky—Cecotti-Ooguri-Vafa [2], [3]
seems to predict that the elliptic Gromov-Witten invariants of the mirror of Borcea—
Voisin threefolds of type H(V,Z)(2) are expressed as certain linear combinations of

the Fourier coefficients cgl)gv(m), c&;v(m). If this is the case, the invariant of K3
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surfaces with involution constructed in [37] would be the Borcherds lift of an ellip-
tic modular form whose Fourier coefficients are elliptic Gromov—Witten invariants of
some Calabi-Yau threefolds by the structure theorem [38, Th.0.1]. However, since
the Borcea—Voisin construction of mirrors [9], [36] does not apply to Borcea—Voisin
threefolds of type H(V,Z)(2), we do not know the existence of mirrors for those
Borcea—Voisin threefolds as well as their elliptic Gromov-Witten invariants.

This paper is organized as follows. In Sect. 2, we recall some definitions and results
about lattices. In Sect. 3, we recall Borcea—Voisin threefolds and study their moduli
space. In Sect. 4, we introduce the automorphic form ®,,, which will be identified with
@y, in Sect. 6. In Sect. 5, we recall the BCOV invariant of a Calabi—Yau threefold and
we prove the main theorem. In Sect.6, we rewrite the automorphic form ®,, as an
automorphic form on the complexified Kéhler cone of a Del Pezzo surface to give an
identification between ®,, and Py .

Acknowledgements. — The author thanks the referee for helpful comments, which
inspired Question 5.18.

2. Lattices and orthogonal modular varieties

A free Z-module of finite rank endowed with a non-degenerate, integral, symmetric
bilinear form is called a lattice. We often identify a non-degenerate, integral, sym-
metric matrix with the corresponding lattice. The rank of a lattice L is denoted by
r(L). The signature of L is denoted by sign(L) = (b*(L),b (L)). A lattice L is
Lorentzian if sign(L) = (1,7(L) — 1). For a lattice L with bilinear form {:,-), we
denote by L(k) the lattice with bilinear form k(-,-). The set of roots of L is defined
by Ap := {d € L; (d,d) = —2}. The isometry group of L is denoted by O(L). For
r € LR, the reflection s, € O(L®R) is defined by s,(z) = w-—2(<%’%r forx € LOR.
If § € L and 62 = —1 or §%2 = —2, then s; € O(L). The subgroup of O(L) generated
by the reflections {ss}sca, is called the Weyl group of L and is denoted by W(L).
The dual lattice of L is defined by LY := Homgz(L,Z) C L® Q. We set Ar := LV/L.
A lattice L is unimodular if A, = 0. A lattice L is evenif (z,z) € 2Z forallz € L. A
lattice is odd if it is not even. A sublattice M C L is primitive if L/M has no torsion
elements.

2.1. 2-elementary lattices. — Set Z, := Z/2Z. An even lattice L is 2-elementary
if there is an integer | > 0 with A7 = Z.. For a 2-elementary lattice L, we set
l(L) = dimz2 AL.

Let U= (g (1)) and let A, Eg be the negative-definite Cartan matrix of type A;, Fg
respectively, which are identified with the corresponding even lattices. Then U and

SOCIETE MATHEMATIQUE DE FRANCE 2009



360 K. YOSHIKAWA

Eg are unimodular, and A, is 2-elementary. The lattice
Lgs=Uao U U Es ®Esg

is called the K3 lattice. For a sublattice A C Lgs, set A+ := {I € Lgs; (I,A) = 0}.

For a primitive 2-elementary Lorentzian sublattice M C L3, let Ips be the invo-
lution on M & M~ defined as Ins(z,y) = (z,—y) for (z,y) € M & M*. Then Iy
extends uniquely to an involution on Lg3 by [28, Cor. 1.5.2].

Let L be an even 2-elementary lattice. Since Ay, is a vector space over Zs, the
mapping Ay >y — % € %Z/ Z = Z, is Zy-linear. Since the discriminant bilinear form
on Ay is non-degenerate, there is a unique element 1;, € AL such that (vy,11) = 72
mod Z forallye Ay. UL=L'"@L", then 1y =1, ® 1.

2.2. Lorentzian lattices. — Let L be a Lorentzian lattice. The set &1 := {v €
L ® R; v?2 > 0} is called the positive cone of L, which consists of two connected
components. Let E?Z be one of the connected components of &;. For A € L ® R,
we set hy := {v € €F; (v,\) = 0}. Define (§})° := €} \ Usea, hs. The Weyl
group W (L) acts simply transitively on the set of connected components of (&7 )°.
Each connected component of (£7)° is called a Weyl chamber of L. Let W be a
Weyl chamber of L. A hyperplane hy C LR, d € Af is called a wall of W if
dim(hg N W) = r(L) — 1, where W is the closure of W in L ® R. We set IT(L, W) :=
{de Ar;d-W > 0, hq is a wall of W}, which is the minimal set of roots defining W,

i.e.,
(2.1) W={ve 6l (v,d)>0,Vde L, W}

In (2.1), each inequality (v,d) > 0, d € IT(L, W) is essential. A vector p € L ® Q is
called a Weyl vector of (L, W) if (p,d) =1 for all d € II(L, W).

2.3. Lattices of signature (2,n). — Let A be a lattice with sign(A) = (2,7(A)—2).
Define

Qp = {[n] e P(A® C); (n,n) =0, (n,7) >0}
Then Q4 consists of two connected components Qf, each of which is isomorphic to a
bounded symmetric domain of type IV of dimension r(A) — 2. The group O(A) acts
on Q projectively. We set Ot (A) := {g € O(A); g(QF) = QF}. Then O*(A) acts
on QX properly discontinuously, and the quotient

My = Qa/O(A) = QF /O (A)

is an analytic space. The Baily—Borel-Satake compactification of /#, is denoted by
My. Then M} is an irreducible normal projective variety with dim(#) \ M) < 1.
For A €e AQR, set

Hy = {[n] € Qa; (n,\) =0}.
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Then H) # @ if and only if (A\,A\) < 0. We define

Dp = |J Ha, Q3 :=Qa \ Da.
The reduced divisor 9, is called the discriminant locus of 5. We define the subsets
Hg C Hy (dG AA) and @X C @A by

HY :={[n] € Qf; 0T (A)y = {#1, £s4}}, D3:= Y Hg
deAA/£1

Since O(A) preserves D, and D3, we define
Dp = Da/O(N), Dy = D3/O(A) C Da.

Then @Z N Sing M, = & by [38, Prop. 1.9 (5)] and Q3 U 9} is a Zariski open subset

of Q4 such that Q4 \ (23 U 93) has codimension at least 2 by [37, Prop. 1.9 (2)].
When A = U(N) @ L, a vector of A ® C is denoted by (m,n,v), where m,n € C

and v € L ® C. The tube domain L ® R + ¢ &, is identified with {25 via the map

(22) LOR+i8L3z— [(—2%/2,1/N,2)] € Qs C P(A®C), 2€ L®C.

The component of 2 corresponding to L ® R + 4 €} via (2.2) is written as Qf.

3. Calabi—Yau threefolds of Borcea—Voisin

An irreducible, smooth, compact Kahler n-fold X with canonical line bundle Kx
is Calabi-Yau if

(1) Kx = 0x, (2) HYX,0x)=0 (0<gqg<n).
A two-dimensional Calabi—Yau manifold is called a K3 surface. In this section, we

recall a class of Calabi-Yau threefolds studied by Borcea [9] and Voisin [36].

3.1. K3 surfaces with involution and their moduli space. — Let S be a K3
surface. Then H?(S,Z) endowed with the cup-product pairing is isometric to the K3
lattice Lg3. An isometry of lattices a: H2(S,Z) = L3 is called a marking of S, and
the pair (S, a) is called a marked K3 surface. The period of a marked K3 surface
(S, @) is defined by

n(S,a) = [a(n) e P(Lxks®C), n€H(S Ks)\{0}.

Let M C Lk3 be a sublattice. A K3 surface equipped with a holomorphic involu-
tion 0: S — S is called a 2-elementary K3 surface of type M if

0* =OZ_IOIMOa, G*IHO(S,KS) =—1.
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By the global Torelli theorem [31], [13] and by [28, Cor.1.5.2], there exists a 2-
elementary K3 surface of type M if and only if M C Lk is a primitive 2-elementary
Lorentzian sublattice.

Let (S,0) be a 2-elementary K3 surface of type M and let o be a marking with
0* =a ' oIy oa. Let n € H(S,Ks) \ {0}. Then 7(S,a) € Q4,,. By [37, Th.1.8]
and [38, Prop.11.2], the O(M*)-orbit of 7(S,a) is independent of the choice of a
marking a with 6* = o~ oI 0. The period of (S, ) is defined as the O(M+)-orbit

wm (S, 8) := O(M™*) - 7(S,a) € Qpre JOM™L) = Mpss.

By [37, Th.1.8], the period map induces an isomorphism from the coarse moduli
space of 2-elementary K3 surfaces of type M to the analytic space

he = Qg JOMY) = (. \ Dy2)/OF (M),

Theorem 3.1. — Let x € @;,IL and let C C Mys. be an irreducible projective curve
passing through x. Assume that x € C \ Sing C and that C intersects @?v!l transver-
sally at x. Then there ezist a pointed smooth projective curve (B,y), a neighborhood
U of y, a holomorphic map f: (B,y) — (C,z), a smooth projective threefold W with
an involution 0: W — W, and a surjective holomorphic map p: W — B satisfying
the following properties:
(1) f(B) =C and the map fly: (U,y) — (f(U),z) is an isomorphism.
(2) The projection p: W — B is Zy-equivariant with respect to the Zy-action on W
induced by 0 and with respect to the trivial Zoy-action on B.
(8) For every b € U\ {y}, (W,0)|p-1(s) is a 2-elementary K3 surface of type M
such that wa ((W,0)|p-1v)) = f(b).

Proof. — See [37, Th.2.8]. a
For a 2-elementary K3 surface (S, 6), we define S := {z € S; () = z}.
Proposition 3.2. — Let (S,0) be a 2-elementary K3 surface of type M and set
g(M) := (22 —r(M) - U(M))/2, k(M) :=(r(M)—I(M))/2.

If M % U(2) & Eg(2), U Eg(2), then there exist a smooth irreducible curve C of
genus g(M) and (—2)-curves E,. .., Exr) such that S =CUE II-.-1I Ex(ay-

Proof. — See [29, Th.4.2.2]. d

3.2. Elliptic curves and elliptic fibrations. — Let $ = {r € C; Im7 > 0} be
the complex upper half-plane and let 90t be the modular curve

M = SLQ(Z)\f_)
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For an elliptic curve T, let £2(T) € 9t denote the period of T. Let —17: T — T be
the holomorphic involution that assigns z € T the inverse —z € T. Let j(T) € C
denote the value of the j-invariant of T. If T' is isomorphic to the cubic curve of P2
defined by the inhomogeneous equation y? = 4x3 — g  — g3, then

: 9

M= g
The j-invariant induces an identification between 9t with the complex plane C.

Let S be a compact complex surface, let B be a compact Riemann surface, and
let f: S — B be a surjective holomorphic map. We set S := f~1(b) for b € B. Let
Ag/p C B be the set of critical values of f. Then f: S — B is an elliptic fibration
if S is an elliptic curve for every b € B\ Ag/p. The analytic invariant of an elliptic
fibration f: S — B is the meromorphic function on B defined as jg/p(b) := j(Ss)
for b € B\ Ag/p. For an elliptic fibration f: S — B, we set B° := B\ Ag/p,
S°:= f~1(B°) and f° := f|go.

