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THE SIGNATURE OPERATOR ON MANIFOLDS
WITH A CONICAL SINGULAR STRATUM

by

Jochen Briining

Dedicated to Jean-Michel Bismut on the occasion of his 60" birthday

Abstract. — We consider a Riemannian manifold, M, which can be compactified by
adjoining a smooth compact oriented Riemannian manifold such that a neighbour-
hood of the singular stratum B, of codimension at least two, is given by a family of
metric cones. Under the assumption that the middle cohomology of the cross-section
vanishes, we show that there is a natural self-adjoint extension for the Dirac operator
on forms with discrete spectrum, and we determine the condition of essential self-
adjointness. We describe the boundary conditions analytically and construct a good
parametrix which leads to the asymptotic expansion of a suitable resolvent trace as in
our previous work. We also give a new proof of the local formula for the L2-signature.

Résumé (Opérateur de signature sur les variétés avec une strate singuliére conique)

Nous considérons une variété riemannienne M, qui peut étre compactifiée en lui
adjoignant une variété riemannienne C° compacte orientée, telle qu’un voisinage de
la strate singuliére B, de codimension au moins deux, est donné par une famille de
cones métriques. Sous une hypothése d’annulation de la cohomologie de la section
du céne en dimension moitié, nous montrons qu’il existe une extension auto-adjointe
naturelle de I'opérateur de Dirac agissant sur les formes qui est de spectre discret, et
nous déterminons la condition sous laquelle ’opérateur de Dirac est essentiellement
auto-adjoint. Nous décrivons les conditions de bord, et nous construisons une para-
metrix qui donne le développement asymptotique de la trace de la résolvante, comme
dans un travail antérieur. Nous donnons aussi une preuve nouvelle de la formule locale
pour la signature L2.

Introduction

In this article, we analyze the signature operator on an oriented Riemannian mani-
fold (M, g), of dimension m = 4k, with one compact singular stratum B of dimension
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2 J. BRUNING

h (the “horizontal dimension”), such that m —h > 2. A neighbourhood of the singular
set is given by
(0.1) U :=U, = (0,e0) X N, g9 € (0,1/2),

with an oriented compact Riemannian manifold N of dimension 4k — 1 and metric

g™V, and M decomposes as

(0.2) M =:U., UM,

into points of distance at most and at least g¢ of the singular set, respectively. For
e € (0,p], we use analogous notation and write U, M,, with

M=UUM.,.

We assume that the orientation on M and N induce the boundary orientation on U,
such that {—%,el,...,em_l} is oriented on U if ¢ € (0,&0) and {e1,...,em—1} is
oriented on N. We assume in addition that the singularity is of the following special
type. There is a fibration of oriented compact Riemannian manifolds,

(0.3) 7:Y - N— B,

with fibers ¥, = 7~ 1(b), b € B, of dimension v := 4k — 1 — h > 1 (the “vertical
dimension”); in particular, B carries a metric g7 2 such that 7 becomes a Riemannian
submersion. Then the tangent bundle TN of N splits under g7% into the wvertical
and the horizontal tangent bundle, consisting of the tangent vectors to the fibers and
their orthogonal complement,

(0.4) TN, =: TuN,®TvN,,

with induced metrics g7#" and g”v¥; the corresponding orthogonal projections in
TN will be denoted by Py and Py, respectively. Next we assume that the metric
g™V := gTM|U takes the form

(05) gTU = dtz @gTHN @ tngvN’

which we will call a metric of conic type. Thus, MUB is a Riemannian pseudomanifold
with one singular stratum of conic type.
The boundary of U is the Riemannian manifold

(0'6) Ne, = (Nv gg:,N = gTHN @ 5(2)9TVN)'
The splitting of T'N induces a splitting of the cotangent bundle,
T*N =TEN & Ty N,

into cotangent vectors annihilating Ty N and Ty N, respectively. This splitting in-
duces a bigrading of the exterior algebra AT*N which will be important for our
analysis; we write

AT*N = AT N ® ATy N
0.7) = @;—psAPTHN ® ATy N =: ®, ,APIT*N.
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SIGNATURE OPERATOR WITH CONICAL STRATUM 3

The smooth sections of AT*N and ATy N will be denoted A(N) and Ap/v(N),
respectively, with degree or bidegree noted with superscripts.
Our main object will be the canonical Dirac operator associated with AT*M,

(0.8) DM .= DYy i=dy + i,

with das =: d the exterior derivative on M and d' its formal adjoint with respect to
the metric g7™.

D defined on forms with compact support, denoted by A.(M), is symmetric in
L?>(M,AT*M) =: A\3)(M) but may not be essentially self-adjoint; we refer to the
closure of this operator as Dgin =: Duin, and dyjin, d:’nin are defined analogously.

A specific self-adjoint extension of this operator can be defined via the Hilbert

complex given by the operator dp,x which arises from df as
(09) dmax = (drnin)*v

cf. [11, §3]; with a slight abuse of notation we denote this extension again by D =
DA = Dﬁ, with domain 9 = dom D. In general, there will be many more self-adjoint
extensions but D is of interest since its kernel gives the L2-cohomology of M. If D is
a Fredholm operator we have to break its symmetry to obtain a nontrivial index, e.
g. by an anticommuting supersymmetry i. e. a self-adjoint involution of AT*M. We
will use multiplication by the complex volume element, 7, which splits

AT*M = A"T*M & A" T*M
into +1-eigenbundles and analogously
AM) =: AT (M) & A~ (M),

with associated splitting ¢ = o +0~ on the level of forms. If 7as maps D to itself than
we can define the Signature Operator of M, with domain 98" = 9% = %(I +710m)D,
by

(0.10) D5E* .= Dpsien .= DY |9 - Dt - ™.
We say that the case of uniqueness or the L2-Stokes Theorem holds on M if
(011) dmax = dmin-

In this case we have 7(9) C 9, and if D is also Fredholm, then so is D" and its
index equals the L?-signature of M,

(0.12) ind D*'®" = sign 5 M.

The above metric data define the crucial object in the analysis of the signature oper-
ator: the splitting of 7* N (induced by (0.4)) defines the “vertical de Rham operator”
dy (see (2.5)) and the metric g7V" defines the adjoint d;r,, such that we can form the
operator (see (2.31))

(0.13) Ay = (dy +dl,)a +v.
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4 J. BRUNING

Here a is another supersymmetry on AT*N and v is an endomorphism (which are
defined in (2.19) and (2.13)), and Ay is a first order symmetric differential operator
on C}(N,AT*N) which is fiberwise elliptic. Now M is called a Witt space if

(0.14) HY*(Y) = 0.

We will see below (cf. Theorem 3.1) that (0.14) is essentially equivalent to the analytic
condition

(0.15) Ay is invertible,

in the sense that the invertibility of Ay implies the Witt condition, whereas the Witt
condition does not exclude the existence of zero eigenvalues but only of such which
may be called inessential; indeed, they disappear under suitable rescalings of the fiber
metric. We will assume that M is a Witt space.

Our results can then be summarized in the following theorems. We describe the
Signature Operator on M by explicitly constructing its Green kernel which relates it
to the symmetric operator D defined as the restriction of Dyay to the domain

(0.16) {0 € dom Dy : ||a+||)\(2)(Nt) = O(t'/?7°) for every € > 0,
o™ agyve) = O(t™Y/2+M) for some n > 0,t — 0};

note that D anticommutes with 7); by construction.

Theorem 0.1. — Let the Riemannian manifold (M, g™), of dimension m = 4k, be

the top stratum of a Riemannian pseudomanifold, X, which is a Witt space with only
one singular stratum B of conic type.

1. The operator D defined by (0.16) is self-adjoint and discrete and anticommutes
with Tpr.

2. If |Av| > 3, then D . is essentially self-adjoint.

3. The case of uniqueness holds for M.

4. Dsig» = D+,

This theorem is well known in the case h = 0, cf. [15], [12], and part 2 and part
3 could also be deduced from Cheeger’s work [15].

It is clear from part 4 of Theorem 0.1 that under the above conditions
(0.17) ind D* = ind D" = signy) M,

so it is natural to ask for a local formula analogous to Hirzebruch’s Signature Theorem
in the smooth case. Bismut and Cheeger [6, Thm. 5.7] have indicated the adiabatic
construction of the homology L-class on the compact singular space associated with
M, together with the corresponding L2-index formula. A crucial role is played by
the 7-invariant, n(N, g7"), of the Riemannian manifold (N, g7"), as introduced by
Atiyah, Patodi, and Singer in [1, Thm. (4.14)], and its adiabatic limit,

(N, g™) = lim n(N, g; ™).
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SIGNATURE OPERATOR WITH CONICAL STRATUM 5

The adiabatic limit was first introduced and computed by Witten [25], as a gravita-
tional anomaly, in case of a one-dimensional base. Witten’s formula was proved rigor-
ously by Cheeger [16], and independently by Bismut and Freed [9], [10]. The compu-
tation of the adiabatic limit for arbitrary dimensions and invertible fiber operators was
given by Bismut and Cheeger [6, 7], who introduced the form 7 = 7j(m, g7™) € A(B)
generalizing the n-invariant; the case of the signature operator was treated by Dai
[18, Thm.0.3] who further introduced the 7-invariant associated to the Leray spec-
tral sequence of the fibration (0.3). There has been done considerable work recently
on the computation of L2-cohomology groups of spaces which can be compactified as
pseudomanifolds of the type we consider here, cf. [19], [20], [21], and [17]. These cal-
culations lead to topological formulas for signg) M, see [17, Cor.1.2] for Witt spaces
and its extension in [21]. Combining these topological formulas with Dai’s result
quoted above gives the following local signature formula which was stated for even
dimensional base spaces in [8, Thm.5.7]; in its formulation, we denote by Dgg’ﬂ(y)
the Dirac operator D4 twisted by the bundle of fiber harmonic forms.

Theorem 0.2. — We have

i 1
ind D*E" = lim [ L(VT) - / L(TB, V") Afj - 5n(D>" ™).
E— M B

We give here an analytic proof of [17, Cor.1.2] in the general case which should
be applicable to more general situations; in combination with the results of Atiyah,
Patodi, and Singer and Dai’s computation, it yields the theorem. The parametrix
construction which we give in this paper should, in principle, also lead directly to
the local index formula but, so far, we have been unable to overcome the technical
difficulties involved.

We also have considered the resolvent trace expansion. We have a proof of the
following result, but its presentation would lengthen the paper unduly; we hope to
include it in a more general result at some future time.

Theorem 0.3. — 1. For u € R\ {0} and p > m, the resolvent
(D —ip)~?! is in the Schatten-von Neumann class of order p in L?(M,AT*M).
2. For z € R and l > m/2, we have the asymptotic expansion

tr[D? + 2% ~ao 2™ a2+ ) bz log .
320 j22l—h

The plan of the article is as follows. In Section 1, we deal with general Dirac
operators and derive some decomposition theorems which are induced by a fibration
of the form (0.3) and are needed later on. These results are known for spin Dirac
operators, see [5, pp. 56, 59].