Let f: S — B be an elliptic fibration with a holomorphic section o: B — S. By
[1, Chap.V Prop.9.1], the elliptic fibration f°: S° — B° is canonically isomorphic
to the Jacobian fibration (R!f.0g/R f.Z)|g. — B° such that o(b) is identified with
the identity element of the Jacobian H'(Sy, Os,)/H" (S, Z). Hence there exists a
holomorphic involution —1g. on S° such that —1g.|s, = —1g, for all b € B°. When
—1g0 extends to a holomorphic involution on S, we call the elliptic fibration f: S — B
with a holomorphic section admissible.

3.3. Borcea—Voisin threefolds and their moduli space. — Let (S, 6) be a 2-
elementary K3 surface. Let T be an elliptic curve. Let T'[2] denote the 2-torsion
points of T, which is the set of fixed points of —17.

Define a holomorphic involution on S x T by ¢ := 0 x (—1r), which acts trivially
on H°(S x T, KsxT). By identifying the generator of Z, with the involutions 6, —17
and ¢, the group Zs acts holomorphically on S, T, S x T, respectively. The set of
fixed points of ¢, (S x T')* = S x T'[2], is the disjoint union of four copies of the curve
S9. After Borcea [9] and Voisin [36], we make the following

Definition 3.3. — For a 2-elementary K3 surface (S,0) and an elliptic curve T, let
X(s,0,7) be the resolution of S x T'/Z, defined as the blow-up of S x T/Z; along
Sing (SxT/Zy) = (SxT)". Let m1: X(g,9,7) = S/Zg and m3: X(56,1) — T/Z3 be the
projections induced from the projections pry: SxT — S and pry: SxT — T, respec-
tively. The triplet (X(s,1),m1,72) is called the Borcea~Voisin threefold associated
with (8,0, T). Two Borcea—Voisin threefolds (X(g,9,1), 71, 72) and (X (s’ ¢/ 77y, 71, T5)
are isomorphic if there exist isomorphisms of complex manifolds

f: X(S,G,T) - X(S’,O’,T’)a g: S/Zz - S’/Zz, h: T/Z2 - T,/Z2
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such that 7j o f = gom and 7ho f = homy.

By Borcea [9] and Voisin [36], X (g ¢,7) is a Calabi~Yau threefold, which is equipped
with the elliptic fibration 7;: X (59 ) — S/Z2 with constant fiber T' and with the
K3-fibration 72 X(g¢ 1) — T/Z2 with constant fiber S.

We recall another construction of X (59 7). Let ¢: S x T — S x T be the blow-up
of S x T along the curve E(gq1) := S® x T[2] = (S x T)?*(-17). Let m
be the involution on S x T induced from 6 x (—1r). We consider the Zs-action on

S x T induced from m, so that g: S x T — S x T is Zy-equivariant. Since

6 x (—17) acts as —1 on the normal bundle N5 (s0.1y/(8xT), 0 % (—17) acts trivially
on the exceptional divisor ¢~!(Z(s,6,7). Hence

(S x T)2*11) = g7 (B5,0,1))-

Since 6 x (—17) acts as the reflection with respect to the hypersurface ¢~!(Z(s,0,1)),

SxT(q_l(E(s’o'T))) and K.’s—;f/zz = Qé—;ﬁ/zz' Hence S x T/Z, is

a Calabi-Yau threefold. The natural projection (S x T')/Zs — (S x T')/Zy induces
an isomorphism

o
we have KSxT =0

(3.1) X(som) = (S X T)/Zs = (S x T)/8 x (~11).

By (3.1), the projections my: X (5,6, 1) — S/Z2 and m2: X(s,9,7) — T/Z> are induced
from the projections pr;: S xT — S and pry: S xT — T.

Definition 3.4. — Let A C Lk3 be a primitive 2-elementary sublattice with signature
(2,7(A) — 2). A Borcea-Voisin threefold (X(s,,1),71,72) is of type A if there exists
an isometry of lattices H2(S,Z) := {l € H%(S,Z); 6*l = -1} X A.

Notice that when X (g4 1) is a Borcea—Voisin threefold of type A, (S,0) is a 2-
elementary K3 surface of type At.

Lemma 3.5. — Let (S,0) and (S',0') be 2-elementary K3 surfaces of type A+, and
let T and T’ be elliptic curves. Then the Borcea—Voisin threefolds (X (s 9 1), m1,72)
and (X (s o', 17), 71, T3) are isomorphic if and only if (S,0) = (5',0') and T = T".

Proof. — Let f: X(s01) = X(s,6',77), 9: S/Z2 — S'/Z3 and h: T/Zy — T'/Z; be
isomorphisms as in Definition 3.3. Let ¢ = {+t} € T//Z, be a regular value of m; and
set ' := h(t) € T'/Z;. Since t # —t, we have m; ' (f) = (S x {t} I S x {~t})/Z, =
S. Similarly, we have (m5)~!(#') = S’. We obtain the involutions §: S — S and
#': S’ — S as the non-trivial covering transformations of the projections m1: S =
73 1(t) — S/Z2 and 7}: §' = (n})"1(¥') — S'/Za, respectively. The isomorphism
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of fibers f |1r2-1 @ T2 1(¥) — (n4)~(¥') is an isomorphism from S to S’ such that
0= (flﬂ,z—l(z))—l 08 o f|ﬂ;1(z). This proves that (S,0) = (S',6').
Let z € (S\ S%)/Z2 be a regular value of m; and set ' := g(x) € S'/Z,. Since
T =77 (z) and T" = 77 !(2'), the map f |,r1-1(x) is an isomorphism from T to T”.
Conversely, if (S,0) = (S’,60’) and T = T”, then it is obvious by construction that
(X(s,0,1), ™1, m2) = (X(sv,6',77), 71, M2). This proves the lemma. O

By Lemma 3.5, the following definition makes sense.

Definition 3.6. — Let (X (s,9,1), ™1, T2) be a Borcea—Voisin threefold of type A. The
point @y (X(s,9,7), 71, 72) is defined as the pair of the periods of (S,6) and T, i.e.,

wa(X(s,6,1), T1,T2) := (w1 (8, 0),2(T)) € My x M.

Let p: ¥ — B be a proper, surjective holomorphic submersion between smooth
complex spaces. Let p;: (4,9) — B be a family of 2-elementary K3 surfaces of
type A and let po: 9 — B be a family of elliptic curves with a holomorphic section.
Then & is equipped with an involution —1g which induces —1p2_1 ®) for every b €
B. With respect to the trivial Zs-action on B, py: Y — B is Zj-equivariant. Let
m1: X — J/Zy and wy: X — T /Zy be surjective holomorphic maps such that p =
p1 o m = pp owy. Then the quintet (p: ¥ — B,p;: (4,9) = B,ps: I — B,m,m2) is
called a family of Borcea—Voisin threefold of type A if (p™1(b), 71 |p—1(s), T2|p-1()) is &
Borcea—Voisin threefold of type A for all b € B.

Theorem 3.7. — The coarse moduli space of Borcea-Voisin threefolds of type A is
isomorphic to My x M via the map w,.

Proof. — By Lemma 3.5, the set of isomorphism classes of Borcea—Voisin threefold of
type A is identified with M3 x 90t via the map w,. Since the period map wy. (resp.
12) is holomorphic for every family of 2-elementary K3 surfaces of type AL (resp.
elliptic curves), @, is also holomorphic for every family of Borcea—Voisin threefold of
type A by Definition 3.6. O

By Theorem 3.7 and [38, Cor. 8.3], the coarse moduli space of Borcea—Voisin three-
folds of type A is quasi-affine if r(A) < 12.

3.4. Degenerations of Borcea—Voisin threefolds

Theorem 3.8. — Let (p,q) € Dy x M and let C C M) be an irreducible projective
curve passing through p. Assume that p € C \ SingC and that C intersects _@f\
transversally at p. Then there exist an irreducible projective fourfold X, a pointed
compact Riemann surface (B,b), a neighborhood U of b, a surjective flat holomorphic
map w: X — B, and a holomorphic map f: (B,b) — (C,p) satisfying
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(1) f(B) =C and the map fly: (U,b) — (f(U),p) is an isomorphism;
(2) for allb € U\ {b}, m~1(b) is the Calabi-Yau threefold underlying a Borcea—
Voisin threefold (7r‘1(b),7r1,b,7r2,b) of type A such that

A (mTH(b), T, T2p) = (F(B), 9).

Proof. — By Theorem 3.1, there exist a pointed smooth projective curve (B,b),
a neighborhood U of b, a holomorphic map f: (B,b) — (C,p), a smooth projec-
tive threefold W with an involution §: W — W, and a surjective holomorphic map
p: W — B satisfying Theorem 3.1 (1), (2), (3).

Let T be an elliptic curve with 2(T) = q € M. Let ¥ be the union of all 2-
dimensional components of (W x T)?*(=17) = %/° x T[2]. Let q: WXT = WxT
be the blow-up of W x T along X. Since 6 x (—17) acts as —1 on the normal bundle
Ns;(wxT) and since ¢~1(Z) = P(Ns,(wx1)), 8 X (—17) lifts to an involution J on
m, which acts trivially on the exceptional divisor ¢~1(X).

We consider the Zs-action on W x T induced from J, so that q: WXT - WxT
is Zg-equivariant. Set X := (W) /2y = (m) /J. Then X is an irreducible
projective fourfold. Since the projections p: W — B, pr;: W x T — W, and

qg: WxT — W x T are Zy-equivariant, the composite popr;oq: WxT — B
is Zo-equivariant and induces a surjective holomorphic map 7: X — B. Since ¥ is
irreducible and dim B =1, 7: X — B is a flat holomorphic map.

For b € U \ {b}, set W, := p~1(b), 0 := O|lw, and Ty := ¥ N (W, x T). Then
(W, 0p) is a 2-elementary K3 surface of type At and Iy = W: * x T'[2] by Theorem
3.1 (3). Let gp: m — W, x T be the blow-up along X;. Since W}, x T intersects
¥ transversely, we get ¢~ 1(W, x T') = VI//';,\X/T and gy = q|g-1(w, xT)- Thus

(32)  (popryoq)  (b) =g 1o (pr))top i (b) = ¢ (Wo x T) = Wy x T.

Since popr, oq is Zp-equivariant, J preserves the fibers of popr; og. Set 4 := Y| T
b

Since g o J 0 ¢ x5 = 0 X (—17)|(wxT)\x by the definition of J, we get
godpo q_1|(W,,xT)\2,, = 0p X (=17)|(Wy xT)\Zs -

Since qbl(m)\qgl(zb): (T/I_/b\x_fl/’) \ g; *(Zp) = (W x T) \ Ty is an isomorphism,

=g, "o(px (—17))ogs| —— =0 x (—17)]

4l (WoxT)\a= ()

(WexT)\g~1(Zp) (WexT)\a=1(Zp)

for all b € U \ {b}. Since both of 4, and m are defined on W, x T, this
implies that

(3.3) Jb = 01, X (-—lT).
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By (3.1), (3.2), (3.3), we get
(3.4) 771(8) = (popry 0) 1 (8)/Z2 = (Ws X T)/ I = Xy 00,7)-

Consider the projections 713: X(w, 0,79 — Ws/Z2 and map: X(w,.6,,7) —
T/Zy. Then the triplet (w~(b),m1p,7m2,) is a Borcea—Voisin threefold of type
A. Since wp (Ws,0,) = f(b) by Theorem 3.1 (3) and since 2(T) = q, we get
wa(r71(b), 71,6, m2,6) = (f(b),q) by (3.4). This completes the proof. O

Theorem 3.9. — Letp € M. Let p: & — B be an admissible elliptic fibration over a
compact Riemann surface with a holomorphic section such that & is projective. Then
there exist an irreducible projective fourfold X and a surjective flat holomorphic map
7w: X — B such that n=1(b) is the Calabi-Yau threefold underlying a Borcea—Voisin
threefold (=1 (b), 1,6, m26) of type A such that

%A(Tr_l(b)vﬂ'l,byﬂ?,b) = (pv ‘Q(p_l(b)))’ be B°.