In Section 2, we represent the signature operator D" on U in the form

sign 0 -
DMg ~ &+AH(t)+t lAv,
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6 J. BRUNING

acting on C2((0,0), H*(N,AT*N)) (see (2.38)). Here Ax(t) and Ay are first order
differential operators which can be written as a Dirac operator plus a potential and
Ag(t) is linear in t, with derivative a bounded endomorphism, while Ay is given by
(0.13). We also show (in Theorem 2.5) that the anticommutator Az Ay + Ay Ay is
a first order vertical differential operator, a crucial fact for our analysis. The guiding
principles here are the structure of Dirac systems, as developped in [3], and the
decomposition results from Sec. 1.

In Section 3, we obtain explicitly the spectral decomposition of the operators
Ay (b) := Ay Y} (cf. Theorem 3.1). By ellipticity, the spectrum is discrete. It consists
of the harmonic eigenvalues u = j —v/2,0 < j < v, generated by the harmonic forms
on Y;, and two families u* generated by the nonzero eigenvalues of the Laplacian on
Yy, with pt C (—3,00) and p~ C (—00, 3). When the metric on Y} is scaled down,
these eigenvalues tend respectively to +o0o and —oo.

Section 4 introduces appropriate boundary conditions for D%'8", based on the spec-
tral analysis of Section 2. For the choice of boundary conditions and hence of a
self-adjoint extension, only the small eigenvalues of Ay matter. We treat them by
explicitly constructing the resolvent kernel by means of matrix Bessel functions, as
introduced in [13], and then use this kernel in constructing a good pseudodifferen-
tial parametrix for D®8" with operator valued symbol, again following the strategy
developed in [13]. At the end of this section, we give the proof of Theorem 0.1.

In Section 5 we prove Theorem 0.2 by reducing the problem to an APS-type prob-
lem on M., for sufficciently small € > 0. We also prove various related results: a Kato
type perturbation result for the APS projection (Theorem 5.9), a vanishing result
which is crucial for our approach (Theorem 5.2), and a new identity involving Dai’s
T-invariant (Theorem 5.4).

This paper started as a joint project with Bob Seeley to whom it owes a lot.
The construction of the Signature Operator was essentially finished several years ago
using a less explicit parametrix construction. The publication of the results has been
delayed by an attempt to deduce the local signature formula directly from the resolvent
expansion in Theorem 0.3. However, this goal has proved elusive so far; we hope that,
nevertheless, the results presented here will be of independent value.

We wish to thank Bob Seeley for many years of fruitful exchange and cooperation.
We are indebted to Jean-Michel Bismut, Xiaonan Ma, and Henri Moscovici for useful
discussions. We are grateful for the support of Deutsche Forschungsgemeinschaft
under various grants, especially SFB 288 and SFB 647, and for the generous hospitality
of the Ohio State University, the Mittag-Lefller Institute, the University of Bergen,
Kyoto University, and MSRI Berkeley. Special thanks are due to an anonymous referee
for very helpful remarks based on an unduly preliminary version of this article.
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SIGNATURE OPERATOR WITH CONICAL STRATUM 7

1. Dirac operators on fibrations

In this section, we consider a Riemannian manifold (M, gT™) which we assume to

be oriented. For X,Y € TM we write
dTM(X,Y) = (X,Y)rm =: (X,Y),

if no confusion may arise, and we use similar notation for vector bundles. Moreover, we
consider a second oriented Riemannian manifold (B, g7 2) and a Riemannian fibration

(1.1) r=7¥:M—-B
with generic fiber F'; we write
(1.2) Fy,:=7"Y(b), b€ B.

We denote the bundle of tangent vectors to the fibers by Tyy M. Then the fibration
induces an orthogonal splitting

TM = TaM & Ty M, g := g™ =: gTeM g gTVM —. g1, @ gy,

with orthogonal projections Py v : TM — Ty y M. Note that Ty M and its annihi-
lator T M are defined independent of the metric.

The bundle (T'M, g7™) has a distinguished metric connection, the Levi-Civita
connection V7'M all bundles associated to the principal bundle of orthonormal frames
in TM inherit a metric and a metric connection from (TM,gT™). This holds in
particular for the exterior algebra of the cotangent bundle, AT* M, and for the bundle
of Clifford algebras, CI(T'M), and its complexification, Cl(TM) = CI(TM) ®g C.

We are interested in the class of Dirac bundles as defined in [23, p. 114], i.e. the
smooth hermitian bundles (E, h¥) over M equipped with hermitian connections V¥
such that the following conditions are satisfied: There is a smooth bundle map cl from
the tangent bundle, T M, to the skew-hermitian endomorphisms, End,s F, of E such
that

(1.3) c(X)ocl(X)=—-9g(X,X)Ig, X € TM,
which implies that cl extends to an algebra homomorphism
(1.4) cl:Cl(TM) - End E,

turning E into a left Clifford module. Moreover, V¥ is required to be compatible
with the Levi-Civita connection in the sense that

(1.5) VEc(Y)o = (VEMY)o + cl(Y)VEa,

for X,Y € TM,o0 € C*(M,E). A prototypical Dirac bundle is, of course, CI(T M)
itself with the metric structure induced from g7™. This bundle is canonically isomor-
phic to the exterior algebra bundle AT* M, with Clifford action

A(X)w = w(X")w —i(X)w, X € TM, w € AT*M,

SOCIETE MATHEMATIQUE DE FRANCE 2009



8 J. BRUNING

where “w” and “i” refer to wedge and interior multiplication, respectively, while b :
TM — T*M denotes the “musical” isomorphism induced by g7 with inverse §. Note
that these definitions extend naturally to Hilbert bundles over M.

The notion of Dirac bundle was introduced to define the Dirac operator naturally

associated with it, i.e. the operator

m
(1.6) D:=Df =) cl(e;)VE,

i=1
which we will regard as an unbounded operator in L?(M, E) with domain C}(M, E)
if not stated otherwise. Then D is symmetric in L?(M, E) and essentially self-adjoint
e.g. if M is complete.

To obtain a nontrivial index, the symmetry of D must be broken. This is achieved
by a supersymmetry or grading, «, on E, i.e. by a self-adjoint involution a € End E
which is parallel with respect to VZ and anticommutes with Clifford multiplication,
and hence with D. Then the bundle E splits as

1
E=E*®E, E*t= 5[+ )E.
Cl{(TM) has a natural grading obtained by lifting the map X — —X from TM to
Cl(T M), with the property that
CTM)*E* c E*, C(TM)*E~ c E¥,

for any graded Dirac bundle E.

We are now interested in splitting the Dirac operator D = Df,, along the fibration
7 : M — B into a “horizontal” and a “vertical” part. The notion of horizontality we
use will be introduced below, while we will call a differential operator Q on C}(M, E)
vertical if QQ commutes with multiplication by functions pulled back from the base, i.e.

if Q differentiates only in fiber directions; if @ is of first order this is also equivalent
to saying that

(L7 Q) =0, £ € TiM,
with Q the principal symbol of Q. The desired splitting of D will reflect the geometry

of the fibration =, through the second fundamental form, which is defined for X,Y €
TvM and Z € TyM by

(1.8) (II(X,Y),Z) =(VzX — Py[Z,X],Y)
=(VxZ,Y)
= —(VxY, Z);
and through the curvature of m, which is for Z,,Z; € Ty M defined as
Rz, z, := —Py|Z,Z,).

Before we state the results on the splitting of D we need to introduce some notation
concerning local orthonormal frames. We will always denote by (e;)"_, and (f; )j=1an
oriented local orthonormal frame for Ty M and Ty M, respectively, where h = dim B

ASTERISQUE 328



SIGNATURE OPERATOR WITH CONICAL STRATUM 9

and v := dim F denote the “horizontal” and “vertical” dimensions, with h +v = m :=
dim M, and we assume that {ej,..., f,} is oriented in TM. More specifically, we may
assume that (e;)?_; consists of the horizontal lifts of an oriented local orthonormal
frame (e;)"_, for T'B; if this frame is defined in some open set U then (e;)"_, is defined
in 771(U).

There are two operators generated by D which naturally belong to the horizontal
and the vertical space, respectively, to wit

h
(1.9) Dy = Ec](ei)Vf;,
=1
(1.10) Dy :=)_d(f;)VF,
j=1

such that D = Dy + Dy. However, these operators are not easy to interpret and in
spite of having a symmetric principal symbol, they are not symmetric in general. This
defect is easily cured as follows. Since D is symmetric on C}(M, E), i. e. D = Df,
its formal adjoint, we obtain

1,- - 1~ =
D= (Dx + D)+ 5(Dv + D)
(1.11) =: Dy + Dy,

with Dy /v symmetric. But since Dy has symmetric principal symbol, we see that

(1.12) D}, = Dy + B,

with some endomorphism 8; € C*°(M,End E) such that
_ 1

(1.13) Dp = Dy — 501,
~ 1

(1.14) Dy =Dy + '2‘[31;

note that (; is necessarily skew-symmetric.
Lemmal.l1. — 1. In (1.12), we have

(1.15) B = —vcl(HF),
where

1 v
Hp = —— E PyVIM§,
’ UJ'=1 e ¢

is the mean curvature vector field of the fibers of «.
2. For any horizontal vector field Z on M we have

(1.16) Cl(Z)DV + Dy Cl(Z) =0.

SOCIETE MATHEMATIQUE DE FRANCE 2009



10 J. BRUNING

Proof. — 1. We compute DJ{, by calculating for oy € C}(M, E), k = 1,2, the expres-
sion

(DV0'170'2)L2(M,E) - (01,bv02)L2(M,E)

N Z /M ({(el(£;)VF,01,02)E — (o1, ¢l(f;)VF,02)5)
= Z/ — filor, c(f)o2)E + (o1, (VEM £;)02) B)

(117) =3 [ (= flondth)ons + (o0, AT f)a)e)
j=1"M

= (o1,v CI(HF)U2)L2(M,E)a

where we have used the properties (1.3) through (1.5). Now we introduce a vertical
vector field, X, by setting

(X, Y)TVM = (0’1,01(Y)0’2>E, Ye C(M,TvM)

Then it is easy to see that the integrand in (1.17) equals the divergence of X|F} and
hence vanishes upon integration over Fy, for any b € B. It follows that

Dl, — Dy = —vdl(Hp),

as claimed.
2. We compute, using again the basic relations (1.3) through (1.5),

c(X)Dy + Dy cl(X) = cl(X)Dy + Dy cl(X) + v(X, Hr) 1M
= Z (l(X) el(f5)VE + cl(£;)VE el(X)) +v(X, Hr)rum

= ch (£;) UVEY X) +v(X, Hr) M
J

= (D ellf) AANYEMX, fidras + v(X, Hr)rar )

3l
=Y el(f;) d(fi)X, VI fi)
J#l
= 0. =

We will use below a stronger property of this decomposition, namely that (in the
case of DM)

(1.18) DHV := DDy + Dy Dy

is a first order vertical differential operator. Note that while Dgy is always of first
order, it need not be vertical in general. But this can be achieved if we further modify
the decomposition (1.11) by bringing in the curvature of =.