Proof — Set Ey := p~1(b) for b € B°. Let —1¢ be the holomorphic involution on
& preserving the fibers of p such that —1¢|g, = —1g, for all b € B°. Let (S,6) be
a 2-elementary K3 surface of type A+ with p = w,1(S,0). Then S x & is equipped
with the Zs-action induced from the involution 6 x (—1¢). Let &[2] denote the set
of fixed points of —15. The fixed point set of 8 x (—1¢) is given by S° x &[2]. Since
dim &[2] = 1, we get dim(S% x £[2]) = 2, where S% x [2] may not be pure dimensional.
Let X be the union of all 2-dimensional components of S® x §[2]. Then ¥ is the disjoint
union of smooth complex surfaces. Let q: Sx & — S x & be the blow-up along .
As in the proof of Theorem 3.8, § x (—1¢) lifts to an involution 4 on S x &, which

induces a Zy-action on S x &. Then q: S x § — S x & is Zs-equivariant.

Set X := (S x &)/Z3y, which is an irreducible projective fourfold. Since the pro-
jections g: S x & —> S x &, pry: S x & — &, and p: & — B are Zj-equivariant, the

composite map p o pry o q: S X & — B is Zy-equivariant and induces a holomorphic
surjection 7: ¥ — B.

Let b € B°. Let S x Ej be the blow-up of S x Ej, along S x Ey[2] = (S x Ey) N .
Since S x Ej intersects ¥ transversally, we get ¢~ (S x Ep) = S x E,. Thus

(3.5) (popryoq) (b)) =g o (pry) top  (b) = ¢ (S x Ep) = S X E.

Since popryogq is Ze-equivariant, J preserves the fibers of popr,oq. Set J; := J|

SXE(,'
Since —1¢|g, = —1g,, we get
(3.6) Iy =0 x (-1g,)
as before in the proof of Theorem 3.8. By (3.5), (3.6), we get
(3.7) 71 (b) = (popry 0 q) 7' (0)/Z2 = (S X By)/Is = X(5,0,84)-
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Consider the projections m14: X(s56,E,) — S/Z2 and map: X(s,0.5,) — Eb/Z2.
Then (7~1(b), 71,5, m2) is a Borcea—Voisin threefold of type A. Since w,1(S,8) = p,
we get %A(W_l(b)’wl,baﬂ'%b) = (pa ‘Q(Eb)) a

Example 3.10. — We consider the pencil of plane cubics
S:={((z:y:2),(to:t1)) € P? x PY; toy?2z = 4toz® — 3t122% — 2%},

B:=P! p:=pry: S — P Then p: S — P! is an elliptic fibration equipped with a
section o: P! 3¢t = (¢ :¢1) — ((0:1:0),t) € S. When t is a regular value of p, o(t)
is the identity element of p~!(t). The involution

“1g: S5 ((z:y:2),(to:t1) = ((z:—y:2),(to:t1)) €S

induces the map —1,-1(;) when t is a regular value of p. Let (&, —1¢) — (S, —1s) be
an equivariant resolution of the singularity of S and set p := go p. Then p: § — P!
is an admissible elliptic fibration with section. Since jg/p1(t) = #73{17, 1/je/pr(t)
is a local coordinate of P' near the set {(to : t1) € P!; t3 =13} C Ag/ps.

3.5. Borcea—Voisin threefolds of exceptional type. — Let 15 denote the k x k-
identity matrix. For ¢,m € Z, we set

1 0 1 0
Tpm = | ° : Im(2)=2(" :
0o -1, 0o -1,

which are identified with the corresponding lattices. Then I; ,, is an odd unimodular
lattice and Iy, (2) is a 2-elementary lattice. For m > 0, we define

Am = U(2) D ]Il,m—l(2) (m > 1)7 A0 = H2,0(2)'

By the classification of primitive 2-elementary Lorentzian sublattices of Lgs [29,
p. 1434 Table 1], there exists a Borcea—Voisin threefold of type A,, if 0 < m < 9.

Remark 3.11. — Let X be the Calabi-Yau threefold underlying a Borcea—Voisin
threefold of type A and let w: (%, X) — (Def(X), [X]) be the Kuranishi family of X.
We define the Borcea-Voisin locus Def(X)py C Def(X) as follows: u € Def(X)pv
if there exist a 2-elementary K3 surface (Sy,6,) of type A+ and an elliptic curve
T, such that 77'(u) = X(s, 6.7.) Comparing dimDef(X) (cf. [9], [36]) and
dim (M3 x M), we have Def(X) = Def(X)gy if and only if A is isometric to one of
A (0 <m <9), U2) ®U(2), Us U(2) ® Eg(2). When A is isometric to one of
these lattices, then the Weil-Petersson metric on Def(X) coincides with the Bergman
metric on Q4 X $ (cf. Proof of Lemma 5.8). Notice that even if the moduli space
is covered by a bounded symmetric domain, the Weil-Petersson metric does not
necessarily coincide with the Bergman metric. For example, the moduli space of
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quintic mirror threefolds is covered by ), but the curvature of the Weil-Petersson
metric is positive on some domain of the moduli space.

Lemma 3.12. — Let (X(g,9,1),T1,T2) be a Borcea—Voisin threefold of type A. If A is
isometric to one of A, (0<m <9),U2)®U(2), Up U(2) & Eg(2), then

x(X(s,0,1))
12

Proof. — Set N := dim H°(S%, C) and N’ := } dim H*(5%,C). By [9], [36], we get

(38) hl’Z(X(S’g’T)) + +3=14.

(3.9) W' (X(sem)=11-5N—-N',  h"?*(X(sem)=11+5N"—N.

Assume A = A, (0 <m < 9)or A =U(Q2) ®U(?2). Set r:=r(A), r+ :=r(At) and
I+ :=1(A+) = I(A). Then r* = 22 — r and I+ = r. By Proposition 3.2,

Lt Lyt
(3.10) N=1+" ., N=un-"_*2
2 2
By (3.9) and (3.10), we get
(3.11) MY (X)) =5rt =39,  RV*(X(sem) =21-1t.
Since x(X(s,0,1)) = 2(h"' (X(s,6,1)) — h"?*(X(s,6,1))), We get
(3.12) x(X(s,0,m)) = 12(r* - 10).

The result follows from (3.11) and (3.12) in this case.

Assume A 2 U @ U(2) ® Eg(2). Then A+ = U(2) ® Eg(2) and a 2-elementary K3
surface of type A+ is the universal covering of an Enriques surface. Hence N = N’ =0
in this case. Since h''!(X(s,9,m)) = h"*(X(s6,1)) = 11 and x(X(s,6,7)) = 0 in this
case, we get the result. O

4. Odd unimodular lattices and Borcherds products
In this section, we assume that A is a lattice of signature (2,7(A) — 2).

4.1. Automorphic forms. — We fix a vector [y € A®R with (I5,l5) > 0. Hence
H;, = 2. We define

i) = %)IA—’;) [eat, 4eot)

Then ja(7y,-) is a nowhere vanishing holomorphic function on QX A holomorphic
function f € O(Q}) is called an automorphic form on Qf for O (A) of weight p if

FOr-l2) =x(min(n )P f(2]), [l €Qf, veOt(n),
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where x € Hom(O*(A), C*) is a character. For an automorphic form f on Qf for
O*(A) of weight p, the Petersson norm || f|| is the C* function on Q} defined as

(2,2)
(2, La)[?

Since Ot (A)/[OF(A), Ot (A)] is finite when r(A) > 5, || f||? is O (A)-invariant.
Let wp be the Kahler form of the Bergman metric on Q:

IF((2DI? == Ka(lD” I (D1P, Ka(le]) =

wp = —ddlog Ky = L,aélog Ky,
2mi

For a divisor D on Qj{, dp denotes the Dirac §-current on QX with support D.

4.2. Borcherds product associated with 2-elementary lattices. — For 1 € §,
set ¢ = €2™". The Dedekind 7-function is defined by

n(r) = g% [[(1—q").
n=1

The theta series of the positive-definite A;-lattice A} = (2) are defined by

n? — n+1)?
OA;’(T) = Z q , 9A1+1/2(T) = Z q( +3),

nez nez

Define f\”(7), () € O(%) and the series {c\” (€)}ecz, {c\" () }ecz4/a bY

) =iz (0 ¢ = n(7)"*n(27)Pn(4r) 8 0,4 (1),
D) = Dierjarz 26 (@) ¢t = =16n(4r)n(27) 710 0,0,y o (7)*.

We define holomorphic functions g,(:) (1) € O(9), i € Z/4Z by
; 0
(=Y O
£=i mod 4

Let C[A,] be the group ring of the discriminant group Aa and let {e4},ca, be its
standard basis. Recall that the element 1, € A) was defined in Sect.2.1. If A is
2-elementary and r(A) < 12, the C[Ap]-valued holomorphic function on £

r(A)—1(A) 2
Fp(T) = fl(g)_T(A)(T) e +27 2 Z gglr)(,\)(T) ey + ff;)_,(A)(T) €1,
YEAA

is a modular form for Mp2(Z) of type pp in the sense of [12, Sect. 2] by [38, Th. 7.7].
Let N € {1,2} and let L be a 2-elementary Lorentzian lattice. Let W be a Weyl
chamber of L. We set A := U(N)@® L and l5 = (1,0,0) in Sect. 4.1. By [12, Th.13.3],
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the following infinite product on L ® R+ W converges absolutely when (Im z)% >> 0
and it extends to an automorphic form on Q} for OF(A):
‘I’A(Z,FA) — e21ri(g(L,FL,‘W),z) H (1 _ e27ri()\,z))cgg)—r(1\)(’\2/2)
AEL,A-W>0,A2>—2
r(A)—1(A)

(0) 2
iN(),2) 2 °12—r(A)()‘ /2)
(4.1) x I1 (1—emiNa)
AE2LY , A-W>0,22>—-2
x H (1 _ e27r’i(A,z))20512)—7-(1\)()‘2/2)

AE(1+L), A W>0,A2>0

where o(L, Fr,, W) € L ® Q is the Weyl vector of (L, Fr, W). See [12, Th.10.4] for
an explicit formula for o(L, F,, W). We refer to [38] for more about Wy (-, Fi).