ASTERISQUE 328



SIGNATURE OPERATOR WITH CONICAL STRATUM 11

Theorem 1.2. — Define a symmetric endomorphism field of E by

1

(1.19) Br = 7 D (VEMex, f3) cl(fy) cl(ex) cl(e)-
7tk

Then the operator

(1.20) Dyv := (Du + B2)(Dv — B2) + (Dv — B2)(Du + B2)

is first order vertical.

Proof. — f2 is clearly well defined. We compute

(1.21) Duv = (DgDy + DvDpy) — (Dups + B2Du) + (Dv B2 + B2 Dy)

(1.22) =T+ II+1II

Since 111 is first order vertical, we compute the coefficient, ~,,, of me from I and II:

(cl(Hr) cl(em) + cl(em) cl(HF)) + Z cl(f;) (ViMen)

J

=_Y
Ym = 5

+ (B2 cl(em) + cl(em)B2)
= v(Hp,em) + Y ol(f;) (i) (VM em, fr)
Jok
+ Z cl(f;) cl(ei)(V};Mem, ei) + (B2 cl(em) + cl(em)Bz2)
Jii
=) cl(f;) cl(e) (VT Mem, e:) + (B2 clem) + cl(em)Bz)
gt
=0,
if we plug in the definition of (; in the penultimate line. O
Our next goal is to interpret the new operators Dy and Dy as Dirac operators in
a natural way. This is more obvious for Dy since the fibers Fj, b € B, inherit a lot

of structure from M and E. Indeed, denoting by j, : F, — M the inclusion map, we
obtain a hermitian bundle with hermitian connection over F} by defining

Ey := ji E, h® := jyh¥, VP .= jz VP,
Clearly, the relations (1.3) and (1.4) remain valid, so what remains to be checked is
the compatibility condition (1.5) which now needs to involve VTFs To achieve this

we are going to modify V¢ as follows. For X,Y € TF, C TyM,Z € TF,,l CTyM,
we introduce the shape operator S = S, of Fy by

SzX := -Py(ViMZ),
such that
(SzX,Y)rr, = (VIMY, Z)rum
= —(Ilg,(X,Y), Z).

SOCIETE MATHEMATIQUE DE FRANCE 2009



12 J. BRUNING

Then we define a new connection on TF by
1
(1.23) vt i=vE - 5 > cl(Se, X) cl(es),

i

which is clearly invariantly defined.

Theorem 1.3. — The data (Ey, hP», VE?) define a Dirac bundle over Fy, for allb € B,
with Dirac operator

(124) Dv(b) = DVIFb-

Proof. — We compute with the notation used above:
VPel(Y) - cl(Y)vE®
=c(VIMY) - % Z (cl(Se; X) cl(es) cl(Y) — cl(Y) cl(Se, X) cl(e;))

i

— A(VIMY) + % 3 (el(Se, X) cl(Y) + cl(¥) el(Se, X)) cl(es)

%

=c(VIMY) — Z(Se,-Xy YT cl(e;)

= c(VEMY) = > (VEMY, ei)ras cl(es)

TF
=cl(Vy *Y).
Next we compute the Dirac operator, Dy, associated to (Ejp, R, VE:b):

Dy =) d(f;)Vy?

J

= S AVE - 5 3 (S Fedrar A(fy) (i) eles)

"j?k

= ch(fj)Vf - = Z VT fk,ez ™™ Cl(f])(:l(fk)d(ez)

1,5,k
1
= Z A(f;)VF, + 5 Z(V};ij, e:)Tm cl(e;)
J .3
=3 cl(f;)VE - 5 cl(Hr)
J
= DV - gCI(HF)

= Dy. 0
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SIGNATURE OPERATOR WITH CONICAL STRATUM 13

To exhibit Dy as a Dirac operator, too, we have to extend our setting to smooth
Dirac-Hilbert bundles. This does not require new definitions but only natural exten-
sions, as indicated above. If we introduce the family of Hilbert spaces over B,

(1.25) 6p = LZ(Fb,Eb), be B,

and put & := [Jpep &b then the restriction map

(1.26) R:CYM,E) - T(B,§), Ro(b) := Ryo := o|F}, b€ B,
is an isometry by the Fubini Theorem,

(127) ol = [ IRo®IE, volo (e

We define a metric on & by setting

(1.28) hg(b)(Ro'l,RO'Q) :=/ hE(b)(Ul,O'z) volg,, 0; € Cc(M,E),j =1,2,
Fy

and the Clifford action by

(1.29) clg(X)Ro := Rcl(X)o, 0 € C.(M, E),

where X € T B with horizontal lift X € Ty M. The connection requires again some
modification: we put

1
(1.30) V§Ro = RVZo — o 3 RA(VIMX)d(f)o,
J

where again X € T'B with horizontal lift X € TM, and o € C}(M, E). Then we have
the following pleasant interpretation of Dy .

Theorem 1.4. — The data (&,h%,V¢) define a (Hilbert-) Dirac bundle over B such
that its Dirac operator, D, is given by

D®Ro := D§Ro := RDyo,
for o € CX(M,E).

2. Representation of the signature operator near the singularity

We now restrict the general considerations of the previous section to a manageable
and important special case, namely the Dirac operator on differential forms on a
manifold with a conic singular stratum. Hence we will assume in the remainder of
this work that we deal with the geometric situation explained in the Introduction.
Thus, we consider a Riemannian manifold (M, gT™ ), of dimension m = 4k, such that
for € € (0,¢0] we have decompositions
(2.1) M :=U.UM,,
where (M,,,g"™Me0) is a compact Riemannian manifold with boundary OM,, = N,.
We further assume that the singular part, U, is a bundle of metric cones over another
compact Riemannian manifold, (B, g7?), as explained above.

SOCIETE MATHEMATIQUE DE FRANCE 2009



14 J. BRUNING

In order to construct a self-adjoint Fredholm extension of the operator
(2.2) D3/ min = Din = (da + d})min,

we need to construct a good representation of D on U,,. To obtain a nontrivial index,
we use the supersymmetry leading to the signature operator which is defined, on any
oriented Riemannian manifold (M, g7™) and for any local orthonormal and oriented
frame (€;)7%, of tangent vectors, by

TM = Tpp,gT™ = v—l[(m+l)/2] cl(é1)...cl(én)
(2.3) = (=1DFcl(e;)...cl(én);

note that 7 anticommutes with any Dirac operator on sections with compact support
if m is even. If the signature operator can be defined then it is derived from the
maximal de Rham complex. Thus, we state next the decomposition of dy under the
Riemannian fibration (0.3), as described somewhat more generally in [4, Prop. 10.1].
For this, a few further preparations are needed.

In the decomposition (0.7),

AT*N = @, ,AP9T},

we count the degree of forms by operators hd and vd of horizontal and vertical degree,
respectively, that is,

hd|AP9T*N = p, vd|APT*N = q.
Furthermore, we note the natural isometry of hermitian bundles

(2.4) Y :7*AT*B ® ATyM — AT N @ ATy N,

such that the smooth sections of AT*N are generated over C*°(N) by sections of the
form m*w; ® wy, with wy € A(B) and ws € Ay (V). Thus we can define the first order
vertical operator dy figuring in (0.13) by

(2.5) dy(m*w; @ we) 1= mregwi ® drwa,
where
(2.6) eq = (—1).

Finally, we note the following decomposition of the Levi-Civita connection on N,
VTN .= (PyVTN Py + Py VTN Py) + PyVTN Py + Py VTN Py
(2.7) = VINS L yHV L yVH

where VTN ig a connection while the other two terms are endomorphisms; observe
that all operators in (2.7) act as derivations on tensors.
The decomposition of dy for fibrations 7 : N — B then reads as follows.
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SIGNATURE OPERATOR WITH CONICAL STRATUM 15

Lemma 2.1. — In local oriented orthonormal frames (e;)2_; and (f; %1 for Ty N and
Ty N, respectively, we have

h
@8)  dy = (L wEVIN - 3 (VEN fiedon wled) @ w(Ai()

i,
1 ;
(2.9) + ) Z([ekaei]a fi)rn w(e?) W(e',’c) ®1i(f;)
i,k;j
+dy
(2.10) = d0 4 gD 4 g0
(2.11) = dly + d2 + dy.

In (2.8) and (2.9), the indices i,k run from 1 to h and indices j,1 from 1 to v, while
the upper indices in (2.10) indicate the change in bidegree effected by the respective

operators; and dy = d®V 4s defined in (2.5).
%

Proof. — The proof follows straightforwardly from the well known representation

dy =Y _ w(E)VIM + > w(f)VEM,
J

1

and the decomposition (2.7). O

We will use this result to determine the decomposition (1.11) for the fibration
T(0,00) * U — (07 OO),

where we now allow € to be any number with 0 < € < 0o, by an obvious extension.
This gives the boundary representation needed in the approach of Atiyah, Patodi, and
Singer (APS) which will be applied here to reduce the index problem to an APS-type
problem, cf. [1]. The geometry is, however, not cylindrical near the boundary as
assumed in loc. cit. which will cause additional difficulties later.

We will base our analysis on the unitary transformation

¥ : L2(Ry, C?2 @ A(N)) = A2y (Uso),
(2.12) Uy (01,02)(t) := mnyt’o1(t) + dt A Tyt"o2(t),

where 7 denotes the canonical projection Uy, — N and

(2.13) vi=vd— 2.
2

U, generalizes the unitary transformation used in [12] for simple cones; note that

it arises as the parallel transport along normal geodesics with respect to the metric

connection defined by the fibration 7 o) : Us — (0,00) according to Theorem 1.4.

Then a straightforward calculation gives

SOCIETE MATHEMATIQUE DE FRANCE 2009



16 J. BRUNING

Lemma 2.2. — We have

1 2 -1
¥ildy, ¥, = ( dy + by + 1 dy 0 ) .

2+t —dY —td —t~'dy
Taking adjoints and adding we obtain the transformation of D{}m.

Corollary 2.3. — With the notation

(2.14) Ay (t) == (dYy + td%) + (d} + td4)t,
(2.15) Aoy = dy +d},,
(2.16) Ao(t) := Ag(t) +t™ Aoy,
and
0 -1
2.17 =
(2.17) ¥ ( 1o )
we have

(218) ¥T'D U, =D§ =

o 0 —Ay(t v -A
7(_ + 3 H(t) +¢1 Y ov )
ot —-A H (t) 0 “AOV —v
To transform the signature operator we need to incorporate the self-adjoint invo-
lution 7y, which defines it. From (2.3) it is easy to derive its transformation law:

Lemma 2.4. — We have
0 -1
-1 0

(2.19) = ( (1) (1) ) ® (-a),

fZZ\PI—ITM\I/12< )@6%7’}1@7‘\/

where with oriented frames {ey,...,en}, {f1,--., fo} for TuN and Ty N, respectively,
we have

(2.20) = V=1 d(ey) . cl(en),
(2.21) v = V1A L (f);

note that €% and Ty commute.
The signature operator transforms to the positive part of DUOQ with respect to 7:

L .1
(2.22) biie = %(I +7) Dy (T+7).
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SIGNATURE OPERATOR WITH CONICAL STRATUM 17

To further transform DSig“, we observe that the orthogonal projection onto the
Uco
+1-eigenspace of 7,

(2.23) P*(7) = % ( I —a ) :

is conjugate to the standard projection

I 0
(2.24) pP:= < 0 0 )

under the unitary transformation

1 I «
(2.25) U:=7_2.<_a I),
i. e.
(2.26) P=U"'PT(HU,
or equivalently,
(2.27) U0 = ( g —01 ) )

Now we obtain the final representation of D?}S by transforming all terms in (2.18)
under U, observing the commutation relations

(2.28) va = —av,

(2.29) A(t)a = aA(t),

and using the notation

(2.30) Ag(t) == Ag(t)a, Agv(t) := Agva,

(2.31) Ay := Agy + v,

(2.32) A (t) = Ar(t) +t " Ay,

(2.33) v .=, U,

where all operators are acting on A(N). We will call Ay the cone coefficient and
(2.34) DA = 7(% +17! ( g _OI ) ® 4v),

the cone operator. Then the final result reads as follows.

Theorem 2.5. — 1. We have

(2.35) vIDh W= 7(% + ( g _OI ) ®A(t)),
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18 J. BRUNING

and
I 0
2.36 Ul W= ,
0 wo=(1 )
_ Aot) 0

2.37 DA o= 7O ,
(2.37) N TVe ( 0 Aot )
such that
(2.38) UTIDIEY = % + A(t).

2.
(2.39) AH(O)AV + AvAH(O) =: Agv

is a first order vertical operator.
3. If Ay is invertible then for t sufficiently small we have the estimate

(2.40) A(t)? > Ct724%
with a positive constant C.

Proof. — 1. The transformation formulas are again verified by straightforward com-
putations.

2. To prove (2.39) we use Theorem 1.2 which, after the appropriate transforma-
tions, shows that we can modify Ag(t) and ¢t~ Ay by adding a bounded endomor-
phism multiplied by ¢ to each term, such that their anticommutator becomes first
order vertical. This, however, is an algebraic condition so that, after multiplication
with ¢, all operator coefficients in the resulting polynomial have to be first order
vertical, in particular the leading one which is Agy.

3. The estimate (2.40) is an easy consequence of (2.39). a

3. Spectral decomposition of the cone coefficient

We want to deal with the existence of self-adjoint extensions of the cone operator,

DA . (b), defined in (2.34). According to [12, Thm. 3.1], this operator is essentially
self-adjoint in L (R4, C? ® H°) with domain C}((0,00),C? ® H') if and only if

1
(3.1) v ()] > 5,
where b € B. If the condition (3.1) is violated, then the self-adjoint extensions of
DA . are classified by the Lagrangian subspaces of
(3.2) Vi= ) ker(A(b) -\ @ Y ker(A(b) + )

[Al<3 Al<3
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SIGNATURE OPERATOR WITH CONICAL STRATUM 19

with respect to the standard symplectic form

Wh o y u =T1Y2 — T2Y1.
) Y2

It is therefore necessary to determine the small eigenvalues of Ay (b); in fact, we will
describe the full spectral resolution in Theorem 3.1 below.

For its proof we recall some well known material from Hodge theory. In what
follows, we fix b € B and write Y := Y}, with metric g := ¢g7¥ = ¢”v¥, the closed
submanifold of N which is the fiber over b under the fibration 7 : N — B; we will
also suppress the index “Y” if no confusion is to be expected. Thus we consider the
Hodge Laplacian

A := Ay = dy(dy)! + (dy)'dy =: dd' + d'd,
which defines the harmonic forms,
H = F(Y) =ker AJ C N(Y) =: N,

and the Hodge decomposition

(3.3) Ni=H N 0N,
(34) Ale/ccl = Al)‘.(Yzl/ccl'

Here the subscripts “cl” and “ccl” refer to closed and coclosed forms, respectively; the
eigenspaces of Az 1/cel with eigenvalue k > 0 will be denoted by Egl /ccl(K’)'

We also recall the following definitions and relations, where * := *y denotes the
Hodge star operator on Y and v(2) the remainder of v mod 2:

(3.5) evIN =:g|N = (-1),

(3.6) oy | N = (=1)lE+D/2]

(3.7 apay =€,

(3.8) dl = (-1)" 1 xdxev,

(3.9) Y =7 = \/_—1[(v+1)/2] " (_1)[0/2]%(2),
(3.10) dr = (=1)**17d".

Then we have

(3.11) Ay (b) =: Ay = —e¥ 'ty @ (dr + (—1)**'7d).
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20 J. BRUNING

Next we introduce some spaces which are invariant under Ay (here and below, j €
NN (1, (v + 1)/2) if not stated otherwise):

(3.12) No=H @HT,

(3.13) Np= Mo,

(3.14) Ma=Xa" @xg' ™,
(3.15) Fl ="K,

(3.16) Fi(k) == E} (k) ® E5T 7 (k),
(3.17) Fly(k) = El3' () ® E;5" ™ (r)

It is then convenient to put

(3.18) A, = Ay (N,
) 1 1 ..
A{/,cl T3 = (Ay — §)|/\ﬁ1
(3.19) _ j—ut -ty @ dr
’ —eyftrg @dr —(j — ¥) ’
. 1 1 ..
Az/',ccl + -2- = (AV + 5)’)‘3:(;1
(3.20) - ( i (et @rd )
(-1’ ® 7d —(j — )

Then the spectral resolution of Ay can be expressed as follows.

Theorem 3.1. — 1. A{,‘h has the eigenspaces #* and H* ™7 with eigenvalues +(j — 3)
2. For Kk € spec AZI \ {0}, A{/,cl - % has two eigenspaces in chl(n), with eigenvalues

j . v+1
has) =t - DL,

and multiplicities mi'l’ +(x).

3. For k € spec A7 \{0}, A{l/yccl+% has two eigenspaces in F7,(k), with eigenvalues

; .ov+1
“ﬁol,ﬂ;(") = i\/"‘*‘(J— 2 )2,

and multiplicities mﬁcl,i(n).

4. Ifv is odd, then, for k > 0, there are two more eigenspaces of A&;l)m@As’,;})/m

in EUTV2 (k) @ ECTV2 (k) with eigenvalues ++/k.
5. For k > 0, the four eigenvalues of Ay in F) (k) ® F’ (k) have the common
multiplicity 2 dim E? (k).
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Proof. — The first statement is obvious from Poincaré duality.
We compute next, using (3.18)
L AL+ G- gy 0
. Al — )2 = cl 2 .
(3 21) ( cl 2) ( 0 A21+1-—J + (‘7 _ v_—2|-_1)2 ’
S AT 4 (5 - uL)? 0
3.22 A+ )= T 2 (-
( ) ( ccl 2) 0 A:] 1—(j 1)+(j__v_.;_1)2

It follows that chl(n) @ F c]cl(n) is invariant under Ay, and that Ay has the indicated
eigenvalues on F7 (k) @ F7 (k). Moreover, we have unitary equivalences

j 1—j j—1 —1—j
A’NA'C’IJr T AT~ AV

c — ccl — “ccl

induced by the mappings dr, 7, and 7d, respectively. If we employ the bijective maps

0 _dT/ —7d Y Vi
(3.23) ( dr/rd 0 ) : )‘cl/ccl — ’\cl/ccl’

0 (=11 \ < <
(3.24) (T ( 0)T>:Af,1»—n\id,

we see that the respective restrictions of Ay are unitarily equivalent under these maps
up to the factor -1, which easily implies that the four eigenvalues on chl(fc) ® chcl(fc)
have the same multiplicities, and this must be 2 dim E'zl(n), as asserted. This proves
the assertions 2), 3), and 4), while 5) follows immediately from (3.18). a

4. A self-adjoint extension

With D = Dﬁ,, we associate the operators Dy,i,, i. e. the closure in )\(2)(M ) of
D|A(M), and Dpyax := DZ;,. In this section, we construct a suitable self-adjoint
extension of the operator Dpi,. For this, we introduce an operator family G(u, D)
for sufficiently large real p, with im G(u, D) contained in the maximal domain of D,

and
(4.1) (D —ip)G(u, D)t = 1, T € L*(M, 6).

Moreover, all the operators G(u, D) map into a common domain on which D is
symmetric. Hence this domain defines a self-adjoint extension of D, with resolvent
G(u, D). By a certain abuse of notation, we will denote this extension also by D.

We can naturally extend the conic fibers at hand to the infinite cones C(o ) Y5, so
we may and will assume that we are dealing with a fibration of infinite cones over B.
The results can then be applied to U, by a standard cut-off procedure.

We obtain G(u, D) as a pseudo-differential operator on B with operator valued
symbol. For given by € B, choose W, := Bs(bg), a ball on which the Hilbert bun-
dle & is trivial. We identify forms 7 € C.(Wy,, §|Wp,) with their representation in
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C’C(B?h (0), &b, ), and define a local parametrix Gy(u, D, bg) in the form
() G111 Do) (0) = [ exp(ith, ))Glo b Y (5)5.

Here (b, 3) are coordinates for T*Wj,, and df := (2rr)~"dB3. These local paramet-
rices are patched together in the usual way to make a global parametrix, G1(u, D),
such that (D — iu)G1(u, D) — I decays in norm like |u|™1, so that G (u, D) serves as
the leading term in a Neumann series for the resolvent G(u, D).

We recall from Section 1 the decomposition D = Dy + Dy and construct our
operator G(u,b, ) with the property that im G(u,b,8) C Dv max(b), the domain of
Dy max(b), and

(4.3) (Dv,max(b) + i cl(8*) — i) G(u, b, )T =7, T € ATy B® A2y (Va).

Just as above, G(u, b, 8) will define a self-adjoint extension of Dy (b), with domain
Dy (b). Note that, in view of Lemma 1.1, part 2, we have for o(b) € Dy (b)

(44) [[((Dv(®) +icl(6Y) — in)a(B)l[,
= 1Dy () (®)l[5, w) + (ul* + 1B B, v,
where |8]7 := g7 B (b)(8, ).
With (2.34) we now write Dy (b) in the form

(4.5) Dy(b):=~ (% + t—lfi(b))

—epo| O ) (L1 Pronty 0 .
1 0 at t 0 —(Dy,ay, +v)

The trivialization of & identifies the fibers &y, b € W, with
L?((0,00), ATy, B ® C* ® A2y (Ys,)) =: L*((0, 00), H).