4.3. A Borcherds product associated with A,,. — Let m > 1. We fix a basis
{h,d1,--+ ,dm—-1} of I ;,—1(2) over Z such that
<h, h) = 2, (h, dz) = 0, <di,dj> = —252" (1 S i,j S m — 1)
We define
1
Om = 5(3}1 —dy— - — dm—-l) (S H17m_1(2)v = Hl,m—1(1/2)
and
I, = {d € Al[l,m—l(2); (Qm,d> = 1}.
When m < 9, 02, > 0 and IT,, is finite. See [27, Th.26.2] for an explicit formula for
II,. Let Wr, be the Weyl chamber of &y, ., (2) containing g,,. Set
Aut(Wn) = {g € O(I1,m-1(2)); 9(Wn) = Wn}.

Proposition4.1. — If 1 <m <9, then the following hold:
(1) om is a Weyl vector of (I1,m-1(2), Wm).
(2) II,, is the set of simple roots of (I1,m—1(2), Wm).
(3) W ={v €l m_1(2) ®R; v2 >0, (v,d) >0 Vd € IT,,}.
) {(veElm1(2)®R; (v,d) >0,Vd € Iy} C Gf 5y C Yuen,, Raod.

Proof. — Since o(I1,m—1(2), F1, ,._,(2)» Wm) = 20m by [12, Th.10.4], we get (1) by

[38, Th.7.11 (2)]. We get the inclusion IT(Iy ,,—1(2), W) C I, by the definition

of a Weyl vector of (I m-1(2), Wm). We prove the converse inclusion. Let § €

(I3 m—1(2), Wp). Since Aut(W,) acts transitively on II,, by [27, Cor.26.7 (ii)],
I, = Aut(‘Wm) -6 C Aut(‘Wm) . H(Hl,m—1(2)7 (Wm)

Since Aut(W,,) preserves II(Iy m—1(2), W), we get II,,, C I (I m—1(2), Wp,). This

proves (2). We get (3) by (2.1) and (2).
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Since O(I1,m—1(2))/W (I1,m—1(2)) is finite by [29, Cor. 4.2.3], the first inclusion of
(4) follows from [30, Th.1.4.3 and (1.4.5)]. Since ﬁit’m_ L(2) is a self-dual cone and
since ) 4eq7,, R>0d is the dual cone of {v € I} ,—1(2) ®R; (v,d) > 0, Vd € II,,}, the
second inclusion of (4) is a consequence of the first inclusion of (4). a

Theorem 4.2. — If1 < m < 10, then the following hold:

(1) There ezists an automorphic form ®,, on me for Ot (A,,) of weight 14 —m
with zero divisor Dy, such that

®,n(2)® = Vs, (2,Fr,.)-
(2) The following identity holds for z € I 1,—1(2) ® R + i W,, with (Im 2)2 > 0:

(I)m(z) = 2mi(em,2) H H (1 _ 627ri()\,z))c§f))—m(’\2/2) ,
3€{0,1} rerr£®

where THH® := {X € 6om + T1m-1(2); A- Wm >0, A2 > 2(6 — 1)}.

Proof. — Since r(Ap) = l(An), we deduce from [38, Th.8.1] that the weight
of Wa,_ (z,Fa,,) is 2(14 — m) and that div(¥a,, (2, Fa,)) = 2Ds,. We set
¢ = ||¥a,.(2,Fa,)| in [87, Th.3.17]. Since we may choose v(AL) = 1 in [37,
Th. 3.17], we get the existence of an automorphic form ®,, on Qj{m for Ot (A,,) of
weight 14 — m with zero divisor 9,,,. Comparing the weights and zeros, we get
&2 =W, (-, Fa,,). This proves (1).

By [12, Th.10.4], we get o(L, Fr, W) = 20, when L =1 ,,_1(2) and W = W,,.
Since I1,m-1(2) = AT ® A @ --- @ A; and since 1z, = h/2, 1zq4, = d;/2, we get
h+di+---+dm-1)/2 = 0m mod I m_1(2). Since L =1; ,,—1(2) = 2LV,
I2.m(2)) = I(I2,m(2)) in (4.1), we get

<I’m(z)2 =Wy, (2, Fa,,)
2
= emiten) ] (1 : ezni<,\,z))26§?_m(*—:) I (1 _ ezm(x,z))%i?_m(%)

AemE© Aemt®

~

]']Il,m—l(z) =
N=2andr

~

2

eZn’i(gm,z) H H (1 _ eZwi(/\,z))cg?—m(Az/z)
8€{0,1} rerrt(®

This proves (2). O

We study the invariance property of ®,,. Recall that W (I; ,—1(2)) is the Weyl
group of Iy »,—1(2). By Proposition 4.1 (3) and the definition of II,,, we have

Aut(Wn) = {g € O (l1,m-1(2)); 9(om) = om}-
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By [27, Th.23.9], Aut(W,,) (4 < m < 9) is isomorphic to the Weyl group of
the root system of type A; x Ay, A4, Ds, Fg, E;, Fg, respectively. Since the
Weyl group W (I,m—1(2)) acts transitively on the set of Weyl chambers of I; ,—1(2),

O™ (I1,m-1(2)) is generated by the reflection groups W (I,;m—1(2)) and Aut(Wp,).

Proposition 4.3. — If 1 <m <9, then the following hold:
(1) For allr € Iy ;m—1(2)V with (r,0m) =0 mod 2,
B,(z+71) = Bp(2).
(2) For allw € W(Iym-1(2)),
B, (w(2)) = det(w) D (2).

(3) For all g € Aut(Wy,),
Pm(9(2)) = Pm(2).

Proof. — We get (1) by the infinite product expansion of ®,, in Theorem 4.2 (2).
Since Aut(W,,) preserves g, and Wy, 1@ and L™ are Aut(Wp,)-invariant. We
get (3) by the infinite product expansion of ®,, in Theorem 4.2.(2).

Since O%(I1,m-1(2)) € OT(U(2) ® I;,m—1(2)) and since ®,, is an automorphic
form for O+ (U(2) & I;,,-1(2)), there is a character ¢ € Hom(O* (I m-1(2)), C*)
such that ®,,(g(2)) = €(g9) ®m(2) for all g € O*(I;,m-1(2)). Since W (I m—1(2)) is
generated by the reflections {ss; 6 € Ay, . _,(2)}, it suffices to prove €(ss) = —1 for all
6 € Ay,,._,(2)- Since s3 = 1, we get €(ss) € {£1}. If €(ss) = 1, the vanishing order
of ®@,,, along the divisor Hs would be an even integer, which contradicts Theorem 4.2
(1), i.e., div(®m) = Dy, ,._,(2)- Hence we get €(ss) = —1. 0O

Question 4.4. — By Proposition 4.3 (1) and the infinite product expansion in Theorem
4.2, ®,,(z) has a Fourier expansion with integral Fourier coefficients. By the same
argument as in [17, Proof of Th. 2.3 (a)] (cf. [21]), we see that ®,,(z) has a Fourier
expansion of Lie type in the sense of [18, Def. 2.5.1]. Namely, the Fourier expansion
of ®,,,(2) with respect to the cusp defined by a primitive isotropic vector of U(2) is of
the form:

> det(w) {e?mi(wlem)2) _ 3 m(r) e2mitwlentn). )}

weW(l,m-1(2) r€(l1,m—1(2)+Zem)NWom \{0}

where m(r) € Z for all 7 € (I yn—1(2)+Zom )W \{0}. To get this Fourier expansion,
we used Propositions 4.1 and 4.3 (1), (2) instead of [17, Prop. 2.2, Egs (2.2), (2.3)].
Since ®,,(z) has a Fourier expansion of Lie type, there exists by [17, Sect.3 and
p. 222 Statement 6.8’], [18, Sect. 2.5] a Borcherds superalgebra g,, such that g,, is an
automorphic correction of the Kac-Moody algebra defined by the generalized Cartan
matrix (d,d)q sem,, and such that ®,,(z) is the denominator function of g,,.
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Since ®,,(z) has the Aut(W,,)-invariance by Proposition 4.3 (3), it is very likely
that there is an Aut(W,,)-action on g,, inducing the Aut(W,,)-invariance of ®,,(z).

In Theorem 6.4 below, we shall see that ®,,(2) is regarded as an automorphic form
on the Kihler moduli of a Del Pezzo surface of degree 10—m. A more interesting ques-
tion is the construction of ®,,(z) from the geometry of Del Pezzo surface. Is ®@,,(z)
(or equivalently @y (z) in Sect. 6) related to the Borcherds superalgebra constructed
in [20] for a Del Pezzo surface of degree 10 — m?

4.4. Borcherds products associated with the odd unimodular lattices. —
We identify I -1 ® R+ ¢ i?f['; .., With Q{j@ﬂl .._, by the isomorphism (2.2).

Theorem 4.5. — For 1 < m < 10, ®,,(2/2) is an automorphic form on Q‘l+J€B111 oy Jor

Ot (U@ Ty, m-1) of weight 14 — m with zero divisor 3 4cyer, ,._,, a2=—1 Ha-

Proof. — Set L = Iy,;n—1(2). Hence L(1) = I m—1. By (2.2), Quyer = Qa,, is
isomorphic to L ® R + ¢ &1 via the map

1 1
(42) t:LIR+i6L 32— [(——2—(2,2>L,5,Z)J GQU(Z)@L-

Identify U with U(2) via the identity map of the Abelian groups underlying them.
The lattice U® L(1/2) is an odd unimodular lattice. The map (2.2) gives the following
identification between L(1/2) ® R +i €1(1/2) and Qugr(1/2):

. 1
(4.3) Vi L(1/2) @ R+ i 82 32— [(—§(ZyZ)L(1/2), 1,2>] € Quer(1/2)-

The identity map of the free Z-modules underlying A,, = U(2) ® L and U @ L(1/2)
induces an isomorphism from Qy2)er t0 Qugr(1/2)- This isomorphism is denoted by
I: QU(2)@L 3 [2] — [2] € QU@L(I/z). By (4.2) and (4.3), we get

(4.4) () toTou(z) =22

By (4.2), (4.3), (4.4), an automorphic form ¥(2) on L(1/2) @ R+i &1 2) for Ot (U
L(1/2)) is identified with the automorphic form ¥((')~*oIou(z)) = ¥(22) on LQR+
i &1 for OT(U(2) @ L) via the identity map I: Qu@yer — Quer(i/2)- In particular,
®,,(2/2) is an automorphic form on Q?J—@Hl,m—l for OY (U@ 1y ,,—1) of weight 14 — m.
Since the zero divisor of ®,,(z/2) on Q‘I-‘;e)][l,m—l coincides with the zero divisor of

®,,(2) on 96(2)69111,m-1(2)’ we get

div(®m(2/2) = >, Hy= > H,.

dEAAm d€U$][1,m_1,d2=—1

This proves the theorem. O
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Remark 4.6. — Let ¢, ¢’ be primitive isotropic vectors of A,,. By [28, Prop.1.17.1],
there exists g € O(A,,) with g(e) = ¢’ if and only if et /e = (¢/)*/¢/. Since e!/eis a
unimodular Lorentzian lattice of signature (1, m—1), A,, has a unique O(A,,)-orbit of
primitive isotropic vectors if m # 2,10. If m = 2, 10, there exist two O(A,,)-orbits of
primitive isotropic vectors: If we set V := ((1) i), then As = UdV and A1 = UV Es.
Let ¢ (resp. ¢/) be a primitive isotropic vector of U (resp. V). Then ¢t /e is an odd
unimodular lattice, while (¢/)* /¢’ is an even unimodular lattice. Hence ¢ and ¢’ do
not lie on the same O(A,,)-orbit. Since the choice of an O(A,)-orbit of an isotropic
vector of A, corresponds to the choice of a zero-dimensional cusp of M} , M, = has
a unique zero-dimensional cusp if 3 <m < 9.