We will need the following description of the singularities of elements in the maximal
domain of Dy max(b) (see [12, Lem.3.2]).

Lemma 4.1. — 1. Any o in Dy,max(b) has a representation of the form
(4.6) o(t) = > t=2Cx(0) + O, (t?|logt|), t — 0,
A€spec A,|A|<1/2

with certain linear forms Cy.

2. Each closed extension of Dy max(b) is determined by linear relations between the
coefficients C), for |A| < %

3. 0 € Dy min if and only if

(4.7) llo@)llir = O (¢'/?|1og t]), ¢ — 0.
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Now, to construct G(u, b, B), we split the spectrum of the operator A(b) from (4.5),
and treat separately the high and low eigenvalues. Arguing as in [12, Lemma 1.1]
and making Uy, smaller if necessary, we may then assume that, for some A > 1 with
the property that A ¢ spec fi(b) for all b € Wy, the spectral projection

(4.8) Q> = Qxza(A(D))
does not depend on b € W, (here and below we denote, for any Borel subset I C R,
the corresponding spectral projection of a self-adjoint operator, A, by Qr(4)).

In constructing G(u, b, ), consider first the high eigenvalues of A(b). We reduce
Dy min(b) by the spectral projection @, which is independent of b € W;,, and denote
the resulting objects by a subscript ” >". Since |A(b)>| > 1, Lemma 4.1 shows that

DV(b)> = DV,min(b)>

is essentially self-adjoint on compactly supported sections. Moreover, from [12,
Lem.3.1], by a proof as in Lemma 2.2 there, for o € Dy (b)> we have

(1/t)A(b)>o(t) € L*((0,00), H) hence also o’ € L*((0,00), H).
It follows from this and (4.4) that
G(i,b,B)> = (Dy (b)> +icl(B*) —ip) ™

satisfies the estimates

&7 glxl gl s
(4.9) ||@7%WG(N, b,8)> Iz < Crealul ™17,
while from Lemma 4.1 we see that
(4.10) G(u,b, B)>0(t) = O(t/*|logt]),t — 0.

As usual, the low eigenvalue case needs more care. We note first that the reduction
with Q< := I — Q- leads to the matrix equation

(4.11) Dy .(b) := 7(% + t_lfi(b)<)

in L?((0,0), H<), Hc = Q< (H). In view of Lemma 4.1 this operator is not essentially
self-adjoint with domain C!((0, 00), H<) if there are “small” eigenvalues with modulus
less than 1/2. Hence we will construct an operator function satisfying the conditions

(4.12) (Dv,<(b) +icl(B*) - ip)G(u,b,B)< = I
(4.13) Dy < (b)max is symmetric on im G(u, b, 8)<;

87 =l glAl L
(4.14) ||TWWWG(M,5,5)<||£(6) < Creplul ™77,

From (4.12) and (4.13), Dy <(b), on im G(u, b, 8) <, is self-adjoint.

The estimates (4.14), together with the Calderén- Vaillancourt Theorem (cf.[14]),
will provide the necessary norm estimates on our pseudo-differential operator.

In order to carry out this construction, we now consider the following model case
to which we will reduce our situation. We are given a finite dimensional complex
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Hilbert space (H, (,)) and a Hermitian operator A € £(H). Moreover, there are two
self-adjoint involutions a;, a; with the following properties:

(4.15) aiaz + agoy =0,
(4.16) oA — Aoy =0,
(417) asA + Aay = 0.

We want to solve the equation
d
(4.18) .MAW@L=(a+¢4A+1mﬂd0=TGLt>Q

in L?(R,, H), for u € R*. We transform H by introducing the subspaces H* :=
1(I £ a1)(H) and the isomorphism C2 ® H* — H which is induced by

H*®HY > (24,2 )~ 24 + apz_ € H.

Then our equation takes the form, with A+ := A|Ht,

+ T.
ww (G (5 S ) ()5 o (1)

If we multiply the operator occuring in (4.19) with its formal adjoint from the left,
then we obtain the Bessel type operator

a2 [ A’+ A 0 2
(4.20) — =+t ( 0 Az_A>+uI,

dt?
where we have now replaced A* by A to ease the notation, which should not cause
confusion. Now we introduce the modified matrix Bessel functions in H* as solutions
of the homogeneous equation associated with (4.20), following {12, Sec. 2]. Thus,
if N is hermitian in £(H*) with eigenvalues v; then we define the modified matrix
Bessel function with respect to an orthonormal eigenbasis of N by

IN(t)ij := 0451, (t),
and require that for any unitary operator U in H* we have
U IN(t)U =: Iy-1ny(t), t > 0.
Likewise, we introduce
%sin(wN)KN(t) = I_n(t) = In(b).

We can then prove the following result.
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Theorem 4.2. — For p > 0, the equation (4.18) admits the solution

Gmm(Z)m=

= /t l‘(ts)l/2 ( Kar12(ut)a-1/2(us)  Karr/2(pt)at1/2(us) ) ( . ) (s)es
0 Ka12(mt) o 1/2(ns) Ka-172(pt)lat1/2(ns) -

_/°° u(ts)1/2< Tavija(it)Ka—1/2(ps)  —Iata2(pt) K avaj2(ps) ) ( T+ )(s)ds
¢ —Tg_1/2(ut)Ka1/2(ps)  Ta—1j2(ut) K ay1/2(ps) -
=: Go(u, A)7(t) + Goo(p, A)7(2).
The operators G/, A) are bounded in L*(R.,H) and smooth functions of the

variables p € [1,00) and A € £s(H), the space of Hermitian matrices on H, such
that for p,q € Z+

(4.21) 105 (3 G AVl < Cpan 7"
Moreover, for o € im G(u, A) and t sufficiently small we have the estimates
(4.22) [lox )| < C€t1/2_€||TI|L2(R+,H) for every e > 0,

(4.23) llo—@)lle < Ct=Y21|7|| 2w, 1) for some § > 0.

If |A| > §, then we have the better estimate
(4.24) llo@llzr < CE/21Il|L2ry ,y-

Proof. — We begin with verifying that G(u, A)7(t) is indeed a solution of (4.19). The
well known conic scaling

o(t) = t/2p(ut)
transforms the homogeneous equation associated with (4.19) to

wm (e (A0 ) (0 (2 om0

The Bessel recursion relations (cf. [12, (2.5a,b)]),
IN(@) £t 'NIn(t) = Ins1(2),
Ky(t) £t 'NKn(t) = —Kn+1(2),
show at once that two solutions are given by
pe. (t) = ( Tasr/2(t)et ), pe(t) = ( Kay12(t)e- >, oy € H*,
=T y/2(t)ey Ka_1/2(t)e-
It remains to note that (cf. [24, p. 68)])
INKnia(t) + INnp1 KN () =t71,
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from which we deduce that

( Tat1/2(t)  Kagipa(t) ) ( Ka-1/2(t) —Kapp(t) | _ 10,
—Ta—12(t) Ka-1/2(t) Tac1/2(t)  Tagaya(t)
Thus, G(u, A)7 is indeed a solution of (4.18).

To deduce the estimate (4.21), we perform some reductions of the operator L(A).

First, we select a number A <  such that || < A, and we choose a number A; €
[~1/2,0],A; ¢ spec A. Then we split, with obvious notation,

A=A p @ Ach,.

This splits L(A) = L(Asa,) ® L(A<a,), and conjugating with oy in the second
summand allows us to assume that

1
(4.26) A> —3
in what follows. By the same token, we can select numbers A;,j = 1,..., N, such
that
(4.27) Aj ¢ spec A, An > A;
(428) Aj < Aj+1 < Aj + 1.

Splitting L(A) accordingly as a direct sum, we may further assume that for some
A* € [-3,A) we have

(4.29) A" <A<A*+1.

Under the assumption (4.29) we will next prove the estimates (4.21) using [12, Lemma
2.3], which is perfectly adapted to the situation at hand, at least for the operator
Goo(p, A). However, it is easily seen that Go(u, A) is essentially the adjoint operator
to Goo(lt, A), up to permutations and sign changes of the matrix elements. Since
we will base our estimate on estimates of the matrix elements, it is hence enough to
deal with G (1, A). These estimates for the modified matrix Bessel functions and
their derivatives have been derived in [12, Lemmas 2.1, 2.2] and are combined in the
statement that follows. We recall from loc. cit. that [ denotes a positive function,
defined for positive real numbers, which equals —logt for t < 1/2 and 1 for ¢ > 1.

Lemma 4.3. — The modified matriz Bessel functions In(t), Kn(t) are smooth in
Ls(H) x (0,00), and if N € £,(H) satisfies the inequality

—o<a<N<b< oo,

then the estimates

(4.30) IID%(%)"IN(t)III < Cappat® (L + )72 (1P,

0 - —1/2 —
(4.31) DR (5) KN (DI < Caypp,gt™" (1 4+ 1)"F Vet i(t)P,

hold for p,q € Z4 and t > 0.
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Now we use Lemma 4.3 in [12, Lemma 2.3] to derive the norm estimate (4.21) for
Goo(t, A) where, by the above reduction, we may assume that

(4.32) —%<a§A§b<a+1.

The desired estimate follows from the following block matrix estimate for the kernel:

d
(4.33) ||Di(5—l;)q(:U'(ts)l/ZIAj:l/z(/Jat)KAil/z(us))” -
< Cpg(ut)® (1) ™8 (1 + pt) = (1 + ps)bert=9).

As mentioned above, the same estimate gives the result for Go(u, A).

For the statement on the domain, we use again the estimates (4.30), (4.31), this
time with p = ¢ = 0. Moreover, since the operators A + 1/2 can be simultaneously
diagonalized, we may assume that A = vIg+ where v > —1/2. We write for o €
imG(u, A)

o(t) = G(u, A)T(t) = Golp, A)7(t) + Goo (1, A)7(t)
=:00(t) + 0o (2).

Then we observe that for supp 7 C (1,00) Lemma 4.3 implies immediately that, with
v := infspec A > —1/2,

llo+ @)l = O@E+") = O(t'/?), t - 0,
llo-@®)lla = O0(), t = 0,

such that we may assume that supp 7 C (0, 1]. Next we have the estimate

t
lloo(®)ller < Co / (s/0)2)17(8) | eds
<C,(1+ 2Z)—1/2t1/2||THL2(R+,H)a

which proves (4.22) and (4.23) for og.
For 0 (t), we have again to distinguish the +-components. Arguing as before, we
arrive at the estimates

1
lome s @l < Cotst [ s7Hir(s) s
t

< O, t2,

1
o, O+ < Cot? [ 572)r(6)llmds
t
< Cot-

The proof is complete. O
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Now we apply Theorem 4.2 to construct the desired operator symbol, G(i, b, 8) <.

Recall that we want
d o ) -
(4.34) (b, B)< = (v(z; +t7 A(b)<) +icl(8) - in) Y

(4.35) = (Dv(b)< +icl(B}) —ip)) ",
for a suitable self-adjoint extension, Dy (b)<, of the conic operator. We will define
this extension by solving the matrix equation on the right hand side of (4.34) us-

ing Theorem 4.2 appropriately. Let us recall from (4.5) that we now deal with the
following data:

(4.36) H = AT}, B ® C? ® Qe Ay (%)),
(4.37) ’)’=5H®(3 _OI),

- [ A< 0
(4.38) A(b)< = ( K ) ,
(439) A(b)< = Q<(DYbaYb + V)y
where Q< = I — Q> and Q- is given by (4.8). Now we put
(4.40) ¥ =i, ¢ =((m,B) = w7 — Fel(B),

and noting that for 8 € T*B, 4 and cl(8") anticommute while cl(3*) commutes with
a; and A, one easily computes that

(4.41) ¢t=¢
(4.42) ¢* = (W +1BI)T =: &b, B)°1,
(4.43) CAb)< + A(b)<¢ =0

This allows us to introduce two anticommuting self-adjoint involutions, oy, az, by
I 0

4.44 a;=1IQ® ,

o o1 0)

(4.45) o == (.

Then we can state

Lemma 4.4. — With this notation we have in L*(R,, H)

(4.46) Dy (b)< +icl(B") —ip = 7(% +t7 A(b) < + ficz),
and the following relations hold:

(4.47) aiaz + oz =0,

(4.48) a1 A(b)< — A(b) <oy =0,

(4.49) asA(b)< + A(b)<cag = 0.

ASTERISQUE 328



SIGNATURE OPERATOR WITH CONICAL STRATUM 29

Thus we are in the position to prove Theorem 0.1.

Proof of Theorem 0.1. — 1. We construct an operator D by the method of Theo-
rem 4.2. The proof of Theorem 4.2 has to be modified somewhat since we have to
verify the conditions (4.12) through (4.14) for the operator symbol

G(p,B,b)< 1= (2 + 87 A0)< + i)

where now i and ay depend on p,(3, and b. First we use [12, Lemma 1.1] to the
effect that the spectral projections Qa;,a, +1)(fi(b)<) are locally independent of b.
Observing next that i as well as its b- derivatives are homogeneous in (u, 3) of degree
one and using Lemma 4.3, we reduce the estimates (4.14) to (4.33) where u is replaced
by p.

(4.12) holds by construction, while for (4.13) we use the boundary conditions (4.22),
(4.23) to calculate with 01,02 € im G(k, 8, b)<

(450) (DV,max(b)<Ul’a2) - (0'1» DV,max(b)<02)
= lim (o7, 03)(t) = (o7, 03)(¢)) = 0.

That the operator D anticommutes with 7y is obviously built into our construction.
Finally, the discreteness is equivalent to the compactness of G(u, D) which follows in
turn from the compactness of the parametrix G; (i, D), by the form of the Neumann
series. Now we choose ¢ € C.(M) with ¢ = 1 on M,. Then ¥G1(y, D) is compact
by interior regularity, while the estimate

(1 - ¥)Ga(w, D)|| < Ce*

follows from (4.22) and (4.23) for the low eigenvalues; since the estimate (4.24) also
holds for the large eigenvalues, by (4.10), G1(u, D) is a limit of compact operators
and hence compact.

Finally, since Disa symmetric extension of D the two operators coincide.

2. If |Ay| > 3, then elements in the domain of D}, satisfy the estimate (4.24).

Now the assertion follows as in [12, Lemma 5.1].

3. The assertion holds if |Ay| > % since then Dy, is essentially self-adjoint, by

part 2, and the case of uniqueness holds by [11, Lemma 3.3].

In the general case, we construct a smooth family of metrics, g(a)T™, such that

dtz Ty N 2t2 TvN U
(4.51) g(a)™ :={ g @ty OR Yeo/2)

g™ on M,,.
We denote by D*(a) = D(a) the corresponding self-adjoint operator defined by the
maximal de Rham complex and choose ap > 0 such that D(ay) is essentially self-

adjoint. Since all metrics g(a)T™ are mutually quasi-isometric, the case of uniqueness
holds for all of them since it is a quasi-isometry invariant.
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4. We use the notation of part 3 and note that Ds€"(a) is well defined for all o.
To prove the asserted equality we show first that

(4.52) ind D8 (@) = ind D(a) ™.

Since ind D*'8" () is constant in [, 1], this identity will follow from [22, Thm.IV,5.17]
if we prove an estimate of the form

(4.53) S(DSig“(al),DSign(az)) < Cyplon — @z, 1,02 € [, 1],
where § denotes the gap function defined in [22, p.197]. One checks that for p > 1
(D" (a1), D (0)) < ||G (1, D(c1)) — G, D(2)) a1
such that (4.53) will follow if we show e. g. that the function
[@0,1] 3 a = G(p, D() € L£(A2)(M))

is continuously differentiable. We fix a large 1 > 1 and write with our parametrix
Gi(a) := Gi(u, D)(e)
(D(e) —ip)Gi(a) =: I - R(a),
where
|IR(@)]| < C <1, ac€ [ag,l].

Hence it is enough to prove the differentiability of G1(«) and R(a). This is clear
for the interior part, by interior regularity. For the boundary part involving high
eigenvalues this is also clear from the Calderén-Vaillancourt Theorem since the image
of G1(a)> does not depend on a. For the low eigenvalue part, however, we have to
go back to the proof of Theorem 4.2.

Since A(b, @)« depends smoothly on a and G(a)< depends smoothly on A(b,0)<,
we have to insure that the spectral splittings (A;) can be made locally independent
of a. This can be done for the spectral projections in many ways but using the
spectral analysis of Sec. 3 we can take into account the special role of the eigenvalues
+1/2, as needed in the next step. The Hodge decomposition on Y; can also be made
locally independent of b and «, by conjugating the equation with a transformation
function (cf. [22, 11,§4.2]). Then the operator function splits into the harmonic, the
closed, and the coclosed parts which have uniform spectral gaps around 0, 1/2, and
-1/2, respectively, independent of the parameter values. Conjugating appropriately
as before, we may reduce to the case A(b,a)< > —1/2 locally in b and «; since the
corresponding solution operator is smooth in «, this completes the proof (4.52). O

Next we want to show that D%#"(a) extends D*(a) which will give the assertion
in view of (4.52).

We choose o = 0+ € dom D* and may assume that suppo C U,,. We decompose
o into its harmonic, closed, and coclosed part which all satisfy the estimate (4.22).
By part 3 of Lemma 4.1 we see that all components of o are in the minimal domain of
the corresponding conic operator. Moreover, by the spectral decomposition described
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in part 3 of this proof all cone coefficients will not have —-% in their spectrum such
that we can apply Lemma 5.12 in Section 5; we find that

o' € L*((0,0), H°), t™'o € L*((0,e0), H").
The pseudodifferential construction of the parametrix shows next that
dyo,dlyo € Az (M),
and Lemma 2.2 finally shows that
drmo € A(g)(M)
and completes the proof. O

5. The index calculation

In this section, we want to compute the index of the signature operator, as con-
structed in Theorem 0.1. As noted there, the index is stable under scaling of the
fiber metric; this rules out, according to Theorem 3.1, that small eigenvalues occur
on the closed and coclosed subspaces, while we need an extra condition on the space
#*'*(Y) known as the Witt condition:

(5.1) H2(Y) = 0.

Thus we may and will assume in what follows that
1
(52) lv] 2 3,

which ensures, by Theorem 0.1 again, that we do not have to impose boundary condi-
tions near the singularity. However, the crucial vanishing results we need will require
in addition that

1
(5.3) —3 ¢ spec Ay,c1 Uspec Ay ccl.
In view of Theorem 3.1, this can also be achieved by scaling g7V *'; thus we will assume
in what follows (5.1) and
(5.4) spec |Av,a| Uspec|Av,ca| C [1/2 4+ C, ),

for some positive constant C.

We will reduce the index calculation to a problem of APS-Type, by splitting the
operator as a sum at OUg, for a sufficiently small € € (0,&g), using [3, Thm. H]. At
OM,, we will introduce the boundary condition

(5.5) Q@>0(A(€))a(e) =0,
where A is the operator family from (2.32) and Qso denotes the spectral projec-

tion onto the positive eigenspaces. At OU., we impose the complementary boundary
condition (cf. [3, Thm. 4.17]),

(5.6) Q<o(A(e))a(e) = 0;
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note that these boundary conditions are invariant under 75s. These boundary condi-
. A A s .
tions generate the operators DU Q<0(A()) and D M.,Q0(A(e)) by imposing the bound-

ary conditions on the maximal domain of DS“‘n and DSIgn respectively (note that no
boundary condition is necessary at 0 in view ‘of (5.2)). The boundary conditions are
such that the following holds.

Theorem 5.1. — DﬁhQ@(A(e)) and Dll\\ls,on(A(e)) are Fredholm operators, and we
have the indez identity

. i . A+ . A+
(5.7) ind D3f" = ind DUE,Q«)(A(E)) + ind DMS,QEO(A(E))'

Proof. — The proof of (5.7) follows immediately from [3, Thm.4.17] (cf. Remark 5.17)
with the following data for 0 < u < € < g¢/2:

(5.8) Df" = 'y(% + A(e +w)),

(5.9) Df = (5. — Ale —w),

(5.10) B1 := Q<o(A(e))(dom |A(e) /%),

(5.11) B; = Qx0(A(e))(dom |A(e)|/?). O

We show next that the index contribution from U, vanishes.

Theorem 5.2. — Assume that (5.3) holds. Then for € € (0,e0] and sufficiently small
we have

(5.12) mdD =0.

E,Q<0(A(E))
This theorem will be proved in Subsection 5.2.
Thus it remains to compute the index of an APS-type problem on the smooth

compact manifold with boundary, M,. However, to apply [1, Thm. 3.10] we need to

modify the metric on U,,, making it cylindrical near ¢ = €. To this end we choose

a smooth positive function ¥ on (0,00) such that () =t if t € (0,1] U [4,00) and

Y(t) =1if t € [2,3]. Then we put for € < g¢/4

(5.13) gZUW =dt’ @ gT#V @ 621/)(t/e)2gT"N,
(5'14) gngMso = gTMIMeoa

TU,
(5.15) MU, :=ge .