4.5. The Borcherds ®-function and ®,o. — By [12, Th.13.3], [38, Th.8.1],
‘IIU(2)@U(2)(BE3(2)(',FU(?)G)U(2)Q)IE3(2)) is a meromorphic function on ﬂ’lU(z)@U(z)@Ea(z)
without zeros and poles and hence is a constant function. By comparing the exponents
of the infinite product (4.1), this implies that the Fourier coeflicients of féo) (7) and
él)(T) satisfy the following relation:

(4.5) em)+cVem)=0, meZ
Since n(27)~16n(47)® = ], (1 — ¢2")(1 + ¢*)~!, we get by the definition of f{"(r)
(4.6) P@m-1)=0, meZ

Let A = U(2) @ U ® Eg(2). The weight of ¥,(-, Fy) is 4 by [12, Th.13.3], [38,
Th.8.1]. The automorphic form W (-, Fy) is the Borcherds ®-function of dimension
10 (cf. [11]). Weset N = 2, L = U@ Eg(2) and p = ((0,1),0g,(2)) in (4.1). Then
o(L,, FLW) = p by [12, Th. 10.4]. Substituting this into (4.1) and using (4.5), (4.6),
we get the expression in [11]:

Ua(z, Fp) = £2mi(p,2) H 1- e27ri(/\,z))e()\)céo)()\z/2)’
reAtU(LNE})

which is the denominator function of the fake monster algebra [10, Sect. 14 Example
3]. Here €(\) =1 when A € 2LY. When X € L\ (2LVY), we set () = 1 if A\2/2 ¢ 2Z
and €()\) = —1 if A\2/2 € 2Z. Then ¥, (-, F}) is identified with ®;, as follows.

Using the basis {h,d1,...,dg} of I; 9(2) with Gram matrix I; 9(2), we define

8
K = {k € I;(2); (k,do) = (k,3h — ) _ d;) = 0} = Eg(2),
i=1
where the last isometry follows from e.g. [27, Th.25.4]. We set

9 8
fr=(@Bh—) di)/2=0s, f:=(3h—) di+ds)/2.
=1 i=1
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Then §2 = (f)? = 0 and (f,f') = 1. We define L := Zf + Zf + Zh + 3_5_, Zd;, which
is equipped with the bilinear form induced from I; ¢(2). Since

8

(4.7) Zh®Zd, & - - ®Zdy = Z(3h—2di)€BZd9€BK= ZH# +f)0Z(f -f)o K
i=1

and hence L = Zf ® Zf' @ K, we get L = U @ Eg(2). Since I; 9(2) C L, we have
the inclusion of lattices Ajg = U(2) @ I;9(2) C U(2) ® L = A, which yields the
identification Qa,, = Q. Since O(A1p) = {9 € O(A); g(A10) = A1} C O(A), an
automorphic form on QF  for O*(Ajo) is identified with an automorphic form on QF
for the cofinite subgroup O*(A19) C OT(A).

Theorem 4.7. — Under the identification QXW = QX and the inclusion of groups
O%(A10) C OF(A) induced from the inclusion of lattices A1o C A as above,
@10 = UA(:, Fi).

Proof. — We prove Ap,, = Ap. Since Ajg C A and hence Ay,, C Ay, it suffices to
prove Ap,, D Aj. Let d = (a,b,m,n,A) € Ap, where (a,b) € U(2), (m,n) € U, and
X € Eg(2). Since d? = 4ab+ 2mn + A2 = —2 and A\? = 0 mod 4, we get mn = 1
mod 2 and hence m =n =1 mod 2. By (4.7), we get

PRG54 ) + S — )+ A € Tig(2).

This proves d € Ao = U(2) @ I,9(2). Since Ap,, = A via the inclusion Ajp C A,
both of ®19 and ¥ (-, Fp) are automorphic forms on QX for O (A1) of weight 4 with
zero divisor D5. Hence @19 = Const. ¥ (-, F) by the Koecher principle. Comparing

mf+nf +A=

lim, 400 P10(2) and lim,_, ;00 YA (2, F7), we get the result. O

5. The BCOV invariant of Borcea—Voisin threefolds

5.1. The BCOV invariant of Calabi—Yau threefolds. — Let X be a compact
Kahler manifold with Kéhler form 7. Let D := v/2(8 + 0*) be the Dirac operator of
(X,~) and let O, 4 := D? be the Laplacian of (X, ) acting on (p, g)-forms on X. Let
(p,q(s) be the spectral zeta function of [, ;. After Ray-Singer [33], Bismut-Gillet-
Soulé [7], and Bershadsky-Cecotti-Ooguri-Vafa [3], we make the following:

Definition 5.1. — The BCOYV torsion of (X, ) is the real number defined by
Tcov(X,7) = exp[— Y (=1)P*pq(} ,(0)].

P,q20

Assume that X is a Calabi-Yau n-fold. Let Vol(X,v) = (2m)~" [, 7"/n! be the
volume of (X,v) and let ¢;(X,~) denote the i-th Chern form of (T'X,~y). Let  be a
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nowhere vanishing holomorphic n-form on X, whose L?-norm is defined as ||n||2. =
(2r)~"(v=1)* [ n A 7. Define

(V=D)"nAq Vol(X, ,y)) en(X, 7)]
7 /n! lImllZ. 12
Set b2(X) := dim H?(X,R). Let {es,...,ep,(x)} be an integral basis of the free
Z-module H*(X,Z)s, := H?(X,Z)/Torsion. Let s be a Kihler class on X, and let
Vol 2 (H?(X,Z), k) be the covolume of H2(X,Z) with respect to , i.e.,

Volyz(H*(X,Z), k) := det ({e;,€;)12,5) = VOl(H?*(X,R)/H*(X, Z)g, (*, ) 12,)-

@(X,v) := Vol(X, 7)% exp [-—/ log(
X

Definition 5.2. — When X is a Calabi—Yau threefold, define

racov(X) i= 8(X,v) IBcov(X,7)
BCOVEE) ™= Vol(X, )3 Vol (H2(X, Z), 7))

We call Tgcov(X) the BCOV invariant of X.

The following result is a consequence of the curvature formula for Quillen metrics
[7, Th.0.1].

Theorem 5.3. — When X is a Calabi-Yau threefold, Tscov(X) is independent of the
choice of a Kdihler metric on X. In particular, Tscov(X) is an invariant of X.

Proof. — See [14, Th. 4.16]. O

5.2. The singularity of the BCOV invariant. — The following result is an
application of the immersion formula for Quillen metrics [8], [5] (cf. [39]).

Theorem 5.4. — Let X be an irreducible projective algebraic fourfold and let S be a
compact Riemann surface. Let m: X — S be a surjective, flat holomorphic map. Let
D C S be a reduced divisor and set X° := X \ 77 1(D), S° := S\ D, 7° := 7w|qo. Let
0 € D, and let (U,t) be a coordinate neighborhood of S centered at 0 such that U \ {0}
is isomorphic to the unit punctured disc in C. If m°: X° — S° is a smooth morphism
whose fibers are Calabi-Yau threefolds, then there exists a € R such that

log TBcov (X¢) = a log [t|* + O(log(— log [¢|*)) (¢ — 0).
Proof. — See {14, Th.9.1]. O
For a Borcea-Voisin threefold (X (s 9,1, 71, 72) of type A, set

Thoov(@a+ (S,0), 2(T)) = tcov(X(s,6,1))-

By Theorem 3.7, 7Aooy is a function on 3 x M.
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Proposition 5.5. — Let (p,q) € @Z x M and let C C M}y be an irreducible projective
curve passing through p. Assume that p € C \ SingC and that C intersects 52
transversally at p. Let (V,s) be a coordinate neighborhood of p in C centered at p
satisfying (M3 \ M) NV = {p} and sup,cy |s(2)| < 1. Then there exist constants
a € R and K € R such that for all z € V' \ {p},

(5.1) [TBcov|v(z,a) + a log|s(2)]?] < K log(—log|s(2)?).

Proof. — Let m: X — B, f: (B,b) — (C,p), and (U,b) C (B,b) be the same as in
Theorem 3.8. Choosing U sufficiently small, f*s is a coordinate on U centered at
b. It suffices to prove (5.1) when V = f(U). By Theorem 5.4 applied to the family
m: X — B, there exist constants @ € R and K € R such that for all b€ U \ {b},

(5.2) [T8covlsw) (f(b),q) + a log|s(f(0))|*| < K log(—log|s(f(b))I*),

because Thoov|sw)(f(8),d) = TBcov(X(w,.6,,7)) by Theorem 3.8 (2). By setting
z = f(b), Estimate (5.1) follows from (5.2). O

Proposition 5.6. — Let p € M). Let p: & — B be an admissible elliptic fibration
over a compact Riemann surface with a holomorphic section such that & is projective.
For b € jg/lB({oo}), let (V,s) be a coordinate neighborhood of b in B centered at b
satisfying sup,cy |$(2)| < 1 and V N jg/lB({oo}) = {b}. Then there exist constants
B € R and K € Rsq such that for all z € V' \ {b},

(5.3) [TBcov (p, (Eb)) + B log|s(2)|?| < K log(—log|s(z)|?).

Proof. — Let w: ¥ — B be the same as in Theorem 3.9. The result follows from
Theorem 5.4 applied to the family 7: ¥ — B. O
5.3. The BCOV invariant of Borcea—Voisin threefolds of type A,,. — Let

A(T) := n(1)** = q[[nZ1(1 — ¢™)?* be the Jacobi A-function. Then A(T) is a cusp
form on §) for SLy(Z) of weight 12. Let |A(7)||? := (Im7)*2|A(7)|? be the Petersson
norm of A(7), which is a SLy(Z)-invariant C* function on §). We often regard
|A(T)||? as a function on M = SLy(Z)\9H.

Theorem 5.7. — Assume that m =0 or 4 < m < 9 and set |®p,|| := 1 when m = 0.
Then there ezists a constant C,, depending only on m such that for every Borcea—
Voisin threefold (X (s, 1), ™1, 72) of type Am,

(5.4) 800V (X(5,6,7)) = Cm [|@m (@ (S,0)) - |AR(T))|I*.

Since ®,, is the denominator function of a Borcherds superalgebra (cf. Question
4.4), Theorem 5.7 implies that the conjecture of Harvey-Moore [19, Sect.7 Conjec-
ture] holds for Borcea—Voisin threefolds of type Ap,, 4 <m < 9.
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For the proof of Theorem 5.7, we need some intermediate results. Let
Hm: QAm Xﬁ—>mAm X M

be the natural projection and set

A o * =A
T88ov = I TeCov-

By Theorems 3.7 and 5.3, Thgoy is an OF (Ay,) x SLy(Z)-invariant C* function on

2. X 9. Set
—Amn
— T
Fpn :=log | —2OY_— ]
" [Il‘I%nIPIIAII2

Then F,, is a function on M3 x M. Set

Fp:=I}F,,,
which is an O(Ap,)* x SLy(Z)-invariant C* function on Q}  x 5.
Lemma 5.8. — If 0 <m <9, then F,, is pluri-harmonic on me X 5.

Proof. — Let X = X(g,9,1) be the Calabi-Yau threefold underlying a Borcea—Voisin
threefold of type A,, and let 7: (%, X) — (Def(X), [X]) be the Kuranishi family of X.
Similarly, let 7’: ((&,0), (S, 8)) — (Def(S,8),[(S,0)]) and n”: (T,T) — (Def(T), [T])
be the Kuranishi family of (S,6) and T, respectively. Comparing the dimensions of
the Kuranishi spaces (cf. Remark 3.11 and (3.11)), we have an isomorphism of germs
(Def (S, 6),[(S,0)]) x (Def(T), [T]) = (Def(X), [X]), which is induced by the map

(Def(5,6),[(S,0)]) x (Def(T), [T]) 3 (s,t) = [X(s, 6.,1)] € (Def(X), [X]).
We regard Def(X) as a small open subset of QF x §). Similarly, we regard Def(S, )
and Def(T') as small open subsets of 2} and $), respectively.

Let &' € H®(Def(S,0), m«Ks/pet(s,0)), £’ € H°(Def(T), muKg/per(ry) and & €
HO(Def(X), . Kx /Def(x)) be nowhere vanishing relative canonical forms, respectively.
Then £|(, ) is a non-zero holomorphic 3-form on X(g, ¢, ;). Let ||£||2, be the C™
function on Def(X) C Q3 = x §) defined as

IE2a(s,2) = /X Elon ABlanl,  (5,8) € Def(X).

(S_.,,Hs,Tt)

We define the functions [|¢||3. € C*(Def(S,0)) and ||¢”[|2, € C°°(Def(T)) in the
same manner. Since the holomorphic 3-form §'|s A €”|; on (S, x T3)/0s x (1),
lifts to a holomorphic 3-form on X (g, ¢, 7,), there is a nowhere vanishing holomorphic
function 3 € ©(Def(X)) such that

lENZ2 = 17 €' IZ2l1€" 1172
Let wwp be the Weil-Petersson form on Qf ~x$). Then log ||£]|2, is a local potential
function of wwp (cf. [14, Sect.4.2]). Similarly, log ||¢’[|2, is a local potential function

SOCIETE MATHEMATIQUE DE FRANCE 2009


file:////ZWl/2

380 K. YOSHIKAWA

of wp,, (cf. [38, Eq.(5.4)]). Let wg be the Kihler form of the Poincaré metric on §,
ie.,

wg = —dd°logIm .
Then log [|£”]|2, is a local potential function of wg.

Since wwp, wa,,, ws have potentials [|€]|2,, [|€]|22, [€”]|2. respectively, we have

wwp|pet(x) = —dd®log ||€]|3: = —dd®log([|€' |22 11€"132) = wa,. IDet(5,0) + w5 |Det(T)s
which implies the following equation of (1,1)-forms on Qf X $:
(5.5) WWP = WA, +Ws-
Let Ric(wwp), Ric(wa,, ), Ric(wg) be the Ricci-forms of wwp, wa,,, wg, respectively.
By (5.5), we get
(5.6) Ric(wwp) = Ric(wa,,) + Ric(wg) = —mwa,, — 2wy,

where we used [22, Th. 4.1] and the explicit formula for the Bergman kernel [23, p. 34]
to get the second equality. Notice that K ([2])~("(A)=2) is the Bergman kernel of Q2
up to a constant by [23, p. 34].

Let A2 and x denote the Hodge number and the Euler characteristic of a Borcea—
Voisin threefold of type A, (cf. (3.11), (3.12)). By [14, Th.4.14], Lemma 3.12, (5.5),
(5.6), we get the following equation of C* (1,1)-forms on Q3 x %:

(5.7) dd®log TpGoy = — (h1'2 + {—(2- + 3) wwp —Ric(wwp) = —(14—m) wyp,, —12wg.

Since ®,, is an automorphic form on Qf for O*(An,) of weight 14 — m with zero
divisor D,,, by Theorem 4.2 and since A(7) is an elliptic modular form for SLy(Z)
without zeros on ), we get the following equation on Q3 X $

—dd®log(||®m|*|A]1%) = (14 = m) wa,, + 12w,

which, together with (5.7), yields the desired equation dd°F,, =0 on QF x $. This
proves the lemma. O

Lemma5.9. — Let A C C be the unit disc and set A* := A\ {0}. Let f be a
real-valued pluri-harmonic function on A* x A™. Assume the existence of real-valued
functions a(z) and C(z) on A™ such that for all |t| < § and z € A",

|£(t,2) — a(2) log [t|*| < C(2) log(—log t]).

Then a(z) is a constant function on A™ and there ezists a real-valued pluri-harmonic
function ¢(t,z) on A™*! such that the following equation holds on A* x A™:

flt,2) = aloglt] +¢(t,2), a=a(0).
In particular, the following identity of currents on A™! holds

dd°f = & b0y xan-
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Proof. — Fix z € A™. Since dd°f = 0 on A* x A", we can put P = f(-,2), a = a(z),
g = 0 in [37, Prop. 3.11]. For each z € A", there exists by [37, Prop. 3.11] a harmonic
function ¢(-, z) on A satisfying the following the equation on A* x {z}:

f(t,2) = a(2) log [t]* + ¢(t, 2).

By the same argument as in [6, pp. 54-75, Proof of Prop. 10.2 (ii)], a(z) is a constant
function on A™ and ¢(t, 2) is a pluri-harmonic function on A™+1. O

Lemma 5.10. — Let 0 <m < 9. For every d € Ay, , there exists a(d) € R such that
the following equation of currents on 25, X $ holds:

(5.8) dd°Frn= ),  o(d)dm,xs.
dedn,, /[{£1}
Proof. — Since the result is obvious when m = 0, we assume 1 < m < 9. By [37,

Prop. 1.9 (2)], there is a Zariski closed subset Z,, C €25, of codimension > 2 such
that Q3 U DR = Qa, \ Zm. Let P C Q} U 9D}  be a small polydisc and set
H:=PnN @Xm. Choosing P smaller if necessary, we may assume that H is a smooth
hypersurfaces of P. By the same argument as in [37, Sect. 7 Step 1], there is a system
of coordinates (fi, ..., fm) on P such that fi,..., f extend to meromorphic functions
on Mj and such that H is defined by the equation f; = 0. By Proposition 5.5 and
Lemma 5.8, there exist real-valued functions a(fs,..., fm,7) and C(f2,..., fm,7)
defined on H x $ such that the following estimate holds on (P \ H) X $:

lFm(flvf27"'vfm’T) - a(fZ,"‘ 7fmaT) 10g|f1l2| < C(f2,"'7fm’7—) 10g(—10g|f1|2)

By Lemma 5.9 applied to F|(p\H#)x%, @ is a constant function on H x §) and the
equation of currents dd°F,,|pxs = @daxg holds on P x §. This implies (5.8) on
Q% _UDy,. =94, \ Zm By [35, p. 53 Th.1], Eq.(5.8) holds on Q4. O

Lemma 5.11. — Letm =0 or 4 < m < 9. Then Fy, is pluri-harmonic on Q4 X 9.

In particular, F,, extends to a pluri-harmonic function on M, x 9.

Proof. — When m = 0, 4, is a point and Ap,, = @. The result follows from (5.8)
in this case. We assume 4 < m < 9. By Lemma 5.9, it suffices to prove a(d) = 0
for all d € Ay, /{£1}. Let v € O*(A,,). Since F,, is O (A,,)-invariant and hence
Y*dd°F,, = dd°F,,, we get by (5.8)
Yo adbaxn=7( Y, adbmixs)= Y, o(d)ugxs
deAy,, /{£1} dedp,, /{£1} d€Ap,, /{£1}

Hence a(y(d)) = a(d) for all d € Ay, /{£1l} and v € O*(A,,). Since m > 4,
Ay, /{£1} consists of a unique O* (A, )-orbit by [38, Prop. 11.8]. There exists @ € R
such that a(d) = a for all d € Ay, /{£1}. Replacing F,, by —F,, if necessary, we
may assume that a > 0.
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Let g € ) be an arbitrary point. Set fi, := Filq,  x{q}- Equation (5.8) restricted
to Qa,, x {q} yields that

(5.9) dd°fn = dd°(Finlay, x{a) =@ D OHyx{q)-
deAn,, /{£1}

Assume a # 0. By (5.9) and the Ot (Ay,)-invariance of Fi,|q,, x{q}, We may set
¢ = fm, p = ¢ =0 in [37, Th.3.17]. Then there would exist by [37, Th.3.17] an
integer v > 1 and an O™ (A,,)-invariant meromorphic function 9 on 2, such that

fm = alog |z/;|2/”, div(y)) = vDa,,,.

Since dim(My \ My, ) < dim M, — 2 when m > 3, we deduce from the Levi
extension theorem [1, Th.1.8.7] that 1 descends to a meromorphic function % on
My, . Since div(¢) = vDa,, by the relation div(y) = vDa,,, we get a contradiction
that the divisor of the meromorphic function 1; on the compact complex space ﬂft}‘\m
is non-zero and effective. Hence a(d) =a=0for alld € A, .. O

Lemma 5.12. — Let pry: My, X M — I be the projection. fm=00ord<m<9,
then there ezists a harmonic function ¢, on M such that Fp, = (pry)*dm.

Proof. — Since My, is a point when m = 0, the result is obvious in this case. We
assume 4 < m < 9. By Lemma 5.11, F,, extends to a pluri-harmonic function on
Mn,, x I when 4 <m < 9. Since dim(My, \Mp,,) < dim M) —2 when m > 3 and
since /M) is normal, F,, extends to a pluri-harmonic function on My, x M by [15,
Satz 4]. Since M}  is compact, F,, is constant on every slice #} x {q}, q € M, by
the maximum principle. This proves the lemma. O

5.4. Proof of Theorem 5.7. — Let 9* be the compactification of the modular
curve I = SLy(Z)\$ and set oo := M* \ M. The j-function induces an isomorphism
j: 9 = P! with j(co) = oo and j(9M) = C, such that 1/j is a local coordinate of
IM* centered at co. Since j(7) = ¢~ + O(1) and A(7) = g + O(q?) near 7 = +ico,
the following estimate holds near j = oco:

(5.10) log [|A[|* = log|;|* + O(loglog|5]).

Let (S,0) be a 2-elementary K3 surface of type A,, with period p € M} . Let
p: & — B be an admissible elliptic surface with a holomorphic section such that & is
projective and such that there exists a singular fiber of type Iy, i.e., a nodal rational
curve with a unique node. Such an elliptic fibration exists by Example 3.10. Set
Ey :=p~}(b) for b € B. Let b € Ag,p be such that Ej is a nodal rational curve with
a unique node. Then 1/j¢/p is a local coordinate of B near b. By (5.3), (5.10) and
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the definition of F,,, there exists ¥ € R such that as b — b,
Fom(p,js/p(b)) = logTatoy (b, js/B(b)) — log [|@m (p)||* — log [|A(R2(Es))II
= v log |jg/p(b)|* + O(loglog |jg/(b)[?).

Since F,, = (pry)*¢,, and since ¢, is a harmonic function on M = P!\ {oo}, we

(5.11)

deduce from (5.11) the following estimate near j = oo:

(5.12) ¢m(5) = 7 log|j|* + O(loglog |j)).