Moreover, we are not yet dealing with the correct boundary condition in order to
apply the APS-Theorem. In fact, we have from (2.32)

(5.16) A(t) = Ag(t) + t—l(Ao’V +v)
(5.17) = Ag(t) +t7 v,

and it follows from (2.37) and Theorem 2.5 that Ag(t) ~ Df}/,TN, is the tangential
operator corresponding to D:}f:, acting in H? with domain H'. The correct boundary
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condition can be achieved by applying the Agranovich-Dynin Theorem respectively
its equivariant version, as stated e. g. in [3, Thm. 4.14]. Noting that A¢(¢) = Dn_ 7N,
has even dimensional kernel, we obtain

Theorem 5.3. — The pair of subspaces (Q<o(A(e))(H®),@>0(Ao(€))(H?)) is a Fred-
holm pair in HO. If we denote its Kato index by i(¢) then

n
ind D3 caen oy = WA DG (oo ooy +i(E)
1 .
=:ind D?}W“ 6TM),@<o(Ao(e))(HO) T (r(e) + 3 dim ker Ag(e)).

This result will be proved in Subsection 5.1.

To obtain an explicit index formula, we need to identify the integer 7(g). To do so,
we use the generalized Thom space associated with the fibration (0.3), as introduced
by Cheeger and Dai in [17] which we denote by T;. Then we show using [17, Thm.1.1]
(note our choice of orientation)

Theorem 5.4. — For ¢ sufficiently small, we have
7(e) = signgy Tr =: 7,
where T denotes the invariant introduced in [18, Thm.0.3].

This theorem will be proved in Subsection 5.3.

Now we obtain our final local index formula by combining Theorem 5.3 and The-
orem 5.4 with the APS-Theorem [1, Thm. 3.10] and the result of Dai [18, Thm. 0.3]
which evaluates the adiabatic limit of the eta-invariant for the signature operator, to
get

(5.18)  signyM = llm/ L(TM, gTM / L(TB, gTB) AR — —n(AO #(0)),

where the operator Ag x, the Dlrac operator on AT* M twisted by the harmonic forms
on the fibers, is defined in (5.53).

Remark 5.5. — 1. Using arguments as in {7, Sec.VI], it follows that the transgression
term of the L-class from g7 to g7™ goes to zero with .

2. It is desirable to give a direct proof of the equality 7(¢) = 7, without using [17,
Thm.1.1].

5.1. Perturbations of regular projections. — We use the terminology intro-
duced in [3, Sec. 2.1]. Thus we consider a self-adjoint operator A with domain H4 in
the (complex) Hilbert space H which we assume to be discrete i. e. to have a com-
pact resolvent. For a Borel subset J C R we denote by @y := Q(A) the associated
spectral projection, and we write Q>0 := Q(0,00) €tc.

With A we associate its Sobolev chain (H® := H*®(A))scr restricting attention to
{Is| £ 1}. Thus for s € [0,1], H® is the closure of H4 under the norm

(5.19) llell? = 11T + A%)*/ 2|}
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and H ¢ is its strong dual space under the norm (5.19).

An operator S € £(H) will be called 1/2-smooth if it restricts to H'/2, with re-
striction $, and extends to H~!/2, with extension 5. S will be called (1/2-)smoothing
if imS c H'/2. With these preparations we can define reqular and elliptic projec-
tions for A which are introduced to characterize elliptic boundary conditions for the
evolution operator associated with A (cf. [3, Secns. 1.4, 2.3]). If A comes with an
anticommuting skew-adjoint unitary operator v € £(H),

(5.20) YA+ Ay =0,
then we can also define the Dirac operator associated with A, cf. [3, Sec.2.1]. The

following formulation derives from [3, Prop.1.99].

Definition 5.6. — A 1/2-smooth orthogonal projection P in H is called regular (with
respect to A) if and only if

T e H_l/z, Pz = 0, Q<ox € H/?
=z € HY2,
A regular projection P is called elliptic (with respect to A) if (5.20) holds and
(5.21) P, :=~*(I - P)y
is also regular.
For example, the spectral projections @ x(A) are regular with respect to A for
any A € R since A is discrete, and since (@>4(A))y = @>a(A) they are also elliptic.
Now we want to study perturbations of A in the sense of Kato, i. e. operators

of the form A := A+ B where B is a symmetric operator in H defined on H4 with
estimate

(5.22) |Bz||# < allz||z + bl|Az||m, z € Ha

for some constants a,b € Ry with b < 1. Then A is self-adjoint and discrete in H
with domain H 4, by the Kato-Rellich Theorem, and the projection Q>0(fi) is elliptic
with respect to A. We want to know under what conditions it is also elliptic with
respect to A. To answer this question we need two preliminary results; the first one
parallels [3, Prop.1.93].

Lemma 5.7. — Let P be a 1/2-smooth orthogonal projection in H such that

(5.23) P =Q50(A) + R1 + Ry,
where Ry is smoothing and
(5.24) max {||Rz||, || Rz||} < 1.

Then P is elliptic with respect to A, and (im (I — P),imQ>o(A)) is a Fredholm pair
in H.
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Proof. — Consider z € H™/2 with Pz = 0 and Q<o(A)x € H/2. We write z =
Q>0(A)z + Q<o(A)z =: z> + z< and obtain from (5.23)

(I + Ry)z> =1y € H'?,
hence from (5.24)
g = (I +Ry)'ye H'?,

such that P is regular. It follows from (5.20) that < induces a unitary operator in
each H?; since Qo(A) is smoothing, we infer that the representation (5.22) also holds
for P, such that P is elliptic.

We see next that

P:H, =imQso(A) —» H,z> — (I + Ry + R))z>,

is a left Fredholm operator, by [3, Lemma A.11] and the compactness of R;, hence,
from [3, Lemma A.12], (im(I — P), Hs) is a left Fredholm pair. By the same token,
we see that (im P, H<) is a left Fredholm pair, too, which completes the proof of the
lemma. O

The second lemma addresses smoothing perturbations.

Lemma 5.8. — Assume that A and A+ B are both invertible. If B is smoothing then
S0 8

R:= Q>0(A + B) — Q>o(4).

Proof. — For any invertible and discrete self-adjoint operator A in H we have from
[22, p.359] the strongly convergent integral representation

1 ~ 1 - -1
(525) E(I - 2Q>0(A)) = % /I;ezzo(A - Z) dz.
This implies that
1
(5.26) R=_—— (A4+B—-2)"'B(A-2)"dz.
278 JRe =0

By construction, R is 1/2-smooth; to show that R is smoothing, we need to show the
boundedness in H of the operator

R:= (I+ A*)Y*R(I + A%)V/*
= (I + AHY*| A+ B|"Y2)(|JA+ B|?R|A["?) (JA|7Y2(I + A%)Y/4)
= V(|A]*?|A+ B|7Y?)(|A + B|'/?R|A|*?)V

: VW (JA + B|"/*R|A|*?)V.
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In view of (5.22), A and A + B generate the same Hilbert spaces, with equivalent
norms, in their respective Sobolev chains implying the boundedness in H of the op-
erators V and W. From (5.26) we obtain for the remaining part the representation

(5.27) |A+B|Y/2R|A|*/?
1
= — (A+B—2)"Y A+ B|'?B|A|Y*(A - 2)"'dz
2mi Re z=0
1 15 -1
- ) 'B(A - .
371 Jo z=0(A +B-2) ( z)"dz
Now if B is smoothing then B = |A + B|'/2B|A|'/? is bounded in H. Thus we may
apply [2, Lemma A.1] to complete the proof. O

Now we can deduce the desired perturbation result.

Theorem 5.9. — Assume that A+ B is a Kato perturbation of A with

2
2 -,
(5.28) b<3

Then Q>o(A + B) is elliptic with respect to A and the subspaces Q<o(A)(H) and
QR>0(A+ B)(H) form a Fredholm pair.
If B is bounded and |A| > p where

(5.29) w>V2||Bllm,
then
(5.30) ind (Q<o(A)(H),Q>0(A+ B)(H)) =0.
Proof. — We show first that we may assume that
(5.31) |A| > A
for any A > 0. Indeed, if we put
t if [t| > A,
(5.32) @) =<A ifO<t<A,

-A if-A<t<0,

then for the operator

Ap = fa(4)
the following properties are easily verified:
(5.33) A, is discrete and commutes with A,
(5.34) A — A is smoothing,
(5.35) |A| < |Aal,
(5.36) |4al 2 A= [JAFM < AT
(5.37) Q>0(4a) = @>0(4).
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We have

A+ B=Ap+ (A— Apr + B) =: Ay + By,
such that A + Bj is a Kato perturbation of Ay with the same constant b in (5.21) as
for A and B. Hence, by (5.36) it is enough to prove the theorem under the assumption

(5.30).
Next we note that (5.21) implies that
(5.38) b :=||BA7Y|

can be chosen arbitrarily close to b. Thus we may also assume that both A and A+ B
are invertible.

Now we want to show that for A sufficiently large and b satisfying the condition
(5.28), the 1/2-smooth operator

Ry := Q>0(A + B) - Q>0(A)

satisfies the estimate (5.24). To do so, we proceed as in the proof of Lemma 5.8. We
observe first that from the symmetry of R, in H and the obvious identity

§=(5,
where S’ denotes the dual in H~'/2 and S* the adjoint operator in H, for any

1/2-smooth operator §, it is enough to estimate ||Rz||;/2 or equivalently, the norm in
H of the operator

(5.39) (I + AY)YVAR,(I + A%)~Y* = VW|A + B|Y/?R,|A|"Y/2V 1,

where V and W are the operators introduced in the proof of Lemma 5.8.
From the Spectral Theorem we see that for any é > 0 we may choose A so large
that

(5.40) sup{||V||a, |V Y|u} < 1+4.

Next we estimate the H-norm of W by the maximum principle applied to the holo-
morphic function

z = e—Z(l—Z)qA'zlA + BI_Z:E,y)H € (C) T,y € HA’

in the strip {z € C : 0 < Rez < 1} which reduces us to an estimate for Rez = 1.
Clearly, for b’ < 1 we have

II1A]|A+B| }lg < (1-0)7Y,
hence also
(5.41) Wllg <(1-0)""

It remains to estimate the norm of |A + B|'/2Ry|A|~1/2 for which we invoke again [2,
Lemma A.1]. There we choose A; := A+ B, Ay := A,a; := a3 := 1/2 and find with
B(z) = |A+ B|'/2B|A|7/2

- 1 _ 1
(5.42) 1A+ BI'/2Ry|A| /2| < SI1BIAI e < 5b"
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Combining (5.40), (5.41), and (5.42) we arrive at
(5.43) 1 Rallgrase < %b’(l —¥) N1+ 0).

This can be made smaller than 1 if b < %
For the proof of (5.30) we observe that this will follow from the estimate

(5.44) 1@>0(A4) — @>0(A+ B)llu <1,

which again is an easy consequence of [2, Lemma A.1], this time applied with a; :=
1

Qg 1= bR O

From the proof of the theorem we get

Corollary 5.10. — Lemma 5.8 holds without the assumption that A and A+ B are
invertible.