Assume that v # 0. Since ¢,, is a harmonic function on M = P!\ {co}, 8¢, must
be a meromorphic 1-form on P! with divisor div(8¢,,) = —{oo} by (5.12). Namely,
O¢m is a logarithmic 1-form on P! with a unique pole at co. This contradicts the
residue theorem. Hence v = 0 and ¢,, extends to a harmonic function on P!. By
the maximum principle, ¢,, is a constant. This proves that F,, = pri¢,, is also a
constant. This completes the proof of Theorem 5.7. O

The proof contains technical difficulties when 1 < m < 3; when m = 3, -@Am is not
irreducible by [38, Prop. 11.8] and we can not get Lemma 5.11 by the same argument;
when m = 1,2, the boundary locus M} \ Mx,, is a divisor of M} and the Hartogs
extension theorem does not apply in Lemmas 5.11 and 5.12.

Conjecture 5.13. — Equation (5.4) holds when 1 < m < 3.

5.5. Factorization of the BCOV invariant for Borcea—Voisin threefolds.
— Let (X,7) be a compact Kéhler manifold. Let G be a compact Lie group acting
holomorphically on X and preserving 7. Recall that [y 4 is the Laplacian acting on
C* (0,q)-forms on X. Let 0(Co,4) be the spectrum of Oy 4. For A € o(Oo,q), let
Ep,q(X) be the eigenspace of [y ; with respect to the eigenvalue A. Since G preserves
v, Eo,q(A) is a finite-dimensional unitary representation of G. For g € G and s € C,
set
Co,q(9)(s) == > Tr(glEe,m)A*
A€a(To,q)\{0}
Then (o q(g)(s) converges absolutely when Res > dim X, admits a meromorphic
continuation to the complex plane C, and is holomorphic at s = 0. The equivariant
analytic torsion of (X,~) is the class function on G defined by
16(X,7)(9) := exp[— D _(~1)7q (5 4(9)(0))-
q20
When g = 1, 7¢(X,v)(1) is denoted by 7(X,v). We refer to [4], [25] for more about
equivariant analytic torsion.
Let (S, 6) be a 2-elementary K3 surface of type M. Identify Z, with the subgroup
of Aut(S) generated by 6. Let v be a Zy-invariant Kihler form on S and let 7 be
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a nonzero holomorphic 2-form on S. Let S% = >~ C; be the decomposition into the
connected components. In [37], we introduced the number

14—r(M)
TM(S1 0) = VOl(Sa 7) 4 TZ, (S’ 7)(0) H VOl(Ci’ 7|Ci )T(Ci’ 7'03‘)

1 / nA7 Vol(&v))
Xexp |- lo —_
[8 5 g(72/2! iz /).,

By [37], (S, 0) is an invariant of the pair (S, 8), so that 75s descends to a function
on Mj, 1, the coarse moduli space of 2-elementary K3 surfaces of type M.

01(50’7|59)] .

Theorem 5.14. — Ifm =0 or 3 < m < 9, there exists a constant Cy,, depending only
on A, such that for every 2-elementary K3 surface (S,0) of type A}-,

Tas (S,0) = Ca,, |®m(was (S,0))] 2.

Proof. — Since M} is a point when m = 0, the result is obvious in this case. When
3 <m <9, the result follows from [38, Th.9.1] and Theorem 4.2 (1). a

Let E be an elliptic curve and let v be a Kéhler form on E. Let £ be a nonzero
holomorphic 1-form on E. We set

T (B) i= Vol(E, ) 7(B,) exp [ 5 [ 108 (£22) (8]
Since x(E) = || g C1(E,7) = 0, T(E)eniptic is independent of the choice of &.
Lemma 5.15. — The following identity holds:
Tetipic(E) = | A(2(E))|¢.
Proof. — The result follows from [7, Th.0.2] and the Kronecker limit formula. O

Theorem 5.16. — Assume m = 0 or 4 < m < 9. The following identity holds for

every Borcea—Voisin threefold (X (s,0,1), 71, T2) of type Am:
mBoov (X(s5,6,7)) = CmCi,, Tas (S,0) ™ Tentiptic(T) ™12

Proof. — The result follows from Theorems 5.7 and 5.14 and Lemma 5.15. O

Conjecture 5.17. — If A C Lks3 is a primitive 2-elementary sublattice with sign(A) =

(2,7(A) — 2), then there exist constants a(A), b(A), C(A) depending only on A such

that for every Borcea—Voisin threefold (X(s,,1), 71, 72) of type A,

TBoov(X(s,6,1)) = C(A) Ta1 (S, 0)*™ Tepipyic (T)°™).

If this conjecture holds, then an explicit formula for the BCOV invariant of the
Borcea—Voisin threefolds of type A will be obtained from [38, Th. 0.1] when r(A) < 11
or (r(A),8(A)) = (12,1).
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Question 5.18. — Let X (g4 ) be a Borcea—Voisin threefold and let m: X(s91) —
(S x T)/Z; be the projection with exceptional divisor E := w~!(Sing (S x T)/Z3).
Then E has the structure of a Pl-bundle over Sing (S x T)/Zs, whose fiber has
negative intersection number with E.

Let v be a Kahler metric on (S x T)/Z; in the sense of orbifolds and let 7. be a
family of Kéhler metrics on X (s ¢ 1) converging to v as € — 0 such that

el = 7*[v] — ec1([E]), 0<ex 1.

It is very likely that IBcov(X(s,6,1), Ye)» B(X(s,6,1)1 V)5 VOlLZ(Hz(X(S’gYT), Z),[v])
admit the following asymptotic expansions as € — 0:

log 7Bcov(X(s,6,1),Ye) = a1loge+ 81 + o(1),
log &(X (s,0,1),7e) = azloge + B2 + o(1),
log Vol: (H*(X(s,6,1), Z), [7e]) = a3 loge + B3 + o(1).

It is worth asking explicit formulae for $1, B2, B3, which will lead to direct proofs of
Theorems 5.7 and 5.16 and Conjecture 5.13 (and possibly Conjecture 5.17).

Question 5.19. — As an application of the arithmetic Lefschetz formula [24], the
arithmetic counterpart of the invariant 7js and hence ®,, was studied by Maillot—
Rossler [26]. After [26] and Theorem 5.16, it is worth asking the arithmetic counter-
part of the BCOV invariant for general Calabi—Yau threefolds.

6. Automorphic forms on the Kihler moduli of a Del Pezzo surface

6.1. Del Pezzo surfaces. — A compact connected smooth complex surface V
is a Del Pezzo surface if its anti-canonical line bundle K;l is ample. The integer
degV := ¢1(V)? is called the degree of V. Then 1 < degV < 9. Throughout this
section, V' is a Del Pezzo surface. A Del Pezzo surface of degree d # 8 is isomorphic
to the blow-up of P2 at 9 —d points in general position. A Del Pezzo surface of degree
8 is isomorphic to the blow-up of P? at one point or to P! x P1. If degV = d, then
H?(V,Z) equipped with the cup-product is isometric to I; 9_4 or to U. Let (-,-)v
denote the cup-product pairing on the total integral cohomology lattice of V
H(V,Z):= H(V,Z) ® H*(V,Z) ® H*(V, Z).
We have an isometry of lattices (H(V, Z), (-, )v) 2 U 9_gegv if V ¥ P! x P! and
(H(\V,Z),{(-,)v)2UaUif V2 P! x Pl. The Z-module H°(V,Z) (resp. H*(V,Z))
has natural generators [1] (resp. [V]V) such that ([1],[V]V)y = 1.
Let 1 <m < 9andlet Py,...,P,_; be m—1 points of P? in general position. Let

7: V — P2 be the blow-up of P? at P,,...,P,_;. Then V is a Del Pezzo surface
of degree 10 — m. Set E; = 7~ }(B;). Then Ej,...,E,,_; are (—1)-curves of V. Set
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H := m*c1(0p2(1)) € H3(V,Z) and D; := c;([E;]), where [E;] is the line bundle on
V defined by the divisor E;. Then {H,Dy,...,Dy_1} is a basis of H%(V,Z) over Z
with Gram matrix I; ,,—;. By the adjunction formula, we have

a(V)=ca(Ky')=3H~ (D1 + -+ Dp_1).

Recall that the basis {h,di,...,dm—1} of I; ,—1(2) and the Weyl vector g,, €
I1,m-1(2)V were defined in Sect.4.3. Let i: H%(V,2Z) — I; »—1(2) be the isomor-
phism of Z-modules defined by

(H)=h, iD)=d; (@(<i<m—1).

The following identities hold:

(61) (i(v)7i(w))][1,m—l(2) = 2<U’w>V’ Vo,we H2(V1 Z),
(6.2) i(c1(V)) = 2em.
Set

Exc(V) := {c1([C]) € H*(V,Z); C is a (—1)-curve on V'}.
By [27, Th.26.2 (i),
(6.3) i(Exc(V)) = I1,,,.
The set of effective classes on V is the subset of H?(V,Z) defined by
Eff(V) := {a1(L) € H*(V,Z); L € H(V, 0,), h°(L) > 0}.

We set Eff(V)>, := {a € Eff(V); a2 > m} for m € Z. Let Xy C H%(V,R) be the
set of Kahler classes on V. By Nakai’s criterion [1, Chap.IV Cor.5.4], Xy is the cone
of H%(V,R) given by Xv = {z € H%(V,R); 22 > 0, (z ,a)y > 0,Va € Eff(V)}.
If D is an irreducible projective curve on V with arithmetic genus a(D), we get
c1([D))? = 2a(D) — 2 + deg(Ky'|p) > 2a(D) — 1 > —1 by the adjunction formula
and the ampleness of K;l. If ¢;([D])? = —1 for an irreducible curve D C V, then
a(D) = 0 and D must be a (—1)-curve by [27, Th.26.2 (i)]. Hence c;([D])? > 0 if
c1([D]) ¢ Exc(V). Since H2(V,R) is a Lorentzian vector space, this implies that

(6.4) Kv = {z € H*(V,R); 22 > 0, (z ,8)v >0, VJ € Exc(V)}.
By Proposition 4.1 (3) and (6.3), (6.4), we get
(6.5) Wm =i{(Kv).

Lemma 6.1. — Let L be a holomorphic line bundle on V with c¢;(L)?2 > —1. Then
c1(L) - Kv > 0 if and only if L is effective, i.e., h°(L) > 0.
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Proof. — Assume that ¢;(L) - Xy > 0 and ¢;(L)? > —1. By the Riemann-Roch
theorem, h®(L) — h'(L) + h®(Ky ® L) = 1 + {{e1(V),e1(L))v + c1(L)?}/2. Since
c1(V) € Ky and ¢;(L)? > —1, we get h°(L) + h®(Ky ® L) > 1. Since K} is
ample, we get (c;(Ky '), ci(Ky ® L™Y))y = —e1(Ky1)? — (ei(Kyt), er(L))v < 0 by
the condition ¢; (L) - Xy > 0. It follows from Nakai’s criterion [1, Chap.4 Cor. 5.4]
that Ky ® L~! is not effective, i.e., h°(Ky ® L™!) = 0. Thus we get h°(L) > 0.

If R9(L) > 0 and c¢;(L)? > -1, then L is effective and hence (c1(L),k)y > 0 for
every Kihler class k € H2(V,R) on V. This proves the converse. O

Recall that the subset H?,L,(‘s) was defined in Theorem 4.2 (2).

Lemma 6.2. — The following identities hold:
(1) i (1) = B (V)51
2) i~ Y1) = {a € H2(V,Q); 20 € EA(V) >0, @ = ¢1(V)/2 mod H3(V,Z)}.