Remark 5.11. — Theorem 5.9 is stronger than needed for our application but it is
useful in other situations and does not seem to be known.

Proof of Theorem 5.8. — From (2.31) we have
A(e) = Ao(e) + €71,

and since v is bounded it follows from Lemma 5.7 and Theorem 5.9 that Q<o(A(¢))
is elliptic with respect to Ag(¢) and that (Q<0(A(e)(H0), Q>0(Ao(e))(HY)) is a Fred-
holm pair in H.

The index formula follows from [3, Thm.4.14]. O

5.2. A vanishing theorem. — The purpose of this subsection is the proof of
Theorem 5.2. We abbreviate

D := Dy lg oace)

and note that, in view of (5.2) and Theorem 0.1, a core for DS'" is given by
075" = {0 € CH{(0,e], H') : Qo(A(e))o(e) = 0}.

We prove the theorem first in a special case.

Lemma 5.12. — Assume that A satisfies the further condition

(5.45) - % ¢ spec Ay .

Then for sufficiently small € and o € D we have the a priori estimate

, 1
(5.46) IDZ®"0|mo > (26)7H|(Av + 3)ollmo-
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Proof. — We write H := HO Apy(t) := Ag(t)Av + AvAg(t), and compute for
oe D"
(5.47) [|IDFEa(t)||% = llo' )|} + | Aao @)% +t 2| Avo ()l

+t Y Apvo(t),o(t)) n + 2Re(o’(t), Aa(t)).
Next we verify that
(5.48) 2Rel(’(), Ao (t)) =

S o(t), Ao (O)n + (0 (1), Avo(®) i — (0(0), A O)o ()

The assumption (5.45) implies that Ay + 3 is invertible while (2.39) and (2.30) imply
that Ay g(t) is a first order vertical operator on A(N). Hence there is a constant
C1 > 0 such that

1. _
(549) ”AHv(t)(AV + 5) 1”1-1 <(Cy te (0,6].
Combining (5.47), (5.48), and (5.49) and abbreviating B := Agv (t)(Av + )" we
arrive at the inequality
; 1. d
(5.50) |IDZEo®IE = (Ilo’ Ol — ;2 llo@llE) + 5 (0 @®), Ao@)n

_ 1
FE2(A + )o@l

FE(Ay + 5)a(t), Bo(®)m — {o(t), Ay 00O

Hardy’s inequality and the boundary condition at € imply that the first two terms are
nonnegative after integration over (0,¢]. Thus for sufficiently small € we obtain

; _ 1
IDZE (L (0,61, > (4€) 2 II(Av + 3)0l(Z2(0,61,5)- o

Now we can give the

Proof of Theorem 5.2. — The condition of Lemma 5.12 is satisfied, in view if of as-
sumption (5.4), either v is even or

HO DY) =0,
in which case we can actually assert that
ker DA = 0.

In the general case, we have to work differently since this assertion will no longer be
true. If (5.12) does not hold then v must be odd hence h must be even. In this case,
Ay is invertible and we can deform the operator DS" to an operator with vanishing
index as follows.
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As in Section 1, we view the Hilbert space H® = A2)(N1) as a Hilbert bundle
& — B where

6=AT*"B® /\(2)(F),
A@)(F)s = A2)(Ys)-
In A(3)(Y3), we define a smooth family of projections, Py (b), by
1

5.51 Py = — Ay —2)"'dz, be B
(5.51) "=y |z|=¢5( »—2) dz, b€ B,
which splits

(5.52) /\(2)(F) =Hr @ﬂ#

Here # r is the finite dimensional vector bundle over B formed by the harmonic forms
on the fibers. We note next that the projection I ® Py commutes with Ay and with
the principal symbol of Ay (t). Hence the operator

(5.53) A%(t) := I ® PyA(t)I ® Py + I ® (I — Py)A()I ® (I — Py)
(5.54) =: Ay (t) + Ay ()
differs from A(t) by an operator of uniformly bounded norm,

A5(t) = A(t) + C(#), IICWIIn < Cyt € (0,¢].

It follows that A%(t) satisfies the estimate (2.40), possibly with a different constant;
in particular, A%(t) is invertible and Q<o(A4%(t)) = Q@<0(A4%(t)). We now deform the

operator DS'8" to the operator D2'§" which is given on the core

(5.55) D5 = {o € CL((0,¢], H') : Q<o(4%(e))o(e) = 0}
by
(5.56) D¥%o(t) = (% + A%(t))o ().

Since DSig® and Dzifsn differ by a uniformly bounded operator we obtain from Theo-
rem 5.9 and [3, Thm.4.14] the identity

ind D" = ind DZ§" + ind (Q<o(A(e))(H®), @>0(4°(e)) (H"))
(5.57) = ind D% + ind D:jg,;; +ind (Q<o(A(e))(H®), @>0(A%(€))(H?)).

Here the operators D:ii? and Dziiff‘ . are formed as D¥8" above, by replacing A° in
(5.55) and (5.56) by Ay and Ay, respectively.
Now DZ";;‘ . satisfies the assumptions of Lemma 5.12 such that

s sign __
(5.58) ind De,ﬂ* =0.
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Next we observe that Ay (t) anticommutes with 75 up to a uniformly bounded op-
erator since it has the same principal symbol as the canonical Dirac operator on B
with coefficients in # r, that is

(5.59) A4 (t)TE = —Ax(t) + é(t),
where ||C(t)||x < C, t € (0,&0). Thus we find that TBDzi”;’[‘TB is given on the core
(5.60) @S'ﬂL := {0 € C((0,¢], H') : Qco(tBA%(e)TB)0(€) = 0}
by the operator
1o}

(5.61) (57 T 78A%([)78)0(2)-
We compare this with the adjoint operator (Ds’g") which is given on its core
(5.62) (D2%)* = {o € C((0,¢], H') : Q>0(Ax(€))o(e) = 0}
by

signy* 0
(5.63) (Dege)o(t) = (=5, + Ax(t)o(t).

Using (5.59) and the invertibility of A(t), and applying Theorem 5.9 once more, we
see that

(5.64) ind D%} = ind 5 D37 = ind(D3%})* = — ind D%} = 0.
A final application of (2.40) in Theorem 5.9 shows that
ind (Q<o(A(€))(H?), Q50(4(e)) (HY)) =
and completes the proof of Theorem 5.2. O

5.3. Generalized Thom spaces. — In this subsection we compute the L2-
signature of a generalized Thom space, as introduced in [17], and identify it as
a normalized spectral flow associated with the family A(t) introduced in (2.32).
We describe the generalized Thom space associated with the fibration (0.3) as the
cylinder T := T := (0,2) x N with its product orientation and equipped with a
family of metrics depending on a parameter ¢ € (0,1/2) as follows. We write the
metric on T, in the form

(5.65) g =dt* &g (1),
where g7 (t) is a smooth family of Riemannian metrics on N with the property
TN gTelN @ 2gTvN ifo<t<1/2,
(5.66) 9. (t) = 2 2 TuN o TuN\
2-t)y (e g5V @g'v?Y) if3/2<t<2

Here g™V = gT#N @ g7v¥ denotes again the metric introduced in (0.6) where we
assume that g7v¥ is approriately scaled, as detailed below. Note that g7V (e) =
gZN 2-¢) = gTHN & 62 TvN, ; note also that we use the opposite orientation as in
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[17]. Since any two metrics in the family (977~ )o<c<1/2 are quasi-isometric, they all
compute the same L2-signature and we find

(5.67) sign ;) T = ind D"z, .

The computation of sign,) T’ is now a special case of our general index computation
with two singular strata of dimension h and 0, respectively. We split the computation
at t = € and t = 2 — ¢ and obtain three parts, the cone bundle U, over B, the
metric cone CeN := C(g2-¢)(N,e 29T (€)) over (N,e~2gT"(¢)), and the cylinder

Z. = (g,2 — €) x N equipped with a nonsmgular metric. We are ready for the
Proof of Theorem 5.4. — Arguing as before we see that on U;,UC(2,2—¢,) (N, e 2gT),
D*en s unitarily equivalent to 2 + A.(t) acting in L2((0,£0) U (2 — €0, 2), A2)(N1)),
where
A(t), t € (0,€0),
(5.68) At =440 ) ) . (0,0)
(2—t)"te(Ao(e) +e71(td — B)), te€(2—e0,2).

To formulate our boundary conditions conveniently we introduce the spaces
(5.69) Ho),1(e/2 €)== Q1 (A()(e/2 — €)) (H").

Next we want to apply Theorem 5.2 to the operator Df}f"s which is defined by % +
Ac(t) on its core

1" i= {0 € CL((0,¢], H') : Q<o(A(e))o(e) = 0},
and
D3 = {0 € C([2—¢6,2), H'") : Q>0(A(2 - ¢€))o(2 — €) = 0},
respectively. Theorem 5.2 obviously applies to Dslgn if the condition (5.4) is satisfied.
For D5 we note that the role of Ay is now taken by the operator A, v := e(Ao(e) +

™E )

e~1(td — n/2)), such that the analogue of (5.4) can be verified by a straightforward
estimate using (2.39), (2.19), (2.30), and (2.31), after the approriate scaling of g7v¥.
Consequently, we obtain

(5.70) sign(g)Tr = DY,
where D:i’gzn denotes the signature operator on the cylinder (Z., g7 7~) with core
(5.71) {0 € HY(Z.,AT*Z.) : 6|0U. € H.o(€),0|0C:N € Hso(2 —€)}.

Clearly, if we replace the boundary conditions in (5.71) by Hy <o(e) and Ho >o(€),
respectively, then the resulting operator on Z, will have index 0. Thus we obtain from
[3, Thm.4.14] again

(5.72) sign(y)Tr = ind (H<o(e), Ho,>0(€))
— ind (H0,<0(€), H0,>0(6)) + ind(H20(2 — 6), H0‘<0(€)).
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Now we recall that
(6.73) ind(H»o(2 — €), Ho,<0(€))
= ind (Q>0(Ao(e) + ¢ (td + n/2)) (H°), Q<o(Ao () (HY)).

We recall also that Ag(e) is unitarily equivalent to Dﬁt 7n, such that, by Theorem 3.1,
the eigenspaces of Ag(e) coincide with those of Ag(g) + e~1(td + n/2). Hence the
explicit computations of loc.cit. give

1
(5.74) ind(H>o(2 —€), Ho,<0(€)) = ~3 dim ker Ag ().
Finally, we use [3, Prop.A.13] to see that

ind (H<o(¢), Ho,>0(€)) — ind (Ho, <o(€), Ho,>0(€)) = ind (H<o(e), Ho,>0(€)),
which gives finally

1
(5.75) sign g T = ind (H<o(€), Ho,>0(€)) — 3 dim ker Ap ()
(5.76) =: 7(¢g).
This completes the proof of Theorem 5.4. O
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