Proof. — By (6.1), (6.5), the result is a consequence of Lemma 6.1 and the definition
of T ®. O

6.2. An automorphic form on the Kihler moduli of V. — The complexified
Kihler cone of V is the tube domain of H?(V, C) defined as H2(V,R) +i Xy. Recall
that €p2(v,z) is the positive cone of the Lorentzian vector space H 2(V,Z). Let Ya"t
be the component of €2 (v,z) containing Ky . The complexified Kéhler cone of V' is
regarded as an open subset of Q;(V,z) via (2.2):

2
, 1
HV,R) +i%y 50— [ +n- T V)] € 0f g
Definition 6.3. — Define a formal infinite product ®y(w) on H2(V,R) + i Xy by
) ) @ (a?)
¢V(w) o= ewz(cl(V),w)v H (1 _ e21rz(a,*w)v) deg V
a€Eff(V)
x I1 (1 eritomn ) seav 1D,
BEER(V), B/2=c1(V)/2 mod H2(V,Z)
This is an analogue of similar infinite products for algebraic K3 surfaces [16].
Theorem 6.4. — The following identity holds:
Oy (w) = P10-qeg v (I(w)/2).

In particular, ®v (w) converges absolutely for w € H2(V,R)+i Xy with (Imw)? > 0.
Under the identification H*(V,R) + 1 gEZ(MZ) = Q;}(V,z) given by (2.2), Py extends
to an automorphic form on Qy(y,z) for OT(H(V,Z)) of weight degV + 4 with zero
divisor EJGH(V,Z), 62=—1 Hg.
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Proof. — Set m =10 — degV. By Theorem 4.2 (2), we get

. 3 R . c(6) (A2/2)
., (i(w)/2) = 27 {om,i(w)/2) H H (1 _ e2mi(\i(w)/2) ) 10-m
6€Z; ,\En;""(d)

= eﬂi(cl(v)aw)v H H (1 _ e21ri(a,w)v)c§?—m(a2)
0€Z2 gei-1(IHY)

wi{c1(V),w) H ( 27i{a,w) )Ct(‘lO)s V(az)
=€ 1 Y W)v 1—e¢e W)v ©
a€Eff(V)

. ) (a?)
x H (1 _ e21r1(a,w)v) deg V
2a€Eff(V), a=c1(V)/2 mod H2(V,Z)
= d5v(w),

where the second equality follows from (6.1), (6.2) and the third equality follows from
Lemma 6.2 and the vanishings (£) = 0 for £ < —1 and c¥ () =0 for £ < 0. The
rest of the theorem follows from Theorems 4.2 (1) and 4.5. 0O

Remark 6.5. — Let A be the total cohomology lattice of a K3 surface. In [12, Ex-
ample 15.2], Borcherds constructed an O (A)-invariant real analytic function on the
Grassmannian G+ (A) with singularities along the subgrassmannians orthogonal to
vectors of A of norm —2. The automorphic form $y may be regarded as an analogue
of this Borcherds’ function for Del Pezzo surfaces.

Let (S,0) be a 2-elementary K3 surface of type M with M+ = H(V,Z)(2). By
definition, there is an isometry j: H2(S,Z) — H(V,Z)(2). By (2.2), there is a vector
@m(S,0,)) € H*(V,R) + i €} with

‘ _ o1 .
JHO(S,C)) = | 1]+ Bwm(S,6,5) — 5Tm(S,6,))° [V]V] € Yaway

Theorem 6.6. — If degV < 7, there is a constant Caegy depending only on degV
such that for every 2-elementary K3 surface (S,8) of type M with M+ = Aio—deg v,

2(5,0) = Cacgv v (@ (S,6,3)) % .

Notice that the left hand side is a function on the moduli space of 2-elementary
K3 surfaces of type M, while the right hand side is a function on the Kihler moduli
of the Del Pezzo surface V.

Proof. — Since ioj: H2(S,Z) — I;,,—1(2) is an isometry of lattices, the point
(—%%M(S,H,j)z, 1, %i(%M(S, 0,i))) € QXM is the period of (S,6). By Theorems 4.2,
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5.13 and 6.4, we get

1 Y . .
20(5.0) = Oae @ (3i@0(5.0.0)|| = O 19y @ae(s. 0.1
Since the isometry class of M is determined by deg V, we get the result. O
6.3. The functional equations of &y. — Let H?(V,Z), be the maximal even

sublattice of H2(V,Z):
H*(V,Z)o := {a € H*(V,Z); (a,c1(V))y =0 mod 2}.

Set W(V) := {g € OY(H%(V,Z)); g(c1(V)) = e1(V)}. By [27, Th.23.9], W(V) is the
Weyl group of the root system with root lattice ¢;(V)* c H%(V,Z)o. Set

Ty := HX(V,Z)o x OY(H3(V,Z)), W(V):=c,(V)* x W(V) C Ty.
Then W(V) is the affine Weyl group of the root system with root lattice c;(V')*. The
group Ty preserves both of H2(V,R) + i Xy and H?(V,R) + i €} and is regarded

as a subgroup of Ot (H(V,Z)) by the following injective homomorphism ¢: I'y —
O*(H(V,Z)): For (a,z,b) = a[l] + = + b[V]Y,

afl] + (z +aX) + (b— a— (\2)v) [VIY (A€ HA(V,Z)),

”wwﬁ%={4u+uw+mwv (r € O (H(V,2))).

Then ¢(T'y) is the stabilizer of the isotropic vector [1] € HO(V,Z) in O (H(V, Z)).
Let Gy be the subgroup of O (H(V,Z)) generated by the set

o(Ty), {511)+5}s€Exc(v)s S[)-[v]v» -1

Following [11, Sect. 2], one can verify that Gy is a cofinite subgroup of O+ (H(V,Z))
when 1 < degV < 7. We give explicit functional equations of @y, for the above system
of generators of Gy. We set A = H(V,Z) and lp(v,z) = [V]¥ in Sect. 4.1.

Let 20(0(V) be the subgroup of O*(H?(V,Z)) generated by the reflections
{ss}seExc(v)- Since Ky is a fundamental domain for the 20(Y)(V')-action on €y and
since W (V) is the stabilizer of Ky in Ot(H%(V,Z)), Ot (H?(V,Z)) is generated
by WD (V) and W(V). Let e: Ot(H?(V,Z)) — {£1} be the character such that
€(g) =1 for g € W(V) and €(g) = det(g) for g € W (V).

By Proposition 4.3 (1), (2), (3), we get the following equations for ¢(I'y):

(a) Py(w+1) = dy(w), Vie H%(V,Z)o,
(b) Pv(g9(w)) = e(g) Pv(w), Vge Ot (H*(V,Z)).

In particular, @y (w) is invariant under the action of the affine Weyl group W(V).
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Let 6 € Exc(V). Since

w 2
st (11 + w+6) ~ 2Dy}

= —(w,w)v {[1] + (—ﬁ + 5) - % (—ﬁ +<s)2 [V]V}

and since Py vanishes of order 1 on Hjjs, the automorphic property of @y with
respect to s[j)4s (cf. Sect.4.1) implies that

(¢) v (—

w
(w,w)y

Since spyj_vyv ([1] +w— “’72[V]V) = -—"’72[1] +w+[V]V, the automorphic property of
®y with respect to syj_[y)v implies that @y (— (wz:j)v) = e(—%)deg Vi oy (w),

e € {£1}. Since [1] — [V]Y € H(V,Z) is a vector of norm —2 and since ®y does not
vanish on the divisor Hyyj_yv C QE(V z)» We get € = 1, 1ie.,

(@) oy (22 ) = (—<‘”’“’>V)degv+4 By ().

_(w,w)v 2

£6) = ~(~(w,w)y)*E By (w+3), V6 e Exe(V).

Remark 6.7. — When 1 < deg V' < 7, the conditions div(®v) = Y scn(v,z), 52
and (a), (b), (c), (d) are sufficient to characterize ¥y up to a constant, since
|Ot(H(V,Z))/Gy| < .

6.4. Borcherds ®-function as an analogue of ¢y for Enriques surfaces. —
Consider the case N = 1 and L = U(2) ® Eg(2) in (4.1). Then LV = 1L, 11 = 0,
AL = @. By [12, Th.10.4], we get o(L, Fr, W) = 0. Substituting these into (4.1), we
get another expression of the Borcherds ®-function [12, Example 13.7]

) (0 (x2/2)
1— ewz()\,z)L ¢ (
(66) \I/UGBL(Z) FUQL) = H (1 + emi(A\z)L ’
AeLNE}

which is the Fourier expansion of the Borcherds ®-function at the level 1 cusp and is
the denominator function of the fake monster superalgebra [34]. We see that (6.6) is
regarded as an analogue of Theorem 6.4 in the case of Enriques surfaces.

Let S be an Enriques surface [1, Chap. VIII] and let p: S — S be the universal
covering. Let 0 € 771(§) be the generator. Hence S = S /6. Assume that S contains
no rational curves. Let X5 C H?(S,R) be the Kihler cone of S. We define the
infinite product $5 on the complexified Kahler cone H?(S,R) + i X s by

), 2
1— e21ri(a,w)s co (%)
(6.7) Ps(w) := H (‘1 T e27ri(a,w)s)

a€H?(S,Z)NX s
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We set H, (S, Z) := {v € H(S,Z) = H(S,Z)®H?(S,Z)®H*(S,Z); 6*v = v}. Then
H,(5,Z) 2 UsH?(S,Z) = UeU(2) ®Es(2) = Ud L. The pull-back p*: H2(S,Z) —
H?2(S,Z) induces the following embedding:
* 2 . 2(Q . ot ~ O+
p*: H*(S,R)+iXgs — H{(S,R) +i €H1(§,Z) = QH+(§’Z),
where H2(S,Z) = H*(S,Z) N H,(S,Z) and the last isomorphism is given by (2.2).
By (6.6), $¢ is an automorphic form on Q‘I:(g 2) for Ot (H,(S,Z)) of weight 4.

)

There is a formula for the analytic torsion of a Ricci-flat Enriques surface [37,
Th. 8.3] analogous to Theorem 6.6: For every Ricci-flat Enriques surface (S, w),

Vol(S, w) 3 7(S, w) = Const. ||®s(w (8, 0))|~=.

Question 6.8. — After Theorem 4.7, it is worth asking the limiting situation in Theo-
rem 6.4. Let W be the blow-up of P2 at 9 points. Is ®;( regarded as an automorphic
form on H?(W,R) +1 €+W? If this is the case, the Fourier expansion of the Borcherds
®-function at the level 2 cusp would be regarded as an automorphic form on the com-
plexified Kihler cone of W by Theorem 4.7. The case when these 9 points are given
by the intersection of two generic cubics in P? will be the most interesting, in which
case W is a rational elliptic surface.

Question 6.9. — Let X be a smooth projective surface with h!(x) = h2(Ox) = 0.
As before, the tube domain H?(X,R) + 4 €% is isomorphic to a bounded symmetric
domain of type IV of dimension b2(X). As we have seen, there is a nice automorphic
form on H2(X,R) + i €% when X is a Del Pezzo surface or an Enriques surface. Is
there a canonical way of constructing a nice Borcherds product on H2(X,R) +i 6%?
For example, when X is of general type with h'(Ox) = h?(6x) = 0 or when X is
rational, is there an analogue of the Borcherds ®-function for X7
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